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Abstract. Let R be an n-dimensional Cohen-Macaulay local ring and Q a parameter ideal of R. Suppose that
an acyclic complex (F,, @) of length n of finitely generated free R-modules is given. We put M = Im ¢y, which is
an R-submodule of Fy. Then F, is an R-free resolution of Fy/M. In this paper, we describe a concrete procedure to
get an acyclic complex *F, of length n that resolves Fy/(M : Fy 9)-

1. Introduction

Let I and J be ideals of a commutative ring R. The ideal quotient
I:gJ={aeR|aJ CI}

is an important notion in the theory of commutative algebra. For example, if (R, m) is a
Noetherian local ring and / is an m-primary ideal of R, the Gorenstein property of R/I is
characterized by the socle Soc(R/I) = (I :g m)/I. The %-transform of an acyclic complex
of length 3 is introduced in [1] for the purpose of composing an R-free resolution of the ideal
quotient of a certain ideal I whose R-free resolution is given. Here, let us recall its outline.

Let (R, m) be a 3-dimensional Cohen-Macaulay local ring and Q a parameter ideal of
R. Suppose that an acyclic complex

Fo : 0—F2% 52 % =R

of finitely generated free R-modules such that Imgz € QF; is given. Then, taking the *-
transform of F,, we get an acyclic complex

k%] k%) k%
*fy + 00— *F3 5 *F) —= *F — *Fy =R

of finitely generated free R-modules such that Im*p; = Im¢; :g Q and Im*p3 C m - *F,. If
R is regular, for any ideal I of R, we can take m and the minimal R-free resolution of R/I
as Q and F,, respectively, and then *F, gives an R-free resolution of R/(I :g m). Here, let
us notice that we can take the *-transform of *F, again since Im*p3 C m - *F;, and an R-free
resolution of R/(I :g m?) is induced. Repeating this procedure, we get an R-free resolution
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of R/(I :gx mk) for any k > 0, and it contains complete information about the 0O-th local
cohomology module of R/I with respect to m. This method is very useful for computing the
symbolic powers of the ideal generated by the maximal minors of a certain 2 x 3 matrix as is
described in [1].

Thus, in [1], the theory of *-transform is developed for only acyclic complexes of length
3 on a 3-dimensional Cohen-Macaulay local ring. The purpose of this paper is to generalize
the machinery of *-transform so that we can apply it to acyclic complexes of length n as
follows. Let (R, m) be an n-dimensional Cohen-Macaulay local ring, where 2 < n € Z, and
let O be a parameter ideal of R. Suppose that an acyclic complex

0— F 2 Fy— - — F 25 F

of finitely generated free R-modules such that Imgp, € QF,_1 is given. We aim to give a
concrete procedure to get an acyclic complex

* *
1
0—> *Fy 5 *Fp| —> - —> *F| -5 *Fy = Fy

of finitely generated free R-modules such that Im "p; = Im ¢ :g, Q and Im ", € m - *F,_;.
Let us notice that we do not need any restriction on the rank of Fj, so there may be some
application to the study of M :r Q, where F is a finitely generated free R-module and M is
an R-submodule of F'. Moreover, as the generalized *-transform works for acyclic complexes
of length n > 2, we can apply it to the study of some ideal quotients in n-dimensional Cohen-
Macaulay local rings. In fact, in the subsequent paper [2], setting I to be the m-th power of
the ideal generated by the maximal minors of the matrix

1111.1 x;l.Z x;‘l,} . xf’fll.m xf:ll-’,_rri+1
x;‘Z,I x:‘;‘Z,Z x:fl} . xs;2+ml x‘112,m+1
x:‘;{}.l le}.Z x‘513,3 . x‘f}.m x;‘S,m+1
U, 1 Um,2 Um,3 Am,m Im,m+1
m m+1 1 Xy m—1
and setting Q = (x1, x2, X3, ..., Xm, Xm+1) R, where x1, X2, X3, ..., Xm, Xm+1 1S an sop for

an (m+ 1)-dimensional Cohen-Macaulay local ring R and {«;, j}1<i<m,1<j<m+1 is a family of
positive integers, the ideal quotient / :g Q is computed, and it is proved that I :g Q coincides
with the saturation of , that is, the depth of R/(I :g Q) is positive.

Throughout this paper, R is a commutative ring, and in the last section, we assume that
R is an n-dimensional Cohen-Macaulay local ring. For R-modules G and H, the elements of
G @ H are denoted by

(g.h) (9geG,heH).
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In particular, the elements of the forms
(9.0) and (0, h)

are denoted by [¢] and (h), respectively. Moreover, if V is a subset of G, then the family
{[v]}vev is denoted by [V']. Similarly (W) is defined for a subset W of H. If T is a subset of
an R-module, we denote by R - T the R-submodule generated by 7. If S is a finite set, .S
denotes the number of elements of S.

2. Preliminaries

In this section, we summarize preliminary results. Let R be a commutative ring.

LEMMA 2.1. Let G, and F, be acyclic complexes, whose boundary maps are de-
noted by 0, and ., respectively. Suppose that a chain map o, : G4 —> F, is given and

60_1 (Im ¢1) = Im 91 holds. Then the mapping cone Cone(a,) :

~--—>Gp_1@Fpﬂ>Gp_2@Fp_1—)-'-—>G1@F2£>G0@F1 ﬂ)F()—)O

is acyclic, where

8p—l (_1)17—1 : O—p—l> (GO)
= orall p>2 and = .
’a”p < 0 o fe p= Y o1

Hence, if G4 and F, are complexes of finitely generated free R-modules, then Cone(o,) gives
an R-free resolution of Fy/(Im ¢1 + Im oyp).

PROOF. See[l, 2.1]. g

LEMMA 2.2. Let2 <n € Z and Cqq be a double complex such that Cp, ; = 0 unless
0 < p,q < n. Forany p,q € Z, we denote the boundary maps Cp 4 —> Cp_1,4 and
Cpg —> Cpg-1by d;,,q and d;,’,q, respectively. We assume that Cpe and Cey are acyclic for
0 < p,q < n. Let T, be the total complex of Cee and let ds be its boundary map, that is, if

&€ Cp,q CT,(p+q=r),then
dr (&) = (=17 - dl (€) +d} () € Cpg1 & Cporg € Ty .

Then the following assertions hold.
(1) Suppose that &, € Cno and §,—1 € Cp—1,1 such that d, ((§,) = (=" -
d,’l/_l’l(énq) are given. Then there exist elements £, € Cp,—p for all p =

0,1,...,n — 2 such that

‘i:n +é;-n—1 +é;-n—2 + - +fo € Kerdn
CThi=Cro®Cr-11PCr22®---®Cop.
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(2) Suppose that &, +&,_1+---+& +& € Kerd, €T, =Cho @ Cro11®--- @
Cin—1® Copnandé € Imd{’n. Then
Sn +€n—1 +‘|‘é;-1 ‘|‘é;'0 € Imd,,+1 .
In particular, we have &, € Im d;[’ T

PROOF. (1) Itis enough to show thatif 1 < p < n — 1 and two elements &, €
Cp+in—p—1,&p € Cp n—p such that

Ay Epr) = (=D dl (&)
are given, then we can take §, 1 € C—1 y—p+1 so that
dy oy pEp) = (=P di_y L (Epr)

In fact, if the assumption of the claim stated above is satisfied, we have
=dp ey (DPHdy sy Eprn)
=0,

and so

pn p(gﬁ) € Kerdp 1,n—p _Imdp 1,n—p+1>

which means the existence of the required element &, .
(2) We set np = 0. By the assumption, there exists 1 € C1 , such that

& =dy ,(m) =di ,,(m) +dg . (M0) -

Here we assume 0 < p < n — 1 and two elements n, € Cp n—p+1, Np+1 € Cpy1,n—p such
that

Ep=dpy 1, pypr) + (=D dy (1)

are fixed. We would like to find np42 € Cpi24—p—1 such that
Epri=d) g, 1 (pr2) + (=DPFdy )

Nowd, \, , 1(Eps1) = (= nPthay (€p) holds, since &,4& -1+ - +& +& € Kerd,.
Hence, we have
Ayt Gpr+ (DPdy ,,(np+1>>
=dp 1 p1Epr) + (=D gy, dpy e, (1p41))

= (=D dy , E) + (=D dy (i, (ps)
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=(=DPredy Gy —diy,,(pe)
=(=DPrdy (= DPdy ()
=0,
and it follows that
Eprt + (=DF -dy gy (np1) €Kerdy g,y =1Imdy .
Thus we see the existence of the required element 1,5. O
LEMMA 2.3. Suppose that

0—F-%6 L1

is an exact sequence of R-modules. Then the following assertions hold.
(1) If there exists a homomorphism ¢ : G —> F of R-modules such that ¢ o ¢ = idF,
then

0—*G -5 HS1L
is exact, where *G = Ker ¢ and ™ is the restriction of ¥ to *G.
Q) IfF ='F®*F,G ='G ®*G, o('F) =G and ¢(*F) C *G, then

0—*F 56 Y gt

is exact, where *p and *{r are the restrictions of ¢ and ¥ to *F and *G, respectively.

PROOF. See[l, 2.3]. g

3. x-transform

Let 2 < n € Z and let R be an n-dimensional Cohen-Macaulay local ring with the
maximal ideal m. Suppose that an acyclic complex

0— Fy 2 Fpoy —> - — F| 25 F
of finitely generated free R-modules such that Img, < QF,_; is given, where Q =
(x1,x2, ..., xy)R is a parameter ideal of R. We put M = Im ¢, which is an R-submodule of
Fp. In this section, transforming F, suitably, we aim to construct an acyclic complex
O—>*Fnﬂ>* n—1 —)---—>*F1ﬂ>*F()=F()

of finitely generated free R-modules such that Im*p, € m - *F,_; and Im*p; = M :g, Q.

Let us call *F, the x-transform of F, with respect to x1, x2, . .., X;.
In this operation, we use the Koszul complex Ko = Ko(x1, X2, ..., Xs). We denote the
boundary map of K, by d,. Let e1, e2, ..., e, be an R-free basis of K1 such that 91(e;) = x;

foralli =1,2,...,n. Moreover, we use the following notation:
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o N:={1,2,...,n}
o Ny:={I S N|gl=p}forl <p <nand Ny := {0}.
e Ifl <p<mnandl ={i1,iz,...,ip} € Np,wherel <iy <ip <--- <ip <n,weset

61=ei1Aei2A---AeipeK,,.

In particular, for 1 <i <n,¢; := en\(i}- Furthermore, ey denotes the identity element
1g of R = K.
e Ifl <p<n,I eNypandi € I, we set

s, D=g{jellj<i}.
We define ) = 0,s0s(i, ) =0ifi = min /.

Then, forany p =0, 1,...,n, {eI}IeNp is an R-free basis of K, and

dpler) = (=)D x; ey

iel
THEOREM 3.1. (M :p, Q)/M = F,/QF,.

PROOF. We put Ly = Fy/M. Moreover,for1 < p <n—1,weput L, =Img, C
Fp,_1 and consider the exact sequence

0— L, — Fp iy L, 1 —0,
where ¢g : Fop —> L is the canonical surjection. Because

-1

Exty (R/Q.F,_1) =Ext}h(R/Q. F,_1) =0,
we get
~ —1

Exth(R/Q, Lp) = Exth (R/Q,Lp_1).

Therefore Ext’;{l(R/Q, L,—1) =Homg(R/Q, Fo/M) = (M :r, Q)/M. Now, we see that

Extr(R/Q, Fy) = Homg(R/Q, Fuy/QFy) = Fu/QF,

and

Exth(R/Q, Fy—1) = Homg(R/Q, Fy1/QF,—1) = Fu_1/QF,1
hold, because x1, x2, ..., x, is an R-regular sequence. Furthermore, we look at the exact
sequence

0—F 2 F "3, ,—0.
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Then, we get the following commutative diagram

0 — Ext5N(R/Q,L,_1) — Ext4(R/Q, F,) _n, Ext4(R/Q, Fae1) (ex)

1= B 1=
Fn/QFn ﬂ) Fn—l/QFn—l,

where ¢, and @,, denote the maps induced from ¢,,. Let us notice @, = 0 as Img, € QF,_1.
Hence

Exty '(R/Q, Lu—1) = Fy/QFy,
and so the required isomorphism follows. O

Let us fix an R-free basis of F;,, say {vi}rea. We set A = A x N and take a family
{vonin}.iex of elements in Fy,_ so that

Pn(V)) = in SV
ieN
for all A € A. This is possible as Im ¢, C QF,_1. The next result is the essential part of the
process to get *F,.

THEOREM 3.2. There exists a chain map oo : F, Qg K¢ —> F,

Fr®0n F,®0
0 — F,®rKy =" F,@rKuo1 — -+ — F,®rKi ~—' F,®rKo
la'n la'nfl lgl lUO
0 — F 2 By — o — P A R
satisfying the following conditions.
(1) o '(Img)) = Im(F, ® 31).
(2) Imog +Img =M :5, Q.
(3) o1 (. ® &) = (=) g forall (A, i) € A.
@) o,(vy ®en) = (=1)" - v; forall A € A.
PROOF. Let us notice that, forany p =0, 1,...,n, {vy, ® el}(A,I)eAxN,, is an R-free

basis of F, ®g Kp,s0 0, : F, ®r K, —> F), can be defined by choosing suitable element
w1y € F) that corresponds to v, ® ey for (A, I) € A x Np. Weset w(, y) = (—1)" - v, for
A€ Aand Wo,N\{i}) = (_1)n+i—1 ~v,) for (A, 0) € A. Then

on(wo,ny) = (=D" - @p(vy)
=(-=D"- sz' Ui
ieN

=Y DM i wi gy -
ieN



218 TARO INAGAWA

Moreover, we can take families {wq, 1)}x, e AxN, of elements in F), for any p =
0,1,...,n — 2 so that

p(wao,n) = Z(—l)s(i’l) “Xi WL (®
iel
forall p =1,2,...,nand (A,I) € A x Np. If this is true, an R-linear map o : F, ®r
K, — F)} is defined by setting o, (vy ® /) = wq, ) for (A, 1) € A x N, and o, :
F, ®r K¢ — F, becomes a chain map satisfying (3) and (4).
In order to see the existence of {w, 1)}, 1)eax Nps let us consider the double complex
Fo ®R Ko-

vp®Ky
- — F,®rKy — Fp_1®r Ky —>

LFr®iq LFr109,
(/)p@Kq—l
- — Fp®rKy-1 —  Fpo1®rKy-1 —>

We can take it as Coe of 2.2. Let T, be the total complex and d, be its boundary map. In
particular, we have
Ty = (Fy ®r Ko) © (Fy—1 @r K1) @ -+ © (F1 ®r Ky—1) © (Fo ®r Ky) .

For I C N, we define

D=1 if 1#£0,
t(I) = { ier
0 it I =¢.

For a while, we fix A € A and set

n(n+1)
) = (=12 (=)™ . w; ny®ey € F, @r Ko,

(n—Dn .
i) =1 2 Y (=DM i vy ®ei € Faot @k K-
ieN

It is easy to see that
En(A) = vy Q ey

since 1(N) = (n — 1)n/2 and n? +n = 0 (mod 2). Moreover, we have

E 1) = (D)"Y vo ®e

ieN
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since t(N \ {i}) = (n — )n/2 — (i — 1). Then
(on ® K0)(En (L)) = on(v2) ® ey
= <in : U(x,i)) ® ey
ieN
= Z Vi) Q Xi
ieN
= (-1 ® 31)(21)@,1') ® €i>
ieN
=(=D" - (Fue1 ® 01)(En—1(1)) .

Hence, by (1) of 2.2 there exist elements §,(A) € F, ® K, forall p=0,1,...,n—2 such
that

EMN)+E M) +E 20+ +&Q) eKerd, STy,
which means
(9p ® Kn—p)(Ep(W) = (=D - (Fp_1 ® dp—py1)(Ep—1(A))

forany p=1,2,...,n. Letusdenote N \ [ by I° for I C N. Because {¢/c}/en, is an R-free
basis of K;_p, it is possible to write

(p+1)
M) =D 3 =)D ) e

IeN,

forany p =0, 1,...,n—2 (Notice that §, (1) and &,_1 (1) are defined so that they satisfy the
same equalities), where w(, 1) € F),. Then we have

@p ® Knp)E () = (=D 3 (=)D g (wn) ® e
IeN),

On the other hand,
(=DP - (Fpe1 @ 9n—p+1)(Ep—1(1))

(r=Dp i jc
==DP=DT e Y (—D““-wu,n@(Z(—l)w>-xi-e1cw}>}.

JEN)_1 ieJ¢

Here we notice thatif I € Ny, J € Ny—1andi € N, then
IC=J\{i} & [=JU/{}.

Hence we get
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(=DP - (Fp1 ® dy—p+1)(Ep—1(1))
= (D" Y {(Z(_1),(,\{1-})%,%{,»}) 3 w@,,\{,»p) ® } |
IeN, \ Niel
For I € Ny andi € I, we have
tI\{ih)=t(H) — G -1,
s, ) +sG, I°U{i) =sG,N)=i—1,

and so

tAN\{iD +sG 1°U D) = 1) — s, 1)

=t(I)+s@i, 1) (mod2).

Therefore we see that the required equality (£) holds forall I € N,.

Let us prove (1). We have to show 00_1 (Img1) € Im(F,, ® 31). Take any n,, € F, ®r Ko
such that og(n,) € Im@1. As {§,(1)}rea is an R-free basis of F,, ® g K¢, we can express

M=y ar &)=Y ar W ®ep),
rEA rEA

where a; € R for . € A. Then we have

Z aj - W, g = Z ay - 0o(vy ® eg) = oo(1x) € Imgy .

reA reA
Now we set

np =Y ar &) € Fp®r Knp
reA

forO0 < p <n—1. Then

M+ Mn—1+---+n1+n0 = Zax ) + &1 W)+ + 51D + ()
reA

e Kerd, CT,.

Because

no=y_ a &0)

rEA

= Z ay - (wo.,p) ®en)
rEA

= < Z a - w(x,w)) Qen

rEA
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€ Im(@l ® Kn) ’
we get n, € Im(F, ® 91) by (2) of 2.2.
Finally we prove (2). Let us consider the following commutative diagram

F,®0
FoorKi "% F,@r Ko —> Fo/OF, — 0 (ex)

lUl lao lfTo

F AN Fy — /M — 0 (ex),
where oy is the map induced from o¢. Forall A € A andi € N, we have

xi - wo.m = e1(wae ) €M,

which means w, gy € M :r, Q. Hence Imog € M :f, Q, and so Imog € (M :5, Q)/M.

On the other hand, as o, ! (Img1) = Im(F, ® d1), we see that oy is injective. Therefore we
getImoy = (M :5, Q)/M since (M :r, Q)/M = F,/QF, by 3.1 and F,,/QF, has a finite
length. Thus the assertion (2) follows and the proof is complete. O

In the rest, o, : F, ®g K¢ —> F, is the chain map constructed in 3.2. Then, by 2.1 the
mapping cone Cone(o,) gives an R-free resolution of Fy/(M :f, Q), thatis,

1//71 n
0—>Fn®RKn—+>](Fn®RKn—1)@FnL (Fn®RKn—2)@Fn—l

Pn— n—
—)1 (Fn QR Kn—3)®Fn—2 —>2 (Fn QR Kn—4)®Fn—3 —
— (F, ®r K1) ® F; > (F, ®& Ko) ® FI —> Fp

is acyclic and Im g1 = M :f, Q, where

_1\yn—1.
Yn1 = (Fa®8, (=1D"-04), Yn= <Fn Q-1 (=D Gn—l) ’

0 ®n
/(p | = (Fn ® 0p—2 (_l)n—Z . Un—Z)
n— O (pn_l )
% Fr®dp_1 (—Dr~! 'Gp—1> % (Go)
= for 2<p<n-—2 and = .
Yp ( 0 o =P = 1 o1

Because 0, : F, g K, —> F, is an isomorphism by (4) of 3.2, we can define

0

¢ = N1 : (F®r Ky 1)®F, — F,®r K, .
-1)"-o;

Then ¢ o ¥,41 = idfp,gzk, and Ker¢ = F, ®r K,—1. Hence, by (1) of 2.3, we get the

acyclic complex

/ / * * *
@, Dn—1 ©On-2 ©2 (4]
0—'F, — Fyoy = "Fpog — *Fyu3 —> - — "B —'F — "Ry = Ry,
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where
/VL:F}’I®RKVL—17 /Fn—lz(Fn®RKn—2)®Fn—la
Fp=(Fn®rKp—1)®F, for 1<p=<n—2and g, =(F®h—1 (-D"-0,1) .

Although Im ‘g, may not be contained in m - ’F;,_;, removing non-minimal components
from 'F,, and 'F,,_1, we get free R-modules *F,, and *F,,—; such that

* * *
(2 Pn—1 »1
0 — *Fy 25 "y 25 %F, 5 — o — | A Ry = Fy

is acyclic and Im*p,, € m - *F,,_1, where *p, and *p,_| are the restrictions of ‘@, and ‘p,_1,
respectively. In the rest of this section, we describe a concrete procedure to get *F, and
*F,—1. For that purpose, we use the following notation. As described in Introduction, for any
§€F,®r Kno2 andﬂ € Fy-1,

[£]1:=(5,0) € Fomr and () := (0, n) € Fy_y.

In particular, for any (A, I) € A x N,_», we denote [v) ® e;] by [X, I]. Moreover, for a
subset U of F,,_1, (U) := {{u)},eu.
Now, let us choose a subset A of A and a subset U of F,_1 so that

{vintoinea YU

is an R-free basis of F,,—;. We would like to choose A as big as possible. The following
almost obvious fact is useful to find A and U.

LEMMA 3.3. LetV be an R-free basis of F,_1. If a subset A of/T and a subset U of
V satisfy
() fA+8U <gV,and
i) VS R-{vanto.nea+ R-U+mF,_y,
then {viy i}on.iyen U U is an R-free basis of F,_.

Let us notice that
(A I neaxn,_, Y v, o,inea U U)
is an R-free basis of 'F,,_1. We define *F,,_; to be the direct summand of 'F,,_; generated by
{IA, I neaxn,_, UU) .
Let *p,,_1 be the restriction of @, _1 to *F,,_1.
THEOREM 3.4. Ifwe can take A itself as ‘A, then

%
$n—1 1
0— *Fie| — *Fr_g —> -+ — *F i>*F()=FO

is acyclic. Hence we have depthp Fo/(M g, Q) > 0.
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PROOF. If/A = A, there exists a homomorphism ¢ : 'F;,_; —> 'F,, such that
¢(r, I1) =0 forany (A,I) € A X Np_2,
¢((von) = (=D - v, ®& forany (r,i) € 4,
¢((u)) =0 forany u e U.
Then ¢o'p, = idg, and Ker ¢ = *F,,_1. Hence, by (1) of 2.3 we get the required assertion. [

In the rest of this section, we assume A C A and put *A = A \ A. Then, for any
(i, j) € *A, itis possible to write

— ((29)) V29))
V(. j) = Z ag.iy Vot Z by u,
(A, )eA uel

(s ) bftﬂ’j)

where ag iy € R. Here, if A is big enough, we can choose every b,ﬁ“ 7 from m.

In fact, if b,(jl’j) ¢ m for some u € U, then we can replace A and U by A U {(u, j)} and
U \ {u}, respectively. Furthermore, because of a practical reason, let us allow that some terms
of v, iy for (A, i) € *A with non-unit coefficients appear in the right hand side, that is, for
any (u, j) € *A, we write

_ (s ) (s )
V(w,j) = Z aG.i) 'v<x,i)+zbu u,
(ni)eA uel
where

and b,(f’j) em.

(1, ) R if ()\,i) EIA,
i) - N
’ m if (A,i) €*A

Using this expression, for any (u, j) € *A, the following element in 'F,, can be defined.
*U(,u,j) = (—1)j ‘U, ® éj + Z (—1)i_1 . a((ﬁf,’ij)) S Q&
(i)ed
LEMMA 3.5. Forany (u, j) € *A, we have

o) = (D7 o ® 81 CHI+ Y. (=D alid [0, @ 8,1 (@)
(hi)eA

+ 3 b ).

uel
As a consequence, we have ‘0, (*v(,, j)) € m - *F,_1 for any (i, j) € *A.

PROOF. By the definition of ‘g, for any (u, j) € *A, we have

0 (V) = [(Fn ® 3—1) (o )] + (D" - 01 Cogu ) -
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Because
(Fa ® ) (i) = (17 0y ® 81 @)+ Y (=1 gl 03 ® 90m1 (&)
(Ai)eA
and

on 1 (o) = (=D o @)+ Y (DTl o @ &)
A ieA

= (="t Vi, j) + (=D" - Z a((f”i])) S V(i)
(\i)eA

= (=" (U, jy — Z a((f\f’ij)) S V(L0))
(Ai)eA

— (_1);1—1 . Zblgﬂ’]) ‘u,

uelU

we get the required equality. O
Let *F, be the R-submodule of 'F;, generated by {*v,, j)}(u,j)ea and let %, be the
restriction of ‘p,, to *F),. By 3.5 we have Im *p,, C *F,,_;. Thus we get a complex
00— *Fy D5 ¥y —s o — F] SRy = Fy.
This is the complex we desire. In fact, the following result holds.

THEOREM 3.6. (*F,, *p,) is an acyclic complex of finitely generated free R-modules
with the following properties.

(1) Im*p; = M :g, Q andIm”p, € m-*F,_1.

(2) {*v(u, j)}u, e is an R-free basis of *F,.

3) {[r, I}, 1yeAxnN,_, U (U) is an R-free basis of *F,_1.

PROOF.  First, let us notice that {vy ® é;}; ;) is an R-free basis of 'F;, and
U ®€j € R-Tvpu jy + R-{va ® éi}inen +m-'Fy
for any (u, j) € *A. Hence, by Nakayama’s lemma it follows that 'F,, is generated by
{vr ®éitonen U Mo, plajea s

which must be an R-free basis since rankg F, = A = #A + 8*A. Let "F, be the R-
submodule of 'F), generated by {v; ® é;}1.i)en. Then'F,, ="F, & *F,.
Next, let us recall that

(A I, Deaxn,_, Y v o,inea U U)
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is an R-free basis of 'F,,_;. Because

(v ® &) = [V3 ® In—1(ED] + (=1)" - (Vi) »

we see that
{4 I oo DeaxN, » Y {@n(on @ €)}.iyen U (U)

is also an R-free basis of 'F,_1. Let "F,_1 = R - {,(vx ® é)}xn.iyen. Then 'F,_1 =
g n—1 D >an—l-

It is obvious that ‘p,, ("F,)) = "F,—1. Moreover, by 3.5 we get ‘0, (*F,) € *F,—1. There-
fore, by (2) of 2.3, it follows that *F, is acyclic. We have already seen (3) and the first

assertion of (1). The second assertion of (1) follows from 3.5. Moreover, the assertion (2) is
now obvious. O
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