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Abstract. In this paper, we prove that, if a full irreducible infinite dimensional anti-Kaehler isoparametric
submanifold of codimension greater than one has J-diagonalizable shape operators, then it is homogeneous.

1. Introduction

In 1999, E. Heintze and X. Liu [HL2] proved that all irreducible isoparametric subman-
ifolds of codimension greater than one in the (separable) Hilbert space are homogeneous,
which is the infinite dimensional version of the homogeneity theorem for isoparametric sub-
manifolds in a (finite dimensional) Euclidean space by G. Thorbergsson ([Th]). Note that
the result of Thorbergsson states that all irreducible isoparametric submanifolds of codimen-
sion greater than two in a Euclidean space are homogeneous. In 2002, by using this result
of Heintze-Liu, U. Christ [Ch] proved that all irreducible equifocal submanifolds with flat
section of codimension greater than one in a simply connected symmetric space of compact
type are homogeneous, where we note that, in a simply connected symmetric space of com-
pact type, the notion of an equifocal submanifold coincides with that of an isoparametric
submanifold with flat section in the sense of [HLO]. In [Koil], we introduced the notion
of a complex equifocal submanifold in a symmetric space of non-compact type. Here we
note that all isoparametric submanifolds with flat section are complex equifocal. In [Koi2],
we showed that the study of complex equifocal C-submanifolds in the symmetric spaces
are reduced to that of anti-Kaehler isoparametric submanifolds in the infinite dimensional
anti-Kaehler space, where C® means the real analyticity. In this paper, we shall investigate
an anti-Kaehler isoparametric submanifold with J-diagonalizable shape operators. Accord-
ing to the discussion in [Koi2], we can show that the study of certain kind of isoparametric
submanifolds with flat section in symmetric spaces of non-compact type are reduced to that
of anti-Kaehler isoparametric submanifolds with J-diagonalizable shape operators in the in-
finite dimensional anti-Kaehler space, which is called a proper anti-Kaehler isoparametric
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submanifold in [Koi2]. L. Geatti and C. Gorodski ([GG]) introduced the notion of an isopara-
metric submanifold with diagonalizable Weingarten operators in a finite dimensional pseudo-
Euclidean space. Note that anti-Kaehler isoparametric submanifolds with J-diagonalizable
shape operators give a subclass of the class of the infinite dimensional version of isoparamet-
ric submanifolds with diagonalizable Weingarten operators (see Remark 2.1).

In this paper, we prove the following homogeneity theorem for anti-Kaehler isopara-
metric C”-submanifolds with J-diagonalizable shape operators in the infinite dimensional
anti-Kaehler space.

THEOREM A. Let M be a full irreducible anti-Kaehler isoparametric C®-submanifold
with J-diagonalizable shape operators of codimension greater than one in the infinite dimen-
sional anti-Kaehler space. Then M is homogeneous.

REMARK 1.1. This homogeneity theorem will be useful to prove homogeneity of cer-
tain kind of isoparametric submanifolds with flat section in symmetric spaces of non-compact
type, which have principal orbits of Hermann actions as homogeneous examples.

2. Basic notions and facts

In this section, we shall first recall the notion of an anti-Kaehler isoparametric sub-
manifold in the infinite dimensional anti-Kaehler space introduced in [Koi2]. Let V be
an infinite dimensional topological real vector space (or a finite dimensional real vector
space), J a continuous linear operator of V such that 72 = —id and (, ) a continu-
ous non-degenerate symmetric bilinear form of V such that (J~ X, JY y = —(X,Y) holds
for every X,Y € V. Assume that there exists an orthogonal time-space decomposition
V=V_®VyGe, (, )lvoxv, = 0,{, )lv_xv_ : negative definite, ( , )|y, xv, : pos-
itive definite) such that JV_ = V4, (V,{(, )vy) is a separable Hilbert space and that the
distance topology associated with ( , )y, coincides with the original topology of V, where
(v = —my (L) + ”‘2< , ) (wy, : the projection of V onto V). Then we call

v, (, ), J ) the anti-Kaehler space. Let M be a Hilbert manifold modelled on a separa-
ble Hilbert space (V’, {, )yr). Let {, ) be a section of the (0, 2)-tensor bundle T*M Q T*M
such that (, ), is a continuous non-degenerate symmetric bilinear form on 7, M for each
x € M and J a section of the (1, 1)-tensor bundle 7*M ® T M such that J2 = —id, VJ =0
(V : the Levi-Civita connection of ( , )), J, is a continuous linear operator of T, M for
each x € M and that (JX,JY) = —(X,Y) forevery X,Y € TM. Wecall (M, (, ),J)
an anti-Kaehler Hilbert manifold if, for each x € M, there exist distributions W1 on some
neighborhood U of x satisfying the following condition:

Foreach y € U, (W), gives an orthogonal time-space decomposition of (TyM, (, )y)
(i.e., TyM = (W_)y D (W_;,_)y, ( s )yl(W—)yX(W+)y =0, ( , )y|(W,)y><(W,)y :negative
definite and (, )yl(w,),x(w,), :positive definite), (TyM, (, )y (wy),) is isometric
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to (V/, (. )v) and Jy(Wo)y = (Wy)y, where (1, )y owa), = =7y (0 )yt
”(*W+)y( s )y (T(wy), : the projection of Ty M onto (W4.),).

Let f be an isometric immersion of an anti-Kaehler Hilbert manifold (M, ( , ), J) into an
anti-Kaehler space (V, (, ), 7). If f*(, )={(, )pmandif Jo f« = f« o J holds, then we
call (M, (, Yu, J) (or M) an anti-Kaehler submanifoldin (V, (, ), .7) immersed by f. It M
is of finite codimension and, for each v € T--M, the shape operator A, is a compact operator
with respect to f*(, )v,, then we call (M, {(, )y, J) (or M) an anti-Kaehler Fredholm
submanifold. Let M be an anti-Kaehler Fredholm submanifold. Denote by A the shape tensor
of M. Fix a unit normal vector v of M. If there exists X (#£ 0) € TM with A, X = aX+bJX,
then we call the complex number a + b+/—1 a J-eigenvalue of A, (or a J-principal curvature
of direction v) and call X a J-eigenvector for a + b/—1. Also, we call the space of all J-
eigenvectors for a + b/—1 a J-eigenspace for a + b~/—1. The J-eigenspaces are orthogonal
to one another and they are J-invariant, respectively. We call the set of all J-eigenvalues of
Ay the J-spectrum of A, and denote it by Spec;A,. Since M is an anti-Kaehler Fredholm
submanifold, the set Spec; A, \ {0} is described as follows:

Spec; Ay \ {0} = {ui|i=1,2,...}

( [il > |ist1] or "|wi| = |niv1] & Repu; > Re piyr" )
or "[uil = |pi+1| & Repu; =Repiqp & Imp; = —Im pqy > 0"

Also, the J-eigenspace for each J-eigenvalue of A, other than O is of finite dimension. We
call the J-eigenvalue u; the i-th J-principal curvature of direction v. Assume that the normal
holonomy group of M is trivial. Fix a parallel normal vector field v of M. Assume that the
number (which may be oo) of distinct J-principal curvatures of direction vy is independent
of the choice of x € M. Then we can define complex-valued functions i; (i = 1,2,...)
on M by assigning the i-th J-principal curvature of direction Uy to each x € M. We call
this function fi; the i-th J-principal curvature function of direction v. The submanifold M is
called an anti-Kaehler isoparametric submanifold if it satisfies the following condition:

The normal holonomy group of M is trivial, and, for each parallel normal vector field
v of M, the number of distinct J-principal curvatures of direction v, is independent
of the choice of x € M, each J-principal curvature function of direction v is constant
on M and it has constant multiplicity.

Let M be an anti-Kaehler Fredholm submanifold in V. Let {¢;}{°, be an orthonormal sys-
tem of Ty M. If {e;}72, U {Je;}:2, is an orthonormal base of T M, then we call {e;}7,
(rather than {e;}72, U {Je;}2,) a J-orthonormal base. If there exists a J-orthonormal base
consisting of J-eigenvectors of A,, then we say that A, is diagonalized with respect to a J -
orthonormal base (or A, is J-diagonalizable). If, for each v € T M, the shape operator A,

is J-diagonalizable, then we say that M has J-diagonalizable shape operators.
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REMARK 2.1. If A, is diagonalized with respect to a J-orthonormal base, then the
complexification Ag of A, is diagonalized with respect to an orthonormal base. In fact, if
Ay X = aX + bJ X, then we have Ag:(X +/=1JX)=(@F/—1b)(X £/—-1JX).

Let M be an anti-Kaehler isoparametric submanifold with J-diagonalizable shape oper-
ators, where we note that such a submanifold was called a proper anti-Kaehler isoparametric
submanifold in [Koi2] (in this paper, we do not use this terminology). Then, since the am-
bient space is flat and the normal holonomy group of M is trivial, it follows from the Ricci
equation that the shape operators A,, and A,, commute for arbitrary two normal vector v;
and vy of M. Hence the shape operators A,’s (v € TXLM ) are simultaneously diagonalized
with respect to a J-orthonormal base. Let {Eo} U {E;|i € I} be the family of distributions
on M such that, for each x € M, {(Eog)x} U {(Ei)x|i € I} is the set of all common J-
eigenspaces of A,’s (v € TxJ-M), where (Eg), = mveTXJ—M Ker A,. Foreachx e M, T\M

is equal to the closure (Eo)x @ (B;c;(Ei)x) of (Eo)x ® (Djc;(Ei)x). We regard T-M
(x € M) as a complex vector space by Jy 7L 0 and denote the dual space of the complex

vector space Tle by (TXJ-M )*C. Also, denote by (T+M)*C the complex vector bundle over
M having (TJ}M)’kc as the fibre over x. Let A; (i € I) be the section of (TJ-M)*(C such that
Ay = Re(Aj)x(v)id 4+ Im(X;)x (v)Jy on (E;), for any x € M and any v € TXLM. We call
X (i € I) J-principal curvatures of M and E; (i € I) J-curvature distributions of M. The
distribution E; is integrable and each leaf of E; is a complex sphere. Each leaf of E; is called
a complex curvature sphere. It is shown that there uniquely exists a normal vector field n;
of M with A; (") = (n;,-) — ~/—1{Jn;,-) (see Lemma 5 of [Koi2]). We call n; (i € I) the
J-curvature normals of M. Note that n; is parallel with respect to the normal connection of
M. Setl} := (Ai);l(l). According to (i) of Theorem 2 in [Koi2], the tangential focal set of
M at x is equal to | J;; IY. We call each I a complex focal hyperplane of M at x. Let v be
a parallel normal vector field of M. If U, belongs to at least one /;, then it is called a focal
normal vector field of M. For a focal normal vector field U, the focal map fy is defined by
f3(x) :=x + 7, (x € M). The image f5(M) is called a focal submanifold of M, which we
denote by F3. For each x € Fy, the inverse image f{l (x) is called a focal leaf of M. Denote
by T;* the complex reflection of order 2 with respect to [7 (i.e., the rotation of angle 7w having

I} as the axis), which is an affine transformation of TxLM . Let Wy be the group generated by
Ti)"s (i € I). According to Proposition 3.7 of [Koi3], W is discrete. Furthermore, it follows
from this fact that Wy is isomorphic to an affine Weyl group. This group W is independent of
the choice of x € M (up to group isomorphicness). Hence we simply denote it by YV. We call
this group the complex Coxeter group associated with M. According to Lemma 3.8 of [Koi3],
W is decomposable (i.e., it is decomposed into a non-trivial product of two discrete complex
reflection groups) if and only if there exist two J-invariant linear subspaces P; (# {0}) and
P, (# {0}) of T;-M such that T-M = P; @ P, (orthogonal direct sum), P; U P, contains all
J-curvature normals of M at x and that P; (i = 1, 2) contains at least one J-curvature normal
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of M at x. Also, according to Theorem 1 of [Koi3], M is irreducible if and only if W is not
decomposable.

Next we shall recall the notion of an aks-representation. Let (N, (, ), J) be a finite
dimensional anti-Kaehler manifold. If there exists an involutive holomorphic isometry s, of
N having p as an isolated fixed point for each p € N, then we call (N, J, (, )) an anti-
Kaehler symmetric space. Furthermore, if the isometry group of (N, J, (, )) is semi-simple,
then it is said to be semi-simple. Let G be a connected complex Lie group and K a closed
complex subgroup of G. If there exists an involutive complex automorphism p of G such that
Gg C K C G, (G, : the group of all fixed points of p, Gg : the identity component of G ),
then we call the pair (G, K) an anti-Kaehler symmetric pair. We [Koi4] showed that, for each
anti-Kaehler symmetric pair (G, K), the quotient G/K 1is an anti-Kaehler symmetric space
in a natural manner and that, conversely, from each anti-Kaehler symmetric space, an anti-
Kaehler symmetric pair arises. Let g be a complex Lie algebra and t a complex involution
of g. Then we call (g, t) an anti-Kaehler symmetric Lie algebra. We [Koi4] showed that
an anti-Kaehler symmetric Lie algebra arises from an anti-Kaehler symmetric pair and that,
conversely, an anti-Kaehler symmetric pair arises from an anti-Kaehler symmetric Lie algebra.
Let (N, J, {, )) be an irreducible anti-Kaehler symmetric space, G the identity component
of the holomorphic isometry group of (N, J, ( , )) and K the isotropy group of G at some
point xo € N, where the irreducibility implies that N is not decomposed into the non-trivial
product of two anti-Kaehler symmetric spaces. Assume that (N, J, (, )) does not have the
pseudo-Euclidean part in its de Rham decomposition. Note that an anti-Kaehler symmetric
space without pseudo-Euclidean part is not necessarily semi-simple (see [CP],[W1]). Let
G/K be an irreducible anti-Kaehler symmetric space and (g, ) the anti-Kaehler symmetric
Lie algebra associated with G/K. Also, set p := Ker(r + id). The space Ker(r — id) is equal
to the Lie algebra € of K and p is identified with T, x (G/K). Denote by Adg be the adjoint
representation of G. Define Adg|p : K — GL(p) by (Adg|p) (k) := Adg(k)|p (k € K). We
call this representation Adg|, an aks-representation (associated with G/K). Denote by adg
the adjoint representation of g. Let a; be a maximal split abelian subspace of p (see [R] or [OS]
about the definition of a maximal split abelian subspace) and p = po + >, Ay Pa the root
space decomposition with respect to as (i.e., the simultaneously eigenspace decomposition
of adg(a)z’s (a € ay)), where the space py is defined by py (= {X € p| adg(a)2(X) =
a(a)?*X foralla € a,} (a € a}) and A is the positive root system of the root system A :=
{a € af | py # {0}} under some lexicographic ordering of a}. Set a := po (D ay), j := Jex
and (, )o:=(, )ex.Itisshownthat (, )o|qa,xa, IS positive (or negative) definite, a = a; @
jasand (, )ola,xja, = 0. Note that p, = {X € pladg(a)’(X) = «®(a)?X forall a € a}
holds for each @« € A4, where oC is the complexification of & : a; — R (which is a
complex linear function over agj = a) and oC (@)%X means Re(a(c(a)z)X + Im(oe(C (a)z)jX.
Letl, := (O!(C)_l 0) (e Ayand D :=a\ UaeA+ ly. Elements of D are said to be regular.
Take x € D and let M be the orbit of the aks-representation Adg |, through x. Fromx € D,
M is a principal orbit of this representation. Denote by A the shape tensor of M. Take
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C
v € T-M(= a). Then we have Ty M = Y, Po and Aylp, = —gcg

this fact, we see that M is an anti-Kaehler Fredholm submanifold with J-diagonalizable shape

operators. Let ¥ be the parallel normal vector field of M with vy = v. Then we can show

C
that A3, lp (k) (pa) = _ZCE;;id for any k € K. Hence M is an anti-Kaehler isoparametric

id (¢ € A4). From

submanifold with J-diagonalizable shape operators.

3. Regularizability of an anti-Kaehler Fredholm submanifold

In this section, we shall define the regularizability of an anti-Kaehler Fredholm sub-
manifold with J-diagonalizable shape operators. Let (M, (, )um,J) be an anti-Kaehler
Fredholm submanifold with J-diagonalizable shape operators in an infinite dimensional
anti-Kaehler space (V, (, ), J ). Denote by A the shape tensor of M. Fix v € T+M.
Let {nili = 1,2,...} ("lwil > i1 or "|uil = [wiv1] & Rep; > Repiqr" or
"lnil = luiv1l & Repui = Repjrr & Imu; = —Imupip; > 0") be the set of all J-
eigenvalues of A, other than zero and m; the multiplicity of w;. Then we define the reg-
ularized trace Tr,A, of A, by Tr,A, = Zi m; ;. Also, we define the trace TrabSA% by
TrabsA% = milui|2. If there exist Tr, A, and TrabSA% for each v € T+ M, then we say
that M is regularizable. It is shown that, if @ is a J-eigenvalue of A, with multiplicity m,
then so is also the conjugate & of u. Hence we have Tr,A, € R. Define H, € TxLM by
(Hy,v) = Tr, Ay, Vv € TXJ-M). We call the normal vector field H (: x — H,) of M the
regularized mean curvature vector of M.

4. Proof of Theorem A

In this section, we shall prove Theorem A. For its purpose, we shall prepare some lemmas
(and theorems). First we shall recall the generalized Chow’s theorem, which was proved in
[HL2]. Let N be a (connected) Hilbert manifold and D a set of local (smooth) vector fields
which are defined over open sets of N. If two points x and y of N can be connected by a
piecewise smooth curve each of whose smooth segments is an integral curve of a local smooth
vector field belonging to D, then we say that x and y are D-equivalent and we denote this fact
by x 5 y.Let 2p(x) :={y e N|y 5 x}. The set £2p(x) is called the set of reachable points

of D starting from x. Let D* be the minimal set consisting of local smooth vector fields on
open sets of N which satisfies the following condition:

D C D* and D* contains the zero vector field and, for any X, Y € D* and any a, b € R,
aX + bY and [X, Y] (which are defined on the intersection of the domains of X
and Y) also belong to D*.

For each x € N, set D*(x) := {X, | X € D* s.t. x € Dom(X)}. Then the following general-
ized Chow’s theorem holds.
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THEOREM 4.1 ([HL2]). IfD*(x) = TyN foreachx € N, 2p(x) = N holds for each
x € N, where (-) implies the closure of (-).

Let M be as in the statement of Theorem A. Denote by ({, ), J) and A the anti-
Kaehler structure and the shape tensor of M, respectively. For simplicity, we denote { , )
by (, ). Let {Eo} U{E;|i € I} the set of all J-curvature distributions of M, where Ej
is defined by (Eo)y = ﬂUGTXLM Ker A, (x € M). Also, let A; and n; be the J-principal
curvature and the J-curvature normal corresponding to E;, respectively. Denote by [ the
complex focal hyperplane (Ai);l (1) of M at x. Also set (lf)’ = (Ai);l (0). Fix xg € M. For
simplicity, set /; := [ and I, := (I;°)'. Let Q(xo) be the set of all points of M connected with
xo by a piecewise smooth curve in M each of whose smooth segments is contained in some
complex curvature sphere (which may depend on the smooth segment). By using the above
generalized Chow’s theorem, we shall show the following result.

PROPOSITION 4.2. The set Q(xg) is dense in M.

PROOF. Let D be the set of all local (smooth) tangent vector fields on open sets of M
which is tangent to some E; (i # 0) at each point of the domain. Define £2p, (xo), DE and

D%, (xo) as above. By imitating the proof of Proposition 5.8 of [HL2], it is shown that D}, (x) =
T M for each x € M. Hence, 2p,(xo) = M follows from Theorem 4.1. It is clear that

£2p,(x0) = Q(x0). Therefore we obtain Q(xo) = M. q.e.d.

For each complex affine subspace P of TX#M , define Ip by

_ Jli e[y € P} (O ¢P)
T i€l (i), € PYUO} (OeP).

Define a distribution Dp on M by Dp := P E;.

ielp
LEMMA 4.3. The following statements hold:
(i) M is regularizable.
(i) If0 & P, then Ip is finite and ((N;cp, ) \ (Ujep g, 1) # 9.
(iii) If0 € P, then Ip is infinite or Ip = {0} and (Miczp\joy 1) \ Uiens, 1) # 9
where (;cq, (o) I: means TXLOM when Ip = {0}.

PROOF. From the discreteness of the complex Coxeter group associated with M, we
1

can show that B := {(n;)y, | i € I}isdescribedas B = {Ta,-j(”i)m |i € Iy, j € Z}interms
of some finite subset Iy of I and some set {a; | i € Iy} of complex numbers. From this fact, the
statements in this lemma follow. g.e.d.

Assume that 0 ¢ P. Take v € ((;cs, i) \ (U;ep\s, i) Let U be a parallel normal
vector field on M with Uy, = v. This normal vector field ¥ is a focal normal vector field of M.
Let fy be the focal map (i.e., the end point map) for v and Fy the focal submanifold for v (i.e.,
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Fy = fz(M)). Also, let LY be the leaf of Dp throughx € M. Notethat LY? = f5 ' ( fz(x)).
Now we shall show the following homogeneous slice theorem for M.

THEOREM 4.4. If0 ¢ P, then the leaf LxDP (C TfJ%(x)Fa) is a principal orbit of the

direct sum representation of some aks-representations and a trivial representation.

We shall recall the notion of an anti-Kaehler holonomy system introduced in [Koi4]
to prove this theorem. Let (W, J,(, )) be a (finite dimensional) anti-Kaehler space and
R(e W* @ W* @ W* ® W) a curvature-like tensor. Also, let SOk (W) be the identity
component of the group {B € GL(W)|B*(, ) = (, ), [B,J] = 0} and G a connected
complex Lie subgroup of SOk (W). We call the triple (W, J, ( , )), R, G) an anti-Kaehler
holonomy system if the following two conditions hold:

(i) JoR(wi,wy) = R(Jwy, wy) = R(wy, wp) o J forall wy, wy € W,
(ii)) R(wy, wy) € Lie G for all wy, wy € W.

Furthermore, if the following condition (iii) holds, then we say that the triple is symmetric:
(iii)) R(gwi, gw2)gws = gR(wy, wp)wsz forallw; € W (i = 1,2,3)and all g € G.

Also, if G is weakly irreducible, then we say that the triple is weakly irreducible, where
the weakly irreducibility of G implies that there exists no G-invariant non-degenerate sub-
space W' of W with W’ # {0} and W’ # W (where the non-degeneracy of W’ implies that
(', )Ylw’xw’ is non-degenerate). We [Koi4] proved the following fact for a weakly irreducible
symmetric anti-Kaehler holonomy system.

LEMMA 4.4.1. For a weakly irreducible symmetric anti-Kaehler holonomy system
(W, J,{, ), R,G)with R # 0, the G-action on W is equivalent to an aks-representation.

By using this lemma, we prove Theorem 4.4.

PROOF OF THEOREM 4.4. Set x’ := fy(x). Denote by ¥ (x’) the normal holonomy
group of Fy at x’ and ¥%(x") the identity component of ¥ (x’). Since dim Txl, F; < oo,
wO(x’) is a Lie subgroup of SOAK(TXL, F5). Tt is clear that ¥°(x’) is not trivial. For simplic-
ity, set W := TjF;. Let W = Wy & W1 @ --- & Wi be the weakly irreducible decomposi-
tion of the ¥9(x")-module W, where ¥°(x")|w, = {idw,} and W; (i = 1,..., k) are (non-
trivial) weakly irreducible ¥ (x’)-submodules of W. For simplicity, set lPl.O ") =0 |w,
(i =1,...,k). Denote by A the shape tensor of Fy and R+ the curvature tensor of the normal
connection of Fy. Also, denote by £? the space of Hilbert-Schmidt operators of the Hilbert
space (Ty Fy, ( , >Vi|TX/ FyxT, rs) and (, )2 the Hilbert-Schmidt inner product of L2, De-
fine R € W} @ W} @ W ® W; by

1 ~ -~
(Rl'J_(wl, w)W3, Wy) = _E([Awl’ sz], [Awga Aw4]>£2 (wi, ..., wg € W;).
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Here we note that ij s (j =1,...,4) are Hilbert-Schmidt operators because M (hence Fy)
is a regularizable anti-Kaehler Fredholm submanifold with J-diagonalizable shape operators.
From the Ricci equation, [A, ;»J1=0and R*(JX,JY) = —RY(X,Y) (X,Y € Ty Fy),
we can show

(Ri+ (w1, wp)ws, wa) = 2Z<RL(Xw1€j, szej')wa, wa)yy (wWi,...,wg e W),
jeN
where {e;} =1 is a J-orthonormal base of T,/ Fy. By using this relation, we can show that
(W;, RI-J-, 'Ifio(x’ )) is a weakly irreducible symmetric anti-Kaehler holonomy system. Also,
from RJ-|TX, FyxT, Fyxw; # 0, we can show RIJ- # 0. Hence it follows from Lemma 4.4.1
that the lPl.O (x’)-action on W; is equivalent to an aks-representation. Also, the lP(? (x")-action

on W is trivial. Therefore, since L)?P is a principal orbit of ¥°(x")-action, the statement of
Theorem 4.4 follows. g.e.d.

Set (Wp)x :=x 4+ (Dp)x @ Spanc{(n;)x |i € Ip \ {0}} (x € M). Lety : [0,1] - M
be a piecewise smooth curve. In the sequel, we assume that the domains of all piecewise
smooth curves are equal to [0, 1]. If y(#) L (Dp), ) for each r € [0, 1], then y is said to
be horizontal with respect to Dp (or Dp-horizontal). Let B; (i = 1,2) be curves in M. If
Lé).lzt) = LﬁD;Zt) for each t € [0, 1], then B and B; are said to be parallel with respect to Dp.
By imitating the proof of Proposition 1.1 in [HL2], we can show the following fact.

LEMMA 4.5. For each Dp-horizontal curve y, there exists an one-parameter family
{hﬁ’; |0 < t < 1} of holomorphic isometries h}?”,’ : (Wp)yo) = (Wp)y () satisfying the
following conditions:

. D D D
(@) hy,It) (Ly(i()))) = Ly(};) O=<tr=1),
Dp

(i) foranyx € Ly(O)’ t— hgf; (x) is a Dp-horizontal curve parallel to y,

(iii) foranyx e L)% andanyi € Ip, (h})})ex(Ei)x) = (Ei),0p. .
14 hy., (x)

PROOF.  First we consider the case of 0 ¢ P. Take v € [,y li \ (U;ep\y, 1) Let
U be the parallel normal vector field of M with ¥y, = v. Let ¥ := fy o y. Define a map

— . - .
he = (Wp)y) = V by li(x) := v(0) + 5 (¥(0)x) (x € (Wp)y()) (see Figure 1),

where f; is the parallel translation along y with respect to the normal connection of Fj.

Then it is shown that {h, |0 < t < 1} is the desired one-parameter family. Next we con-
sider the case of 0 € P. Take v € (Nicp\joy i \ (Uier\sp ). Let ¥ be the parallel nor-
mal vector field of M with vy, = v. We defineamap v : M — S%(1) by v(x) = 7,
(x € M), where $°°(1) is the unit hypersphere of V centered 0. Then we have v,y = —Ajz,
(x € M). If i € Ip, then we have v ((Ej)x) = {—((ni)x, 0:)X | X € (E;)x} = {0} and,
if i ¢ Ip, then we have v,y ((Ej)x) = {—{(ni)x, V)X | X € (Ei)x} = (E;j)x. Hence we
have Kerv,, = (Dp),. Therefore Dp is integrable and it gives a foliation on M. Denote
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by §p this foliation and DJ- the orthogonal complementary distribution of §p. Let U be a
neighborhood of y (0) in LP (0) such that there exists a family {y; : U — U; |0 <t < 1}
of diffeomorphisms such that, for any x € U, the curve yy ({::; yx(t) := Y (x)) is a Dp-

horizontal curve, where U; is a neighborhood of y (¢) in LP (t) Note that such a family of
diffeomorphisms is called an element of holonomy along y (with respect to Fp and DI%) in
[BH]. Let A be a fundamental domain containing xo of the complex Coxeter group of M
at xo. Denote by A, a domain of TXLM given by parallel translating A with respect to the
normal connection of M. Set U := XEUU(Span(C{(ni)x |i e Ip \ {0}} N A,), which is an open

subset of the affine subspace (Wp), ). Define a map h; : U — Wp)yy O <t <1
by hi(x + w) = ye(t) + T;;\[O.r](w) (x € U, w € Span{(n;)x|i € Ip \ {0}} N Ay) (see
Figure 2). By imitating the proof of Lemma 1.2 in [HL2], it is shown that %, is a holomor-
phic isometry into (Wp), (1) . Hence h; extends to a holomorphic isometry of (Wp), (g) onto
(Wp)y ). Denote by Z, this holomorphic extension. It is shown that E,’s gives the desired
one-parameter family by imitating the discussion in Step 3 of the proof of Proposition 1.1 in
[HL2]. g.e.d.

Fix xo € M and iy € 1 U {0}. Take a complex affine subspace P;, of TX%M with 1 Py =
{io}. Note that D Py, is equal to E;,. Denote by ®;,(xo) the group of holomorphic isometries of

(Wp[.0 )x, generated by {h 11y © Ej,—horizontal curve s.t. ¥(0), y(1) € L } where Lx0
is the integral manifold of E;, through x(. Also, denote by @DO (x0) the identity component of
D;,(x0) and (D (xo) xo the isotropy subgroup of (DO (x0) at xg. Define an Ad¢0 (xo) (<D (xo))
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invariant non-degenerate inner product ( , ) of the Lie algebra Lie dﬁl% (xp) of dﬁl% (x0) by

(X.Y):=B(X.Y) +Tr((X oY) (X.Y € Lie ®) (x0)).

where B is the Killing form of Lie dﬁl% (x0) and X o Y implies the composition of X and Y
regarded as linear transformations of (Wpio) xo- Take X € Lie <D,% (x0) © Lie <Dl% (X0)xy- Set
g(t) :=exptX and y(t) := ¢(t)xp, where exp is the exponential map of q§l% (x0). It is clear

that y is an E;-horizontal curve for each i € [ with i # io. Let F, be the holomorphic
isometry of V satisfying F), (y(0)) = y (1) and

9Dy on (Eip)y o)
(Fy)*y(O) = (hffl)*y(O) on (Ei)y(O) e (TU{OP\ {ioh)

& i
T, on Ty, )M .

In similar to Theorem 4.1 of [HL2], we have the following fact.
PROPOSITION 4.6. The holomorphic isometry F, preserves M invariantly (i.e.,
F, (M) = M). Furthermore, it preserves E; (i € I U{0}) invariantly (i.e., F,«(E;) = E;).
To show this proposition, we prepare some lemmas. By imitating the proof (P163~166)

of Proposition 3.1 in [HL2], we can show the following fact.

LEMMA 4.6.1. Let N and N be full irreducible anti-Kaehler isoparametric submani-
folds with J-diagonalizable shape operators in an infinite dimensional anti-Kaehler space. If
codimgN = codim@ﬁ >2, NN N # O and, for some xyp € N N ﬁ, Ty,N = Txoﬁ and if
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there exists a complex affine line ly of Tj&N(: Txtlv) such that Lﬁf = Lﬁf for any complex
affine line | of TXLON with | # ly, then N = N holds, where D; (resp. Dy) is the integrable
distribution on N (resp. ﬁ) defined for l in similar to Dp.

PROOF. Let {A;|i € I} (resp. {’):i i € T}) be the set of all J-principal curvatures
of N (resp. N ), X; (resp. Mm;) the J-curvature normal corresponding to A; (resp. /):,') and
E; (resp. E) the J-curvature distribution corresponding to A; (resp. /):i). Denote by A
(resp. :4\) the shape tensor of N (resp. N ). Let Eq be the J-curvature distribution on N
with (Eg)y := ﬂvETXJ_ yKerA, (x € N) and Eo the J-curvature distribution on N with

(Eo)x = mveTLﬁ Ker;\\U (x e ﬁ). For each x € N (resp. X € ﬁ), let Qo(x) (resp.

Qo(i)) be the set of all points of N (resp. N ) connected with x (resp. X) by a piecewise
smooth curve in N (resp. N ) each of whose smooth segments is contained in some com-
plex curvature sphere in N (resp. N ) or some integral manifold of Eq (resp. Eo). Take any
x € Qo(xp). There exists a sequence {xg, X1, ..., Xk (= x)} such that, foreach j € {1, ..., k},
xj € (Uies ijf'_,) U Lf_f_l holds. Assume that there exists jo € {I,...,k} such that
Xj, € Lf;g_l for some ip € I with (n;,)x, € lo. Since N is irreducible, the complex Coxeter
group associated with N is not decomposable. Furthermore, since N is full, the group is not
decomposed trivially. Hence, according to Lemma 3.8 of [Koi3], we can find a J-curvature
normal n;, of N satisfying (n;,)x, & Spanc{(niy)x,} U Span(c{(nio)xo}l (see the final part of
the first paragraph of Section 2), where we use also codim¢ N > 2. Furthermore, since n;, is a
J-curvature normal, so are also infinitely many complex-constant-multiples of n;,. Hence we
may assume that (n;, ), does not belong to [y by replacing n;, to a complex-constant-multiple
of n;, if necessary. Denote by /;;, the affine line in TxtN through (n;,)x, and (n;,)x,, and
set Djyi, = Dlioil xDJg)ill
the direct sum representation of some aks-representations and a trivial representation and
hence it is an anti-Kaehler isoparametric submanifold with J-diagonalizable shape operators
in (W ) g1 of complex codimension two. Furthermore, since both (n;,)y, and (n;, )y, are

for simplicity. According to Theorem 4.4, L is a principal orbit of

ioi]

Dji . .
J-curvature normals of L xj(?fl (C (Wi, )x),-1) and since they are not orthogonal, it follows

01
from Lemma 3.8 of [Koi3] that ijg’i'l is irreducible. Hence, by the anti-Kaehler version of
Theorem D of [HOT], x,—1 can be joined to x j, by a piecewise smooth curve each of whose
smooth segments is tangent to one of E;’s (i € I s.t. (n;)x, € lipi; and (n;)x, 7= (Mig)xy)-
Therefore, we can find a sequence {xo, x{, ..., x;,(= x)} such that, for each j € {I,...,k'},

xi€ (Uier se oo Lff yu Lf,o holds. Hence it follows from Lemma 4.6.2 (see be-
T j-1 Jj=1
low) that x| € 00(x0), x) € /Q\o(xi), ce Xy € /Q\o(xl’{,_z) and x € /Q\o(xl’{,_l) inductively.

Therefore we have x € @0 (x0). From the arbitrariness of x, it follows that Q¢ (xo) C @0 (x0).
Similarly we can show Qo(xo) C Qo(xp). Thus we obtain Qo(xg) = Qo(xo) and hence
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m = m. Let DOE (resp. ﬁ%) be the set of all local (smooth) vector fields of N (resp.
N) which is tangent to some E; (resp. E;) (i € I U {0}) at each point of the domain. Since
(DOE)*(x) = (Eo)x ® (P;c;(Ei)x) = TiN foreach x € N, it follows from Theorem 4.1 that
2py (x0) = N. Similarly, we have 275 (x0) = N. Also, it is clear that 2p0 (x0) = Qo(x0)

and [25% (x0) = Qo (x0). Therefore we obtain N = N. q.e.d.

LEMMA 4.6.2. Let N, N, xo and ly be as in Lemma 4.6.1. Then we have L)?l = L)?l
forany x € Lfoo U Ujer st (1) 2o Lf(f) and any complex affine line [ of TXJ(;N with [ # .

Also, we have TyN = Txﬁfor any x € Lfoo UUies st (1) 2o Lf(f).

E; . .
PROOF. Assume that x € Ly, where i¢ is an element of {i € I| (n;)y, ¢ lo} U {0}.
Take any complex affine line / of TXJ(;N with [ # ly. In case of (n;))y, € I, we have x €

Lf(jo C LJIC)O’ = LE)’ and hence L2 = L)I?’ . We consider the case of (n;,)x, ¢ [. Take a curve
y . [0,1] —» Lféo with y(0) = x¢ and y (1) = x. Since (n;,)x, ¢ [, vy is D;-horizontal. For
the holomorphic isometries hf”l s (Wpy, = (W))x and h?’l : (17171))60 — (W), as in Lemma
45, we have 2 (LD) = L2 and kP, (L)) = L', On the other hand, in case of i # 0,
we can show h3’1 = h?’l by imitating the discussion from Line 7 from bottom of Page 164 to

Line 4 of Page 165 in [HL2]. Also, in case of iy = 0, we can show hf”l = h3’1 by imitating

the discussion from Line 18 of Page 165 to Line 6 of Page 166 in [HL2]. Hence we obtain

Lf’ = L)?’. Therefore we obtain

T,N = (Eo)x @ (.ea (Ei)x> =Y TLY =) LY = (Eo) @ (@A(En) =T,N.
iel Il 11, iel

This completes the proof. g.e.d.
In similar to Lemma 4.2 in [HL2], we have the following fact.

LEMMA 4.6.3. Let N be a principal orbit of an aks-representation (Which is a full
irreducible anti-Kaehler isoparametric submanifold with J-diagonalizable shape operators).
Then each holomorphic isometry of the ambient (finite dimensional) anti-Kaehler space de-
fined for N in similar to the holomorphic isometry F,, preserves N invariantly.

PROOF. Let G/K be an irreducible anti-Kaehler symmetric space and (g, t) the anti-
Kaehler symmetric Lie algebra associated with G/K. Set p := Ker(r + id). Let a5 be a
maximal split abelian subspace of p and p = po + > _,c Ay Pa the root space decomposition
with respect to as. Set a := po (D a,). Let N be the principal orbit of the aks-representation
p :=Adglp : K — GL(p) through a regular element x (€ a). Denote by A the shape tensor
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of N. Take v € TXLN (= a) and let U be the parallel normal vector field of N with v, = v.
Note that U, x)(x) = p(k)«x(v) holds for any k € K. Then we have T, N = Zaem po and
a©(v)

“.1 AT 40| K (pe) = —wc—mid (@ehy).

For each o € A4, define the section Ay of the C-dual bundle (TLN )*C of TN by

a® o p(k);!

pra (k€ K).

(a)pky(x) = —

Since p (k). is the parallel translation along any curve ¢ in N connecting x and p(k)(x)
with respect to the normal connection of N, A, is a parallel section of (T+N)*C. It fol-
lows from (4.1) that {Ay | € A4} is the set of all J-principal curvatures of N. Let
E, be the J-curvature distribution for A,. Take g9 € A4 and vy € ()‘ao);l (H\
(UaeA+ St OHéao()\a);l(l)) and set F := p(K) - (x 4+ vp). Itis clear that F is a focal sub-
manifold of N whose corresponding focal distribution is equal to E,,. Denote by K (resp.
K 1v,) the isotropy group of the p(K)-action at x (resp. x + vg) and £, (resp. £x1y,) the
Lie algebra of K (resp. Ky4y,). The restriction of the p (K 4y,)-action to Tlerqu is called
the slice representation of the p(K)-action at x + vg. It is shown that this slice representation
coincides with the normal holonomy group action of F at x 4 vg and that p (K1) - x is equal
to Lfmo. Set W (x +vp) := p(Kx4v,) and ¥ (x) := p(Ky). The leaf Lfao is identified with the
quotient manifold ¥ (x 4 vo)/ ¥ (x). Take X (= ady (X)) € Lie ¥ (x + v9) © Lie ¥ (x), where
X e £y, and set g(1) = expw(HvO)(tX) and y(¢) := g(t) - x, where ¢t € [0, 1]. Let F),
be the holomorphic isometry of the ambient anti-Kaehler space satisfying F, (x) = y (1),
(Fy)sxl By = 9l (Eag)xs (Fy)sxl(Ee)e = hfﬁl(Ea)x (@ € Ay sit.a # ap) and
(Fy)*x|TXL N = ryl, where hf“l is the holomorphic isometry defined in similar to hll,)’ ? in
the statement of Lemma 4.5 and t)f- is the parallel translation along y with respect to the nor-

. . Eq
mal connection of N. Easily we can show h%1 l(Ey)y = 9(Dxxl(E,), and ryi = g(l)*x|TXLN.

Hence we have (F), ).y = g(1)4,. Furthermore, since both F,, and g(1) are affine transforma-
tions of the ambient anti-Kaehler space, they coincide with each other. Therefore, we obtain
Fy,(N) = g(1)(p(K) - x) = p(expg (X)) (p(K) - x) = N. This completes the proof.

q.e.d.

By using Lemmas 4.6.1 and 4.6.3, we shall prove Proposition 4.6.

PROOF OF PROPOSITION 4.6. Since M is a full irreducible anti-Kaehler isoparametric
submanifold with J-diagonalizable shape operators and F), is a holomorphic isometry of V,

M= F, (M) also is a full irreducible anti-Kaehler isoparametric one with J-diagonalizable
shape operators. Denote by A the shape tensor of M. Let {Eo} U {E i € T} be the set
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of all J-curvature distributions on M and 7; the J-curvature normal corresponding to E;,
where Eo is a distribution on M defined by (Eo)x = yers i Ker Xv (x € M). Clearly

we may assume that 7 =1 and E = (Fy)«(E;) (i € 1U{0}). Also we have y(1) €
M N M. Since (Fy)yy0)((ni)y ) = T;_((ni)y(O)) = (n))yq) (i € I), we have (10;), (1) =
(ni)yqy @ € 1U{0}). Also, since (Fy)wy0)((Ei)y©) = (hffl)*y(O)((Ei)y(O)) = (E)y
@ € (1 U{OP\ {io}), we have (E;j)y1) = (Ei)yq) (0 € (I U{0D \ {io}). Also, since
(F))sy 0 ((Eig)y©0) = 9y 0)(Eig)y©) = (Eig)y), we have (Ej))y ) = (Eip)y)-
From these facts, we have Lfil) = Lfil) (i€ lTU{0phand T, )M = y(l)]\?. Let [y be the
complex affine line through 0 and (”io)y(l) Take any complex affine line / of T)}(I)M with

| # lp. Now we shall show that L D where D; (resp. ﬁ;) is the distribution on M

vy — Ly(l)’
(resp. M) defined as above for [. If (nlo)y(l) ¢ 1, then y is a Dj-horizontal curve and hence
we have F), (L N = hP 1(L N = y(l) and hence LV(I) = LV(I) Next we consider the case
of (niy)y) € L. Then we have 0 ¢ I. If there does not exist i1(# io) € I with (n;),1) € [,

then we have L2 Next we consider the case where there exists

y(H — LV(I) - L)/(l) - LV(I)
i1(# io) € I with (n;),1) € . Let v be a focal normal vector field of M such that the

corresponding focal distribution is equal to D;. Since 0 ¢ /, it follows from Theorem 4.4 that
Lfé 1 is a principal orbit of the direct sum representation of aks-representations and a trivial
representation. Since (n;y)y (1), (ni)y1) € land 0 & I, (n;y), 1) and (n;,)y 1) are C-linearly
independent. Assume that L}I/)(’D is reducible. Then the complex Coxeter group associated
with Lfél) is decomposable. Hence (n;), (1) and (n;,), (1) are orthogonal and there exists no
J-curvature normal of L}I/)(’D other than them. Therefore, Lfé 1 is congruent to the (extrinsic)

E; E; .. . .
product of complex spheres L, (01) and Ly(ll). Similarly Lﬁ)’ is congruent to the (extrinsic)

Ej E;
product of L,,° and L,". Therefore we have

i D,
F),(L )—FV(L )XFV(L =1L (1)><L('1) LV(ID

and hence LDél) =L (1) Assume that L él) is irreducible. Then LD’  is a principal orbit of
an aks-representation. Then it follows from Lemma 4.6.3 that F), (L ) = (Fy |(W1)x0)(on) =

L . Hence we obtain Ly(l) = Ly(l) Thus we obtain Ly(l) = Ly(l) in general. Therefore,
from Lemma 4.6.1, we obtain M = M= F, (M), thatis, F,,(M) =M. g.e.d.

By using Proposition 4.6, we prove the following fact.

PROPOSITION 4.7. For any x € Q(xo), there exists a holomorphic isometry f of V such
that f(x0) = x, f(M) = M, f«(Ei) = E; (i € I), f(Q(x0)) = Q(xo) and that frx,|7Lum
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coincides with the parallel translation along a curve in M connecting xo and x with respect
to the normal connection of M.

PROOF. Take a sequence {xp, x1,...,xx(= x)} of Q(xo) such that, for each i €
{0,1,...,k — 1}, x; and x;4+1 belong to a complex curvature sphere S;C of M. Furthermore,
foreachi € {0, 1,...,k — 1}, we take the geodesic y; : [0, 1] — S;C with y;(0) = x; and
vi(1) = xj41. Set f :=F),_,0---0F, oFy,where F},, i =0,1, ..., k—1) are holomorphic
isometries of V defined in similar to the above F, . According to Proposition 4.6, f preserves
M invariantly, f.(E;) = E; (i € I) and the restriction of fiy, to TxtM coincides with the
parallel translation along a curve in M connecting xo and x with respect to the normal con-
nection of M. Also, since f preserves complex curvature spheres invariantly, it is shown that
f preserves Q(xo) invariantly. Thus f is the desired holomorphic isometry. q.e.d.

By using Propositions 4.2 and 4.7, we shall prove Theorem A.

PROOF OF THEOREM A. Take any X € M. Since Q(xg) = M by Proposition 4.2,
there exists a sequence {xk},fi 1 in Q(xo) with limy o0 xg = X. According to Proposition 4.7,
for each k € N, there exists a holomorphic isometry f; of V with fi(xo) = xx, fir(M) =

M, fi(Q(x0)) = O(x0) and fi(Liy) = Ly (i € D).

(Step I) In this step, we shall show that, for each i € I, there exists a subsequence
{fx; }?‘;1 of { fi}g; such that { fi,| Lf(; }?‘;1 pointwisely converges to a holomorphic isometry
of Lf(j onto L;E" . For any point x of M, denote by (Lfi)R the compact real form through
x of the complex sphere Lfi satisfying (Ty (Lf")R, J Tx(Lfi)R) = 0, where a real form of
L% means the fixed point set of an anti-holomorphic diffeomorphism of L. Note that such a
compact real form (Lf" )g of Lf" is determined uniquely (see Figure 3) and that it is isometric
to an m;-dimensional sphere, where m; := dimc E;. Clearly we have fk((Lf(j)R) = (Lfki )R-
Denote by §; the foliation on M whose leaf through x € M is equal to (Lf")R. Take an §;-
saturated tubular neighborhood U of (Lfi )R in M, where "§;-saturatedness" of U means that
(LE)R C U for any x € U. Take a base {e], oo em ) of Txo((Lf(f)R) such that the norms
lleill, ..., |lem,; || are sufficiently small and set x, := exp, (eq) (@ = 1, ..., m;), where exp,
is the exponential map of (Lf(j )R at xg. Since (Lfi)R’s (x € U) are compact, §; is a Haus-

dorff foliation. From this fact and the compactness of (Lgi)R, it follows that there exists a

subsequence { f; s of {fk}z=, such that { fg, (xo)};?i1 and { fg; ()Ea)};?‘;l (a=1,...,m)
converge. Set X := limj_ Jie; (x0) and Xa = limj_ oo Ji;(Xa) (@ = 1,...,m;). Since

limj— 00 fk; (x0) = X and fkj((Lf(j)R) = (Lfk"/_)R, it follows from the Hausdorffness of

3, that X, belongs to (L?)R (@ = 1,...,m;). Denote by do,d; (j € N) and d the

(Riemannian) distance functions of (Lf(j)R, (Lf,jj)R and (Lin)R, respectively. Since each
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. . E; - -
fkj|(LEi)R is an isometry onto (ka,- )R, we have d;(fi;(x0), fk;(Xa)) = do(xo, Xq) and
XO -
dj(fi;(Xa), fi; (%p)) = do(Xa, Xp), (a,b = 1,..., m;). Hence we have d (X, X4) = do(x0, Xa)
and d(R,,%p) = do(Za, %) (@,b = 1,...,m;). Therefore, since (Lri)g and (L) are

spheres isometric to each other, there exists a unique isometry f of (Lfg )R onto (Lin )R satis-
fying f(xo) =X and f(X,) =X, (a = 1,...,m;). Itis clear that f is uniquely extended to a
holomorphic isometry of Lf(j onto Lgi. Denote by f this holomorphic extension. It is easy to
show that { f. | , };?O

il By =t pointwisely converges to f. Furthermore, it follows from this fact
xo /R

that { fi; | L Ei };?O | pointwisely converges to f.
0

(Step II) Next we shall show that, for each fixed y € Q(xp), there exists a sub-
sequence { fx j}ﬁl of {fk}zZ, such that {fi, (y)}j,?‘):1 converges. There exists a sequence
{Xo(= x0), X1,...,Xm(= y)} in Q(xo) such that, for each j € {1,...,m}, x; is contained
in a complex curvature sphere through x;_; (which we denote by L;’E’l) ). For simplicity, we

shall consider the case of m = 2. From the fact in Step I, there exists a subsequence { f;1 }?11
J

of { fr}z such that {f}. |LEi(1) }?il pointwisely converges to a holomorphic isometry f! of
J X0

E; Ei S - _ oo .
Ly, onto LV, Furthermore, by noticing lim;_,« f;1(¥1) = f!(&1) and imitating the dis-
J
cussion in Step I, we can show that there exists a subsequence { f;2}72 of { f;1}72, such that
J J

- . E; E;

{ fka_ |, Ee) }52., pointwisely converges to a holomorphic isometry f 2 of Ly onto L fl((z)%l)’
R

1_5i(2)

Since y = ¥ € L, we have limj o0 fi2(y) = f*(y). Thus {f;2)32, is the desired
J J
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subsequence of { fi; }?‘;1.
(Step III) Let W be the complex affine span of M. Next we shall show that there
exists a subsequence { f; ;?‘;1 of { fi}g=, such that { f, IW};?‘;1 pointwisely converges to some

holomorphic isometry of W. Take a countable subset B := {w;|j € N} of Q(xp) with
B = Q(xp)(= M). According to the fact in Step II, there exists a subsequence { S }?11 of
J

{fic}2, such that { f;1 (wl)};?i1 converges. Again, according to the fact in Step II, there exists
J
a subsequence { sz_};?‘;l of { fi1 }?11 such that { fk2.(w2)}?i1 converges. In the sequel, we take
J J J
subsequences { sz_};?ozl (I =3,4,5,...) inductively. It is clear that { fk j (wl)};?‘;l converges
J J

J
each f ; is a holomorphic isometry and hence f,jlw : W — W is an affine transformation,
j j

foreach / € N, thatis, {f, ;] B}52, pointwisely converges to some map f of B into M. Since
j

f extends to an affine transformation of W. Denote by f this extension. It is clear that
{fi |W};?°: | pointwisely converges to f and that f is a holomorphic isometry of W.
J

(Step IV) Denote by H the group generated by all holomorphic isometries of V
preserving M invariantly. Let ]7 be as in Step III. It is clear that f extends to a holo-
morphic isometry of V. Denote by fthis extension. It is clear that f(M ) = M and
f(xo) = limjo0 f; f (x0) = lim— 00 X, f = X. Hence we have x € H - xo. From the arbitrari-

ness of x, we obtain M C H - xp. On the other hand, it is clear that H - xo C M. Therefore
we obtain H - xo = M. g.e.d.
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