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Abstract. The Fefferman-Stein vector-valued maximal inequalities are established for weighted Orlicz-
Morrey spaces. As an application of these inequalities, a framework of weighted Triebel-Lizorkin-Orlicz-Morrey
spaces is proposed.

1. Introduction

The main theme of this paper is the Fefferman-Stein vector-valued maximal inequalities
on weighted Orlicz-Morrey spaces. The study of vector-valued maximal inequalities was
initiated by Fefferman and Stein in [5].

After Fefferman and Stein proved vector-valued maximal inequalities in [5], a passage
to a number of important function spaces in harmonic analysis is done by many people.

In [1], the vector-valued maximal inequalities on the weighted Lebesgue spaces were
obtained. The vector-valued maximal inequalities on Orlicz spaces, in term of modular and
norm, were established in [12, Theorem 1.3.3] and [12, Theorem 1.3.5], respectively. In [29],
the vector-valued maximal inequalities was generalized to Morrey spaces.

In fact, the result in [29] provides an access to solve a conjecture proposed by Mazzu-
cato [15] for the study of Morrey type Triebel-Lizorkin spaces [26, 30]. It further inspired
the study in [7] which showed that, roughly speaking, the validity of the vector-valued max-
imal inequalities on a Banach function space X can guarantee that the Triebel-Lizorkin type
space on X is well defined and possesses atomic and molecular decompositions [7, 8]. Fur-
thermore, the extension of the vector-valued maximal inequalities to rearrangement-invariant
(r--i.) quasi-Banach spaces and the corresponding Morrey type space were obtained in [7].

In this paper, we further generalize the vector-valued maximal inequalities to weighted
Orlicz-Morrey spaces. Notice that there is another family of Orlicz-Morrey spaces studied in
[7, Section 5] but they are different from the ones given here. The weighted Orlicz-Morrey
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space M, (up’ » given in this paper is defined via the modular while the ones used in [7] My, can
be viewed as the Morrey space generated by the norm. The reader is referred to Definitions
3.1 and 4.1 to see the difference.

In this paper, for comparison and completeness, we also provide the vector-valued max-
imal inequalities on M, . Furthermore, the reader can also compare the conditions, (3.2) and
(4.7), imposed on the weight functions u(x, r) and v(x, r) for Mg),m and MY, respectively,
to see the dissimilitude between Mg, , and Mg,.

This paper is organized as follows. Section 2 provides the definitions and some pre-
liminaries on weight functions and Orlicz spaces. The weighted Orlicz-Morrey spaces are
introduced in Section 3. The main result is established in Section 4. An application of the
main result to weighted Triebel-Lizorkin-Orlicz-Morrey spaces is also given at the end of
Section 4.

2. Definitions and preliminaries

Let B(z,r) = {x € R" : |x — z| < r} denote the open ball with center z € R" and radius
r>0.Let B={B(z,r):z €R", r > 0}. Let P denote the class of polynomials on R".
We first recall the definition of the well-known Muckenhoupt weight functions.

DEFINITION 2.1. For 1 < p < 00, alocally integrable function w : R* — [0, 00) is
said to be an A, weight if

1 1 0\
sup —/ w(x)dx —/ wx) rdx < 00
seB\|Bl Jp [B| Jp

where p’ = %. A locally integrable function w : R” — [0, 00) is said to be an A| weight if

1
ﬁ/ w()dy < Cw(x), ae.x€eB
B

for some constant C > 0 which is independent of the balls B. We define Ao = Up>14,.

A function @ : [0, 400] — [0, +00] is a Young function if there exists an increasing
and left-continuous function ¢ satisfying ¢ (0) = 0 and that ¢ is neither identically zero nor
identically infinite such that

D(s) = /qu(u)du, s>0.
0

A Young function @ is said to satisfy the Az-condition if there exists a constant K > 0
such that

Q2 <Kd(1t), t>0.

We write @ € A, if it satisfies the A,-condition.



VECTOR-VALUED MAXIMAL INEQUALITIES 501

Let @ be a Young function associated with ¢. Let
v() =influ>0:¢u)=v}, 0<v=<o0.
The function ¥ defined by

t
vU(t) = / Y(w)dv, 0<t<o0
0
is called the conjugate (complementary) function of @ [2, Chapter 4, Definition 8.11].
We write @ € v/ if there exists a constant K > 0 such that
¥(2t) < K¥(1r)

where ¥ denotes the conjugate function of @.
For any o-finite measure j« on R” defined on Lebesgue measurable sets, the Orlicz space
with respect to i, L 4, consists of all Lebesgue measurable functions f satisfying

1L, = inf{x -0 / (1 f1/0dp < 1} <0,
Rn

Particularly, the weighted Orlicz space L¢ ,, associated with the Young function @ and
w € A is the collection of all Lebesgue measurable functions f such that

lfllLe, = inf{A >0 :/ D(fX))/AMwx)dx < 1} < 00.
RVl

For any o -finite measure ¢ on R", we find that

/Rn Q(f()Ddp = /0 o't : fi (1) > ahdr = /o Q(f, ()dt

where f,j‘ is the non-increasing rearrangement of f with respect to p. Obviously, L, is a
rearrangement-invariant Banach function space with respect to the measure w (x)dx. In addi-
tion, if we denote the collection of all Lebesgue measurable functions g on [0, oo] satisfying

o0
I91Lg 0,000 = inf{?» >0 1/ Q(lg(Ol/1ydr = 1} <00
0

by L (0, 00), the function space L (0, 00) is the Luxemburg representation of Lo ;, see [2,
Chapter 2, Theorem 4.10].

Moreover, any Lebesgue measurable set E, we have | xellL,, = where

NS S
o-1(1/u(E)
@~ denotes the right-continuous inverse of & given by

') =sup@(s) <t, 0<r<o0.

s>0
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Furthermore, we have the Holder inequality for Orlicz spaces. That is,

‘/Rn F@g)dux)| = CllfllLe, N9llLy,

for some C > 0 where Ly, denote the Orlicz space generated by ¥, see [23, Section
6.7.14.8].

We recall an important pair of indices used for Young function. For any Young function
@, write

@ (st)
h = ,
2 () =3 5

The lower and upper dilation indices of @ are defined by

t>0.

: . loghe (1) . loghe (1)
ipg = lim ———— and Iy = lim ————
-0+ logt t—oo logt
respectively.

For any rearrangement-invariant Banach function space X, we denote its lower and upper
Boyd indices by px and gy, respectively, see [14, Volume II, Definition 2.b.1] and [2, Chapter
5.10, Definitions 5.10 and 5.12]. Notice that the Boyd indices given in [2] are the reciprocal
of the ones given in [14].

As the Boyd indices of rearrangement-invariant Banach function space X are defined
via the boundedness of the dilation operator on the Luxemburg representation of X (see [2,
Chapter 5.10, Definitions 5.10 and 5.12]), the Boyd indices of L, and L (0, 00) are equal
by definition. Furthermore, the Boyd indices of L (0, 00) are equal to the dilation indices of
@, respectively (see [14, Volume II, Proposition 2.b.5]). Therefore, the lower and upper Boyd
indices of L, are the same as the lower and upper dilation indices of @, respectively. More
precisely,

PLe, =io, and qr,, =lo.

In addition, ® € Ao Ny ifandonlyif 1 < pr, < gr, < oo.
The proof of our main result requires some geometric properties of Banach function

spaces. We first recall the notions of p-convex and p™-power of Banach function spaces from
[22, Section 2.2].

DEFINITION 2.2. Let0 < p < co. A Banach function space X is said to be p-convex

if its norm || - || x satisfies
n L n 1
p P P p
> vl =MD il
i=1 X i=1

for any finite set {v;}!_; C X, where M is a constant independent of {v;}7_,.
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DEFINITION 2.3. Let0 < p < oo. Let X be a p-convex Banach function space. The
p'"-power of X consists of all f so that | f|!/? € X. We denote the p'"-power of X by Xip
and it is endowed with the quasi-norm

Lop
1A xp, = A7 Iy -
We find that whenever X is p-convex, then X[, is a Banach function space (see [22,
Proposition 2.23]). That s, || - || x;,, is a norm.

LEMMA 2.1. Let @ be a Young function and p be a o -finite measure. Then, for any
r <ig, Lg,, is an r-convex Banach function space.

PROOF. According to [14, Volume II, Proposition 2.b.5], we have
PLg, = sup{p : Lo, satisfies an upper p-estimate} .

Furthermore, in view of [14, Volume II, Theorem 1.f.7], forany r < pr, o Lg,, is r-convex.
Our promised result follows from the fact thatip = pr,, , - (]

For any Banach function space X, denote the associate space of X by X’. For the def-
inition of associate space, the reader is referred to [2, Chapter 1, Definitions 2.1 and 2.3].
From the above lemma, we find that the r'*-power of Lo, is a rearrangement-invariant (r.-i.)
Banach function space provided that r < ig.

As Lo, is a r.-i. Banach function space with respect to u, by using [2, Chapter 5,
Theorem 5.2], for any Lebesgue measurable set E, we have

_ w(E) _ w(E)
IXEWN Lo, ”XE”rLam

Ixell Lo, 2.1)

3. Weighted Orlicz-Morrey spaces

DEFINITION 3.1. Let @ be a Young function, w € Ax and u : R" x (0, c0) — (0, 00)
be a Lebesgue measurable function. The weighted Orlicz-Morrey space Mg, , consists of all
Lebesgue measurable functions f such that

I f s = sup [1fll(@,u,Bw) < 00
' BeB

where

I ll(@.u.B.w) = inf{/\ >0: Q(fMI/Mw(y)dy < 1} <00

M()C, V) B(x,r)
and B = B(x,r) € B.

Ifw=1and u(x,r) = r*¢(r") where ¢ (¢) is almost decreasing and ¢ (¢)¢ is almost
increasing, then the Orlicz-Morrey spaces given in Definition 3.1 reduce to the ones defined
and studied in [20] .
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The above definition of Orlicz-Morrey spaces can be further generalized. For instance,
if we replace the weighted Lebesgue measure w (x)dx by a Radon measure u satisfying some
growth conditions, then we obtain the Orlicz-Morrey spaces for p-measurable function in
[27]. In addition, another direction for further generalizing our study is the Morrey spaces for
non-doubling measures, see [25].

Furthermore, the readers are also referred to [28] for another family of Orlicz-Morrey
spaces where a study of the mapping properties of the fractional operators on this family of
Orlicz-Morrey spaces is given.

Form the preceding definition, we find that Mg, , is defined via the family of modulars

1
pp(f) = —— f O f (D ()dy. 3.1)
u(B) /s

The reader may consult [17, 21] for the study of modular and its relation with function spaces.
When w = 1, we write M f},’w as M f},. Moreover, We write M Z to denote the unweighted
Orlicz-Morrey space associated with @(r) = t”, 1 < p < oo and w = 1. Note that if we
define u to be the restriction of the measure ﬁw(x)dx on B, then we find that the norms
I Iz, and | - [l(¢.u,B.0) are identical.
We now identify the condition imposed on @, w and u so that the vector-valued maximal
inequalities are valid for weighted Orlicz-Morrey spaces.

DEFINITION 3.2. Let @ be a Young function and w € A. A Lebesgue measurable
function u : R" x (0, 00) — (0, o0) is said to be an Orlicz-Morrey weight function for Lg 4
if forany r > 0 and x € R".

iq)_l u(x,2~/r) —co-! u(x,r) (3.2)
= w(B(x,2/r)) w(B(x, 1)) .
for some C > 0 independent of r > 0 and x € R".

We also write u(B) = u(x,r) when B = B(x,r) € B.
When & (t) = P, the above condition reduces to

i( u(x,27r) )117 C< u(x,r) )i
“\oB@2m)) = oG

which is precisely, with some simple modifications on notations, the condition used in [11,
Theorem 2.1] to establish the vector-valued maximal inequality for weighted Morrey spaces.
In case u(x, t) satisfies the (uniform) doubling condition

Cilu(x, s) <u(x,t) <Cu(x,s), 0<s<t<2s, 3.3)
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then (3.2) can be rewritten in the integral form

/oo¢1< u(x,t) )ﬂ<€¢1< u(x,r) )
. oBx,1) )t ~ w(B(x,1))

because w € A ensures that w satisfies the doubling property.
Some simple conditions imposed on @, u and w can assure the validity of (3.2). For
instance, if there exists a0 < 6 < 1 such that

w(B(x,r)) <0 u(x,r)

< (3.4)
w(B(x,?2r)) u(x,2r)
for all x € R"” and r > 0, then (3.2) is valid.
In fact, according to [2, Chapter 4, Theorem 8.18], we have
1 log g(t o1
= lim Lg()’ where ¢(¢) = lim sup li(s) .
qLs, t—0+ logt s—oo DPTH(s/1)
Therefore, fix 8 € (ﬂ;’ 00), we find that
D0
o (s) < crPo1(s/1) (3.5)
for some C > 0 when ¢ is sufficiently small enough and 0 < s < oco.
Consequently, inequality (3.4) yields
El 2'] 7 ]
u(x,2’r) g u(x,r) (3.6)

w(B(x.271)) ~ w(B(x.1)
and (3.2) follows from (3.5) and (3.6).
In particular, when w € Ay and u(x, r) = w(B(x, r)*, 0 < A < 1. Then (3.2) is valid
(see [6, Theorem 9.3.3 (d)]).

The above analysis also gives us an insight to obtain the following fundamental property
for Mg, .

PROPOSITION 3.1. Let @ be a Young function, w € Ax and u : R" x (0,00) —
(0, o0) satisfies (3.3),u(x,r) > C whenr > 1 for some C > 0 and

u@,2r) _ (B, 2r) A
ulx,r)y — <a)(B(x,r)) )

3.7

for some 0 <& < 1. Then xp € Mg , forany B € B.

PROOF. Let B = B(x,r) € B. Forany z € R" and j € Z, define B; = B(z,27).
When j < 0, B(z,2/) N B(x,r) =@ if |x — z| > r + 2. In view of (3.7), we obtain

B; B;
w(Bo) Gy _ w (B Gy u(By)

(Bj)) ~ o(B;NB) ~w(BNB))’
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Therefore,
lxzll ! < ! < !
XBIl(®,u,Bj,w) = - = - =
_1, u(Bj) _1,u(Bg) ;@(Bj)\r_1 —1(u(Bo)
@ (a)(BﬂJBj)) @ (w(B((J))(w(Bé)) ) ¢ (CU(B()))

where we have the last inequality because A < 1 and w(B;) < w(By).
Moreover, as u(Bg) > C and By C B(x, r 4+ 2), we find that
C - C < u(Bo) .
w(B(x,r +2)) ~ w(Bo) ~ w(Bo)

Hence,
18 @00 < 1
(@uepe) = (p_l(_a)(B(XC:V+2))) ‘
When j > 0, since u(B;) > C, we have
I xBl(®,u,B;,0) = ! < !
T o Gl @7 Gt

Since u satisfies (3.3), we have suppei X8 l(@,4,0,0) < 00 and conclude that xp €
Mg . L]

Let 1 denote the constant function with value one for every x € R"”. We have
1

—1oulx,r)
= Lm)

1ll(@,u,B,0) = , where B =B(x,r).

In addition, we find that Condition (3.2) can be rewritten as

00
—1 -1

Z ”1”(<I>,u,B(x,21'r),w) = CHIH@M,B(XJ)@) ’

Jj=0

4. Vector-valued maximal inequalities

Let us denote the Hardy-Littlewood maximal operator by M. For any family of locally
integrable functions f = {f;}{2,, write

Mf={M/fi}iZ.

Before the presentation of the main result, we recall a crucial inequality to establish the
vector-valued maximal inequalities in weighted Orlicz-Morrey spaces, the weighted vector-
valued modular inequality for Young function.
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PROPOSITION 4.1. Letl < g < 0o, @ € Ay N 2 be a Young function, w € A;,.
Then, for any family of locally integrable functions f = { fi}{2,, we have

fR PUMS @) (x)dx < C fR (I f @) e (x)dx

for some C > 0 independent of f.

The reader is referred to [3, Chapter 4] for the proof of the above result. The unweighted
case of Proposition 4.1 was obtained in [12, Theorem 1.3.3].
We are now ready to state and prove our main result.

THEOREM 4.2. Letl < g < 00, @ € Ay N2 be a Young function, w € A, and u
be an Orlicz-Morrey weight function for Le . Then, there exists a constant C > 0 such that
for any family of locally integrable functions f = { f;}:2,, we have

IIMF e g < CHLF ol - 4.1)
PROOF. Without loss of generality, we let ””f”l"”M;‘Dm = 1. That is, for any
B(x, R) € B, we have
[ eurmimaty <ut ). (42)
B(x,R)

For any z € R" and r > 0, write B; = B(z, 2/r) and f; = fio + Z?il fij, where fl.o =
XB(z,2r) fi and f/ = XB,-H\iji, j € N. In view of w € A;,, by using Proposition 4.1 to

10 = (£ }iez, we obtain
/R (MO0 i) (x)dx < C/R @ (| 00 llia)w (x)dx
for some C > 0. As supp fl.o C B(z,2r),i € Z, inequality (4.2) assures that

f D (IMfO ) 19w (x)dx < Cu(z,2r).
Rn

We have

1 0 u(z,2r)
i) B(Z’r)q)(HMf (X)Ilm)w(X)dXSCT(Lr) =<

because inequality (3.2) yields u(z, 2r) < Cu(z, r) for some constant C > 0 independent of
ze€ R"andr > 0. Since @ € A;, we obtain

MMl llpgy < € (4.3)

for some C > 0 independent of f.
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As fzj = XB;,,\B; fi and dist(B(z, r), Bj+1\Bj) = (27 — 1)r, there is a constant C > 0
such that, forany j > l andi € Z

X OMS@) < C2 7 g0 (0) /B )y
j+1
Since [ is a Banach lattice, we find that
XB(z,r)(x)”{(Mfij)(x)}ieZ”l‘i < C2_~/"r_"XB(z,r)(X)/ I{fiM}iczlliady . 4.4
Bjti

In view of the fact that w € A;,, by using the openness property of the A;, weight function,
there exists a 1 < p < igp such that w € A,. Consequently, the Holder inequalities assert that

/ I{fiM}iczlliady
Bjt1

L

L / 7
< ( f ||{ﬁ(y)}iez||ﬁ,w(y)dy>l ( / w‘?(wdy)’
Bji1 Bj+1

1

= 71(/ “{fi(y)}iEZ“ﬁzw()’)dy> " (4.5)
(@(Bjy1)) 7P \Bjti

2(j+l)nrn

Let p be the restriction of the weighted measure w(x)dxon Bjy,. Sincel < p <ig,

1
u(Bji1)
Lg ,, is p-convex. Therefore, (L, )[p) is a Banach function space and the Holder inequality
on (L ,)[p) is valid. Hence,

f I$fi MYiezll g dy < u(Bjs DI fiYiczllja Lo | X84 Lo,
j+1

©(Bj41)

j+1,@) p
P8 @ By o)

< I Sfikiezlia 1y o (4.6)

where we use (2.1) and the fact that || - ||, , and || - [l(®,4,B,,,») are identical.
For any x € B(z, r), Inequalities (4.4)-(4.6) yield

||{(Mfij)(x)}iel||lq < I fiYiezllial(@,u,B;1,0) -

C
IxBj i l(®u, B 1,0
Applying the norm || - [[(®,u4, B(z.r),») On both sides of the above inequality, we have

IH{M )Y iezllia (@ Bz,r).0)

I xBz)l(®,u,B@zr)w)

” “{fi}iEZ”l‘? ||(<1>,u,3j+lycu)
IxBji l(®u, B 1,0

I xBz)l(®,u,B@zr),w)
”XBJ'+1 ||(<P,M,Bj+1,a))

1oy, -
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Thus, by taking the summation over j on both sides of the above inequality, the vector-valued
maximal inequality on weighted Orlicz-Morrey space follows from (3.2). [

Whenever, @(t) = tP,1 < p < 0o, Theorem 4.2 generalizes the vector-valued maximal
inequality on Morrey spaces [29] to weighted Morrey spaces. Moreover, Theorem 4.2 also
extends the weighted vector-valued inequality obtained in [1] from Lebesgue spaces to Orlicz
spaces and Morrey spaces.

There is another version of vector-valued maximal inequality on Orlicz-Morrey space. It
is associated with the Orlicz-Morrey spaces given by the following definition [7, Definition
5.11.

DEFINITION 4.1. Letv :R" x (0, 00) — (0, co) be a Lebesgue measurable function.
A locally integrable function f belongs to My, if

Ifllmy = sup IXBG.r) fllLe < 00

xeR",r>0 v(x,r)
where Lg denotes the Orlicz space associated with the Lebesgue measure on R”.

We write M7, to denote the above Orlicz-Morrey space associated with @(¢) = 17,
1 <p<oo

Notice that the above definition of M relies only on the fact that L¢ is a normed linear
space, which is independent of the condition that it is generated by modulars. On the other
hand, the weighted Orlicz-Morrey space M(’g » given in Definition (3.1) is defined via the
family of modulars (3.1).

Moreover, the above definition can be generalized to obtain the Morrey space associated
with any Banach function space X by replacing the norm || - ||, with || - || x. For instance,
in [7], the Morrey space associated with r.-i. Banach function space is introduced and it is
further extended to general Banach function spaces in [9].

1
Whenever @ (1) = 7,1 < p < oo and v(x, t) = u(x, t)?, we have M; = ./\/l;.
We state the vector-valued maximal inequality for My, in the subsequent theorem.

THEOREM 4.3. Letl < g < ooand @ € Ay N 2. If v satisfies

o
) Mxsanllte ity < oo 4.7)

i I XBx.2i+1) Lo

forallx € R" andr > 0 for some C > 0, then

VLS e | Az, < AT Hlaa | Ay,
for some A > 0 independent of f.
For the proof of the above result, the reader is referred to [7, Theorem 5.2]. When

1
()=t 1< p<oo,w=1andv(x,t) =u(x,)?, (3.2)and (4.7) are identical.



510 KWOK-PUN HO

We present an application of the vector-valued maximal inequalities in weighted Orlicz-
Morrey spaces to the study of function spaces. It follows from a general approach introduced
in [7].

We give the definition the weighted Triebel-Lizorkin-Orlicz-Morrey spaces in the fol-
lowing.

DEFINITION 4.2. Let0O < p,g < o0o. Let @ € ANy be a Young function, w € A;,
and u be an Orlicz-Morrey weight function for L¢ .. The weighted Triebel-Lizorkin-Orlicz-

Morrey space Fl“ consists of those f € S'(R")/P satisfying

q’(M;),(u)[P]

11z

. ) o0
o Ml * FI = —colliallary )y, < 00

where ¢;(x) = 2/"¢(2/x) and ¢ € S(R") satisfies
supp @ € {x e R" :1/2 < |x| <2} and |9&)|=C, 3/5=<|x]<5/3 (4.8)
for some C > 0.

Inhomogeneous weighted Triebel-Lizorkin-Orlicz-Morrey spaces are defined in a similar
way. For brevity, we leave the details to the readers.

Using the terminologies given in [7], Theorem 4.2 asserts that the pair (17, (Mg _,)(p))
is admissible, 0 < p,q < oo. Thus, [7, Theorem 3.1] assures that the weighted Triebel-
Lizorkin-Orlicz-Morrey spaces is well-defined.

THEOREM 4.4. Let0 < p,q < 0o. Let @ € Ay N2 be a Young function, w € A;,
and u be an Orlicz-Morrey weight function for L . The weighted Triebel-Lizorkin-Orlicz-

Morrey space Fl‘;‘ M i is independent of the function ¢ used in Definition 4.2.
’ D,w/LP

The weighted Triebel-Lizorkin-Orlicz-Morrey spaces share those important features of
the classical Triebel-Lizorkin spaces such as the boundedness of the ¢- transforms and the
validity of the atomic and molecular decompositions. As they are standard results from the
general approach given in [7], for simplicity, we referred the readers to [7] and [8] for details.

ACKNOWLEDGMENT. The author would like to thank the referees for their valuable
suggestions and careful reading which greatly improve the presentation and the context of
this paper.
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