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Abstract. In this paper, we prove that, if a full irreducible infinite dimensional anti-Kaehler isoparametric
submanifold of codimension greater than one has J -diagonalizable shape operators, then it is homogeneous.

1. Introduction

In 1999, E. Heintze and X. Liu [HL2] proved that all irreducible isoparametric subman-
ifolds of codimension greater than one in the (separable) Hilbert space are homogeneous,
which is the infinite dimensional version of the homogeneity theorem for isoparametric sub-
manifolds in a (finite dimensional) Euclidean space by G. Thorbergsson ([Th]). Note that
the result of Thorbergsson states that all irreducible isoparametric submanifolds of codimen-
sion greater than two in a Euclidean space are homogeneous. In 2002, by using this result
of Heintze-Liu, U. Christ [Ch] proved that all irreducible equifocal submanifolds with flat
section of codimension greater than one in a simply connected symmetric space of compact
type are homogeneous, where we note that, in a simply connected symmetric space of com-
pact type, the notion of an equifocal submanifold coincides with that of an isoparametric
submanifold with flat section in the sense of [HLO]. In [Koi1], we introduced the notion
of a complex equifocal submanifold in a symmetric space of non-compact type. Here we
note that all isoparametric submanifolds with flat section are complex equifocal. In [Koi2],
we showed that the study of complex equifocal Cω-submanifolds in the symmetric spaces
are reduced to that of anti-Kaehler isoparametric submanifolds in the infinite dimensional
anti-Kaehler space, where Cω means the real analyticity. In this paper, we shall investigate
an anti-Kaehler isoparametric submanifold with J -diagonalizable shape operators. Accord-
ing to the discussion in [Koi2], we can show that the study of certain kind of isoparametric
submanifolds with flat section in symmetric spaces of non-compact type are reduced to that
of anti-Kaehler isoparametric submanifolds with J -diagonalizable shape operators in the in-
finite dimensional anti-Kaehler space, which is called a proper anti-Kaehler isoparametric
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submanifold in [Koi2]. L. Geatti and C. Gorodski ([GG]) introduced the notion of an isopara-
metric submanifold with diagonalizable Weingarten operators in a finite dimensional pseudo-
Euclidean space. Note that anti-Kaehler isoparametric submanifolds with J -diagonalizable
shape operators give a subclass of the class of the infinite dimensional version of isoparamet-
ric submanifolds with diagonalizable Weingarten operators (see Remark 2.1).

In this paper, we prove the following homogeneity theorem for anti-Kaehler isopara-
metric Cω-submanifolds with J -diagonalizable shape operators in the infinite dimensional
anti-Kaehler space.

THEOREM A. LetM be a full irreducible anti-Kaehler isoparametric Cω-submanifold
with J -diagonalizable shape operators of codimension greater than one in the infinite dimen-
sional anti-Kaehler space. ThenM is homogeneous.

REMARK 1.1. This homogeneity theorem will be useful to prove homogeneity of cer-
tain kind of isoparametric submanifolds with flat section in symmetric spaces of non-compact
type, which have principal orbits of Hermann actions as homogeneous examples.

2. Basic notions and facts

In this section, we shall first recall the notion of an anti-Kaehler isoparametric sub-
manifold in the infinite dimensional anti-Kaehler space introduced in [Koi2]. Let V be
an infinite dimensional topological real vector space (or a finite dimensional real vector

space), J̃ a continuous linear operator of V such that J̃ 2 = −id and 〈 , 〉 a continu-
ous non-degenerate symmetric bilinear form of V such that 〈J̃X, J̃ Y 〉 = −〈X,Y 〉 holds
for every X,Y ∈ V . Assume that there exists an orthogonal time-space decomposition
V = V− ⊕ V+ (i.e., 〈 , 〉|V−×V+ = 0, 〈 , 〉|V−×V− : negative definite, 〈 , 〉|V+×V+ : pos-

itive definite) such that J̃ V− = V+, (V , 〈 , 〉V±) is a separable Hilbert space and that the
distance topology associated with 〈 , 〉V± coincides with the original topology of V , where
〈 , 〉V± := −π∗

V−〈 , 〉 + π∗
V+〈 , 〉 (πV± : the projection of V onto V±). Then we call

(V , 〈 , 〉, J̃ ) the anti-Kaehler space. Let M be a Hilbert manifold modelled on a separa-
ble Hilbert space (V ′, 〈 , 〉V ′). Let 〈 , 〉 be a section of the (0, 2)-tensor bundle T ∗M⊗T ∗M
such that 〈 , 〉x is a continuous non-degenerate symmetric bilinear form on TxM for each

x ∈ M and J a section of the (1, 1)-tensor bundle T ∗M ⊗ TM such that J 2 = −id, ∇J = 0
(∇ : the Levi-Civita connection of 〈 , 〉), Jx is a continuous linear operator of TxM for
each x ∈ M and that 〈JX, JY 〉 = −〈X,Y 〉 for every X,Y ∈ TM . We call (M, 〈 , 〉, J )
an anti-Kaehler Hilbert manifold if, for each x ∈ M , there exist distributions W± on some
neighborhoodU of x satisfying the following condition:

For each y ∈ U , (W±)y gives an orthogonal time-space decomposition of (TyM, 〈 , 〉y)
(i.e., TyM = (W−)y ⊕ (W+)y, 〈 , 〉y |(W−)y×(W+)y = 0, 〈 , 〉y |(W−)y×(W−)y : negative
definite and 〈 , 〉y |(W+)y×(W+)y : positive definite), (TyM, 〈 , 〉y,(W±)y ) is isometric
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to (V ′, 〈 , 〉V ′) and Jy(W−)y = (W+)y , where 〈 , 〉y,(W±)y := −π∗
(W−)y 〈 , 〉y+

π∗
(W+)y 〈 , 〉y (π(W±)y : the projection of TyM onto (W±)y).

Let f be an isometric immersion of an anti-Kaehler Hilbert manifold (M, 〈 , 〉M, J ) into an
anti-Kaehler space (V , 〈 , 〉, J̃ ). If f ∗〈 , 〉 = 〈 , 〉M and if J̃ ◦ f∗ = f∗ ◦ J holds, then we
call (M, 〈 , 〉M, J ) (orM) an anti-Kaehler submanifold in (V , 〈 , 〉, J̃ ) immersed by f . IfM
is of finite codimension and, for each v ∈ T ⊥M , the shape operator Av is a compact operator
with respect to f ∗〈 , 〉V± , then we call (M, 〈 , 〉M, J ) (or M) an anti-Kaehler Fredholm
submanifold. LetM be an anti-Kaehler Fredholm submanifold. Denote by A the shape tensor
ofM . Fix a unit normal vector v ofM . If there existsX( �= 0) ∈ TM withAvX = aX+bJX,

then we call the complex number a+b√−1 a J -eigenvalue ofAv (or a J -principal curvature

of direction v) and call X a J -eigenvector for a + b
√−1. Also, we call the space of all J -

eigenvectors for a+b√−1 a J -eigenspace for a+b√−1. The J -eigenspaces are orthogonal
to one another and they are J -invariant, respectively. We call the set of all J -eigenvalues of
Av the J -spectrum of Av and denote it by SpecJAv . Since M is an anti-Kaehler Fredholm
submanifold, the set SpecJAv \ {0} is described as follows:

SpecJAv \ {0} = {μi | i = 1, 2, . . .}
( |μi | > |μi+1| or "|μi | = |μi+1| & Reμi > Reμi+1"

or "|μi | = |μi+1| & Reμi = Reμi+1 & Imμi = −Imμi+1 > 0"

)
.

Also, the J -eigenspace for each J -eigenvalue of Av other than 0 is of finite dimension. We
call the J -eigenvalueμi the i-th J -principal curvature of direction v. Assume that the normal
holonomy group of M is trivial. Fix a parallel normal vector field ṽ of M . Assume that the
number (which may be ∞) of distinct J -principal curvatures of direction ṽx is independent
of the choice of x ∈ M . Then we can define complex-valued functions μ̃i (i = 1, 2, . . . )
on M by assigning the i-th J -principal curvature of direction ṽx to each x ∈ M . We call
this function μ̃i the i-th J -principal curvature function of direction ṽ. The submanifoldM is
called an anti-Kaehler isoparametric submanifold if it satisfies the following condition:

The normal holonomy group of M is trivial, and, for each parallel normal vector field
ṽ of M , the number of distinct J -principal curvatures of direction ṽx is independent
of the choice of x ∈ M , each J -principal curvature function of direction ṽ is constant
on M and it has constant multiplicity.

Let M be an anti-Kaehler Fredholm submanifold in V . Let {ei}∞i=1 be an orthonormal sys-
tem of TxM . If {ei}∞i=1 ∪ {J ei}∞i=1 is an orthonormal base of TxM , then we call {ei}∞i=1
(rather than {ei}∞i=1 ∪ {J ei}∞i=1) a J -orthonormal base. If there exists a J -orthonormal base
consisting of J -eigenvectors of Av , then we say that Av is diagonalized with respect to a J -

orthonormal base (or Av is J -diagonalizable). If, for each v ∈ T ⊥M , the shape operator Av
is J -diagonalizable, then we say that M has J -diagonalizable shape operators.
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REMARK 2.1. If Av is diagonalized with respect to a J -orthonormal base, then the

complexification AC
v of Av is diagonalized with respect to an orthonormal base. In fact, if

AvX = aX + bJX, then we have AC
v (X ± √−1JX) = (a ∓ √−1b)(X ± √−1JX).

Let M be an anti-Kaehler isoparametric submanifold with J -diagonalizable shape oper-
ators, where we note that such a submanifold was called a proper anti-Kaehler isoparametric
submanifold in [Koi2] (in this paper, we do not use this terminology). Then, since the am-
bient space is flat and the normal holonomy group of M is trivial, it follows from the Ricci
equation that the shape operators Av1 and Av2 commute for arbitrary two normal vector v1

and v2 of M . Hence the shape operators Av’s (v ∈ T ⊥
x M) are simultaneously diagonalized

with respect to a J -orthonormal base. Let {E0} ∪ {Ei | i ∈ I } be the family of distributions
on M such that, for each x ∈ M , {(E0)x} ∪ {(Ei)x | i ∈ I } is the set of all common J -
eigenspaces of Av’s (v ∈ T ⊥

x M), where (E0)x = ⋂
v∈T⊥

x M
KerAv . For each x ∈ M , TxM

is equal to the closure (E0)x ⊕ (⊕
i∈I (Ei)x

)
of (E0)x ⊕ (⊕

i∈I (Ei)x
)
. We regard T ⊥

x M

(x ∈ M) as a complex vector space by Jx |T ⊥
x M

and denote the dual space of the complex

vector space T ⊥
x M by (T ⊥

x M)
∗C . Also, denote by (T ⊥M)∗C the complex vector bundle over

M having (T ⊥
x M)

∗C as the fibre over x. Let λi (i ∈ I ) be the section of (T ⊥M)∗C such that

Av = Re(λi)x(v)id + Im(λi)x(v)Jx on (Ei)x for any x ∈ M and any v ∈ T ⊥
x M . We call

λi (i ∈ I ) J -principal curvatures of M and Ei (i ∈ I ) J -curvature distributions of M . The
distribution Ei is integrable and each leaf of Ei is a complex sphere. Each leaf of Ei is called
a complex curvature sphere. It is shown that there uniquely exists a normal vector field ni
of M with λi(·) = 〈ni, ·〉 − √−1〈Jni, ·〉 (see Lemma 5 of [Koi2]). We call ni (i ∈ I ) the
J -curvature normals of M . Note that ni is parallel with respect to the normal connection of

M . Set lxi := (λi)
−1
x (1). According to (i) of Theorem 2 in [Koi2], the tangential focal set of

M at x is equal to
⋃
i∈I lxi . We call each lxi a complex focal hyperplane of M at x. Let ṽ be

a parallel normal vector field of M . If ṽx belongs to at least one li , then it is called a focal
normal vector field of M . For a focal normal vector field ṽ, the focal map fṽ is defined by
fṽ(x) := x + ṽx (x ∈ M). The image fṽ(M) is called a focal submanifold of M , which we

denote by Fṽ . For each x ∈ Fṽ , the inverse image f−1
ṽ (x) is called a focal leaf of M . Denote

by T xi the complex reflection of order 2 with respect to lxi (i.e., the rotation of angle π having

lxi as the axis), which is an affine transformation of T ⊥
x M . Let Wx be the group generated by

T xi ’s (i ∈ I ). According to Proposition 3.7 of [Koi3], Wx is discrete. Furthermore, it follows
from this fact that Wx is isomorphic to an affine Weyl group. This groupWx is independent of
the choice of x ∈ M (up to group isomorphicness). Hence we simply denote it by W . We call
this group the complex Coxeter group associated withM . According to Lemma 3.8 of [Koi3],
W is decomposable (i.e., it is decomposed into a non-trivial product of two discrete complex
reflection groups) if and only if there exist two J -invariant linear subspaces P1 ( �= {0}) and
P2 ( �= {0}) of T ⊥

x M such that T ⊥
x M = P1 ⊕ P2 (orthogonal direct sum), P1 ∪ P2 contains all

J -curvature normals ofM at x and that Pi (i = 1, 2) contains at least one J -curvature normal
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of M at x. Also, according to Theorem 1 of [Koi3], M is irreducible if and only if W is not
decomposable.

Next we shall recall the notion of an aks-representation. Let (N, 〈 , 〉, J ) be a finite
dimensional anti-Kaehler manifold. If there exists an involutive holomorphic isometry sp of
N having p as an isolated fixed point for each p ∈ N , then we call (N, J, 〈 , 〉) an anti-
Kaehler symmetric space. Furthermore, if the isometry group of (N, J, 〈 , 〉) is semi-simple,
then it is said to be semi-simple. Let G be a connected complex Lie group and K a closed
complex subgroup ofG. If there exists an involutive complex automorphism ρ ofG such that
G0
ρ ⊂ K ⊂ Gρ (Gρ : the group of all fixed points of ρ,G0

ρ : the identity component ofGρ),

then we call the pair (G,K) an anti-Kaehler symmetric pair. We [Koi4] showed that, for each
anti-Kaehler symmetric pair (G,K), the quotient G/K is an anti-Kaehler symmetric space
in a natural manner and that, conversely, from each anti-Kaehler symmetric space, an anti-
Kaehler symmetric pair arises. Let g be a complex Lie algebra and τ a complex involution
of g. Then we call (g, τ ) an anti-Kaehler symmetric Lie algebra. We [Koi4] showed that
an anti-Kaehler symmetric Lie algebra arises from an anti-Kaehler symmetric pair and that,
conversely, an anti-Kaehler symmetric pair arises from an anti-Kaehler symmetric Lie algebra.
Let (N, J, 〈 , 〉) be an irreducible anti-Kaehler symmetric space, G the identity component
of the holomorphic isometry group of (N, J, 〈 , 〉) and K the isotropy group of G at some
point x0 ∈ N , where the irreducibility implies that N is not decomposed into the non-trivial
product of two anti-Kaehler symmetric spaces. Assume that (N, J, 〈 , 〉) does not have the
pseudo-Euclidean part in its de Rham decomposition. Note that an anti-Kaehler symmetric
space without pseudo-Euclidean part is not necessarily semi-simple (see [CP],[W1]). Let
G/K be an irreducible anti-Kaehler symmetric space and (g, τ ) the anti-Kaehler symmetric
Lie algebra associated withG/K . Also, set p := Ker(τ + id). The space Ker(τ − id) is equal
to the Lie algebra k of K and p is identified with TeK(G/K). Denote by AdG be the adjoint
representation of G. Define AdG|p : K → GL(p) by (AdG|p)(k) := AdG(k)|p (k ∈ K). We
call this representation AdG|p an aks-representation (associated with G/K). Denote by adg

the adjoint representation of g. Let as be a maximal split abelian subspace of p (see [R] or [OS]
about the definition of a maximal split abelian subspace) and p = p0 + ∑

α∈�+ pα the root

space decomposition with respect to as (i.e., the simultaneously eigenspace decomposition

of adg(a)
2’s (a ∈ as)), where the space pα is defined by pα := {X ∈ p | adg(a)

2(X) =
α(a)2X for all a ∈ as} (α ∈ a∗

s ) and �+ is the positive root system of the root system � :=
{α ∈ a∗

s | pα �= {0}} under some lexicographic ordering of a∗
s . Set a := p0 (⊃ as), j := JeK

and 〈 , 〉0 := 〈 , 〉eK . It is shown that 〈 , 〉0|as×as is positive (or negative) definite, a = as ⊕
jas and 〈 , 〉0|as×jas = 0. Note that pα = {X ∈ p | adg(a)

2(X) = αC(a)2X for all a ∈ a}
holds for each α ∈ �+, where αC is the complexification of α : as → R (which is a

complex linear function over aC
s = a) and αC(a)2X means Re(αC(a)2)X + Im(αC(a)2)jX.

Let lα := (αC)−1(0) (α ∈ �) and D := a \ ⋃
α∈�+ lα. Elements of D are said to be regular.

Take x ∈ D and let M be the orbit of the aks-representation AdG|p through x. From x ∈ D,
M is a principal orbit of this representation. Denote by A the shape tensor of M . Take
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v ∈ T ⊥
x M(= a). Then we have TxM = ∑

α∈�+ pα and Av|pα = − αC(v)

αC(x)
id (α ∈ �+). From

this fact, we see thatM is an anti-Kaehler Fredholm submanifold with J -diagonalizable shape
operators. Let ṽ be the parallel normal vector field of M with ṽx = v. Then we can show

that Aṽρ(k)(x)|ρ(k)∗x(pα) = − αC(v)

αC(x)
id for any k ∈ K . Hence M is an anti-Kaehler isoparametric

submanifold with J -diagonalizable shape operators.

3. Regularizability of an anti-Kaehler Fredholm submanifold

In this section, we shall define the regularizability of an anti-Kaehler Fredholm sub-
manifold with J -diagonalizable shape operators. Let (M, 〈 , 〉M, J ) be an anti-Kaehler
Fredholm submanifold with J -diagonalizable shape operators in an infinite dimensional
anti-Kaehler space (V , 〈 , 〉, J̃ ). Denote by A the shape tensor of M . Fix v ∈ T ⊥M .
Let {μi | i = 1, 2, . . . } ("|μi | > |μi+1|" or "|μi | = |μi+1| & Reμi > Reμi+1" or
"|μi | = |μi+1| & Reμi = Reμi+1 & Imμi = −Imμi+1 > 0") be the set of all J -
eigenvalues of Av other than zero and mi the multiplicity of μi . Then we define the reg-

ularized trace TrrAv of Av by TrrAv := ∑
i miμi . Also, we define the trace TrabsA

2
v by

TrabsA
2
v := ∑

i mi |μi |2. If there exist TrrAv and TrabsA
2
v for each v ∈ T ⊥M , then we say

that M is regularizable. It is shown that, if μ is a J -eigenvalue of Av with multiplicity m,
then so is also the conjugate μ̄ of μ. Hence we have TrrAv ∈ R. Define Hx ∈ T ⊥

x M by

〈Hx, v〉 = TrrAv (∀ v ∈ T ⊥
x M). We call the normal vector field H (: x �→ Hx) of M the

regularized mean curvature vector of M .

4. Proof of Theorem A

In this section, we shall prove Theorem A. For its purpose, we shall prepare some lemmas
(and theorems). First we shall recall the generalized Chow’s theorem, which was proved in
[HL2]. Let N be a (connected) Hilbert manifold and D a set of local (smooth) vector fields
which are defined over open sets of N . If two points x and y of N can be connected by a
piecewise smooth curve each of whose smooth segments is an integral curve of a local smooth
vector field belonging to D, then we say that x and y are D-equivalent and we denote this fact
by x ∼

D
y. Let ΩD(x) := {y ∈ N | y∼

D
x}. The set ΩD(x) is called the set of reachable points

of D starting from x. Let D∗ be the minimal set consisting of local smooth vector fields on
open sets of N which satisfies the following condition:

D ⊂ D∗ and D∗ contains the zero vector field and, for any X,Y ∈ D∗ and any a, b ∈ R,
aX + bY and [X,Y ] (which are defined on the intersection of the domains of X
and Y ) also belong to D∗.

For each x ∈ N , set D∗(x) := {Xx |X ∈ D∗ s.t. x ∈ Dom(X)}. Then the following general-
ized Chow’s theorem holds.
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THEOREM 4.1 ([HL2]). If D∗(x) = TxN for each x ∈ N ,ΩD(x) = N holds for each

x ∈ N , where (·) implies the closure of (·).
Let M be as in the statement of Theorem A. Denote by (〈 , 〉M, J ) and A the anti-

Kaehler structure and the shape tensor of M , respectively. For simplicity, we denote 〈 , 〉M
by 〈 , 〉. Let {E0} ∪ {Ei | i ∈ I } the set of all J -curvature distributions of M , where E0

is defined by (E0)x := ⋂
v∈T⊥

x M
KerAv (x ∈ M). Also, let λi and ni be the J -principal

curvature and the J -curvature normal corresponding to Ei , respectively. Denote by lxi the

complex focal hyperplane (λi)−1
x (1) of M at x. Also set (lxi )

′ := (λi)
−1
x (0). Fix x0 ∈ M . For

simplicity, set li := lx0
i and l′i := (lx0

i )
′. LetQ(x0) be the set of all points ofM connected with

x0 by a piecewise smooth curve in M each of whose smooth segments is contained in some
complex curvature sphere (which may depend on the smooth segment). By using the above
generalized Chow’s theorem, we shall show the following result.

PROPOSITION 4.2. The set Q(x0) is dense in M .

PROOF. Let DE be the set of all local (smooth) tangent vector fields on open sets ofM
which is tangent to some Ei (i �= 0) at each point of the domain. Define ΩDE

(x0), D∗
E and

D∗
E(x0) as above. By imitating the proof of Proposition 5.8 of [HL2], it is shown that D∗

E(x) =
TxM for each x ∈ M . Hence, ΩDE

(x0) = M follows from Theorem 4.1. It is clear that

ΩDE
(x0) = Q(x0). Therefore we obtainQ(x0) = M . q.e.d.

For each complex affine subspace P of T ⊥
x0
M , define IP by

IP :=
{{i ∈ I | (ni)x0 ∈ P } (0 /∈ P)
{i ∈ I | (ni)x0 ∈ P } ∪ {0} (0 ∈ P) .

Define a distributionDP onM by DP := ⊕
i∈IP Ei .

LEMMA 4.3. The following statements hold:
(i) M is regularizable.

(ii) If 0 /∈ P , then IP is finite and (
⋂
i∈IP li ) \ (⋃i∈I\IP li ) �= ∅.

(iii) If 0 ∈ P , then IP is infinite or IP = {0} and (
⋂
i∈IP \{0} l′i ) \ (⋃i∈I\IP l′i ) �= ∅,

where
⋂
i∈IP \{0} l′i means T ⊥

x0
M when IP = {0}.

PROOF. From the discreteness of the complex Coxeter group associated with M , we

can show that B := {(ni)x0 | i ∈ I } is described as B = { 1
1+aij (ni)x0 | i ∈ I0, j ∈ Z} in terms

of some finite subset I0 of I and some set {ai | i ∈ I0} of complex numbers. From this fact, the
statements in this lemma follow. q.e.d.

Assume that 0 /∈ P . Take v ∈ (
⋂
i∈IP li ) \ (⋃i∈I\IP li ). Let ṽ be a parallel normal

vector field onM with ṽx0 = v. This normal vector field ṽ is a focal normal vector field ofM .
Let fṽ be the focal map (i.e., the end point map) for ṽ and Fṽ the focal submanifold for ṽ (i.e.,
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Fṽ = fṽ(M)). Also, letLDPx be the leaf ofDP through x ∈ M . Note thatLDPx = f−1
ṽ (fṽ(x)).

Now we shall show the following homogeneous slice theorem for M .

THEOREM 4.4. If 0 /∈ P , then the leaf LDPx (⊂ T ⊥
fṽ(x)

Fṽ) is a principal orbit of the

direct sum representation of some aks-representations and a trivial representation.

We shall recall the notion of an anti-Kaehler holonomy system introduced in [Koi4]
to prove this theorem. Let (W, J, 〈 , 〉) be a (finite dimensional) anti-Kaehler space and
R (∈ W∗ ⊗ W∗ ⊗ W∗ ⊗ W) a curvature-like tensor. Also, let SOAK(W) be the identity
component of the group {B ∈ GL(W) |B∗〈 , 〉 = 〈 , 〉, [B, J ] = 0} and G a connected
complex Lie subgroup of SOAK(W). We call the triple ((W, J, 〈 , 〉), R,G) an anti-Kaehler
holonomy system if the following two conditions hold:

(i) J ◦ R(w1, w2) = R(Jw1, w2) = R(w1, w2) ◦ J for all w1, w2 ∈ W ,
(ii) R(w1, w2) ∈ LieG for all w1, w2 ∈ W .

Furthermore, if the following condition (iii) holds, then we say that the triple is symmetric:

(iii) R(gw1, gw2)gw3 = gR(w1, w2)w3 for all wi ∈ W (i = 1, 2, 3) and all g ∈ G.

Also, if G is weakly irreducible, then we say that the triple is weakly irreducible, where
the weakly irreducibility of G implies that there exists no G-invariant non-degenerate sub-
space W ′ of W with W ′ �= {0} and W ′ �= W (where the non-degeneracy of W ′ implies that
〈 , 〉|W ′×W ′ is non-degenerate). We [Koi4] proved the following fact for a weakly irreducible
symmetric anti-Kaehler holonomy system.

LEMMA 4.4.1. For a weakly irreducible symmetric anti-Kaehler holonomy system
((W, J, 〈 , 〉), R,G) with R �= 0, the G-action onW is equivalent to an aks-representation.

By using this lemma, we prove Theorem 4.4.

PROOF OF THEOREM 4.4. Set x ′ := fṽ(x). Denote by Ψ (x ′) the normal holonomy

group of Fṽ at x ′ and Ψ 0(x ′) the identity component of Ψ (x ′). Since dimT ⊥
x ′ Fṽ < ∞,

Ψ 0(x ′) is a Lie subgroup of SOAK(T ⊥
x ′ Fṽ). It is clear that Ψ 0(x ′) is not trivial. For simplic-

ity, set W := T ⊥
x ′ Fṽ . Let W = W0 ⊕W1 ⊕ · · · ⊕Wk be the weakly irreducible decomposi-

tion of the Ψ 0(x ′)-module W , where Ψ 0(x ′)|W0 = {idW0} and Wi (i = 1, . . . , k) are (non-

trivial) weakly irreducibleΨ 0(x ′)-submodules ofW . For simplicity, set Ψ 0
i (x

′) := Ψ 0(x ′)|Wi
(i = 1, . . . , k). Denote by Â the shape tensor of Fṽ and R⊥ the curvature tensor of the normal

connection of Fṽ . Also, denote by L2 the space of Hilbert-Schmidt operators of the Hilbert

space (Tx ′Fṽ, 〈 , 〉V±|Tx′Fṽ×Tx′Fṽ ) and 〈 , 〉L2 the Hilbert-Schmidt inner product of L2. De-

fine R⊥
i ∈ W∗

i ⊗W∗
i ⊗W∗

i ⊗Wi by

〈R⊥
i (w1, w2)w3, w4〉 := −1

2
〈[Âw1, Âw2 ], [Âw3, Âw4]〉L2 (w1, . . . , w4 ∈ Wi) .



ANTI-KAEHLER ISOPARAMETRIC SUBMANIFOLDS 167

Here we note that Âwj ’s (j = 1, . . . , 4) are Hilbert-Schmidt operators becauseM (hence Fṽ)
is a regularizable anti-Kaehler Fredholm submanifold with J -diagonalizable shape operators.
From the Ricci equation, [Âwj , J ] = 0 and R⊥(JX, JY ) = −R⊥(X, Y ) (X, Y ∈ Tx ′Fṽ),
we can show

〈R⊥
i (w1, w2)w3, w4〉 = 2

∑
j∈N

〈R⊥(Âw1ej , Âw2ej )w3, w4〉V± (w1, . . . , w4 ∈ Wi) ,

where {ej }∞j=1 is a J -orthonormal base of Tx ′Fṽ . By using this relation, we can show that

(Wi,R⊥
i , Ψ

0
i (x

′)) is a weakly irreducible symmetric anti-Kaehler holonomy system. Also,

from R⊥|Tx′Fṽ×Tx′Fṽ×Wi �= 0, we can show R⊥
i �= 0. Hence it follows from Lemma 4.4.1

that the Ψ 0
i (x

′)-action on Wi is equivalent to an aks-representation. Also, the Ψ 0
0 (x

′)-action

on W0 is trivial. Therefore, since LDPx is a principal orbit of Ψ 0(x ′)-action, the statement of
Theorem 4.4 follows. q.e.d.

Set (WP )x := x + (DP )x ⊕ SpanC{(ni)x | i ∈ IP \ {0}} (x ∈ M). Let γ : [0, 1] → M

be a piecewise smooth curve. In the sequel, we assume that the domains of all piecewise
smooth curves are equal to [0, 1]. If γ̇ (t) ⊥ (DP )γ (t) for each t ∈ [0, 1], then γ is said to
be horizontal with respect to DP (or DP -horizontal). Let βi (i = 1, 2) be curves in M . If

L
DP
β1(t)

= L
DP
β2(t)

for each t ∈ [0, 1], then β1 and β2 are said to be parallel with respect to DP .

By imitating the proof of Proposition 1.1 in [HL2], we can show the following fact.

LEMMA 4.5. For each DP -horizontal curve γ , there exists an one-parameter family

{hDPγ,t | 0 ≤ t ≤ 1} of holomorphic isometries hDPγ,t : (WP )γ (0) → (WP )γ (t) satisfying the
following conditions:

(i) h
DP
γ,t (L

DP
γ (0)) = L

DP
γ (t) (0 ≤ t ≤ 1),

(ii) for any x ∈ LDPγ (0), t �→ h
DP
γ,t (x) is a DP -horizontal curve parallel to γ ,

(iii) for any x ∈ LDPγ (0) and any i ∈ IP , (hDPγ,t )∗x((Ei)x) = (Ei)
h
DP
γ,t (x)

.

PROOF. First we consider the case of 0 /∈ P . Take v ∈ ⋂
i∈IP li \ (⋃i∈I\IP li ). Let

ṽ be the parallel normal vector field of M with ṽx0 = v. Let γ := fṽ ◦ γ . Define a map

ht : (WP )γ (0) → V by ht (x) := γ (t) + τ̄⊥
γ |[0,t](

−−−→
γ̄ (0)x) (x ∈ (WP )γ (0)) (see Figure 1),

where τ̄⊥
γ is the parallel translation along γ with respect to the normal connection of Fṽ .

Then it is shown that {ht | 0 ≤ t ≤ 1} is the desired one-parameter family. Next we con-
sider the case of 0 ∈ P . Take v ∈ ⋂

i∈IP \{0} l′i \ (
⋃
i∈I\IP l′i ). Let ṽ be the parallel nor-

mal vector field of M with ṽx0 = v. We define a map ν : M → S∞(1) by ν(x) := ṽx

(x ∈ M), where S∞(1) is the unit hypersphere of V centered 0. Then we have ν∗x = −Aṽx
(x ∈ M). If i ∈ IP , then we have ν∗x((Ei)x) = {−〈(ni)x, ṽx 〉X |X ∈ (Ei)x} = {0} and,
if i /∈ IP , then we have ν∗x((Ei)x) = {−〈(ni)x, ṽx 〉X |X ∈ (Ei)x} = (Ei)x . Hence we
have Ker ν∗x = (DP )x . Therefore DP is integrable and it gives a foliation on M . Denote
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FIGURE 1

by FP this foliation and D⊥
P the orthogonal complementary distribution of FP . Let U be a

neighborhood of γ (0) in LDPγ (0) such that there exists a family {ψt : U → Ut | 0 ≤ t ≤ 1}
of diffeomorphisms such that, for any x ∈ U , the curve γx (⇔

def
γx(t) := ψt (x)) is a DP -

horizontal curve, where Ut is a neighborhood of γ (t) in LDPγ (t). Note that such a family of

diffeomorphisms is called an element of holonomy along γ (with respect to FP and D⊥
P ) in

[BH]. Let � be a fundamental domain containing x0 of the complex Coxeter group of M

at x0. Denote by �x a domain of T ⊥
x M given by parallel translating � with respect to the

normal connection of M . Set Ũ := ∪
x∈U(SpanC{(ni)x | i ∈ IP \ {0}} ∩ �x), which is an open

subset of the affine subspace (WP )γ (0). Define a map ht : Ũ → (WP )γ (t) (0 ≤ t ≤ 1)

by ht (x + w) = γx(t) + τ⊥
γx |[0,t](w) (x ∈ U, w ∈ Span{(ni)x | i ∈ IP \ {0}} ∩ �x) (see

Figure 2). By imitating the proof of Lemma 1.2 in [HL2], it is shown that ht is a holomor-
phic isometry into (WP )γ (t) . Hence ht extends to a holomorphic isometry of (WP )γ (0) onto

(WP )γ (t). Denote by h̃t this holomorphic extension. It is shown that h̃t ’s gives the desired
one-parameter family by imitating the discussion in Step 3 of the proof of Proposition 1.1 in
[HL2]. q.e.d.

Fix x0 ∈ M and i0 ∈ I ∪ {0}. Take a complex affine subspace Pi0 of T ⊥
x0
M with IPi0 =

{i0}. Note thatDPi0 is equal toEi0 . Denote byΦi0(x0) the group of holomorphic isometries of

(WPi0
)x0 generated by {hEi0γ,1 | γ : Ei0 −horizontal curve s.t. γ (0), γ (1) ∈ LEi0x0 }, whereL

Ei0
x0

is the integral manifold of Ei0 through x0. Also, denote by Φ0
i0
(x0) the identity component of

Φi0(x0) and Φ0
i0
(x0)x0 the isotropy subgroup of Φ0

i0
(x0) at x0. Define an AdΦ0

i0
(x0)
(Φ0

i0
(x0))-
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FIGURE 2

invariant non-degenerate inner product 〈 , 〉 of the Lie algebra LieΦ0
i0
(x0) of Φ0

i0
(x0) by

〈X,Y 〉 := B(X, Y ) + Tr(X ◦ Y ) (X, Y ∈ LieΦ0
i0
(x0)) ,

where B is the Killing form of LieΦ0
i0
(x0) and X ◦ Y implies the composition of X and Y

regarded as linear transformations of (WPi0
)x0 . Take X ∈ LieΦ0

i0
(x0) � LieΦ0

i0
(x0)x0 . Set

g(t) := exp tX and γ (t) := g(t)x0, where exp is the exponential map of Φ0
i0
(x0). It is clear

that γ is an Ei-horizontal curve for each i ∈ I with i �= i0. Let Fγ be the holomorphic
isometry of V satisfying Fγ (γ (0)) = γ (1) and

(Fγ )∗γ (0) =

⎧⎪⎨
⎪⎩

g(1)∗γ (0) on (Ei0)γ (0)
(h
Ei
γ,1)∗γ (0) on (Ei)γ (0) (i ∈ (I ∪ {0}) \ {i0})

τ⊥
γ on T ⊥

γ (0)M .

In similar to Theorem 4.1 of [HL2], we have the following fact.

PROPOSITION 4.6. The holomorphic isometry Fγ preserves M invariantly (i.e.,
Fγ (M) = M). Furthermore, it preserves Ei (i ∈ I ∪ {0}) invariantly (i.e., Fγ ∗(Ei) = Ei).

To show this proposition, we prepare some lemmas. By imitating the proof (P163∼166)
of Proposition 3.1 in [HL2], we can show the following fact.

LEMMA 4.6.1. Let N and N̂ be full irreducible anti-Kaehler isoparametric submani-
folds with J -diagonalizable shape operators in an infinite dimensional anti-Kaehler space. If
codimCN = codimCN̂ ≥ 2, N ∩ N̂ �= ∅ and, for some x0 ∈ N ∩ N̂ , Tx0N = Tx0N̂ and if
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there exists a complex affine line l0 of T ⊥
x0
N(= T ⊥

x0
N̂) such that LDl

x0 = L
D̂l
x0 for any complex

affine line l of T ⊥
x0
N with l �= l0, then N = N̂ holds, where Dl (resp. D̂l) is the integrable

distribution on N (resp. N̂) defined for l in similar to DP .

PROOF. Let {λi | i ∈ I } (resp. {̂λi | i ∈ Î }) be the set of all J -principal curvatures
of N (resp. N̂ ), �i (resp. n̂i ) the J -curvature normal corresponding to λi (resp. λ̂i ) and
Ei (resp. Êi) the J -curvature distribution corresponding to λi (resp. λ̂i ). Denote by A
(resp. Â) the shape tensor of N (resp. N̂ ). Let E0 be the J -curvature distribution on N
with (E0)x := ⋂

v∈T⊥
x N

KerAv (x ∈ N) and Ê0 the J -curvature distribution on N̂ with

(Ê0)x := ⋂
v∈T⊥

x N̂
Ker Âv (x ∈ N̂ ). For each x ∈ N (resp. x̂ ∈ N̂ ), let Q0(x) (resp.

Q̂0(x̂)) be the set of all points of N (resp. N̂) connected with x (resp. x̂) by a piecewise
smooth curve in N (resp. N̂) each of whose smooth segments is contained in some com-
plex curvature sphere in N (resp. N̂) or some integral manifold of E0 (resp. Ê0). Take any
x ∈ Q0(x0). There exists a sequence {x0, x1, . . . , xk(= x)} such that, for each j ∈ {1, . . . , k},
xj ∈ (

⋃
i∈I L

Ei
xj−1) ∪ LE0

xj−1 holds. Assume that there exists j0 ∈ {1, . . . , k} such that

xj0 ∈ LEi0xj0−1 for some i0 ∈ I with (ni0)x0 ∈ l0. Since N is irreducible, the complex Coxeter

group associated with N is not decomposable. Furthermore, since N is full, the group is not
decomposed trivially. Hence, according to Lemma 3.8 of [Koi3], we can find a J -curvature

normal ni1 of N satisfying (ni1)x0 /∈ SpanC{(ni0)x0} ∪ SpanC{(ni0)x0}⊥ (see the final part of
the first paragraph of Section 2), where we use also codimCN ≥ 2. Furthermore, since ni1 is a
J -curvature normal, so are also infinitely many complex-constant-multiples of ni1 . Hence we
may assume that (ni1)x0 does not belong to l0 by replacing ni1 to a complex-constant-multiple

of ni1 if necessary. Denote by li0i1 the affine line in T ⊥
x0
N through (ni0)x0 and (ni1)x0 , and

set Di0i1 := Dli0i1
for simplicity. According to Theorem 4.4, L

Di0 i1
xj0−1 is a principal orbit of

the direct sum representation of some aks-representations and a trivial representation and
hence it is an anti-Kaehler isoparametric submanifold with J -diagonalizable shape operators
in (Wli0 i1

)xj0−1 of complex codimension two. Furthermore, since both (ni0)x0 and (ni1)x0 are

J -curvature normals of L
Di0 i1
xj0−1(⊂ (Wli0i1

)xj0−1) and since they are not orthogonal, it follows

from Lemma 3.8 of [Koi3] that L
Di0 i1
xj0−1 is irreducible. Hence, by the anti-Kaehler version of

Theorem D of [HOT], xj0−1 can be joined to xj0 by a piecewise smooth curve each of whose
smooth segments is tangent to one of Ei ’s (i ∈ I s.t. (ni)x0 ∈ li0i1 and (ni)x0 �= (ni0)x0).
Therefore, we can find a sequence {x0, x

′
1, . . . , x

′
k′(= x)} such that, for each j ∈ {1, . . . , k′},

x ′
j ∈ ( ⋃

i∈I s.t. (ni )x0 /∈l0
L
Ei
x ′
j−1

) ∪ LE0
x ′
j−1

holds. Hence it follows from Lemma 4.6.2 (see be-

low) that x ′
1 ∈ Q̂0(x0), x

′
2 ∈ Q̂0(x

′
1), . . . , x

′
k′−1 ∈ Q̂0(x

′
k′−2) and x ∈ Q̂0(x

′
k′−1) inductively.

Therefore we have x ∈ Q̂0(x0). From the arbitrariness of x, it follows thatQ0(x0) ⊂ Q̂0(x0).
Similarly we can show Q̂0(x0) ⊂ Q0(x0). Thus we obtain Q0(x0) = Q̂0(x0) and hence
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Q0(x0) = Q̂0(x0). Let D0
E (resp. D̂0

E) be the set of all local (smooth) vector fields ofN (resp.

N̂ ) which is tangent to some Ei (resp. Êi) (i ∈ I ∪ {0}) at each point of the domain. Since

(D0
E)

∗(x) = (E0)x ⊕ (
⊕

i∈I (Ei)x) = TxN for each x ∈ N , it follows from Theorem 4.1 that

ΩD0
E
(x0) = N . Similarly, we have ΩD̂0

E
(x0) = N̂ . Also, it is clear that ΩD0

E
(x0) = Q0(x0)

and ΩD̂0
E
(x0) = Q̂0(x0). Therefore we obtain N = N̂ . q.e.d.

LEMMA 4.6.2. Let N, N̂, x0 and l0 be as in Lemma 4.6.1. Then we have LDl
x = L

D̂l
x

for any x ∈ LE0
x0 ∪ (⋃i∈I s.t. (ni)x0 /∈l0

L
Ei
x0 ) and any complex affine line l of T ⊥

x0
N with l �= l0.

Also, we have TxN = TxN̂ for any x ∈ LE0
x0 ∪ (⋃i∈I s.t. (ni)x0 /∈l0

L
Ei
x0 ).

PROOF. Assume that x ∈ L
Ei0
x0 , where i0 is an element of {i ∈ I | (ni)x0 /∈ l0} ∪ {0}.

Take any complex affine line l of T ⊥
x0
N with l �= l0. In case of (ni0)x0 ∈ l, we have x ∈

L
Ei0
x0 ⊂ L

Dl
x0 = L

D̂l
x0 and hence LDl

x = L
D̂l
x . We consider the case of (ni0)x0 /∈ l. Take a curve

γ : [0, 1] → L
Ei0
x0 with γ (0) = x0 and γ (1) = x. Since (ni0)x0 /∈ l, γ is Dl-horizontal. For

the holomorphic isometries hDl
γ,1 : (Wl)x0 → (Wl)x and hD̂l

γ,1 : (Ŵl)x0 → (Ŵl)x as in Lemma

4.5, we have hDl
γ,1(L

Dl
x0 ) = L

Dl
x and hD̂l

γ,1(L
D̂l
x0 ) = L

D̂l
x . On the other hand, in case of i0 �= 0,

we can show h
Dl
γ,1 = h

D̂l
γ,1 by imitating the discussion from Line 7 from bottom of Page 164 to

Line 4 of Page 165 in [HL2]. Also, in case of i0 = 0, we can show h
Dl
γ,1 = h

D̂l
γ,1 by imitating

the discussion from Line 18 of Page 165 to Line 6 of Page 166 in [HL2]. Hence we obtain

L
Dl
x = L

D̂l
x . Therefore we obtain

TxN = (E0)x ⊕
(

⊕
i∈I
(Ei)x

)
=

∑
l �=l0

TxL
Dl
x =

∑
l �=l0

TxL
D̂l
x = (Ê0)x ⊕

(
⊕
i∈Î
(Êi)x

)
= TxN̂ .

This completes the proof. q.e.d.

In similar to Lemma 4.2 in [HL2], we have the following fact.

LEMMA 4.6.3. Let N be a principal orbit of an aks-representation (which is a full
irreducible anti-Kaehler isoparametric submanifold with J -diagonalizable shape operators).
Then each holomorphic isometry of the ambient (finite dimensional) anti-Kaehler space de-
fined for N in similar to the holomorphic isometry Fγ preserves N invariantly.

PROOF. Let G/K be an irreducible anti-Kaehler symmetric space and (g, τ ) the anti-
Kaehler symmetric Lie algebra associated with G/K . Set p := Ker(τ + id). Let as be a
maximal split abelian subspace of p and p = p0 + ∑

α∈�+ pα the root space decomposition

with respect to as . Set a := p0 (⊃ as). Let N be the principal orbit of the aks-representation
ρ := AdG|p : K → GL(p) through a regular element x(∈ a). Denote by A the shape tensor
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of N . Take v ∈ T ⊥
x N(= a) and let ṽ be the parallel normal vector field of N with ṽx = v.

Note that ṽρ(k)(x) = ρ(k)∗x(v) holds for any k ∈ K . Then we have TxN = ∑
α∈�+ pα and

(4.1) Aṽρ(k)(x)|ρ(k)∗x(pα) = −α
C(v)

αC(x)
id (α ∈ �+) .

For each α ∈ �+, define the section λα of the C-dual bundle (T ⊥N)∗C of T ⊥N by

(λα)ρ(k)(x) := −α
C ◦ ρ(k)−1∗x
αC(x)

(k ∈ K) .

Since ρ(k)∗x is the parallel translation along any curve c in N connecting x and ρ(k)(x)

with respect to the normal connection of N , λα is a parallel section of (T ⊥N)∗C . It fol-
lows from (4.1) that {λα | α ∈ �+} is the set of all J -principal curvatures of N . Let
Eα be the J -curvature distribution for λα . Take α0 ∈ �+ and v0 ∈ (λα0)

−1
x (1) \

(
⋃
α∈�+ s.t. α �=α0

(λα)
−1
x (1)) and set F := ρ(K) · (x + v0). It is clear that F is a focal sub-

manifold of N whose corresponding focal distribution is equal to Eα0 . Denote by Kx (resp.
Kx+v0 ) the isotropy group of the ρ(K)-action at x (resp. x + v0) and kx (resp. kx+v0 ) the

Lie algebra of Kx (resp. Kx+v0 ). The restriction of the ρ(Kx+v0)-action to T ⊥
x+v0

F is called
the slice representation of the ρ(K)-action at x + v0. It is shown that this slice representation
coincides with the normal holonomy group action of F at x+v0 and that ρ(Kx+v0) ·x is equal

to L
Eα0
x . Set Ψ (x+v0) := ρ(Kx+v0) andΨ (x) := ρ(Kx). The leafL

Eα0
x is identified with the

quotient manifold Ψ (x + v0)/Ψ (x). Take X(= adg(X)) ∈ LieΨ (x + v0)� LieΨ (x), where

X ∈ kx+v0 , and set g(t) := expΨ (x+v0)
(tX) and γ (t) := g(t) · x, where t ∈ [0, 1]. Let Fγ

be the holomorphic isometry of the ambient anti-Kaehler space satisfying Fγ (x) = γ (1),

(Fγ )∗x |(Eα0 )x
= g(1)∗x |(Eα0 )x

, (Fγ )∗x |(Eα)x = h
Eα
γ,1|(Eα)x (α ∈ �+ s.t. α �= α0) and

(Fγ )∗x |T ⊥
x N

= τ⊥
γ , where hEαγ,1 is the holomorphic isometry defined in similar to hDPγ,t in

the statement of Lemma 4.5 and τ⊥
γ is the parallel translation along γ with respect to the nor-

mal connection of N . Easily we can show h
Eα
γ,1|(Eα)x = g(1)∗x |(Eα)x and τ⊥

γ = g(1)∗x |T ⊥
x N

.

Hence we have (Fγ )∗x = g(1)∗x . Furthermore, since both Fγ and g(1) are affine transforma-
tions of the ambient anti-Kaehler space, they coincide with each other. Therefore, we obtain

Fγ (N) = g(1)(ρ(K) · x) = ρ(expG(X))(ρ(K) · x) = N . This completes the proof.

q.e.d.

By using Lemmas 4.6.1 and 4.6.3, we shall prove Proposition 4.6.

PROOF OF PROPOSITION 4.6. SinceM is a full irreducible anti-Kaehler isoparametric
submanifold with J -diagonalizable shape operators and Fγ is a holomorphic isometry of V ,

M̂ := Fγ (M) also is a full irreducible anti-Kaehler isoparametric one with J -diagonalizable

shape operators. Denote by Â the shape tensor of M̂ . Let {Ê0} ∪ {Êi | i ∈ Î } be the set
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of all J -curvature distributions on M̂ and n̂i the J -curvature normal corresponding to Êi ,
where Ê0 is a distribution on M̂ defined by (Ê0)x := ⋂

v∈T⊥
x M̂

Ker Âv (x ∈ M̂). Clearly

we may assume that Î = I and Êi = (Fγ )∗(Ei) (i ∈ I ∪ {0}). Also we have γ (1) ∈
M ∩ M̂ . Since (Fγ )∗γ (0)((ni)γ (0)) = τ⊥

γ ((ni)γ (0)) = (ni)γ (1) (i ∈ I ), we have (̂ni)γ (1) =
(ni)γ (1) (i ∈ I ∪ {0}). Also, since (Fγ )∗γ (0)((Ei)γ (0)) = (h

Ei
γ,1)∗γ (0)((Ei)γ (0)) = (Ei)γ (1)

(i ∈ (I ∪ {0}) \ {i0}), we have (Êi)γ (1) = (Ei)γ (1) (i ∈ (I ∪ {0}) \ {i0}). Also, since

(Fγ )∗γ (0)((Ei0)γ (0)) = g(1)∗γ (0)((Ei0)γ (0)) = (Ei0)γ (1), we have (Êi0)γ (1) = (Ei0)γ (1).

From these facts, we have LÊiγ (1) = L
Ei
γ (1) (i ∈ I ∪ {0}) and Tγ (1)M = Tγ (1)M̂. Let l0 be the

complex affine line through 0 and (ni0)γ (1). Take any complex affine line l of T ⊥
γ (1)M with

l �= l0. Now we shall show that LDl
γ (1) = L

D̂l
γ (1), where Dl (resp. D̂l) is the distribution on M

(resp. M̂) defined as above for l. If (ni0)γ (1) /∈ l, then γ is a Dl-horizontal curve and hence

we have Fγ (L
Dl
x0 ) = h

Dl
γ,1(L

Dl
x0 ) = L

Dl
γ (1) and hence LD̂l

γ (1) = L
Dl
γ (1). Next we consider the case

of (ni0)γ (1) ∈ l. Then we have 0 /∈ l. If there does not exist i1( �= i0) ∈ I with (ni1)γ (1) ∈ l,

then we have LDl
γ (1) = L

Ei0
γ (1) = L

Êi0
γ (1) = L

D̂l
γ (1). Next we consider the case where there exists

i1( �= i0) ∈ I with (ni1)γ (1) ∈ l. Let ṽ be a focal normal vector field of M such that the
corresponding focal distribution is equal to Dl. Since 0 /∈ l, it follows from Theorem 4.4 that

L
Dl
γ (1) is a principal orbit of the direct sum representation of aks-representations and a trivial

representation. Since (ni0)γ (1), (ni1)γ (1) ∈ l and 0 /∈ l, (ni0)γ (1) and (ni1)γ (1) are C-linearly

independent. Assume that LDl
γ (1) is reducible. Then the complex Coxeter group associated

with LDl
γ (1) is decomposable. Hence (ni0)γ (1) and (ni1)γ (1) are orthogonal and there exists no

J -curvature normal of LDl
γ (1) other than them. Therefore, LDl

γ (1) is congruent to the (extrinsic)

product of complex spheres L
Ei0
γ (1) and L

Ei1
γ (1). Similarly LDl

x0 is congruent to the (extrinsic)

product of L
Ei0
x0 and L

Ei1
x0 . Therefore we have

Fγ (L
Dl
x0
) = Fγ (L

Ei0
x0 )× Fγ (L

Ei1
x0 ) = L

Ei0
γ (1) × L

Ei1
γ (1) = L

Dl
γ (1)

and hence LD̂l
γ (1) = L

Dl
γ (1). Assume that LDl

γ (1) is irreducible. Then LDl
γ (1) is a principal orbit of

an aks-representation. Then it follows from Lemma 4.6.3 that Fγ (L
Dl
x0 ) = (Fγ |(Wl)x0

)(L
Dl
x0 ) =

L
Dl
x0 . Hence we obtain LD̂l

γ (1) = L
Dl
γ (1). Thus we obtain LD̂l

γ (1) = L
Dl
γ (1) in general. Therefore,

from Lemma 4.6.1, we obtainM = M̂ = Fγ (M), that is, Fγ (M) = M . q.e.d.

By using Proposition 4.6, we prove the following fact.

PROPOSITION 4.7. For any x ∈ Q(x0), there exists a holomorphic isometry f of V such
that f (x0) = x, f (M) = M , f∗(Ei) = Ei (i ∈ I), f (Q(x0)) = Q(x0) and that f∗x0 |T⊥

x0
M
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coincides with the parallel translation along a curve in M connecting x0 and x with respect
to the normal connection of M .

PROOF. Take a sequence {x0, x1, . . . , xk(= x)} of Q(x0) such that, for each i ∈
{0, 1, . . . , k − 1}, xi and xi+1 belong to a complex curvature sphere SC

i of M . Furthermore,

for each i ∈ {0, 1, . . . , k − 1}, we take the geodesic γi : [0, 1] → SC
i with γi(0) = xi and

γi(1) = xi+1. Set f := Fγk−1 ◦· · ·◦Fγ1 ◦Fγ0 , where Fγi (i = 0, 1, . . . , k−1) are holomorphic
isometries of V defined in similar to the above Fγ . According to Proposition 4.6, f preserves

M invariantly, f∗(Ei) = Ei (i ∈ I) and the restriction of f∗x0 to T ⊥
x0
M coincides with the

parallel translation along a curve in M connecting x0 and x with respect to the normal con-
nection of M . Also, since f preserves complex curvature spheres invariantly, it is shown that
f preservesQ(x0) invariantly. Thus f is the desired holomorphic isometry. q.e.d.

By using Propositions 4.2 and 4.7, we shall prove Theorem A.

PROOF OF THEOREM A. Take any x̂ ∈ M . Since Q(x0) = M by Proposition 4.2,
there exists a sequence {xk}∞k=1 in Q(x0) with limk→∞ xk = x̂. According to Proposition 4.7,
for each k ∈ N, there exists a holomorphic isometry fk of V with fk(x0) = xk, fk(M) =
M, fk(Q(x0)) = Q(x0) and fk(L

Ei
x0 ) = L

Ei
xk (i ∈ I ).

(Step I) In this step, we shall show that, for each i ∈ I , there exists a subsequence
{fkj }∞j=1 of {fk}∞k=1 such that {fkj |LEix0

}∞j=1 pointwisely converges to a holomorphic isometry

of LEix0 onto LEix̂ . For any point x of M , denote by (LEix )R the compact real form through

x of the complex sphere LEix satisfying 〈Tx(LEix )R, JTx(LEix )R〉 = 0, where a real form of

L
Ei
x means the fixed point set of an anti-holomorphic diffeomorphism ofLEix . Note that such a

compact real form (L
Ei
x )R of LEix is determined uniquely (see Figure 3) and that it is isometric

to an mi -dimensional sphere, where mi := dimCEi . Clearly we have fk((L
Ei
x0 )R) = (L

Ei
xk )R.

Denote by Fi the foliation on M whose leaf through x ∈ M is equal to (LEix )R. Take an Fi-

saturated tubular neighborhoodU of (LEix̂ )R inM , where "Fi-saturatedness" of U means that

(L
Ei
x )R ⊂ U for any x ∈ U . Take a base {e1, . . . , emi } of Tx0((L

Ei
x0 )R) such that the norms

||e1||, . . . , ||emi || are sufficiently small and set x̄a := expx0
(ea) (a = 1, . . . ,mi ), where expx0

is the exponential map of (LEix0 )R at x0. Since (LEix )R’s (x ∈ U ) are compact, Fi is a Haus-

dorff foliation. From this fact and the compactness of (LEix̂ )R, it follows that there exists a
subsequence {fkj }∞j=1 of {fk}∞k=1 such that {fkj (x0)}∞j=1 and {fkj (x̄a)}∞j=1 (a = 1, . . . ,mi)

converge. Set x̂ := limj→∞ fkj (x0) and x̂a := limj→∞ fkj (x̄a) (a = 1, . . . ,mi ). Since

limj→∞ fkj (x0) = x̂ and fkj ((L
Ei
x0 )R) = (L

Ei
xkj
)R, it follows from the Hausdorffness of

Fi that x̂a belongs to (LEix̂ )R (a = 1, . . . ,mi ). Denote by d0, dj (j ∈ N) and d̂ the

(Riemannian) distance functions of (LEix0 )R, (L
Ei
xkj
)R and (LEix̂ )R, respectively. Since each
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FIGURE 3

fkj |(LEix0 )R
is an isometry onto (LEixkj )R, we have dj (fkj (x0), fkj (x̄a)) = d0(x0, x̄a) and

dj (fkj (x̄a), fkj (x̄b)) = d0(x̄a, x̄b), (a, b = 1, . . . ,mi ). Hence we have d̂ (̂x, x̂a) = d0(x0, x̄a)

and d̂ (̂xa, x̂b) = d0(x̄a, x̄b) (a, b = 1, . . . ,mi). Therefore, since (LEix0 )R and (LEix̂ )R are

spheres isometric to each other, there exists a unique isometry f̄ of (LEix0 )R onto (LEix̂ )R satis-

fying f̄ (x0) = x̂ and f̄ (x̄a) = x̂a (a = 1, . . . ,mi). It is clear that f̄ is uniquely extended to a

holomorphic isometry of LEix0 onto LEix̂ . Denote by f this holomorphic extension. It is easy to

show that {fkj |(LEix0 )R
}∞j=1 pointwisely converges to f̄ . Furthermore, it follows from this fact

that {fkj |LEix0
}∞j=1 pointwisely converges to f .

(Step II) Next we shall show that, for each fixed y ∈ Q(x0), there exists a sub-
sequence {fkj }∞j=1 of {fk}∞k=1 such that {fkj (y)}∞j=1 converges. There exists a sequence

{x̄0(= x0), x̄1, . . . , x̄m(= y)} in Q(x0) such that, for each j ∈ {1, . . . ,m}, x̄j is contained

in a complex curvature sphere through x̄j−1 (which we denote by L
Ei(j)
x̄j−1

). For simplicity, we

shall consider the case ofm = 2. From the fact in Step I, there exists a subsequence {fk1
j
}∞j=1

of {fk}∞k=1 such that {fk1
j
|
L
Ei(1)
x0

}∞j=1 pointwisely converges to a holomorphic isometry f 1 of

L
Ei(1)
x0 onto L

Ei(1)
x̂ . Furthermore, by noticing limj→∞ fk1

j
(x̄1) = f 1(x̄1) and imitating the dis-

cussion in Step I, we can show that there exists a subsequence {fk2
j
}∞j=1 of {fk1

j
}∞j=1 such that

{fk2
j
|
L
Ei(2)
x̄1

}∞j=1 pointwisely converges to a holomorphic isometry f 2 of L
Ei(2)
x̄1

onto L
Ei(2)

f 1(x̄1)
.

Since y = x̄2 ∈ L
Ei(2)
x̄1

, we have limj→∞ fk2
j
(y) = f 2(y). Thus {fk2

j
}∞j=1 is the desired
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subsequence of {fkj }∞j=1.

(Step III) Let W be the complex affine span of M . Next we shall show that there
exists a subsequence {fkj }∞j=1 of {fk}∞k=1 such that {fkj |W }∞j=1 pointwisely converges to some

holomorphic isometry of W . Take a countable subset B := {wj | j ∈ N} of Q(x0) with

B = Q(x0)(= M). According to the fact in Step II, there exists a subsequence {fk1
j
}∞j=1 of

{fk}∞k=1 such that {fk1
j
(w1)}∞j=1 converges. Again, according to the fact in Step II, there exists

a subsequence {fk2
j
}∞j=1 of {fk1

j
}∞j=1 such that {fk2

j
(w2)}∞j=1 converges. In the sequel, we take

subsequences {fkl
j
}∞j=1 (l = 3, 4, 5, . . . ) inductively. It is clear that {f

k
j
j

(wl)}∞j=1 converges

for each l ∈ N, that is, {f
k
j
j

|B}∞j=1 pointwisely converges to some map f of B into M . Since

each f
k
j
j

is a holomorphic isometry and hence f
k
j
j

|W : W → W is an affine transformation,

f extends to an affine transformation of W . Denote by f̃ this extension. It is clear that
{f
k
j
j

|W }∞j=1 pointwisely converges to f̃ and that f̃ is a holomorphic isometry of W .

(Step IV) Denote by H the group generated by all holomorphic isometries of V
preserving M invariantly. Let f̃ be as in Step III. It is clear that f̃ extends to a holo-
morphic isometry of V . Denote by f̂ this extension. It is clear that f̂ (M) = M and
f̂ (x0) = limj→∞ f

k
j
j

(x0) = limj→∞ x
k
j
j

= x̂. Hence we have x̂ ∈ H ·x0. From the arbitrari-

ness of x̂, we obtain M ⊂ H · x0. On the other hand, it is clear that H · x0 ⊂ M . Therefore
we obtain H · x0 = M . q.e.d.
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