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Abstract. We study the product Hausdorff operator H� on the product Hardy spaces, and prove that, for

a nonnegative valued function �, H� is bounded on the product Hardy space H 1(R × R) if and only if � is a
Lebesgue integrable function on (0,∞) × (0,∞). As an application, we know that the product Hardy operator H
is not bounded on H 1(R × R). On the other hand, we prove that ‖Hf ‖

H1(R×R)
� ‖f ‖

H1(R×R)
if f is an even

function. Furthermore, using the Hp(R×R) boundedness criterion of Fefferman, we prove that the k-th order Hardy
operator is bounded on Hp(R × R) whenever k > 1/p − 1.

1. Introduction

Let � be a suitable function. The classical one-parameter Hausdorff operator with the
kernel function � is defined in the dilation-integral form by

h�(f )(x) =
∫ ∞

0

�(t)

t
f

(x

t

)
dt ,

where, for the sake of simplicity, we initially assume that the operator acts on the class of
Schwartz functions f . The Hausdorff operator h� is an important operator on analysis and
its boundedness on various function or distribution spaces was extensively studied in recent
years. The reader can see [1, 2, 9–16] to find a lot of results and historical developments about
this operator. As an analog, the product Hausdorff operator

H�(f )(x, y) =
∫ ∞

0

∫ ∞

0

�(s, t)

st
f

(x

s
,
y

t

)
dsdt

is also received some attention (see [19, 20]). Particularly, if one chooses

�(s, t) = χ(1,∞)×(1,∞)(s, t)

st
,
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then the operator H� becomes the product Hardy operator

Hf (x, y) = 1

xy

∫ x

0

∫ y

0
f (t, s)dtds ,

that is also an interesting operator in harmonic analysis [8, 17, 18, 20].
When p > 1, by the Minkowski integral inequality and changing variables on the

Lp(R × R) integral, we obtain

‖H�(f )‖Lp(R×R) ≤
∫ ∞

0

∫ ∞

0

|�(s, t)|
st

∥∥∥f
( ·

s
,
·
t

)∥∥∥
Lp(R×R)

dsdt

= ‖f ‖Lp(R×R)

∫ ∞

0

∫ ∞

0

|�(s, t)|
st

s1/pt1/pdsdt .

It indicates that H�(f ) is bounded on the Lebesgue space Lp(R × R), if
∫ ∞

0

∫ ∞

0

|�(s, t)|
st

s1/pt1/pdsdt < ∞ .

When 0 < p ≤ 1, a good substitution of Lp is the Hardy space Hp. The space H 1 is a

subspace of L1 and it is still a norm space. Thus, the Minkowski integral inequality gives

‖H�(f )‖H 1(R×R) ≤
∫ ∞

0

∫ ∞

0

|�(s, t)|
st

∥∥∥f
( ·
s
,
·
t

)∥∥∥
H 1(R×R)

dsdt .

Now an easy scaling argument shows that∥∥∥f
( ·
s
,
·
t

)∥∥∥
H 1(R×R)

= st ‖f ‖H 1(R×R) .

Hence, we know that H� is bounded on H 1(R × R), provided
∫ ∞

0

∫ ∞

0
|�(s, t)| dsdt < ∞ .

Furthermore, in the following theorem, we will show that the above condition on � is
also a necessity condition, if � is nonnegative valued.

Theorem 1. Assume that � is a nonnegative valued function. Then H� is bounded on
H 1(R × R) if and only if �(s, t) ∈ L1(R+ × R+).

Note that the kernel function �(s, t) = χ(1,∞)×(1,∞)(s,t)

st
of the product Hardy operator is

not Lebesgue integrable. Thus by Theorem 1, we know that the product Hardy operator H is

not bounded on H 1(R×R). But if f ∈ H 1(R×R) is even, then we have the following result.

Theorem 2. If f (x, y) ∈ H 1(R× R) is even on both x and y variables, then we have

‖Hf ‖H 1(R×R) � ‖f ‖H 1(R×R) .
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Additionally, recent papers [2, 14, 20] addressed the boundedness of H� on the Hardy

space H 1(R×R), Besov space B
1,0
0 (R×R) and the local Hardy space h1(R×R), as well as

the H 1(R×R) → L1(R×R) boundedness of H�. However, we are not able to find any paper
in the literature to study the boundedness of H� on the product Hardy spaces Hp(R×R) for
0 < p < 1. This problem seems interesting and involved. First, Hp(R × R) is merely a

quasi-norm space. The argument involving the Minkowski integral inequality to treat the H 1

case does not work in this case. More significantly, the dual space and atomic structure of the
product Hardy space Hp(R × R) is much more complicated, compared to those of the one
parameter Hardy space Hp(R). Thus, all methods used to study the Hp (R) boundedness of
h� (see [9, 11, 15]) fail in studying Hp (R × R) boundedness of H�. Motivated by above
observations, in order to study the Hp(R×R) boundedness of H�, in this paper we will work
on a special case of H�, the k-th product Hardy operator

H(k)f (x, y) = 1

xk+1yk+1

∫ x

0

∫ y

0
tkskf (t, s)dtds .

By a changing of variables, we can write

H(k)f (x, y) =
∫ ∞

1

∫ ∞

1

1

tk+2sk+2 f (x/t, y/s)dtds .

Hence, the k-th order product Hardy operator is also a special case of the product Hausdorff
operator if we set

�(s, t) = χ(1,∞)×(1,∞)(s, t)

sk+1tk+1 .

So, if k = 0 then H(0) is just the product Hardy operator. We will establish the following
result.

Theorem 3. H(k) is bounded on Hp(R × R) if k > 1/p − 1.

We will adopt some basic ideas used in one parameter case [5] to prove Theorem 1 and
Theorem 2. However, the argument here is more technically difficult to execute in order to
treat the product case. Furthermore, to prove Theorem 3, we will invoke a famous Hp(R ×
R) boundedness criterion established by R. Fefferman. This criterion and some preliminary
knowledge will be recalled in Section 2. Finally we prove these theorems in Section 3.

Throughout this paper, we use the notation A � B if there exist positive constants C and
c, independent of all essential variables such that

cB ≤ A ≤ CB .

Also, we use the notation A � B to mean that there is a constant C > 0 independent of all
essential variables such that A ≤ CB.
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2. Some Preliminary Knowledge

We start with briefly describing the definition of the product Hardy spaces. Let φ ∈ S(R)

and ϕ ∈ S(R) satisfy
∫
R

φ(x)dx

∫
R

ϕ(y)dy 	= 0 ,

and denote

φt(x) = 1

t
φ

(x

t

)
, ϕs(y) = 1

s
ϕ

(y

s

)
, s, t > 0 .

The product Hardy space Hp(R × R) is the space of all distributions f satisfying

‖f ‖Hp(R×R) :=
∥∥∥∥∥ sup

0<s,t<∞
|(φt ⊗ ϕs) ∗ f |

∥∥∥∥∥
Lp(R×R)

< ∞ ,

where

(φt ⊗ ϕs) (x, y) = φt(x)ϕs(y) .

It is known that the definition of Hp is flexible on the choice of the functions φ and ϕ.
Compared to the one parameter atomic Hardy space (see [3]), the atomic decomposition

of the product Hardy space is quite complicated. The following content can be found in [4].
Let R denote a rectangle and γR the rectangle with the same center of R and its side

length is γ -times of the side length of R. For an open set � ⊂ R
2 of finite measure, let m(�)

denote the set of all maximal dyadic rectangles in �. Assume 0 < p ≤ 1, and s is any integer
larger than or equal to [1/p − 1], the integer part of 1/p − 1. A function A(x, y) is called a
(p, s)-atom if A satisfies the following three conditions:

(1) supp(A) ⊂ �, where � ⊂ R
2 is an open set of finite measure;

(2) A can be written as

A =
∑

R∈m(�)

aR ,

where each aR satisfies
(2-i) supp(aR) ⊂ 3R,

(2-ii) ∫
R

xαaR(x, y)dx = 0, all y ∈ R

and
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∫
R

aR(x, y)yαdy = 0, all x ∈ R ,

for α = 0, 1, 2, ..., s;
(3)

‖A‖
L2(R×R)

≤ |�|1/2−1/p ,
∑

R∈m(�)

‖aR‖2
L2(R×R)

≤ |�|1−2/p .

It is known that for f ∈ Hp(R × R), f can be written as

f =
∑

λjAj

where each Aj is a (p, s)-atom and
∑∣∣λj

∣∣p � ‖f ‖p

Hp(R×R) .

Also, to study the Hausdorff operator on Hp(R × R), we will employ the Fefferman’s
criterion for Hp(R× R) boundedness of linear operators with the rectangular atoms. Here, a
function a(x) is called a rectangular (p, 2, s)-atom if it satisfies the following three conditions:

(a) supp(a) ⊂ R = I × J, where I and J are intervals in R;
(b) ∫

R

xαa(x, y)dx = 0 for all y ∈ R

and ∫
R

a(x, y)yαdy = 0 for all x ∈ R

for α = 0, 1, 2, ..., s, where s is a fixed integer larger than or equal to
[
1/p − 1

] ;
(c)

‖a‖
L2(R×R)

≤ |R|1/2−1/p .

For a rectangular (p, 2, s)-atom, using Hölder’s inequality, we have
∫
R×R

|a(x, y)|p dxdy � ‖a‖p

L2 |R| 1−p
2 ≤ 1 .

The following theorem is well known.

Theorem A (R. Fefferman [6, 7]). Let T be a linear operator bounded on L2(R ×
R). Suppose there exist positive numbers C and δ, for any rectangular (p, 2, s)-atom a with
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support in R,

∫
(γR)C

|T (a)(x, y)|p dxdy ≤ Cγ −δ

holds for all γ ≥ 2. Then the operator T is bounded from Hp(R × R) to Lp(R × R).

The space Hp(R × R) also can be characterized by using the Hilbert transforms. We
define three Hilbert transforms as follows.

R1,1(f )(x, y) = p.v.

∫
R

∫
R

1

uv
f (x − u, y − v)dudv ,

R1(f )(x, y) = p.v.

∫
R

1

u
f (x − u, y)du ,

R2(f )(x, y) = p.v.

∫
R

1

v
f (x, y − v)dv .

Also, define R0 as the identity map, namely

R0(f )(x, y) = f (x, y) .

It is known (see [14, 18]) that for all f ∈ Hp(R × R) ∩ L2(R × R),

‖f ‖Hp(R×R) � ∥∥R1,1(f )
∥∥

Lp(R×R)
+

2∑
m=0

‖Rm(f )‖Lp(R×R) .

3. Proof of Theorems

3.1. Proof of Theorem 1. By the Minkowski integral inequality and a scaling argu-
ment, we have

‖H�(f )‖H 1(R×R) ≤
∫ ∞

0

∫ ∞

0

�(s, t)

st

∥∥∥f
( ·

s
,
·
t

)∥∥∥
H 1(R×R)

dsdt

= ‖f ‖H 1(R×R)

∫ ∞

0

∫ ∞

0
�(s, t)dsdt.

This shows the sufficiency part.

Let a be a function with support on [−1, 1]2, and be odd for both two variables and
satisfies

(i) a(x, y) = 1/2 for (x, y) ∈ [1/4, 1/2]2,

(ii) 1/2 ≥ a(x1, x2) ≥ 0 on [0, 1]2.



PRODUCT HARDY OPERATORS ON HARDY SPACES 199

We can view such a as a rectangular (1, 2, 0)-atom, so that by an easy computation, we
know

‖a‖H 1(R×R) � 1 .

Suppose
∫ ∞

0

∫ ∞

0
�(s, t)dsdt = ∞ ,

but H� were bounded on H 1, we have

‖H�(a)‖H 1 � ‖a‖H 1 � 1 .

On the other hand, by the Hilbert transform characterization of Hp, we have

‖H�(a)‖H 1 � ‖H�(a)‖L1

≥
∫ 1

0

∫ 1

0

∣∣∣∣
∫ ∞

0

∫ ∞

0

�(s, t)

st
a

(x

s
,
y

t

)
dsdt

∣∣∣∣ dx1dx2

=
∫ ∞

0

∫ ∞

0

�(s, t)

st

(∫ 1

0

∫ 1

0
a

(x

s
,
y

t

)
dxdy

)
dsdt

�
∫ ∞

0

∫ ∞

0
�(s, t)dsdt = ∞ .

This leads to a contradiction.

3.2. Proof of Theorem 2. Let f (x, y) ∈ H 1(R×R) be even on both x and y. Since
H 1 is a subspace of L1, we have

f (x, y) =
∑

λjAj (x, y)

for almost all (x, y) ∈ R × R, where each Aj is a (1, 0)-atom and
∑∣∣λj

∣∣ � ‖f ‖
H 1(R×R)

.

For a function g , we use the following notation.

g+,+ = g, g+,−(x, y) = g(x,−y) ,

g−,+(x, y) = g(−x, y), g−,−(x, y) = g(−x,−y) .

Similarly, for an open set � in R × R, we define

�+,+ = �, �+,− = {(x,−y) : (x, y) ∈ �} ,

�−,+ = {(−x, y) : (x, y) ∈ �}, �−,− = {(−x,−y) : (x, y) ∈ �} .
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Since f is even on both x and y variables, we can write

f = 1

4

(
f +,+ + f +,− + f −,+ + f −,−)

.

Hence,

f (x, y) =
∑

λjBj (x, y) ,

where

Bj = 1

4
(A

+,+
j + A

+,−
j + A

−,+
j + A

−,−
j ) .

Furthermore, we have

H(f ) =
∑

λjH(Bj ) .

Now, by the atomic characterization of H 1(R × R), it suffices to show that each H(Bj ) is
again a (1, 0)-atom.

For simplicity in the notation, we write A = Aj and B = Bj . Let � be in the definition
of (1, 0)-atom for which supp(A) ⊂ � and

‖A‖
L2(R×R)

≤ |�|−1/2 .

The set

�� = �+,+ ∪ �+,− ∪ �−,+ ∪ �−,−

is an open set in R × R so that it is a union of disjoint open rectangles

�� = ∪αRα .

We denote

�∗ = ∪α3Rα .

Then �∗ is also an open set in R × R, |�∗| � |�| , and supp(B)⊂ �∗.

Using the Minkowski integral inequality, we have

‖H (B)‖L2(R×R)

=
∥∥∥∥
∫ ∞

1

∫ ∞

1

B( ·
t
, ·

s
)

t2s2
dtds

∥∥∥∥
L2(R×R)

� ‖B‖L2(R×R)

≤ 1

4

{∥∥A+,+∥∥
L2(R×R)

+ ∥∥A+,−∥∥
L2(R×R)

+ ∥∥A−,+∥∥
L2(R×R)

+ ∥∥A−,−∥∥
L2(R×R)

}
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≤ ∣∣�∗∣∣−1/2
.

We know that

A+,+(x, y) =
∑

R∈m(�)

a
+,+
R (x, y) ,

where each aR satisfies supp(aR) ⊂ R, and R = I × J. We denote

I+ = I, I− = {−x, x ∈ I } ,

J+ = J, J− = {−y, y ∈ J } .

Then

R+,+ = R, R+,− = I+ × J− ,

R−,+ = I− × J+, R−,− = I− × J− .

With these definitions, we can write

4H(B)(x, y)

=
∑

R∈m(�)

{
H

(
a

+,+
R

)
(x, y) + H

(
a

+,−
R

)
(x, y) + H

(
a

−,+
R

)
(x, y) + H

(
a

−,−
R

)
(x, y)

}
,

where a
+,+
R , a

+,−
R , a

−,+
R , a

−,−
R are rectangular (1, 2, 0)-atoms and they satisfy

supp
(
a

+,+
R

)
⊂ R+,+ ∈ m(�+,+), supp

(
a

+,−
R

)
⊂ R+,− ∈ m(�+,−) ,

supp
(
a

−,+
R

)
⊂ R−,+ ∈ m(�−,+), supp

(
a

−,−
R

)
⊂ R−,− ∈ m(�−,−) .

Now, write R = R+,+ = I × J = (α, β)× (c, d). We consider the following four cases:
Case 1: 0 /∈ I, 0 /∈ J ;
Case 2: 0 /∈ I, 0 ∈ J ;
Case 3: 0 ∈ I, 0 /∈ J ;
Case 4: 0 ∈ I, 0 ∈ J.

In Case 1, without loss of generality, we assume I = [α, β] ⊂ (0,∞) and J = [c, d] ⊂
(−∞, 0). For any x /∈ [α, β], if x < α, clearly H(aR)(x, y) = 0. If x > β, by the cancella-
tion condition of aR we also see

H(aR)(x, y) = 1

xy

∫ x

0

∫ y

0
aR(t, s)dtds = 1

xy

∫ β

α

∫ y

0
aR(t, s)dtds = 0 .

This indicates that for any (x, y) /∈ R = I × J, H(aR)(x, y) = 0. Similarly, we can show

H
(
a

+,−
R

)
(x, y) = 0, if (x, y) /∈ R+,− ,
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H
(
a

−,+
R

)
(x, y) = 0, if (x, y) /∈ R−,+ ,

H
(
a

−,−
R

)
(x, y) = 0, if (x, y) /∈ R−,− .

Also, using the support condition and the Fubini theorem, it is easy to check that
∫
R

H(a
+,+
R )(x, y)dx =

∫ β

α

∫ ∞

1

∫ ∞

1

1

s2t2
a

(x

t
,
y

s

)
dtdsdx = 0 ,

∫
R

H(a
+,+
R )(x, y)dy =

∫ d

c

∫ ∞

1

∫ ∞

1

1

s2t2
a

(x

t
,
y

s

)
dtdsdy = 0 .

This shows that H(a
+,+
R ) satisfies (2-i) and (2-ii).

Similarly, we can show that H
(
a

+,−
R

)
,H

(
a

−,+
R

)
,H

(
a

−,−
R

)
satisfy (2-i) and (2-ii).

Since it is shown

supp(H
(
a

+,+
R

)
) ⊂ 3R+,+

supp(H
(
a

+,−
R

)
) ⊂ 3R+,−

supp(H
(
a

−,+
R

)
) ⊂ 3R−,+

supp(H
(
a

−,−
R

)
) ⊂ 3R−,− ,

we conclude that in Case 1, all H
(
a

+,+
R

)
,H

(
a

+,−
R

)
,H

(
a

−,+
R

)
,H

(
a

−,−
R

)
are rectangular

(1, 2, 0)-atoms.

In Case 2, without loss of generality, we assume I = [α, β] ⊂ (0,∞) and J = [−c, c].
We now write{

H
(
a

+,+
R

)
(x, y) + H

(
a

+,−
R

)
(x, y) + H

(
a

−,+
R

)
(x, y) + H

(
a

−,−
R

)
(x, y)

}

=H
((

a
+,+
R + a

+,−
R

)
χR×[−c,0)

)
(x, y) + H

((
a

+,+
R + a

+,−
R

)
χR×(0,c]

)
(x, y)

+H
((

a
−,+
R + a

−,−
R

)
χR×[−c,0]

)
(x, y) + H

((
a

−,+
R + a

−,−
R

)
χR×[0,c]

)
(x, y) .

Since both a
+,+
R + a

+,−
R and a

−,+
R + a

−,−
R are even on y, it is easy to check

∫
R

(
a

+,+
R +a

+,−
R

)
(x, y)χR×[−c,0](x, y)dx = 0 =

∫
R

(
a

+,+
R +a

+,−
R

)
(x, y)χR×[0,c](x, y)dy ,

∫
R

(
a

−,+
R +a

−,−
R

)
(x, y)χR×[−c,0](x, y)dx = 0 =

∫
R

(
a

−,+
R +a

−,−
R

)
(x, y)χR×[0,c](x, y)dy .
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The known result for Case 1 implies that H
((

a
+,+
R +a

+,−
R

)
χR×[−c,0]

)
,

H
((

a
+,+
R +a

+,−
R

)
χR×[0,c]

)
, H

((
a

−,+
R +a

−,−
R

)
χR×[−c,0]

)
, H

((
a

−,+
R +a

−,−
R

)
χR×[0,c]

)
satisfy (2-i) and (2-ii). Thus, they are all rectangular (1, 2, 0)-atoms .

In Case 3, without loss of generality, we assume I = (−α, α) and J = (c, d)

⊂ (0,∞). Then both a
+,+
R + a

−,+
R and a

+,−
R + a

−,−
R are even in x. Similar to the discussion

in Case 3, we know that H
((

a
+,+
R + a

−,+
R

)
χ(−α,0)×R

)
, H

((
a

+,+
R + a

−,+
R

)
χ(0,α)×R

)
,

H
((

a
+,−
R + a

−,−
R

)
χ(−α,0)×R

)
, H

((
a

+,−
R + a

−,−
R

)
χ(0,α)×R

)
are rectangular (1, 2, 0)-

atoms.

In Case 4, without loss of generality, we assume I = (−α, α) and J = [−c, c]. Then,
we know that the function

�R = a
+,+
R + a

+,−
R + a

−,+
R + a

−,−
R

is even on both x and y variables. With the same reason as that of Case 2, it is easy to see
that all H (

�Rχ[−α,0]×[−c,0]
)
, H (

�Rχ[−α,0]×[0,c]
)
, H (

�Rχ[0,α]×[0,c]
)
,H (

�Rχ[0,α]×[−c,0]
)

are rectangular (1, 2, 0)-atoms.

We now write

a
+,+
R = aR+,+, a

+,−
R = aR+,− ,

a
−,+
R = aR−,+, a

−,−
R = aR−,− ,

and denote

R̃1 = {R+,+, R+,−, R−,+, R−,− : if R+,+ is in Case 1} ,

R̃2 = {R+,+, R+,−, R−,+, R−,− : if R+,+ is in Case 2} ,

R̃3 = {R+,+, R+,−, R−,+, R−,− : if R+,+ is in Case 3} ,

R̃4 = {R+,+, R+,−, R−,+, R−,− : if R+,+ is in Case 4} ,

and use the notation R̃j ∈ m (�∗) , j = 1, 2, 3, 4 to mean that R+,+ is in Case j, and

R+,+, R+,−, R−,+, R−,− ∈ m
(
�∗) .

By this notation and the above discussion, we have supp(H(B)) ⊂ �∗, and

4H(B)(x, y)

=
∑

R̃1∈m(�∗)

{H (
a
R+,+

) + H (
a
R+,−

) + H (
a
R−,+

) + H (
a
R−,−

)}

+
∑

R̃2∈m(�∗)

{H (
( aR+,+ + aR+,−

)
χR×[−c,0)

) + H ((
aR+,+ + aR+,−

)
χR×(0,c]

)
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+ H ((
aR−,+ + aR−,−

)
χR×[−c,0)

) + H ((
aR−,+ + aR−,−

)
χR×(0,c]

)}
+

∑
R̃3∈m(�∗)

{H ((
aR−,+ + aR+,+

)
χ[−α,0)×R

) + H ((
aR−,+ + aR+,+

)
χ(0,α)×R

)

+ H ((
aR−,− + aR+,−

)
χ[−α,0)×R

) + H ((
aR−,− + aR+,−

)
χ(0,a)×R

)}
+

∑
R̃4∈m(�∗)

{H (
�Rχ[−a,0)×[−c,0)

)+ H (
�Rχ[−α,0)×(0,c]

)

+ H (
�Rχ(0,α]×(0,c]

) + H (
�Rχ(0,α]×[−c,0)

)}
.

Finally, since H is bounded on L2(R × R) ([17]), we easily obtain

∑
R̃1∈m(�∗)

{∥∥H (
a
R+,+

)∥∥2
L2 + ∥∥H (

a
R+,−

)∥∥2
L2 + ∥∥H (

a
R−,+

)∥∥2
L2 + ∥∥H (

a
R−,−

)∥∥2
L2

}

+
∑

R̃2∈m(�∗)

{∥∥H ((
aR+,+ + aR+,−

)
χR×[−c,0)

)∥∥2
L2 + ∥∥H ((

aR+,+ + aR+,−
)
χR×(0,c]

)∥∥2
L2

+ ∥∥H ((
a
R−,+ + a

R−,−
)
χR×[−c,0)

)∥∥2
L2 + ∥∥H ((

a
R−,+ + a

R−,−
)
χR×(0,c]

)∥∥2
L2

}

+
∑

R̃3∈m(�∗)

{∥∥H ((
aR−,+ + aR+,+

)
χ[−α,0)×R

)∥∥2
L2 + ∥∥H ((

aR−,+ + aR+,+
)
χ(0,α)×R

)∥∥2
L2

+ ∥∥H ((
aR−,− + aR+,−

)
χ[−α,0)×R

)∥∥2
L2 + ∥∥H ((

aR−,− + aR+,−
)
χ(0,a)×R

)∥∥2
L2

}

+
∑

R̃4∈m(�∗)

{∥∥H (
�Rχ[−a,0)×[−c,0)

)∥∥2
L2 + ∥∥H (

�Rχ[−α,0)×(0,c]
)∥∥2

L2

+ ∥∥H (
�Rχ(0,α]×(0,c]

)∥∥2
L2 + ∥∥H (

�Rχ(0,α]×[−c,0)

)∥∥2
L2

}
� ∣∣�∗∣∣−1

.

Combining all estimates, we know that H(B) is a (1, 0)-atom. This completes the proof.

3.3. Proof of Theorem 3. First, we note

H(k)f (x, y) = 1

xk+1yk+1

∫ x

0

∫ y

0
tkskf (t, s)dtds

=
∫ 1

0

∫ 1

0
tkskf (xt, ys)dtds =

∫ ∞

1

∫ ∞

1

1

tk+2sk+2 f (x/t, y/s)dtds

=
∫ ∞

1

1

sk+2

(∫ 1

0
tkf (xt, y/s)dt

)
ds .
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By the Minkowski integral inequality and a scaling argument, for any f ∈ L2, we have

∥∥H(k)(f )
∥∥

L2(R×R)
≤

∫ ∞

0

∫ ∞

0

�(s, t)

s t

∥∥∥f
( ·
s
,
·
t

)∥∥∥
L2(R×R)

dsdt

= ‖f ‖L2(R×R)

∫ ∞

0

∫ ∞

0

�(s, t)

st
s1/2t1/2dsdt ,

where

�(s, t) = χ(1,∞)×(1,∞)(s, t)s
−1−k t−1−k .

Hence, the operator H(k) is bounded on L2. We first show that H(k) is bounded from
Hp(R×R) to Lp(R×R). To this end, we only need to check that H(k) satisfies the condition
in Theorem A.

Let a be a rectangular (p, 2, k)-atom with support in R = I × J, where I = [α, β] and
J = [c, d]. To verify that H(k)(a) satisfies the condition in Theorem A, it suffices to consider
the following three cases:

Case 1: 0 /∈ I, 0 /∈ J ;
Case 2: 0 /∈ I, 0 ∈ J ;
Case 3: 0 ∈ I, 0 ∈ J.

In Case 1, without loss of generality, we assume I = [α, β] ⊂ (0,∞) and J = [c, d] ⊂
(−∞, 0). For any (x, y) /∈ I × J, as argument in the proof of Theorem 2, it is easy to see that

H(k)(a)(x, y) = 1

xk+1yk+1

∫ x

0

∫ y

0
tkska(t, s)dtds = 0 .

This indicates that H(k)(a) is also supported in R = I × J. Hence
∫

(γR)C

∣∣H(k)(a)(x, y)
∣∣p dxdy = 0 .

In Case 2, without loss of generality, we assume I = [α, β] ⊂ (0,∞) and J = [−r, r].
We write

H(k)(a)(x, y) = 1

xk+1

∫ x

0
tk

∫ ∞

1
s−k−2a(t, y/s)dtds

=
∞∑

j=0

2−jσ 1

xk+1

∫ x

0
tk

∫ 2j+1

2j

2jσ s−k−2a(t, y/s)dtds

=
∞∑

j=0

2−jσ Aj (x, y) ,

where

σ = k − 1/p + 1
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is a positive number. The support of Aj is in

Rj = I × [−2j+1r, 2j+1r] .

To check the size condition of Aj , we write

Aj(x, y) =
∫ ∞

1
t−k−2

∫ 2j+1

2j

2jσ s−k−2a(x/t, y/s)dtds .

By the Minkowski integral inequality and a scaling argument, we have

∥∥Aj

∥∥
L2 �

∫ ∞

1
t−k−2

∫ 2j+1

2j

2jσ s−k−2 ‖a(·/t, ·/s)‖L2 dtds

� ‖a‖L2

∫ 2j+1

2j

s−k−2+1/2+σ ds � 2−kj+σj−j/2 |R|1/2−1/p .

Thus indicates that,
∥∥Aj

∥∥
L2 � ∣∣Rj

∣∣1/2−1/p
.

Also, it is easy to check
∫
R

xαAj (x, y)dx = 0 for all y ∈ R

and

∫
R

Aj(x, y)yαdy = 0 for all x ∈ R

for all α = 0, 1, 2, ..., s. Thus, Aj(x, y) is a rectangular (p, 2, k)-atom with support in Rj .

For any γ ≥ 2, we write

H(k)(a)(x, y) =
∑

2j+1>γ

2−jσ Aj (x, y) +
∑

2j+1≤γ

2−jσ Aj (x, y) .

Note

supp
(
Aj

) ∩ (γR)C = φ

if 2j+1 ≤ γ. We have
∫

(γR)C

∣∣H(k)(a)(x, y)
∣∣p dxdy

�
∑

2j+1>γ

2−jσp

∫
(γR)C

∣∣Aj(x, y)
∣∣p dxdy
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�
∑

2j+1>γ

2−jσp � γ −σp .

In Case 3, without loss of generality, we assume I = [−ρ, ρ] and J = [−r, r]. We
write

H(k)(a)(x, y) =
∫ ∞

1
s−k−2

∫ ∞

1
t−k−2a(x/s, y/t)dtds

=
∞∑
i=0

∞∑
j=0

2−iσ 2−jσ

∫ 2i+1

2i

2jσ s−k−2
∫ 2j+1

2j

2iσ t−k−2a(x/s, y/t)dsdt

=
∞∑
i=0

∞∑
j=0

2−iσ 2−jσ Ai,j (x, y) .

It is easy to check that the support of Ai,j is in

Ri,j = [−2i+1ρ, 2i+1ρ] × [−2j+1r, 2j+1r] .

Again, by the Minkowski integral inequality and a scaling argument, we have

∥∥Ai,j

∥∥
L2 �

∫ 2i+1

2i

s−k−2+σ

∫ 2j+1

2j

t−k−2+σ ‖a(·/t, ·/s)‖L2 dtds

� ‖a‖L2

∫ 2i+1

2i

s−k−2+1/2+σ ds

∫ 2j+1

2j

t−k−2+1/2+σ dt � ∣∣Ri,j

∣∣1/2−1/p
.

Thus, it is easy to check that each Ai,j is a rectangular (p, 2, k)-atom. We now write

H(k)(a)(x, y) =
∑

2i+1>γ

∑
2j+1≤γ

2−iσ 2−jσ Ai,j (x, y) +
∑

2i+1≤γ

∑
2j+1≤γ

2−iσ 2−jσ Ai,j (x, y)

+
∑

2i+1≤γ

∑
2j+1>γ

2−iσ 2−jσ Ai,j (x, y) +
∑

2i+1>γ

∑
2j+1>γ

2−iσ 2−jσ Ai,j (x, y) .

Using the same argument as that in Case 2, we have
∫

(γR)C

∣∣H(k)(a)(x, y)
∣∣p dxdy � γ −σp .

Thus, by Theorem A, we know that H(k) is bounded from Hp(R × R) to Lp(R × R).

Finally, by the Hilbert transform characterization of Hp, we know that for f ∈ L2 ∩Hp,

∥∥H(k)(f )
∥∥

Hp(R×R)
� ∥∥R1,1H(k)(f )

∥∥
Lp(R×R)

+
2∑

m=0

∥∥RmH(k)(f )
∥∥

Lp(R×R)
.
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Following the same argument as in [13], we have

R1,1H(k)(f ) = H(k)(R1,1f )

and

RmH(k)(f ) = H(k)(Rmf ), m = 0, 1, 2

(one also easily sees the above commutating relations for Hausdorff operators and Hilbert
transforms, since the Hilbert transforms commute with the dilation).

Thus, for k > 1/p − 1,

∥∥H(k)(f )
∥∥

Hp(R×R)
� ∥∥R1,1(f )

∥∥
Hp(R×R)

+
2∑

m=0

‖Rm(f )‖Hp(R×R)

� ‖f ‖Hp(R×R) .

The last inequality is because that the Hilbert transforms are bounded on Hp(R × R).
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