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Abstract. Let p, A be real numbers such that 1 < p < 0co,and 0 < A < 1. Also let LP’)‘(T) be Morrey spaces
on the unit circle T, and Lg’)"(T) the closure of C(T) in LP"*(T). Zorko [7) gave the predual ZZ-*(T) (1/p+1/q =
1) of LP-*(T). In this article, we show a property of Lg ’)"(T) and prove in detail that Lg ’)"(T) is the predual of
Z‘I’)‘(T), whose fact is stated in Adams-Xiao [1].

1. Introduction and Main results

Let pbein 1 < p < 00, g the conjugate exponent of p, and 0 < A < 1. Also let L?(T)
be the usual LP-space on the unit circle T with respect to the normalized Haar measure. The
Morrey spaces LP-*(T) are defined by

1 1/p
LP’A(T)Z{f‘ lfllpa=  sup (W/['flpdx) <OO},

I1CT=[-n,7)
I#W:interval

and Lg A (T) the closure of C(T) in LP*(T), where C(T) is the set of all continuous functions
on T. Then it is easy to see that L”*(T) is a Banach space (cf. Kufner [3], Torchinsky
[6; p. 215]). Also Z9*(T) (1/p + 1/q = 1) are defined by { f | || f |l zo.» < 00}, where

(0.¢]
£l zer = mf{z ||

k=1
where ai(x) is called (g, A)-block, if
(1) supp ax C I
@) llaxllg = m+/p, where 1/p +1/g = 1,

for some interval /. In particular, ay(x) is called (g, A)-atom, if ay satisfies f ;ar(x)dx =0,

fx) = chak(x), ck € C, ar(x) : (g, A)-block} ,
k=1

which is called cancellation property. Z 4-*(T) is a Banach space with the norm || - || z4,». Zorko
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[7] introduced the space Z9-*(T), and proved that Z9*(T) is the predual of L7*(T). Also
she [7] defined Lg ’)‘(T), and remarked some properties. Adams-Xiao [1] pointed out that
Lg o (T) is the predual of Z92(T), but they did not give the reason why they insisted that the
proof is akin to that of H L.V M O in Stein [5] (cf. [6]). Like Adams-Xiao [1], we think that
LP*(T), Z9*(T), Lg**(T) are similar to BM O(T), H'(T), VM O(T), respectively.

In this article, we show some properties of Lg o (T), which is similar to that of
VM O(T). Next we give a detailed proof of the fact that Lg o+ (T) is the predual of Z9M(T), by
the method of Coifman-Weiss [2]. We expect that our proofs in the case of T may be available

to Euclidean case R”.
Our results are as follows:

THEOREM 1.1. Letl < p < 00,and 0 < A < 1. Also let ¢ be an infinitely dif-
ferentiable function such that supp ¢ C [—1, 1], ﬁ ffn ¢(x)dx = 1 and ¢ > 0, and let
¢j(x) = jo(jx) (j =1,2,...). Then, the following properties are equivalent:

(1) f e LyHm)

2) feLP (M) and |ty f = fllps — 0(y — 0),
where T, f(x) = f(x — y)

(3) feLP M) and || f — f*¢jllps — 0( — 00)

(4) lims—0SUP|7|<5, 1 Tiinterval ﬁ Ji1f@)1Pdx =0

THEOREM 1.2. Letl < p < 00,and0 < A < 1. Then Lg’}‘(T) is the predual of
Z9*(T), where 1/p +1/q = 1.

Throughout this paper, the dual space of a Banach space X is denoted by X*. For an
interval I, |I| denotes the measure of / with respect to the normalized Haar measure of T .
Also the letter C stands for a constant not necessarily the same at each occurrence. A ~ B
stands for C"'A < B < CA for some C > 0.

2. Proofs of Main Theorems

2.1. Proof of Theorem 1.1

PROOF. According to Zorko [7], it is easy to prove that (1), (2) and (3) are equivalent.
So, we omit their proofs. We show (4), when we assume (1). By the definition, for f €

LS’A(T) and for any n > 0 there exists g € C(T) such that || f — gllp,» < 1. Then for an
interval I C T with |I| < §, we have

1 , 1/p 1 ) 1/p 1 ) 1/p
(W/,'f(x)' dx) < (W/I'f(x)_g(x)' dx) +<W/I|g(x)| dx)
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1 1/p
<n+ —f| (x>|"dx)
(W Y

1-a
<n+ 7 lgllcm
12
=n+3é 7 llglle,

and

lim  sup /|f<x>|de<n .

8—071<s.1: 1nterval |I|

So we obtain (4). Next we show (3), when we assume (4). For any n > 0, there exists §o > 0
such that

1
sup Wfllf(x)lpdx <.

|11<680, I :interval

Then for |I]| < §p, we have

1 1 T
|m/u‘ b (0)|Pdx < |1|*/(E/ |f(X—)’)|p¢j()’)d)’>dx
T 1
=Ef_n¢j<y>wfl|f<x—y>|"dxdy

<L [ 1rwrd
_W/IIfo .

<P

by the Holder inequality. Hence, for an interval / C T with |/| < §p, we have

1 1/p
(W/I|f<x>—f*¢,-(x>|f’dx>

1 1/p 1/p
= (W/I'f(x)'pdx) (i 17+ os00ra)

1/p
§2< sup = / |f(x)|pdx)
[11<80, I:interval 11|

<2n.

On the other hand, for an interval I C T with |I| > &g, we have

mx/lf(x) fxdi(olPdx < X If(x) f %y (01Pdx

8*2

=¥||f_f*¢j||g-
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After all, we obtain

! P py 2T b
sup W/IIf(x)—f*%(x)l d < @)+ o 0f = 15515

ICT:interval
Therefore, we have
Jim 1f = f %l =0
O

REMARK 2.1. Let f be in Z9*(T) such that f = Y p°, ckak, where Y, |cx| <
00, a:(q, r)-block. Then f = ), ckar converges in Ll(T) by the definition of Z9M(T)
and Holder’s inequality.

2.2. Proof of Theorem 1.2. For the proof, we give some lemmas.

LEMMA 2.2 (Zorko [7]). Letl < p < 00,0 < A < 1 and q the conjugate exponent
of p. Then the dual space of Z9*(T) is LP*(T).

LEMMA 2.3. Letl < p < oo and q be the conjugate exponent. Also let 0 < A < 1.
Then every f € Z9*(T) can be decomposed into a sum of block and atoms:

o0
f=coao+ Y crax,
k=1

where ci € C and |co| + Z,fil lck| < Cll fll za.» ao is a (q, A)-block with supp ag C T, a;s
are (q, A)-atoms such that supp ay C Iy satisfying |Ix| < %.

PrROOF. LetT =[0,27),and f € Z4*(T). Then, f is decomposed so that

o
f= cibe,
k=0

where ¢; € C, ) |ci| < 2| fll z4.+, and {b}2,, are (¢, A)-blocks. Let b(x) be by (x) for any
k > 0, and A a set of functions defined by

A= {bk supp b C 1, ||billy < W’ and || > %}
In the case of || < %, we define b%,bé, 11 by
bl(x) = b(x) ;l:l(il— III),
b%(x) _ b(x) +£1(x —|1I) ’



REMARKS ON A SUBSPACE OF MORREY SPACES 189
L=1Ud+1I)]).

Then, we have supp b} ch((j=1,2)and

1/q /g ,_,
(/ |b}(x)|qu) = (2/|b(x)|qu> =7 !
I I

1_a=1_y 1
<24 » TG
1 1
——A/p — :
_2 |I|)\/p_|11|}‘/p (J_laz)a

which shows that b} isa (g, A)-block (j = 1, 2). We also have

2
/ bi(x)dx =0,
0

b(x) = b(x —|1]) n b(x) +b(x —|1])

27 blx) +277 bl(x) = 5 5

=b(x).

—1
So, bj is a (g, A)-atom. When we set & = 2% and aj(x) = bj(x), we have br(x) =

aa,l (x) + ab; (x). Next, if we have |I1] < %, there exists a natural number £ > 3 such that
1 1

37 < 1] < T+ So, we decompose bé(x) like b(x) and define a,%, b%, I by
by(x) —bi(x — L))
aj(x) = 2—2 :
2% +1
by(x) +bi(x — 1))
by (x) = =3 :
27"1‘1

L=9LUU +|L]).
Then we have
2
/ a,%(x)dx =0,
0
b%(x) = aa,%(x) + ab%(x) ,
bi(x) = aaj (x) + abl (x)
= oza,l (x) + aza,%(x) + otzb%(x) ,

and hence, we see that a,l, a,% are (g, A)-atoms and b% is a (g, A)-block. In fact,

1/q
(/ |b§(x>|‘fdx> <27 THE = M
I
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We repeat this process ¢ times until we have |Iy| > %. After all, we get

¢
br(x) = Zaja,{(x) + albé(x) ,
j=1

A—1

wherea =27 , a] (j=1,...,0) : (g, »)-atoms with supp a C I;, and b : (¢, })-block
with supp b,ﬁ C I;. When we set £, = £, we have

Ly
br(x) = Z ozja]i (x) + o/kbg’( (x).
j=1

After we repeat this process for by, we obtain
Ly
f@) =3 cdalaf)+ Y cha by ) + Y cpbi(x) .
brgA t=1 brgA breA
Noting 0 < @ < 1, we have
L 1 [ee)
DO el + Y el 4+ > fepl < (T to+ 1)Zlc;|.
brgA £=1 brgA breA « k=0
Also when we define
¢
> bigA cratibyt (x) + 2 beea Crbk(x)
4r/p (thng chlate + Xy s |c,;|)

we have that ||ag|l; < 1, supp ap C T = [0, 27) and ag : (g, A)-block, since

1 27 q 1/q
( ar) =@ kglat 4 Y 16h)
T Jo

b gA breA
Moreover, we obtain

Ly
flx) = 4”P<Z e}l + Z Ic,/(|>ao(x) + Z Zc,’ca‘a,f(x)

br A breA brdA t=1

ap(x) =

Z c,’cal"bgk(x) + Z b (x)

brgA breA

and

Ly
1
4W<Z lelate+ > |c,;|>+ D leplet < 2(4“" - m)ufum.

brgA breA bigA t=1
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LEMMA 2.4. Let n be any positive integer, B;‘ = [j3;n1271, 31—;,271) (G =1,...,3",
and B? = 3B;l, where the center of B? is the same as the center of B'}, and |1§;‘| = 3|B;l|.
Also let B® = B? = [0, 2m), and BY = B? = [0,2m). Then, f € Z4*(T) has the represen-
tation

oo 3"

f) =oao(x) + Y Y Mal(x),

n=1 j=1

where ag : (q, ))-block, a;.‘ 1 (g, A)-atoms, supp ap C T, supp a;‘ C 15’;', and |ho| +
Y W < CI N0

PROOF. By Lemma 2.3, f € Z%*(T) can be decomposed into a sum of block and
atoms:

o0
f = cobo + ZCkbk,
k=1

where ¢ € C, |col + Y ey lckl < Cll fllz4.1, and by is a (g, A)-block with supp by C T, and
»
there exists j € {1, 2, 3} such that I N le. # (. For Bl1 we let A} be the index set k € N,

bi’s are (g, A)-atoms such that supp by C Iy satisfying |[| < %. For I} with = < |I| < %,
determined by those by with 3% < |Ix| < % and I N B11 # (). Then, we see that I} C Bll for
k € A} and

| 3 cnn], = 3T tewt el = 3 teut 1Bl

keal keal keAl
So, when we define

ZkEA} crbi

1
a = —
1

324/p ZkeA} |ck]

and )\i = Z ek 3247
keAl

we have supp al1 C Bll, ||al1 ly < , and al1 satisfies the cancellation property, that is,

S
\E’H””
all is a (¢, A)-atom supported by B!, and
A.}all = Z ckbr .
keA]
Next for le we let Aé be the index set determined by by in {b;} with % < |Ik] < % and

I N le # (}, excluding by which we have already chosen before. We construct (g, A)-atom
a21 in the same way as for Bll. Similarly we construct (g, A)-atom aé for B31. We do this
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1

process for by with 3% < |Ik| < and obtain the index set A?, (g, })-atoms ajz with

3_29
supp ajz C B?, and numbers A% (j=1,...,3%), satisfying
A%a? = Z ckbr .
keA?

After that, we repeat this process. In the n-th step, for by with 3,,% < |Ik] < 3% we obtain

the index set A;’., (g, A)-atoms a;.' with supp a;.' C B", and numbers A;f (G =1,...,3",

satisfying

)»;'-a;l = Z ckbr .

keA;’.
By the construction of a;.' and A;f, we have
oo 3"
Fx) = Roao(x) + Y Y aat(x),
n=1 j=1

where ag = by : (g, A)-block, Ag = ¢, a;' : (g, M)-atoms, supp ao C T, supp a;‘ C B;‘, and
ol + 305, IV < 2322 fll 7g.1. O

LEMMA 2.5. Suppose || fillzer < 1,k =1,2,.... Then there exist f € Z‘f’)‘(T) and
a subsequence { fi;} such that

1 2 1 2
lim — Jr, v(x)dx = — f(x)v(x)dx
7T Jo / 27 Jo

forallv e C(T).

PROOF. By Lemma 2.4, we may assume that f; € Z%*(T) has the representation

0o 3"
fix) = ro®aok)(x) + Y > XHk)alt (k) (x)
n=1 j=1
where ag(k) : (g, 1)-block, a;' (k) : (g, »)-atoms, supp ag(k) C T, supp a;' (k) C B;‘, and
[Aok)| + Zj’n |A?(k)| < C. Also we may assume that Ag(k), )»;f(k) > 0, ||a;l(k)||q <
|B?|_k/1’, and that there exist A, A;f such that limg_. 0 Ag(k) = Ag, limg—co A? k) =
A;f (j,n > 1), and |xo| + ZM |A?| < C. Let Lq(B;l) = (L”(B;‘))* be the dual space

of LP(B?) (LP-space on B;l). By a;‘ (k) € L4 (B;l) and the diagonal argument, there exists

an increasing sequence of natural numbers, k; < kp < --- < k, < --- andaqp € L? (1§0),
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a’ € Lq(é;‘) such that for ¢ € L?(T)

—o00 27T

2 2
lim i/ a;’(kg)(x)qb(x)dx = i'/ a’l (x)¢(x)dx
0 2r Jo

and

1 27 1 27
lim — / ao ko) (D ()dx = / ao(x)p (x)dx
0 T Jo

t—o00 27T
that is, a;?(kg) — a;‘ (£ — 00) in the weak*-topology of o (L4 (B;’), Lp(é;')) (j,n>1)and
ao(keg) — ap (£ — 00) in the weak*-topology of o (L4 (BO), LP(BO)). Here, we define f by

oo 37

fE) =YY aal(),

n=0 j=1

where a? = agp and )“(1) = XAo. Then f is in Z9*(T) and a;? are (g, A)-atoms, since supp a;‘ C
B;l, ||a;‘||q < |B;l|—?»/p’ |Ao| + Zj’n |A;f| < C, and fg; a;.l(x)dx = 0. Letv € C(T), and
a¥ (k) = ao(ke), A% (kg) = ro(ke). We define

1

27 o0 1 2
e = 5= /0 fie (0)v(x)dx =r§);k?(ke)g fo d'} (ke) (x)v(x)dx

and

2

= n 1 2” n
=5 \ f(x)v(x)dx:rg;kjgfo a’} (x)v(x)dx .

Also, for any integer N we define

N 2
1
=Y Yo [ dkowedr.
n=0 j ™ J0
Voo o) 1 2
3 J— n n
I = Z ij(k/g)g/o aj(ke)(x)v(x)dx,
n=N+1 j
N 1 2
JN = ZZ)\};E'/O a;l(X)v(x)dxa
n=0 j

and

o 1 2w
JN.oo _ Z ZA;‘Z/O i (x)v(x)dx .

n=N+1 j
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Moreover, when the center of B? (j,n = 1) is denoted by x;?, we have
> 1
N,00 __ n n n
I = n_§N+ﬁ | §j (k) 7 /B % (k) @) (0(x) — v(x"))dx

since a;? (k) (j,n = 1) are (g, A)-atoms. Here, we remark that v is uniformly continuous on

T. Hence, for any ¢ > 0 there exists Ny such that
1-x
1700 <& Z Zx"(k4)|3"| P < Ce.
n=No+1 j

The same conclusion can be drawn for JNo-®_ gince a;' are (g, 1)-atoms. Also we have

Ny 3" 1 2
ZZ(A”(/@ / a" (kg)(x)v(x)dx—knz / a;'(x)v(x)dx)‘
n=0 j=1

No 3" 27
<ZZ{”<’%> /0 (@} (ke) (x) — @} ()v(x)dx

n=0 j=1

1 2w
—I—I)»;f(ke) —)»?| Z/o a;l(x)v(x)dx

!

— 0,
as £ — 00. Moreover, we obtain
Jip = 1 = (G0 — g0y 4 (g0 — gNo0)

No, No,
505 = TN < 00 ||
<2Ce.

Hence, we have limsup,_, o, |Jk, — J| < 2C¢, and limy_, » Jr, = J. Therefore, we get the
result:

2 1 2

S, vx)dx = — A f@vx)dx (v e C(T)).

lim —
{—o00 27T 2

LEMMA 2.6. Let f bein Z9*(T). Then we have
1£zas ~ 10

PROOF. Let A = ||f|lzq. > 0. Then there exists g € LP**(T) such that
2 A
‘— Sx)gx)dx| > X lgllps <1.
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By f € Z9*(T), we may assume that
o0
) =) crar(x),
k=0

where ay : (g, A)-block, supp ax C By for some interval By, and Z,ﬁio lck] < 2|1 fl zg.2. Also
for any ¢ > 0 let ¢ (x) = ﬁ Xx1.(x), where I, = [—¢, ¢] and xg denotes the characteristic

function of E. When we define g;(x) = g*¢.(x) for g € LPA(T), it is easy tosee g; € C(T)
and [|gellp,» < lgllp,n. Now for any integer N > 1 and g € LP*(T), we define

2
0

N T
N = kzzock% / 4 () (g(x) — g (O lx
and

0 1 2
1= 3 ag [ aw - .

k=N+1

Then, we have

2 S 1 2
— | fEE) — g (x)dx =) ck=— f ag (x)(g(x) — ge(x))dx
2 k=0 2 0
=N+,
By [1gell p.» < llgllp,2, we obtain
o0
1IN < Y derl llakll zaallg = gellp.a
k=N+1
o0
<2 > lal.
k=N+1

Also for any 1 > 0, there exists Ny a positive integer such that 32 . |cx| < 7. Hence,

we have |1 IgN 9] < n forall ¢ > 0. Moreover, we have
No

N
1IM1 < el llaxligg = gellp
k=0

No
= lexl laliglg — g % el

k=0

— 0,
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as ¢ = 0. Therefore, we get

1 2 1 2w
lim sup| — f(x)gs(x)dx — — f(x)gx)dx| <n,
e—0 2m 0 2n 0
and
1 2 1 2w
lim — f(x)ge(x)dx = — f(x)g(x)dx .
e—02m Jo 27 Jo

Hence, there exists g9 > 0 such that I% 02” S ) gey(x)dx| > %. So we obtain

>

sup
lglipr=l.geLy™”

: 2ﬂ()()d A
Eofxgxx 3

Therefore, we have || f|l 7o < 3l Il Since the converse is trivial, we get the desired

(Lg,)»)* .
result. U

Now we are ready to prove Theorem 1.2.

PROOF OF THEOREM 1.2. First we have Z9-*(T) C (LS’A(T))* by Lemma 2.2. Since
(z4*(T))" = LP*(T) D Lg’A(T), we see that the annihilator of Z9*(T) is {0}, and hence
Z%*(T) is weak*-dense in (Lg’)‘(T))* (see Theorem 4.7 (b) in Rudin [4]). By the Banach-
Alaoglu theorem and the separability of Lg ’)‘(T) we see that the unit ball of (Lg ’)‘(T))"< is
weak*-compact and metrizable (see Theorem 3.16 in Rudin [4]). Thus, if T is in (Lg ’A(T))*

with ”T”(Lg‘*(T))* < 1, then there exists a sequence { f} C Z9*(T) with ”fk”(Lg‘*(T))* <1

such that fy — T in the weak™-topology of (L(’)’ ’A(T))*. Here, we may assume || fkl z¢. (1) <
1 by Lemma 2.6. Hence, by Lemma 2.5, there exist f € Z9*(T) and a subsequence { Jij}
(k1 < kp < ...) such that ||fkj | zg» < 1and

1 2 2
lim —— Sy () gx)dx = — f(x)g(x)dx
T Jo 21 Jo

for all g € C(T). Hence, we have

1 2
(T, g) = o fx)g(x)dx
T Jo

for all g € C(T). Therefore we get the desired result. O
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