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Abstract. We deal with the existence and non-existence of positive solutions for the problem

—Apu+m@uP~! = a(x) f(u) + rb(x)g() in RV,

u >0 in RN, u(x) — 0 when |x| = oo,

where A) is the p-Laplacian operator, 1 < p < N, A > 0 is a real parameter, f, g : (0,00) — (0, 00) and
m,a,b : RN - [0, 00); a, b # 0 are continuous functions. In this work we consider, for example, nonlinearities
with combined effects of concave and convex terms, besides allowing the presence of singularities. For existence of
solutions, we exploit the lower and upper solutions method, combined with a technique of monotone-regularization
on the nonlinearities f and g and for non-existence we use a consequence of Picone identity.

1. Introduction

This paper deals with the existence and non-existence of solutions for the problem

—Apu+m@x)uP~t =a(x)fu) +rb(x)g(u) in RV,
(1.1)

u>0in RY, u(x)— 0 when |x| > oo,

where Apu = div(|Vu|P=2Vu),1 < p < N, is the p-Laplacian operator, A > 0 is a real
parameter, f, g : (0,00) — (0,00) and m,a,b : RY = [0,00); a,b # ( are continuous
functions.

By a solution of (1.1) we mean a function u = u) € CI(RN) such that u > 0 in RY,
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with u(x) — 0 when |x| — oo and such that, for all ¢ € CSQ(RN),

/ [VulP2VuVe + mx)uP~" ¢pldx =/ [a(x) f(u) + Ab(x)g(u)lpdx .
RV RV

In this paper, we say that an arbitrary function 4 : (0, 00) — [0, 00) is (p — 1)-sublinear
at 0 or at +oo respectively, if limg_,¢ h(s)/sP~! = 0o or limg_ o0 h(s)/sP~1 = 0, (p — 1)-
superlinear at 0 or at o0 respectively, if lims_.q h(s)/sf’_1 = 0 or limy_ h(s)/s”_1 =00
and (p — 1)-asymptotically linear if there is a positive and finite number that corresponds to
the values of these limits. In particular, a nonlinearity of the concave-convex type is (p —
1)-sublinear at 0 and (p — 1)-superlinear at infinity. Moreover, % is called singular at O if
limg_, o+ h(s) = oo.

Problems like (1.1) have been studied intensively in recent years including nonlinearities
that behave like (p—1)-sublinear and (p — 1)-superlinear at zero and/or infinity. Among others,
in bounded domains we can cite [2, 14, 32] for the case p = 2, and [17, 15, 3] for the case
p # 2. In general, there are no works in the literature dealing with p-Laplacian equations
with singular terms and combined nonlinearities (i.e., with the combined effects of concave
and convex terms). An exception is the recent work of Gasinski and Papageorgiou [19]. The
propose of our work is to consider this type of nonlinearities.

We emphasize that our results do not require singularity of the functions f and g, but
we are particularly interested in the case where f and g may have singularity at 0. For our
readers’ information, we note that problems including singular nonlinearities arise in various
physical situations, present in electrical conductivity, in the theory of pseudoplastic fluids, in
singular minimal surfaces, in reaction-diffusion processes, in obtaining various geophysical
indexes and industrial processes, among others; see [6, 7, 16] for a detailed discussion.

From now on, we are going to denote the following

: . . h(s . h(s)
r.__ R . —
h' = }1_1)111 h(s), h;:= }1_1)111 = and hjnp = Sn;(f) T
fori =0ori = oo,byhi, hi, hiny € [0, o<].
We define the function
p(x) := minfa(x), b(x)}, xeRY, (1.2)

and we suppose p # 0. Considering p(x) restricted to a smooth bounded domain 2 C
R, we denote by A1,2(m, p) > O the first eigenvalue and by g = ¢1,o > O the first
eigenfunction of the problem

{—Apso+m(x>sop—1 = (X)|elP 2 in 2, 13

¢>01in 2, ¢=0on 4£2.
Moreover, we are going to denote

A(m, p) = Rli_)mooM,BR(m, p) =0,
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where By, is the ball centered at the origin of R with radius R > 0.

REMARK 1.1. The first eigenvalue of (1.3) is simple and positive. Its first associated
eigenfunction, ¢, is positive and belongs to Cche(2), a € (0, 1) (see [31]).

We can show that if the number A (m, p) given above is equal to zero, there will be no
solution to the problem (1.1).

THEOREM 1.1. If A i(m,p) =0and fi + g > 0, i = 0andi = oo, then there is
no solution to the problem (1.1), for all . > 0. In particular, if the terms a and b satisfy
|x|Pa(x), |x|Pb(x) — oo when |x| — ocoand fi +¢gi > 0, i = 0andi = oo, then the
problem

—Apu = a(x)fu) + rb(x)g(u) in RV,

u>0in RN, u(x) — 0 when |x| — o0,
has no solution for all A > 0.
The following conditions will be required in our results:
(M) there exists a solution wy; € C'(RV) of

—Apu +m(x)uP~! = M(x) in RV,
(1.4)
u>0in RV, u(x) > 0 when |x| — oo,
where M (x) := max{a(x), b(x)},x € RV;
-1 -1
(F)  (Fo)  fo<llomljegn, o (Fx) foo<1/lomll]~gn,-
From now on, we are going to denote [[wp [ Lo gy BY [[@pm [|oo-

REMARK 1.2. We know that the number A1 (m, p) is non-negative and, if it is equal to
zero, by Theorem 1.1 we have non-existence of solution for (1.1). Now, if we assume (M),
then we have

1—
r@m, p) = lloplos” > 0. (1.5)
For details, see Lemma 2.2 in the next section.

REMARK 1.3. Conditions for the existence of solutions to problem (1.4) are consid-
ered in the next section. See Lemma 2.1.

Now, to state our main result, we let

0, if go=0 and fo>Ari(m,p),

Ay = max[O,)"(m;i‘;)_f“}, if 0 < gp < 00, (1.6)

0, if go=oo.
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Note that, with this definition, we are assuming fy + go > O.

THEOREM 1.2. Assume that (M) and (F) hold. Then there exists 0 < A* < 00 such
that problem (1.1) has:

(a) a solution for each h, < X < A*,
(b) no solution if A > \*.

1 1 1 1
A¥ >max{—<ﬁ _f()>7 _<ﬁ _foo>}
90\ |omlloo Yoo \ lwm |l

finf + A ging < A1(m, p) .

In addition,

and

Moreover, if
©) gi,9; >0 or (d) g >0, f; > r1(m, p)
holds for i, j € {0, 00}, i # j, then A* < o0.
REMARK 1.4. About Theorem 1.2, it is important to note that

(1) If fo > A1(m, p), the condition (Fp) cannot occur, due to (1.5).
(i) Since in this result 0 < gg < oo is permitted, it is allowed that our nonlinearities
admit mixed behavior (such as concave-convex and/or singularities).

Now we present some tables that can contribute to a better understanding of our results.
Here, we are considering A* > 0 as a divisor point, in the sense that the problem (1.1) has
a solution before it but none afterwards (when it is possible). Under the assumptions of

Theorem 1.2 and remembering that by (1.5) A1 (m, p) > ||a)M||éo_p, we have:

(I) If (Fp) holds, then:

g =0 T — oo
goo > 0 0<\A*f <00
g >0 Joo > M1 (m, p) O<1)\._*<OO
Joo =0 foo < A1(m, p) {f°<”wM”oop = 00
lomlloo? < foo < Ai(m, p) | no available
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(IT) If (Fso) holds, then:

goo =0 A =00
go >0 0<A* <00
oo > 0 Sfo > Ai(m, p) 0<1)_\* < o0
D=0 fy < aam, p) fo < lomlloo” M=o
B lomllos” < fo < Ai(m, p) | no available

(IIT) Concerning the classical problem

—Apu =a(x)u" + Ab(x)u™ in RV,
(1.7)
u>0in RY, u(x) = 0 when |x| > oo,

which includes concave-convex nonlinearities, we have:
{ILy) If |x|Pa(x), |x|Pb(x) — oo when |x| - ocoand —co <m < p—1 <nor
—00 < n < p — 1 < m, then there is no solution to (1.7), for all A > 0.

(III;) If a, b are functions such that hypothesis (M) is satisfied, we can observe that: if
—o00 < n < p—1,then fy = co and f = 0, which implies that (F) holds.
Now, if n > p — 1, then fy = 0 and fo, = 0o, which implies that (Fp) holds.
We can conclude:

—co<n<p—1lin=p—1, |loyloo <1| n>p—1
—co<m<p-—1 A =00 A =00 0<A* <00
m=p-—1 0<A* <o 0<A*<o0 0<A*<o0
m>p—1 0<A*<o0 A =00 no available

To motivate our work, we relate that problems like (1.1) have been studied intensively in
recent years. In the semilinear case p = 2, we begin by citing the work of Lair and Shaker
[25], who in 1996 determined the existence of a unique classical solution to the problem

—Au=a(x)u~? in RV,
(1.8)
u>0in RV, u(x) — 0 when |x| — o0,

where N > 3,y > 0,a(x) > Oand

/00 tp(t)dt < oo, with ¢(t) = Tnlaxa(x). (1.9)
0 x|=t
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In 1997, the same authors [26] extended this result considering the more general problem

—Au=a(x)f(u) in RV,
(1.10)
u>0in RV, u(x) = 0 when |x| > o0,

where a(x) > 0,a # 0 satisfies the hypothesis (1.9) above, f is singular at s = 0 with
f(s) > 0ifs > 0and f'(s) <0.

To insert these problems in the context of our work, in (1.8) we identified m = 0, L =0
and f(s) = s7Y, which implies that fy = co and fo = 0. With this, the hypothesis (Fuo)
holds. Moreover, by [21] we can see that (1.9) implies that (M) holds. In a similar analysis
for (1.10), we can see that Theorem 1.2 resolves both problems.

With the objective of studying the singular effect of the sign-changing of f’ on the struc-
ture of the ground state solution set in (1.10), in 2003 Yijing and Shujie [35] considered
nonlinearity as the sum of a singular and a sublinear term, thus establishing the existence of
the classical solution to the problem

—Au=a@u"Y +bx)u® in RV,

u>0in R, u(x) > 0 when |x| - oo,

where 0 < y,a < 1, a,b € Cﬁ)C(RN ) are nonnegative functions such that a(x) + b(x) # 0
for all x € RV, and they satisfy (1.9). In this case, by identifying f(s) = s~ and g(s) = 5%,
we obtain fo = go = 00, foo = goo = 0, which implies that (F,) holds and 1* = oco. With
this, the problem above is solved by Theorem 1.2, for all A > 0.

We also cite the work of Ahmed Mohammed [30], who in 2009 established the existence
of solution in CZZO"CX (RM) to the problem

—Au = ya(x) f(u) +nb(x)g(u) in RV,

u>0in RV, u(x) — 0 when |x| — o0,

o
loc

f,gin C((0, 00), (0, 00)) satisfy ¢ is bounded near 0, f(¢)/t is bounded on [e, c0), for
every € > 0 and lim,_,o+ f(t)/t = oo. Furthermore, it was assumed that there is a positive
solution to the problem

where a, b are functions in C (RN ,[0,00)),a # 0, n, y are positive real parameters and

—Aw =a(x) +b(x) in RV,

w(x) — 0, when |x| > c0.

In this work, Mohammed generalized the results in [22] and [35], allowing far more general
nonlinearities and weakening the conditions on a and b. Here, we have fy = 0o, foo < 00
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and, by the conditions in g, we obtain gy = oo or gy < oo. Since f» < 00, the hypothesis
(F) occurs only to sufficiently small parameter y .

In the quasilinear case p # 2, in 2004 Gongalves and Santos [21] studied the prob-
lem (1.10) with @ > 0 being continuous and radially symmetric and f singular at s = O,
f(s)/sf’_1 nonincreasing in (0, 00), liminfs_¢ f(s) > Oand foo = 0. Assumingl < p < N
and

1 1
1) / rrTa(r)rTdr <oo, if l<p<2 and
0

O (p—2)N+1
(i) / ro U ar)dr <oo, if2<p<oo, (1.11)
0

the authors used fixed point arguments, the shooting method and a lower-upper solutions
argument to determine the existence and non-existence of radially symmetric solutions to
the problem. In 2005, Covei [11] extended their results to the case where a is nonradial but
positive and locally Holder continuous. Replacing a(r) in (1.11) by max =, a(x), he showed
the existence of solution to the same problem.

In these works, we can identify A = 0, fo = oo and fo, = 0, which show that hypoth-
esis (Fo) holds. Since (1.11) with the cited replacement implies that (M) holds (see [21]),
Theorem 1.2 resolves these problems.

Recently, using the concept of generalized solutions that are not subject to any decay at
infinity, Carl and Perera [8] used perturbation and comparison arguments as well as regularity
results for the p-Laplacian to obtain solutions to the singular p-Laplacian problem. For other
works, we refer the reader to [9, 10, 29, 33] and their references.

2. Preliminaries

In this section, our first result has dealt with the existence of solutions of Problem (1.4).
That is, we provide a situation whose hypothesis (M) holds.

LEMMA 2.1. Letm:RY — [0, 00)a continuous function and M be as given in (M).
Moreover, suppose that

1

o0 N e ﬁ
/ |:s1_N/ tN_lM(t)dti| ds < o0
0 0

holds, where M(t) = sup M(x),t > 0and 1 < p < N. Then there exists at least one

|x|=t

u € C'RN) solution of (1.4).
PROOF. First, consider the problem

— N P )Y =V M), >0,
2.1
v>0eRY, v@r)— 0 when r - co.
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Defining

1
v(r) = / [sl_N / tN_IZ\//;(t)dti| s,
r 0

we can show that v € C1(0, 00) is a solution of the problem (2.1).
Now, set w(x) = v(|x|). Since m > 0, we obtain that w € C'(R") is an upper solution
of (1.4),1i.e.,

/ [|Vw|P_2VwV¢+m(x)wp_l¢]2/ M(x)¢, ¢ € CRY).
RN RN

Now, consider the following problem

—Apu +mx)uP~! = M(x) in Bg,
(2.2)
u > 0in B, u(x) = 0on dBg,

where By, is the ball whose center is the origin of RV and which has radius R.

By Pezzo and Bonder [5] and using the regularity results of Lieberman [28], we have that
there exists ug € C"#(Bg),0 < B < 1, satisfying (2.2). Consider the function u  defined
by up(x) = ugr(x), if x € Bg,and up(x) =0, if |x| > R. We claim that

wp(x) Sup(x) <+ Supx) Cugy () <---<wlx), xe RY. (2.3)

Indeed, for each R > 1, note that both u, and up 41 satisfy the equation given in (2.2)
in the ball Bg. Besides this, up(x) = 0 < gRH(x), for x € dBg. Then, by the Compar-
ison Principle of Tolksdorf [34] we have up < up, in Bg. Moreover, up = 0 < up, in
Br41\Bg. For the last part, note that u,(x) = 0 < w(x),x € Bg. So, again by Tolksdorf
[34], up < w in Bg for each R > 1. This completes the proof of statement (2.3).

Finally, letting u(x) = Rli_)moo u(x) and using compactness arguments we have that u €

CY(RM). Furthermore, it satisfies (1.4). |

Our next result will be necessary to prove that A*, announced in Theorem 1.2, is finite.
Moreover, the inequality (1.5) also is showed. Its proof uses Picone’s identity [1] and density
arguments.

LEMMA 2.2. Assume that given A € R there exists a0 < v = vy, € Wllu’f(RN)
satisfying —Apv + moP~1 > )»,ovl’_1 in the distributional sense, where m : RN — [0, 00)
is a continuous function and p is given by (1.2). Then A < A1(m, p). In particular, if (M)
holds, then A1 (m, p) > ||a)M||(l>o_p.

PROOF. Firstly, for each R > 1, we consider the functions v and wy, restricted to the
ball Bg. They will be denoted by (v) g and (wa)r.
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Now, we pick {)nen C C(Bg) with ¢, > 0 and ¢, — g, in Wy'”(Bg), where
B, > 0 is the first eigenfunction of the problem (1.3) associated to its first eigenvalue
A1,Bg(m, p). So, applying Picone’s identity (see [1]) and density arguments, we have

P
o</ |V¢n|"—/ |V(v>R|f’—ZV<v>RV< ¢"_1)
Br Bpr (v)[’

R

</ |V¢n|"—f Ap(x)¢£’+/ m()eL .
Bgr Bgr Br

Now, making n — oo, we obtain

M,BR(m,p)/ PPy, =/ [Vep,l? +m(x)gg,] >A/ PPy, -
Br Br

Br
that is, A < A1 g (m, p) because p is non-negative and not identically zero. When R — oo,
we get A < Aq(m, p).
To finish our proof, we define for each = > 0, v(x) = v (x) =
r||(a)M)R||;§C(BR)(a)M)R(x), x € Bg. So, we have that 0 < v < 7 and

/ |Vv|p_2Vde)+/ m(x)v?" ¢
Bg 2

'L'p_l 2 —1
=———9 [/ IV(om)RIP™"V(om)rV +Lm(x)(wM)£ ¢}

- —1
||(a)M)R||€OO(BR) Br

S M)t > / PV,

= — —
”(a)M)R“ZDO(BR) Br ||(a)M)R||€OO(BR) Br

1

for all ¢ € C;°(Br), ¢ > 0. Applying the first part of the lemma, this shows that

1

Al,Br(m, p) = , foreach R>1.

p—1
(s Rl 700

As we have that || (wpr)r L (Bg) < oy lloo, When R — oo we obtain

Ar(m, p) > TS
lwwm 160

which ends the proof. d
Now, we consider the equation
—Apu+mx)uP~ =h(x,u), wu>0in RV, (2.4)

where 4 : RV x (0, c0) — R s a continuous function.



390 MANUELA C. REZENDE AND CARLOS ALBERTO SANTOS

A function u € C'(RY) is called a solution to (2.4) in the distributional sense, if u > 0
in RY and, for all ¢ € C5°(R"), we have:

/ [|Vu|1’_2VuV¢+m(x)u”_1</>]dx=/ h(x,u)pdx.
RN RN

Moreover, a function u € C!'(R") is called a lower solution (upper solution) to (2.4)
in the distributional sense, if # > 0 in RY and, for all nonnegative functions ¢ € Cgo (RN ),
holds

/ (VulP~2VuVe + m(x)uP'¢ldx < (>)f h(x, u)pdx . (2.5)
RN RN

In this sense, we prove the following result for possibly singular problems in RV, which
will be used in the proof of Theorem 1.2:

THEOREM 2.1. Suppose that there exist a lower solution u and an upper solution u of
(2.4) such that u < 1 in RN. Then Problem (2.4) has a solution u € [u, ).

PROOF (Based on arguments of [27]). We know that RN = U‘I’le Bpg, where By is the
ball centered at the origin of the RY with radius R. For each R > 1, we consider the family
of problems

{ —Apu +m@)uP~! = h(x,u) in Bg, 2.6)

u=u on dBg,

where # is the function given by (2.4) restricted to Bg x (0, c0) and u is the lower solution
defined in (2.5) restricted to Bg.
Since that u, @ € C'(RV) and u, # > 0 in R", the numbers
ar =maxu and dap =miny
ER Bgr
are positive.
Now, we define the function h: Br x R— Rby

h(x,ag), if s <ap
h(x,s) =4 h(x,ag), if s >ag 2.7
h(x,s), if ap <s<ag.

It follows from of the continuity of the function 4 and of the definition (2.7) that h is a bounded
function in Br x R. Then, there is a function K € LY (Br) such that

lh(x,s)| < |K(x)|, ae.x € Bg.
Now, since m is a continuous function in RY and s € R, we have

|h(x,s) —m(x)sP~ < [K@)|+r(s]), ae x e Bg,
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for all s > 0, where r(s) = [m|lLo(Bg)sP~', s > 0 is a nondecreasing function such that
r(ll) € L” (Br), for ¢ € L (Bg).

Besides this, we have that ¥ and u are, respectively, lower solution and upper solution
(in the sense of [24]) of the problem

{—Apu—i—m(x)u”_1 = h(x,u) in Bg, 2.8)

u=u on dBg.
With these, we can apply a theorem of lower and upper solution by [24] to conclude that the
problem (2.8) (and also (2.6)) has a solution # g such thatu < up < u a.e. in Bp.

Now, using a diagonal argument on R and a standard regularity theory, we get a u €
C! (RN) suchthatuy <u <u, u > 0in RY and, for each ¢ € C(‘)><3 (RN), we have

/ [(IVulP2VuVe + m(x)uP"'¢ldx 2/ h(x,u)pdx .
RN RN

The proof of Theorem 2.1 is finished. g

3. Proof of Theorem 1.1

PROOF. Suppose, by contradiction, that there exists a A > 0 such that problem (1.1)
has solution u = u;,.
With this, we claim that there exists ¢ = ¢, > 0 such that

PAONSYIONS

= T 2 c, forall s >0. 3.1
s S

m.(s) ==

Note that the hypothesis f; + ¢g; > 0, i = 0 and i = oo, ensures the validity of (3.1), since it
implies that i, (s) > 0, forall s > 0.
Then, using (3.1) and the fact that p < a, b, we have

—Apu+ m)uP~' = cp)uP~! > —Apu + m)uP~" = ) p(x)uP!

fu) g(u)

A
up—1 + up—1

=—Apu+ m(x)uP™! — [ :| p(x)uP=!

> —Apu+m@uP ™" —[a(x) f @) + 1b(x)g)] = 0.
By Lemma 2.2 and by hypothesis,
0<c<A@m,p)=0,

what is an absurd. Therefore, problem (1.1) has no solution for any A > 0.

Now, we will prove the particular case. Note that |x|”a(x), |x|’b(x) — oo when |x| —
oo implies in |x|?p(x) — oo when |x| — 00, since p(x) := min{a(x), b(x)}. We want to
show that A1 (0, p) = 0.
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Initially, we claim that the assumption |x|”p(x) — oo when |x| — oo implies in
|x|”p(|x]) — oo when |x|] — oo, where p(|x|) = p(r) := miny= p(x),r > 0. In-
deed, suppose that there exists r, — oo such that liminfr} 5(r,) < oo. We can see that
H(rn) = p(x,), with |x,| = rn. So, lim |x,|? p(x,) = limr? p(r,) < 0o, when n — oo, what
is an absurd, since |x,|” p(x,) — oo.

Now we will prove that 11 (0, p) = 0. Suppose, by contradiction, A1 (0, p) > 0. By [20],
the inequality o < p implies in A1(0, ) > A1(0, p) > 0. We take A := A (0, p) and consider
the radially symmetric solution u € C2((0, 00)) N C1([0, 00)) of the equation

—Apu = rp(x)uP~" in RV,
or equivalently, the solution of the initial value problem

—(r N 1Py = N p(ryuP Tt in (0, 00)
u@ =1, u'(0)=0.

Note that u # 0 in RV, since u(0) = 1. Moreover, |x|?5(x) — oo when |x| — oo implies
that the problem above does not have positive entire solution (see [4]). So, thereis R > 0
such that u(R) = 0. With this, u satisfies

—Apu = 1p(x)uP~! in Bg(0)
u>0in Bg(0), u=0 on dBg(0).

By [20] we have
A= A1(0, ) = A1,BR0)(0, p) > 11(0, p) .

This contradiction means A1 (0, o) = 0, which shows that also A; (0, p) = 0. m|

4. Some Auxiliary Functions

One of our main purposes in this paper is to consider, in the Problem (1.1), not only
(p — 1)-sublinear terms f and ¢ but also (p — 1)-superlinear and (p — 1)-asymptotically
linear terms. To prove Theorem 1.2 with such nonlinearities, we improved a technique of
regularization-motonicity used, among others, by Fen and Liu [13], Zhang [36] and Mo-
hammed [29].

Observing that for none monotonicity will be required of our nonlinearities, we introduce
a truncation of the terms f and g through a real parameter y > 0 and, from it, we build some
auxiliary functions which allow us to obtain not only the monotonicity but also the necessary
regularity for the proof of our results. In this way, given y > 0, we define the continuous
functions

. ) f, if0<s<y
0= {0 Ly,
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and
g, ifO0<s<y
by ()= { LsP . s>y,
where
AC2) _9y)
Ir(y) = i and I4(y) := T

For each s > 0, consider the continuous and monotonous functions

ff,y(s) = sup{gf’y(t) , t> s}, fg,y(s) = sup{gg’y(t) t > s} “.1)

tp-1 tp=1 7
and
5y (s) = sP71Cs () + AsP7 1L, (s), foreach A >0. 4.2)
It follows from the above definitions that
@) Cz’y_(f) is non-increasing in s > 0; (ii) EM,(S) 2 Cry(8) + Mgy (s), s > 05
(i) lim zi’;_(f) = 15 () + ALy (p).

The function EM/ (s)/sP~! already has monotonicity, but does not have the enough reg-
ularity. So, defining

S2
H) () = —&3 ; , §>0,
/ ——dt
0 C)»,y(t) Pl
and using (i)—(iii) above, we have
LEMMA 4.1. The function H satisfies:
() Hy.y € C'((0, 00), (0, 00)); (i) .y (s) < [Hyy()IP71, s > 0
. Hay(s) . Lo . . Hi oy (s) L
(iii)) ———— isnon-increasingins > 0; (iv) lim ———= = (Iy(y)+Arlg(y))r 1.
Ky §—>00 Ky

Depending on H, ,, we define the y-function

o) I/V i 0
() =— | ———dt, y>0.
v Jo H.y@®)

Using the previously defined functions and their properties, we have

LEMMA 4.2. Assume that (M) and (F) hold. Then:
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1
@) li)m I(y) = ————, foreach A > 0;
e (foo + Agoo) 7T
1
(ii) lim I (y) = —————, foreach A > 0;
=0 (fo+ Ago) 7=t

(iii) I, is decreasing in A > 0, for eachy > 0;
(iv) there exists a y > 0 such that I'y(y) > ||y | co-

In the appendix of this paper, we prove item (i). The proof of part (ii) is similar. The mono-
tonicity of the function I, follows from the definitions of the functions involved, while (iv) is
a consequence of the assumption (F) together with (i)—(ii).

By above lemma, we can define the nonempty set

Agv :={y € (0,00) / To(y) > llwplloo} -

Now, as a consequence of lim;_, o I3.(y) = 0, limy o I'; (y) = Ip(y) for each y > 0, and
from the last lemma, the function A* : Agy — (0, oo) that associate, for each y € Agxw, the
unique positive real number A*(y) such that

Laxn(¥) = lomlloo » 4.3)

is well defined.
Thus, we can define the positive number

A = Az,RN = sup{A*(y); v € Agn}. (4.4)
After these, we have that
LEMMA 4.3. Suppose (M) and (F) hold. Then

" 1 1 1 1 0 100
Ag > max | — ﬁ—fo » ﬁ_foo = max{A”, A7},
90\ lomlloo Joo Nl lloo

) 1 1
where \' 1= —(7 — ﬁ), i € {0, 00}.

: -1
i \Nom &

PROOF. If (Fp) occurs and gg < oo, then given 0 < § < A0, it follows from Lemma
4.2(ii), that

. 1 1
11_%(5(7/) —lomllo) = ———F — llomllcc > ————F — llomlleo =0.
v (fo+38g0) 7 (fo+20g0) 7T
Now, if (Fx) occurs and goo < 00, using Lemma 4.2(i), we have
. 1
Jim (T3()~ oy lloe) = ———————loulloc > ——llomlles =0,
(foo +8G00) P! (foo + A% goo) P71

foreach 0 < § < A given.
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So, in both cases, there exists a Y9 = y9(8) > 0 such that I's(yp) > |loplleo- By
Lemma 4.2(iii), we have that yp € Agw, since that I'o(yo0) > Is(y0) > |lwwmlleo. From (4.3),
Tp+ () (¥0) = llop|loo. Thus, we have I'y+(y) (¥0) < T's(y0), which implies in A*(yp) > 6,
by Lemma 4.2(iii) again. So, by the arbitrariness of &, we have the claimed. Lemma 4.3 is
proved. O

Now, for each y, A > 0, we define

1[5 t
(s):—/ dt, s>0. “4.5)
" vy Jo Hi @)

By Lemma 4.2(iii), definition of Agn and (4.3), it follows that

my) =T(y) > Fa)(v) = llomlloo s (4.6)

foreach y € Agy and 0 < A < A*(y) given.
Besides this, using the auxiliaries functions constructed in this section and their proper-
ties, we can check the following result.

LEMMA 4.4. Suppose (M) and (F) hold. Then, for each0 < A < A% given:

) [0, lomlloo] C Im(n1);
(i) ny € C2((0, 00), Im(ny)) is increasing in s > 0;
(iii) n;l = € C>(Im(n)\{0}, (0, 00)) is increasing in s > 0;
. , v Hy (¥ (s))
iv) ¥, (s) = D)
™) ¥/ (s) <0,5 >0;
(vi) ny is decreasing in \.

, s> 0;

5. An upper solution for the perturbed problem

Due to the possible of singularity under the functions f and g we construct, in the next
result, a bounded positive upper solution for the perturbed problem

{ —Apu + mx)uP~! = ax)f(u+e€e)+rb(x)g(u+¢€) in RY .1

u>0 in RV, u(x)— 0 when |x| - o0,
for each € > 0 small enough.

LEMMA 5.1. Under the assumptions (F) and (M), given € > 0 small enough, there
exists v = vy, € CL(RY), independent of €, upper solution of (5.1), for each 0 < A < A%,
where A% is defined in (4.4).

PROOF. Given0 < A < A%, since wy € C'(RY) and ¥, € C2(Im(n3)\{0}, (0, 00)),
we can define the function v = v, € CH(RM) by

v(x) = Y (om(x)), xeRV. (5.2)
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We will show that v is an upper solution of (5.1). By (4.5), (4.6), Lemma 4.4 and (M), there
isayp = (1) € Agw such that 0 < v(x) < yy, forall x € RY, and limy|— 00 v(x) = 0.
So, exists € > 0 small enough such that

vllpocmyy < Vo — €. (5.3)

Now, given ¢ € C(‘)>o (RN), ¢ > 0, it follows from (5.2) that
/ [IVv|P"2VuVe + m(x)v” ' pldx
RN
- / [0, (@)1 (Voo P> Vou Vdx + / m(x)vP~ pdx
RN RN
= / | IVoul"2Vou V(1 @)’ ¢)dx (5:4)
R

—(r-D / | IVoul" Y] (@)~ (om)pdx + / mEOW )]’ pdx
R R
In the appendix of this paper, we prove that

om¥i(om) < Y(oy), xin RV, (5.5)
Since 1// (s) < 0,5 > 0, by (5.5), (1.4) and Lemma 4.4(iv), we can rewrite (5.4) as

f Vol 2 VoVgdx + f m()P~ pdx > f M), (m)]" ™ pdx
RN RN

Hi (Y (0p)) 177!
/M()0 [ T } ddx . (5.6)

Now, it follows from the definitions, properties of the functions involved and (5.3), that

H;. o (Ua(wm)) / 1§)\ @ +e)
/ Mg [ W (@n) } M@ T 94

/ M(x ) y! ICK(VO()p'i‘lG)(/,)dx

> / [a(x) F(0 + €) + Ab(x)g(v + ) lpdlx
RN

This ends the proof of proposition 5.1. o

6. Problem (1.1) in bounded domains
In this section, our objective is to study the problem

{—Apu +mx)uP~" = ax) fu) + rb(x)g(u) in 2, 6.1

u>0in 2, u=0 on 082,
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where 2 C RY is a smooth bounded domain and we consider the same functions m, a, b and
p previously given restricted to 2.

As a particular case of a result in [5] and by [28], we have that there exists a unique
o = wy.o € C'(2) solution of the problem

u>0in 2, u=0 on 052.

By a comparison principle in [18], we can conclude that wy @ < wpy, where wy is the
function given in (1.4) restricted to §2. With this, lopm, 2 |Le2) < llomllgoryy. So, (Fo)
and (F) imply in

-1 -1
fO < 1/”0)M,.Q”ioo(_(2) and fOO < l/”a)M,SZHZOO(_Q) ,
respectively. Similarly as done before, we define

0, if go=0 and fo> A1(m,p),

M,.o(n;;)p)—fo }, if 0<gp< o0, (6.3)

0, if gy = o0,

As, = { max !0,

and we state our result:

THEOREM 6.1. Assume that (F) holds. Then there exists 0 < A, < oo such that
problem (6.1) has:

(a) a solution, for each Ly 0 < X < 1),
(b) no solutions if . > 1%,.

In addition,

1 1 1 1
rH 2max{—<ﬁ — f0>, _<ﬁ - foo)}
90 “C‘)M,Q“LOO(_Q) goo ||a)M,Q||LOC(Q)

PROOF. Analogously to the case done after Lemma 4.2, we can define the nonempty
set Ao = {y € (0,00) / I'n(y) > llom 2 llL>(2)}, the function A* : Ao — (0, c0) such
that I"4+(;)(¥) = llom, 2 | L~ (%) and the positive number

Ab = A5 o =sup{A*(y) [y € Ag}.

Given 0 < A < A%, as in (4.6) we can conclude that exists & = o(, y) > 0 small
enough such that

m(y) > lou,ellc +0, foreach y € Ag.

With this, the function n;, satisfies [0, ||wm, 2 lloc + 0] C Im(n,) and the others items
of Lemma 4.4. This allows us to define, for each o € (0, o], the functionv = v, € C 1 (ﬁ),
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increasing in o, by

Vo (X) = Vo2 (%) := Y (op2(x) +0), x€2, (6.4)

where wy ¢ is the unique solution of (6.2). As in Lemma 5.1, there are yo = p(1) € Ag
and € > O sufficiently small such that (5.3) holds.
This function v, is an upper solution to the perturbed problem

{—Apu + m(x)uP1 =ax)f(u+e)+Abx)g(u+e€) in £2 6.5)

u>0in 2, u=0 on 052.

Indeed, since war, = 0 on 352, the introduction of the parameter o > 0 has the ob-
jective of ensuring the regularity required by theorem of lower—upper solution in [15] for the
function vy on 052 .

Similarly to the proof of Lemma 5.1, foreach 0 < ¢ < o and ¢ € CS"(Q), we can
show that

/ (V00 172V uy Vb + m(x)ul ™ pldx > / [a(x) F (v + €) + 2b(x)g (v + €)ldx
2 2

Moreover, by (6.4) follows that vy (x) = ¥ (0) > 0 on 92 and, since ; is increasing in
s > 0and wy, o > 01n £2, we have also vs (x) := ¥y (wm(x) +0) > ¥y (0) > 0in £2.
Now, we will show that for some appropriate constant C = Cg; > 0, the function (Ceg)
will be a lower solution to (6.5), where ¢ > 0 is an eigenfunction associated with the first
eigenvalue A1 o (m, p) > 0 of the problem (1.3).
Given A > A, o, by (6.3) there exists an €1 € (0, yp), such that
f(s) 9(s)

A
sp—1 + sP—1

> A1, o(m,p), forany 0 <s < €. (6.6)

Choose C = C(£2, €1) > O such that Cllgg||1~(2) = €1/2. So, foreach0 < € < €1/2, we
have

ClloellL~w) +€ < CllgellL=g) +€1/2 =« . (6.7)
Then, for each ¢ € C(‘)><3 (£2),¢ 2 0,and 0 < € < €1/2, it follows from (1.3) and (6.6) that

/Q [IV(Cp)|” 2V (Cpa) Ve + m(x)(Coo)P ' ¢ldx
< Aa(m, p) /g p()(Cog + )P~ pdx
< /Q Lf(Con + € + 1g(Cpg + )lpx)pdx.

We claim that

Coo(x) <ve(x), forall x e 2. (6.8)
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In fact, from (4.1)—(4.2), we have

9(Copqo +¢€)

la(x)f(C(p.Q +€) p z

T Ab)
Yo Y,
Crn(Coo +€) Lg.0(Coo +€)
(Copo +e)r~! (Cpg +¢e)r!1
<SM@)YL  1E70(Coo + €) + 18 (Cog + €)]

18 (C
ZM(X)J/OP lé‘k,yo( (%9} +E)

—Ap(Cog) +mx)(Cox)P ' < yl~

<y law) +y5 M)

(Con + )P
1 &(C
<M)y! 17%2;),‘,02), (6.9)

where such inequalities are considered in the distributional sense. Moreover, by analogous
relationship to (5.6), we have

— ¢ v
—Apve +mx)E ™ = M)yl L’VEE]") .
v

(e

(6.10)

Note that ;:A,},O(s)/sl’_1 and —sP~ ! are non-increasing in s > 0, vy, Cpp € whr(£2) and
Cypo =0 < vy on 382. So, from (6.9) and (6.10), we can apply a comparison principle for
weak solutions to quasilinear equations which is due to Tolksdorf [34] to obtain (6.8).

Define I:} 1 2 x [0, 00) — [0, o0) by

a(x)f(s+¢€)+rb(x)g(s +¢€), s < vy

Fe(x,s) = {a(x)f(va +e)+rb(x)g(vs +€), s=v5,

and consider the auxiliary problem

_ p—l = 3 i
{ Apu + m(x)u Fe(x,u) in £2 6.11)

u>01in £ and u =0 on 052.

It follows that F, satisfies the Carathéodory conditions, v, is an upper solution and Ceg, is a
lower solution for (6.11). In addition, for each sg > 0 there exists a constant A such that

|Fe(x,s) —mx)s" T <A, (x,5) € 2 x [—50, 5]

By considering the above, we mainly apply a theorem of lower—upper solution, due to [15] to
conclude that there exists a us,¢ € Wol’p(.Q) NL*($2),with0 < Cy < ug e < Vg, satisfying
(6.11) and consequently (6.5).

Now, we using a standard diagonal argument and we can show that there is a function
u, € C1(2) N C(2) solution of (6.1), for each A, 2 < A < A% given, with 0 < Cpg <
u), <v<yin 2.
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Finally, let
Ao = sup{i > 0: (6.1) has solution} .

Itis clear that A = AG o, < AY,. Taking A < A, there exists X e (O, A%) such that (6.1)
has solution, namely, there exists u 5 such that

—Apuz +m)uP ™ = ax) f(u;) + rb(x)g(us3)
> a(x) f(uz) + Ab(x)g(u3) in 2.
So, u; is an upper solution and Cgy; is a lower solution for (6.1). By [12], we claim that
Cog < uj in £2. Moreover, we can apply a lower and upper solution theorem for singular

problems from [23] and ensure that (6.1) has solution u with Cope < u < uj, ae. x € £2.
This ends the proof of Theorem 6.1. O

7. Proof of Theorem 1.2

PROOF. At first, it follows from Lemma 2.2(iv) that Agy C Apg,, forall R > 1,
because if y € Agw then Io(y) > [lom oy = llom. B llLoBg), forall R > 1, ie.,
y € Apg. So, we have that A§ = A?,RN = sup{A*(y) / y € Agv} < sup{A*(y) /y €
App} = A’g’BR, forall R > 1, where A% is as in (4.4) and the functions wy and wyy , Was
given in (1.4) and (6.2) respectively.

So, given A, < A < A’g and taking vg = v 5, @S an upper solution, where v is given
by Lemma 5.1, there exists, by Theorem 6.1 and its demonstration,aug € C Y(Br)NC(BR)
satisfying

—Apug —}—m(x)ui_l =a(x)f(ur) +Ab(x)g(ug) in Bg .1)
MR>OiIl BR, uR=00naBR, '

for each R > 1 given with
0 < Cror <up <vg in Bg.

Besides this, from A > Ay, A1(m, p) = limp_ o0 A1, B, (m, p) and (1.6), it follows that
there exists an Lo > 1 such that A1, By, (m, p) < Ago + fo. That is, from the monotonicity of
the first eigenvalue in relation to the domain, there exists one § = §(Lo) > 0 such that

f(s) +Ag(s) > Ay, (m, p)sP~1, foralls € (0,8)and R > Ly. (7.2)
Now, we choose a constant C = C(§) € (0, Cr,) small enough such that
0<Cllory lL=m)<$, (7.3)

where Cy, is the constant of the lower solution of (6.1) with R = L defined in (6.7).
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Now, we claim that
Cory(x) <ugr(x), xeBp,, forall R>Lg. (7.4)

To see this, suppose by contradiction that there are xo € Bp, and Ry > Lo such that
Cor,(xo) > upr,(xo). Thus, the open set

ARy,Ly = {x € Bry [ Cory(x) > upy(x)}

is nonempty.
Recalling that C¢;,, and ug satisfy (1.3) and (7.1), respectively, it follows from (7.2),
(7.3) and Diaz and Sad’s inequality [12], that

—A (C(/)L ) A UR
0< e L0 } Cor )P — Pld
/ARO.LO [ (C(PLO)P—I + (MRO)p_l [(Cor,) (uRy)"ldx

f(MR())

(MRo)p_l

g(”Ro)

< AL, - — ab(x) LR
/ [ L1 (PP () — a(x) ) G5

} [(Cory)? — (upry)"ldx

J (ury) 9(ur,) }
< A — —A C P Pldx 0.
/;RO‘LO Io(x) |: 1,BL0 (p) (MRO)p_l (MRO)p_l [( ¢L0) (MR()) ] X

Thatis, Cor,, = dug,, for some d > 0. By definition of Ag 1, it follows that Ce;, =
uR,- This is impossible. Therefore, Ag, 1, = ¥ and (7.4) is verified.

Noting that RV = U%=; Br(0) and proceeding as at the end of proof of Theorem 6.1,
we finish the proof of existence, for each 1, < A < A§ given.
Now, defining

A* :=sup{A > 0: (1.1) has solution} ,

we have that A5 < A*.
We can define the functions

f@) = t”_linf{&,o <5< t} and §(r) = t”_linf{&,o <5< t} )
sp—1 sp—1

Note that f + § is positive, non-increasing, and f(t) + §(t) < f(t) + g(¢), forall ¢ > 0.
Moreover, fo = fo and §o = go.
Given A, < A < A*, there exists A € (A, A*) such that (1.1) has a solution u;3. Then,

—Apus + m(x)ug‘l = a(x) f(u3) + Ab(x)g(u3)
> a(x) f(uz) + Ab(x) g (uz) (7.5)
> a(x) f(u;) + Ab(x)j(u;) in RY

u; >0 in RV, u;(x) - 0 when |x| - oo.
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By Theorem 6.1, there is a function u g, for each R > 1, satisfying the problem

—Apu +mx)ul~" = ax) f(u) + rb(x)j(u) in Bg,
u>0inBg, u=0 on 0Bg.

Now, using the monotonicity of f (t)/tP~V and j(¢)/tP~! and Diaz and Sa4’s inequality [12],
we can show that ug < us.
As made in (7.2), (7.3) and (7.4), there exists an Lo > 1 and C € (0, Cr,) such that

0 < Cory(x) <up(x) <us(x), forall x € Br,, R>Lo.
Defining z(x) = Rlim ur(x), x € RY , and using a diagonal argument, we can show
— 00
that z satisfies

—Apz+m(x)zP = a(0)§(2) < a@) f(2) + Ab(x)g(z) in RY (7.6)
z>0in RY, z(x) > 0 when |x| > c0. '

By (7.5) and (7.6), follow that u; and z are, respectively, upper and lower solution to the
problem (1.1). Moreover, z < u; in RV,
By Theorem 2.1, the problem (1.1) has a solution u € C'RM) with 0 < u < us.

Therefore, for any A, < A < A*, it follows that (1.1) has a solution.
Since that A’g < A*, the Lemma 4.3 proved that

. 1 1 1 1
A7 = max § — -1 fO R - foo .
90 \lwn lloo 9o \ lwm lle

To see the other inequality, i.e.,
finf + A ging < A1(m, p),

let

sp—1 + )xsl’—1 ’

ni(s) = ) 9(s) s, A>0. 7.7
Of course, Ny (s) = finy + Aging, forall X > 0. Given 0 < A < A*, it follows from Theorem
1.2 that there exists a function # = u;_solution of the problem (1.1). Then
—Apu+m)uP ™ = (fing +2ging) )P~ = = Apu+m@x)uP =" = nu () p (x)uP !
S u) g(u)

A
up—1 + up—1

=—Apu +mx)uP! — |: i| p(x)uP~!

> —Apu + m()c)up_1 —la(x) f(u) +Ab(x)gm)] =0.

By Lemma 2.2 and by arbitrarity of 0 < A < A*, it follows that fi,r+A* giny < A1(m, p).
Now, remains only for us to show that, under the conditions (c) or (d) given in Theorem
1.2, we have A* < oo.
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Let n; as in (7.7). Consider the sequence (A,) C (0, +00) such that A,, — oo when
n— oo.
We claim that there exist ng € N large arbitrarily and 8 = 6(A,,) > 0 such that

n,(s) >0 > Ai(m,p), forall s >0, n>=ngp. (7.8)

To prove (7.8), given an arbitrary n > 0, we consider n;,,(s), for s € [1/j, j], j > 0. Of
course, thereis s; = s5;, € [1/], j]such that n,,(s;) < n,,(s), forall s € [1/], j]. Making
Jj — o0, note that might happen, less of subsequence:

(i) s; — so,n € (0, 00), what implies that 1, (s) > f(so,n)/sg’;1 + )\ng(so,n)/sg’;l;
(ii) s; — 0, resulting in n;,,(s) = fo + Ango;
(iii) s; — o0, and then n;,(s) = foo + AnGoo-
In case (i) above, we need to repeat this analysis, because when n — o0, may happen that:
50.n — S0 € (0,00), s0,, = 0orsp, — oo.
Note that in any of these cases, by the hypotheses given, we have

lim n;,(s) > Ai(m, p),
n—o0

what shows (7.8).
Let us assume that (1.1) has solution u = u,, Ao = A,,. By (7.8), (7.7) and (1.1), it
follows that

-1 -1
—Apuz, + m(x)uf0 — Qp(x)ufo

-1 -1
> —Apttzg +mub = 1 (ta,) p (X)),

=—A ’4/\0+m(x)up 1 [f(,,;“?) L g( )»0):| o
o ”Ao

—Apltzg +m@uf ' —[a () f1s,) + Aob(x)gus)] = 0.

By considering the above, we apply Lemma 2.2 to conclude that 6 < A1 (m, p), which contra-
dicts (7.8). So, u,, cannot be a solution of the problem (1.1). Therefore, A* < oo. This ends
the proof of Theorem 1.2. O

8. Appendix

PROOF OF LEMMA 4.2(i):

PROOF. Given 8 € (0, 1) by (4.2)(i) and Lemma (4.1)(iii), we have that

lim I(y)> lim (l Tt dt)>lim (1 Py (1—5))
yooo M= B0V Ly By ) T e \Y H, By
_ By _ By
=lim(1 ’3)/ - tldtzlim( A - tldt
reee By R0 L G R A R N O Vo
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1— 2
> tim [P LT gya-p).
y BY 14, (8217

By the properties of the functions involved, it follows that

202
hm I (y)> lim d=p"Fy
YT UB2Y)P 1L 1y (BRY) + A(BEY)PT1E , (B2Y )
o (1-pB)?
Ty ) Loy (1) e
|:sup{gfpy1 , >,32y}+)»sup{ . > p y”
(1-p)?

=
(foo + Agoo) P!
On the other hand,

1y N R t
hm I(y) < lim — y = lim — —dt
yoeoy Huy()' vy o g (7
< lim

y
700 R ()T A AT Ty, ()T

1
= lim 1

y—00 =
[Sup{cfy(), }—i—)»sup{;gy(), f>)/}i| T

p—1

. 1
(foo + Ao 7T
Then,
U= i ) < .
(foo + hgo) 71 77 (foo + Agoo) P71
When g — 0, we have the claimed.
PROOF OF (5.5):
PROOF. Firstly, we show that

H. t
VOTIA(I)A’%() <t, forall t>0.

In fact, by (4.5) and Lemma 4.1(iii) we have

Hj (1) ( 1 /’ s ) H; (1)
yom.(t) ———=y | — ds i
t Y0 Jo Hiyy(s) t

8.1
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H. t
g t )L,}/O( ) —¢
H)\,)/o(t) t

Then, using Lemma 4.4(iii) and (iv), we obtain

oW 0) _ i@
Y (2 (1)) S

o, (m(1) = w

what implies, by (8.1), for all # > 0, that

H)\,)/o(t)

. St=vm®). (8.2)

MmO Y5 (m.(1) = yoma(t)
Now, by Lemma 4.4(i), we have wy(x) € Im(n,), for all x € £, ie., given x € £2, there
exists > 0 such that n, (#;) = wpy (x), what allows us to write (8.2) as

o ()Y (o (X)) < Y (wm(x)), forall x € 2.
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