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Abstract. In this paper, we prove the equivalence of kinetic solutions and entropy solutions for the initial-
boundary value problem with a non-homogeneous boundary condition for a multi-dimensional scalar first-order con-
servation law with a multiplicative noise. We somewhat generalized the definitions of kinetic solutions and of entropy
solutions given in Kobayasi and Noboriguchi [8] and Bauzet, Vallet and Wittobolt [1], respectively.

1. Introduction

In this paper we study the first order stochastic conservation law of the following type

du+ div(A(u))dt = Φ(u)dW(t) in Ω ×Q, (1)

with the initial condition

u(0, ·) = u0(·) in Ω ×D , (2)

and the formal boundary condition

“u = ub” on Ω ×Σ . (3)

Here D ⊂ R
d is a bounded domain with a Lipschitz boundary ∂D, T > 0, Q = (0, T )×D,

Σ = (0, T ) × ∂D and W is a cylindrical Wiener process defined on a stochastic ba-
sis (Ω,� , (�t ), P ). More precisely, (�t ) is a complete right-continuous filtration and
W(t) = ∑∞

k=1 βk(t)ek with (βk)k≥1 being mutually independent real-valued standard Wiener
processes relative to (�t ) and (ek)k≥1 is a complete orthonormal system in a separable Hilbert
space H (cf. [3] for example). Our purpose of this paper is to present the definitions of a ki-
netic solution and an entropy solution to the initial-boundary value problem (1)–(3) and to
prove that such solutions are equivalent.

In the case of Φ = 0, Eq.(1) becomes a deterministic scalar conservation law. In this
case, a well known difficulty for the boundary condition (3) is that if (3) were assumed in the
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classical sense the problem (1)–(3) would be overdetermined. In the BV setting Bardos, Le
Roux and Nédélec [2] first gave an interpretation of the boundary condition (3) as an “entropy"
inequality onΣ . This condition is known as the BLN condition. However the BLN condition
makes sense only if there exists a trace of solutions on ∂D. Otto [10] extended it to the L∞
setting by introducing the notion of boundary entropy-flux pairs. Imbert and Vovelle [5] gave
a kinetic formulation of weak entropy solutions of the initial-boundary value problem and
proved equivalence between such a kinetic solution and weak entropy solution. Concerning
deterministic degenerate parabolic equations, see [7] and [9].

To add a stochastic forcingΦ(u)dW(t) is natural for applications, which appears in wide
variety of fields as physics, engineering and others. There are a few paper concerning the
Dirichlet boundary value problem for stochastic conservation laws. See Kim [6], Vallet and
Wittbold [11] and the references therein. Using the notion of entropy solutions, Bauzet, Vallet
and Wittbold [1] studied the Dirichlet problem in the case of multiplicative noise under the
restricted assumption that the flux functionA is global Lipschitz. On the other hand, using the
notion of kinetic solutions, Kobayasi and Noboriguchi [8] extended the result of Debussche
and Vovelle [4] to the multidimensional Dirichlet problem with multiplicative noise without
the assumption that A is global Lipschitz.

The aim of the present paper is to prove an equivalence theorem between kinetic solutions
and entropy solutions to the problem (1)–(3). In the deterministic case the equivalence has
been proved in [5]. Therefore our result is a counterpart of it in the stochastic case. In order
to show that an entropy solution is a kinetic solution we introduce a notion of renormalized
kinetic solutions in which both of the boundary defect measure m̄± and the defect measurem
are renormalized. We note that in [8] only the boundary defect measure is renormalized. We
note that the uniqueness of such renormalized kinetic solution can be also proved in the same
way as in [8]

We now give the precise assumptions under which the problem (1)–(3) is considered:

(H1) The flux functionA: R → R
d is of class C2 and its derivatives have at most polynomial

growth.

(H2) For each z ∈ L2(D), Φ(z) : H → L2(D) is defined by Φ(z)ek = gk(·, z(·)), where
gk ∈ C(D × R) satisfies the following conditions:

G2(x, ξ) =
∞∑

k=1

|gk(x, ξ)|2 ≤ L(1 + |ξ |2) , (4)

∞∑

k=1

|gk(x, ξ)− gk(y, ζ )|2 ≤ L
( |x − y|2 + |ξ − ζ | r(|ξ − ζ |)) (5)

for every x, y ∈ D, ξ, ζ ∈ R. Here, L is a positive constant and r is a continuous
nondecreasing function on R+ with r(0) = 0.

(H3) u0 ∈ L∞(Ω × D) and u0 is �0 ⊗ �(D)-measurable, where �(D) is the Borel σ -
field on D. ub ∈ L∞(Ω × Σ) and {ub(t)} is predictable, in the following sense: For



EQUIVALENCE THEOREM 577

every p ∈ [1,∞), the Lp(∂D)-valued process {ub(t)} is predictable with respect to the
filtration (�t ).

Note that under the assumption (H1) an important example of inviscid Burgers’ equation (i.e.
A(ξ) = ξ2/2) can be included and that by (4) one has

Φ : L2(D) → L2(H ;L2(D)) , (6)

where L2(H ;L2(D)) denotes the set of Hilbert–Schmidt operators from H to L2(D).
This paper is organized as follows. In Section 2, we introduce the notion of kinetic

solutions and entropy solutions to (1)–(3) and state our result. In Section 3, we give a proof
of it.

2. Statement of the result

We now give some notations and the definitions of kinetic solutions and entropy solutions

in this section. We choose a finite open cover {Uλi }i=0,...,M of D and a partition of unity

{λi}i=0,...,M on D subordinated to {Uλi } such that Uλ0 ∩ ∂D = ∅, for i = 1, . . . ,M ,

Dλi := D ∩ Uλi = {x ∈ Uλi ; (Aix)d > hλi (Aix)} and

∂Dλi := ∂D ∩ Uλi = {x ∈ Uλi ; (Aix)d = hλi (Aix)} ,
with a Lipschitz function hλi : Rd−1 → R, where Ai is an orthogonal matrix corresponding

to a change of coordinates of Rd and ȳ stands for (y1, . . . , yd−1) if y ∈ R
d . For the sake of

clarity, we will drop the index i of λi and we will suppose that the matrix Ai equals to the
identity. We also set Qλ = (0, T )×Dλ, Σλ = (0, T )× ∂Dλ andΠλ = {x̄; x ∈ Uλ}.

To regularize functions that are defined onDλ and R, let us consider a standard mollifier
ρ on R, that is, ρ is a nonnegative and even function in C∞

c ((−1, 1)) such that
∫
R
ρ = 1. We

set ρλ(x) = Πd−1
i=1 ρ(xi)ρ(xd − (Lλ + 1)) for x = (x1, . . . , xd) with the Lipschitz constant

Lλ of hλ on Πλ. Moreover we denote by ψ a standard mollifier on Rξ . For ε, δ > 0 we set

ρλε (x) = 1
εd
ρλ( x

ε
) and ψδ(ξ) = 1

δ
ψ(

ξ
δ
).

We denote by E+ the set of non-negative convex functions η in C∞(R) such that η(x) =
0 if x ≤ 0 and that there exists δ > 0 such that η′(x) = 1 if x > δ. We also denote by E− the
set {η ∈ C∞(R); η(−·) ∈ E+}. For convenience, define

sgn+(r) =
{

1 if r > 0 ,

0 if r ≤ 0 ,
and sgn−(r) =

{
−1 if r < 0 ,

0 if r ≥ 0 ,

F±(ξ, κ) = sgn±(ξ − κ) (A(ξ)− A(κ))

and for any η ∈ E+ ∪ E− , Fη(ξ, κ) =
∫ ξ

κ

η′(ζ − κ)a(ζ ) dζ ,
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where a(ξ) = A′(ξ).

DEFINITION 2.1 (Kinetic measure). The set {mN ;N > 0} of maps mN from Ω to

M+
b ([0, T )×D × (−N,N)) is said to be a kinetic measure if

(i) for each N > 0, mN are weak measurable,

(ii) if AN = [0, T )×D × {ξ ∈ R;N − 1 ≤ |ξ | ≤ N} then

lim
N→∞EmN (AN) = 0 , (7)

(iii) for all φ ∈ Cb(D × (−N,N)), the process

t 
→
∫

[0,t ]×D×(−N,N)
φ(x, ξ) dmN(s, x, ξ) (8)

is predictable,

where EX denotes the expectation of a random variable X, Cb(D × (−N,N)) is the set of

bounded continuous functions overD× (−N,N) and M+
b ([0, T )×D× (−N,N)) is the set

of non-negative finite measures over [0, T )×D × (−N,N).
DEFINITION 2.2 (Kinetic solution). Let u0 and ub satisfy (H3). A measurable func-

tion u : Ω × Q → R is said to be a kinetic solution of (1)–(3) if the following conditions
(i)–(iii) hold:

(i) {u(t)} is predictable,

(ii) for all p ∈ [1,∞) there exists a constant Cp ≥ 0 such that for a.e. t ∈ [0, T ],
||u(t)||Lp(Ω×D) ≤ Cp, (9)

(iii) there exist kinetic measures {m±
N ;N > 0} and for anyN > 0 nonnegative functions

m̄±
N ∈ L1(Ω × Σ × (−N,N)) such that {m̄±

N(t)} is predictable, m̄+
N(N − 0) =

m̄−
N(−N + 0) = 0 for sufficiently large N > 0 and f+ := 1u>ξ , f− := f+ − 1 =

−1u≤ξ satisfy: for all ϕ ∈ C∞
c ([0, T )×D × (−N,N)),

∫

Q

∫ N

−N
f±(∂t + a(ξ) · ∇)ϕ dξdxdt

+
∫

D

∫ N

−N
f 0±ϕ(0) dξdx +MN

∫

Σ

∫ N

−N
f b±ϕ dξdσdt

= −
∞∑

k=1

∫ T

0

∫

D

gk(x, u)ϕ(t, x, u) dxdβk(t)

− 1

2

∫

Q

G2(x, u) ∂ξϕ(t, x, u) dxdt
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+
∫

[0,T )×D×(−N,N)
∂ξϕdm

±
N(t, x, ξ)+

∫

Σ

∫ N

−N
∂ξϕ m̄

±
N dξdσdt a.s. (10)

whereMN = max−N≤ξ≤N |a(ξ)|. In (10), f 0+ = 1u0>ξ , f b+ = 1ub>ξ , f 0− = f 0+ −1

and f b− = f b+ − 1.

REMARK 2.3. Even when we define kinetic solutions as above, we can get a unique
existence theorem of kinetic solutions in a similar method as in [8].

REMARK 2.4. The main difficulty is to give an appropriate boundary condition. We

treat this difficulty by using the kinetic trace f̄± (see (27) below) of the kinetic solution f±.
Two boundary defect measures m̄±

N are introduced and characterized by the formula

∂ξ m̄
±
N = −MNf

b± ± (−a · n)f̄± (11)

(see (30) and (31) below). The relation (11) can be understood as a kinetic analogue of the
notion of boundary entropy-flux pairs introduced by Otto [10].

DEFINITION 2.5 (Entropy solution). Let u0 and ub satisfy (H3). Let u : Ω×Q → R

be a measurable function.

(1) u is said to be an entropy sub-solution of (1)–(3) with data (u0, ub) if it satisfies:

(i) {u(t)} is predictable,

(ii) for all p ∈ [1,∞) there exists a constant Cp ≥ 0 such that for a.e. t ∈ [0, T ],
||u(t)||Lp(Ω×D) ≤ Cp , (12)

(iii) a.e. N ∈ R
+, for any κ ∈ (−N,N), η ∈ E+ and ϕ ∈ C∞

c ([0, T ) × D) with
ϕ ≥ 0,

∫

Q

η(u ∧N − κ)∂tϕ dxdt +
∫

Q

Fη(u ∧ N, κ) · ∇ϕ dxdt

+
∫

D

η(u0 ∧N − κ)ϕ(0) dx +MN

∫

Σ

η(ub ∧ N − κ)ϕ dσdt

+
∞∑

k=1

∫ T

0

∫

D

1u∈(−N,N)η′(u− κ)gk(x, u)ϕ dxdβk(t)

+1

2

∫

Q

1u∈(−N,N)η′′(u− κ)G2(x, u)ϕ dxdt ≥ I+
N (ϕ) a.s. , (13)

where I+
N (ϕ) are non-positive and satisfy lim supN→∞ I+

N (ϕ) = 0.

(2) u is said to be an entropy super-solution of (1)–(3) with data (u0, ub) if definition of
entropy sub-solution (iii) is replaced by
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a.e. N ∈ R
+, for any κ ∈ (−N,N), η ∈ E− and ϕ ∈ C∞

c ([0, T )×D) with ϕ ≥ 0,
∫

Q

η(u ∨N − κ)∂tϕ dxdt +
∫

Q

Fη(u ∨ N, κ) · ∇ϕ dxdt

+
∫

D

η(u0 ∨N − κ)ϕ(0) dx +MN

∫

Σ

η(ub ∨N − κ)ϕ dσdt

+
∞∑

k=1

∫ T

0

∫

D

1u∈(−N,N)η′(u− κ)gk(x, u)ϕ dxdβk(t)

+1

2

∫

Q

1u∈(−N,N)η′′(u− κ)G2(x, u)ϕ dxdt ≥ I−
N (ϕ) a.s. , (14)

where I−
N (ϕ) are non-positive and satisfy lim supN→∞ I−

N (ϕ) = 0.

(3) u is said to be an entropy solution of (1)–(3) with data (u0, ub) if it is both an entropy
sub- and super-solution.

We are in a position to state our result.

THEOREM 2.6. Let the assumptions (H1)–(H3) hold true. Then the following state-
ments are equivalent each other:

(i) u is a kinetic solution of (1)–(3) with data (u0, ub).
(ii) u is an entropy solution of (1)–(3) with data (u0, ub).

REMARK 2.7. If u is an entropy solution to (1)–(3), then u is a weak solution over
[0, T )×D in the following sense; for any ϕ ∈ C∞

c ([0, T )×D)

∫

Q

u(t, x)∂tϕ dxdt +
∫

D

u0(x)ϕ(0) dx +
∫

Q

A(u(t, x)) · ∇ϕ dxdt

+
∞∑

k=1

∫ T

0

∫

D

gk(x, u(t, x))ϕ dxdβk(t) = 0 a.s. (15)

Indeed, we take ϕ ∈ C∞
c ([0, T )×D). Passing N → ∞ in (13) and then passing κ → −∞,

we obtain
∫

Q

u(t, x)∂tϕ dxdt +
∫

D

u0(x)ϕ(0) dx +
∫

Q

A(u(t, x)) · ∇ϕ dxdt

+
∞∑

k=1

∫ T

0

∫

D

gk(x, u(t, x))ϕ dxdβk(t) ≥ 0 a.s. (16)
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In a similar manner, from (14) we obtain
∫

Q

u(t, x)∂tϕ dxdt +
∫

D

u0(x)ϕ(0) dx +
∫

Q

A(u(t, x)) · ∇ϕ dxdt

+
∞∑

k=1

∫ T

0

∫

D

gk(x, u(t, x))ϕ dxdβk(t) ≤ 0 a.s. (17)

Combining (16) with (17) yields (15).

3. Proof

To prove that a kinetic solution is an entropy solution, we need the following two lemmas.

LEMMA 3.1. We assume that for each N > 0 (10) holds true. Then for any N2 >

N1 > 0 and ϕ ∈ C∞
c ([0, T )×D × (−N1, N1)),

∫

[0,T )×D×(−N1,N1)

∂ξϕ dm
±
N1
(t, x, ξ) =

∫

[0,T )×D×(−N1,N1)

∂ξϕ dm
±
N2
(t, x, ξ) . (18)

PROOF. Let f̄ λ± be any weak* limit of {f λ,ε± } as ε → +0 in L∞(Σλ × R) for any

element λ of the partition of unity {λi} on D, where f λ,ε± is denoted by

f
λ,ε
± (t, x, ξ) =

∫

Dλ
f±(t, x, ξ)ρλε (y − x) dy ,

and let f̄± = ∑M
i=0 λi f̄

λi± . We take φ ∈ C∞
c ([0, T )×D× (−N,N)). Put ϕ = W̄εφ

λ in (10),

where φλ = φλ and for any ε > 0

W̄ε =
∫ xd−hλ(x̄)

0
ρλε (r − ε(Lλ + 1)) dr . (19)

Letting ε → +0 and summing over i, we obtain
∫

Q

∫ N

−N
f±(∂t + a(ξ) · ∇)φ dξdxdt +

∫

D

∫ N

−N
f 0±φ(0) dξdx

+
∫

Σ

∫ N

−N
(−a(ξ) · n)f̄±φ dξdσdt

= −
∞∑

k=1

∫ T

0

∫

D

gk(x, u)φ(t, x, u) dxdβk(t)

−1

2

∫

Q

G2(x, u)∂ξφ(t, x, u) dxdt +
∫

[0,T )×D×(−N,N)
∂ξφ dm

±
N(t, x, ξ) a.s. (20)

We take φ ∈ C∞
c ([0, T ) × D × (−N1, N1)). Subtracting the case N = N1 from the case

N = N2 in (20), we can get the desired result. �
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For a kinetic measure {mN ;N > 0}, from (7) there exists a set Ω0 ⊂ Ω of full measure
and a sequence {Nk; k ∈ N} ⊂ N such that for all ω ∈ Ω0,

lim
k→∞mNk([0, T )×D × [Nk − 1, Nk))

= lim
k→∞mNk([0, T )×D × (−Nk,−Nk + 1]) = 0 . (21)

For each N ∈ N and fixed ω ∈ Ω0, we define the non-decreasing functions on [−N,N] by

μN(ξ) = mN([0, T )×D × (−N, ξ)) . (22)

Let DN be the sets of ξ ∈ (N − 1, N) such that μi , i = N,N + 1, . . . , are differentiable at ξ
and −ξ . We also set D = ∪∞

N=1DN . It is easy to see that DN and D are full sets of (N −1, N)
and R, respectively.

LEMMA 3.2. It holds true:
(i) Let N0 ∈ N. If a ∈ DN0 , then for all N ∈ N with N ≥ N0, as δ ↓ 0

∫ N

−N
ψδ(ξ ± a) dμN(ξ) → μ′

N(∓a) . (23)

(ii) There exists a sequence {aN ;N ∈ N} ⊂ A such that

lim inf
N→∞ μ′

N(±N ∓ aN) = 0 , (24)

where A = ∩∞
N=1{a ∈ (0, 1);N − a ∈ DN }.

PROOF. Let a ∈ DN0 . Since μN(ζ∓a) = μN(∓a)+μ′
N(∓a)ζ+o(ζ ) for eachN ∈ N

with N ≥ N0, it follows that
∫ N

−N
ψδ(ζ ± a) dμN(ζ ) = −

∫ δ

−δ
μN(ζ ∓ a)ψ ′

δ(ζ ) dζ = μ′
N(∓a)−

∫ δ

−δ
o(ζ )ψ ′

δ(ζ ) dζ .

Besides, the last term of the right hand on the above equality tends to 0 as δ → +0. Indeed,
since for any ε > 0 there exists δ0 > 0 such that if |ζ | < δ0 then |o(ζ )| ≤ ε |ζ |, if 0 < δ < δ0

then
∣
∣
∣
∣

∫ δ

−δ
o(ζ )ψ ′

δ(ζ ) dζ

∣
∣
∣
∣ ≤ ε

∫ δ

−δ
∣
∣ζψ ′

δ(ζ )
∣
∣ d ζ ≤ ε .

Thus we obtain the claim of (i).
Next, let us assume that there exists a number k ∈ N such that for anyN ≥ k and a ∈ A,

μ′
N(N − a) >

1

k
.

Since the function ξ 
→ μN(ξ) is non-decreasing, for all N ∈ N with N ≥ k

μN(N)− μN(N − 1) ≥
∫ N

N−1
μ′
N(ξ) dξ
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=
∫ 1

0
μ′
N(N − 1 + ξ) dξ >

∫ 1

0

1

k
dξ = 1

k
> 0 .

This contradicts the limit (21). Thus for each k ∈ N, there exist a numberNk ≥ k and ak ∈ A

such that

μ′
Nk
(Nk − ak) ≤ 1

k
.

�

PROOF OF THEOREM 2.6 . Consider a kinetic solution u of (1)–(3). We take N ∈ D,
ϕ ∈ C∞

c ([0, T ) ×D) with ϕ ≥ 0, κ ∈ (−N,N) and η ∈ E+. We define the cutoff functions
as follows. For each δ > 0,

Ψδ(ξ) =
∫ ξ

−∞
{ψδ(ζ +N − δ)− ψδ(ζ −N + δ)} dζ .

Putting (t, x, ξ) 
→ ϕ(t, x)η′(ξ − κ)Ψδ(ξ) in (10), we obtain
∫

Q

∫ N

−N
f±(∂t + a(ξ) · ∇)ϕη′(ξ − κ)Ψδ(ξ) dξdxdt

+
∫

D

∫ N

−N
f 0±ϕ(0)η′(ξ − κ)Ψδ(ξ) dξdx

+MN

∫

Σ

∫ N

−N
f b±ϕη′(ξ − κ)Ψδ(ξ) dξdσdt

= −
∞∑

k=1

∫ T

0

∫

D

gk(x, u)ϕ(t, x)η
′(u− κ)Ψδ(u) dxdβk(t)

− 1

2

∫

Q

G2(x, u) ∂ξϕ(t, x)η
′(u− κ)Ψδ(u) dxdt

+
∫

[0,T )×D×(−N,N)
ϕ{η′′(ξ − κ)Ψδ(ξ)+ η′(ξ − κ)Ψ ′

δ(ξ)} dmN(t, x, ξ)

+
∫

Σ

∫ N

−N
ϕ m̄±

N {η′′(ξ − κ)Ψδ(ξ)+ η′(ξ − κ)Ψ ′
δ(ξ)} dξdσdt a.s. (25)

Using Lemma 3.1 and Lemma 3.2 (i), we can compute the third term on the right hand of (25)
as follows. For some N0 ∈ N with N0 > N ,

∫

[0,T )×D×(−N,N)
ϕ{η′′(ξ − κ)Ψδ(ξ)+ η′(ξ − κ)Ψ ′

δ(ξ)} dmN(t, x, ξ)

=
∫

[0,T )×D×(−N,N)
ϕ{η′′(ξ − κ)Ψδ(ξ)+ η′(ξ − κ)Ψ ′

δ(ξ)} dmN0(t, x, ξ)

≥
∫

[0,T )×D×(−N,N)
ϕ η′(ξ − κ)Ψ ′

δ(ξ) dmN0(t, x, ξ)
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≥ −C
∫

[0,T )×D×(−N,N)
ψδ(ξ −N + ε) dmN0(t, x, ξ)

≥ −C
∫ N

−N
ψδ(ξ −N + ε) dμN0(ξ)

→ −Cμ′
N0
(N) =: I+

N (ϕ), as δ ↓ 0 .

Since by Lemma 3.2 (ii) there exists a sequence {ai} ⊂ A such that lim infi→∞ μ′
i (±i∓ai) =

0, if we set Ni = i − ai , then lim supi→∞ I+
Ni
(ϕ) = 0. Therefore using integration by parts it

is easy to see that as δ ↓ 0 we get (13). In a similar manner, we can also obtain (14).
Next we prove that an entropy solution is a kinetic solution. Consider an entropy solution

u of (1)–(3). Define linear forms ν±
N on C∞

c ([0, T )×D × (−N,N)) by

ν+
N(ϕ) :=

∫

Q

∫ N

−N
(u ∧ N − ξ)+∂tϕ dξdxdt

+
∫

Q

∫ N

−N
F+(u ∧N, ξ)∇ϕ dξdxdt

+
∫

D

∫ N

−N
(u0 ∧N − ξ)+ϕ(0) dξdx

+MN

∫

Σ

∫ N

−N
(ub ∧ N − ξ)+ϕ dξdσdt

+
∞∑

k=1

∫ T

0

∫

D

∫ N

−N
1u∈(−N,N)sgn+(u− ξ)gk(x, u)ϕ dξdxdβk(t)

+1

2

∫

Q

G2(x, u)ϕ(t, x, u) dxdt −
∫ N

−N
I+
N (ϕ) dξ

and

ν−
N(ϕ) :=

∫

Q

∫ N

−N
(u ∨ N − ξ)−∂tϕ dξdxdt

+
∫

Q

∫ N

−N
F−(u ∨N, ξ)∇ϕ dξdxdt

+
∫

D

∫ N

−N
(u0 ∨N − ξ)−ϕ(0) dξdx

+MN

∫

Σ

∫ N

−N
(ub ∨ N − ξ)−ϕ dξdσdt

+
∞∑

k=1

∫ T

0

∫

D

∫ N

−N
1u∈(−N,N)sgn−(u− ξ)gk(x, u)ϕ dξdxdβk(t)
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+1

2

∫

Q

G2(x, u)ϕ(t, x, u) dxdt −
∫ N

−N
I−
N (ϕ) dξ .

Since u is an entropy solution, we know that ν±
N(ϕ) are nonnegative for a.e. N ∈ R

+ and

any ϕ ≥ 0. We conclude that for a.e. N ∈ R
+, ν±

N are nonnegative finite measures on

[0, T )×D × (−N,N) and satisfy the condition (7). Moreover, we have

ν±
N(∂ξϕ) =

∫

Q

∫ N

−N
f±(∂t + a(ξ) · ∇)ϕ dξdxdt

+
∫

D

∫ N

−N
f 0±ϕ(0) dξdx +MN

∫

Σ

∫ N

−N
f b±ϕ dξdσdt

+
∞∑

k=1

∫ T

0

∫

D

gk(x, u)ϕ(t, x, u) dxdβk(t)

+1

2

∫

Q

G2(x, u)∂ξϕ(t, x, u) dxdt . (26)

We now denote bym±
N the restriction of ν±

N to [0, T )×D×(−N,N) and by ν̄±
N the restriction

of ν±
N toΣ×(−N,N). Let ϕ ∈ C∞

c ([0, T )×D×(−N,N)). Take a test function (t, x, ξ) 
→
W̄ε(x)ϕ

λ(t, x, ξ) in (26), where ϕλ = ϕλ and

W̄ε(x) =
∫ xd−hλ(x̄)

0
ρλε (r − ε(Lλ + 1)) dr .

Let f̄ λ± be any weak* limit of {f λ,ε± } as ε → +0 in L∞(Σλ × R) for any element λ of the

partition of unity {λi} on D, where f λ,ε± is denoted by

f
λ,ε
± (t, x, ξ) =

∫

Dλ
f±(t, x, ξ)ρλε (y − x) dy ,

and let

f̄± =
M∑

i=0

λi f̄
λi± . (27)

Then letting the limit ε ↓ 0 and summing over i, we obtain

m±
N(∂ξϕ) =

∫

Q

∫ N

−N
f±(∂t + a(ξ) · ∇)ϕ dξdxdt

+
∫

D

∫ N

−N
f 0±ϕ(0) dξdx +

∫

Σ

∫ N

−N
(−a(ξ) · n)f̄±ϕ dξdσdt

+
∞∑

k=1

∫ T

0

∫

D

gk(x, u)ϕ(t, x, u) dxdβk(t)
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+1

2

∫

Q

G2(x, u)∂ξϕ(t, x, u) dxdt . (28)

It follows from (26) and (28) that for all ϕ ∈ C∞
c ([0, T )×D × (−N,N)),

∫

Σ

∫ N

−N
(−a(ξ) · n)f̄±ϕ dξdσdt

= MN

∫

Σ

∫ N

−N
f b±ϕ dξdσdt −

∫

Σ

∫ N

−N
∂ξϕ dν̄

±
N(t, x, ξ). (29)

Defining the functions m̄±
N by

m̄+
N(t, x, ξ) := MN(ub(t, x)− ξ)+ −

∫ N

ξ

(−a(ξ) · n(x))f̄+(t, x, ζ ) dζ , (30)

m̄−
N(t, x, ξ) := MN(ub(t, x)− ξ)− +

∫ ξ

−N
(−a(ξ) · n(x))f̄−(t, x, ζ ) dζ , (31)

we can replace
∫
Σ

∫ N
−N ∂ξϕ dν̄

±
N(t, x, ξ) with

∫
Σ

∫ N
−N ∂ξϕm̄

±
N dξdtdσ in (29). Since obvi-

ously m̄±
N(±N ∓ 0) = 0 for sufficiently large N ∈ R, we conclude the desired claim. �
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