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Fourth Moment of the Riemann Zeta-function with a Shift
along the Real Line

Shun SHIMOMURA

Keio University

Abstract. For the Riemann zeta-function we consider the fourth moment whose square part admits a shift
along the real line. Asymptotic formulas are obtained for the shift parameter around 0 and for the one in unbounded
regions.

1. Introduction

The asymptotic formula for the fourth moment of the Riemann zeta-function

I4(T ) :=
∫ T

0

∣∣∣∣ζ
(

1

2
+ it

)∣∣∣∣
4

dt = 1

2π2
T (log T )4 +O(T (logT )3)

was proved by Ingham [4]. Ramachandra [12], [13] gave a simplified proof of this formula,
in which the identity of Montgomery and Vaughan [9] (see also [6, §5.3]) plays an essential
role. A precise representation with lower order terms of the form

I4(T ) =
4∑
j=0

cjT (log T )j +O(T 7/8+ε)

was presented by Heath-Brown [2]. For a weighted fourth moment Motohashi established
an explicit formula based on spectral theory of automorphic forms, which brought about the

improvement � T 2/3(log T )8 on the error term above (cf. [10]).
The second moment with shift parameters∫ T

1
ζ

(
1

2
+ a + it

)
ζ

(
1

2
− b − it

)
dt

was also treated in [4], and Bettin [1] gave an asymptotic formula for unbounded shifts near
the critical line. A shifted fourth moment was discussed in [10], and an asymptotic formula
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for a twisted fourth moment presented by Hughes and Young [3] contains small shift param-
eters � (log T )−1. Concerning shifted moments of another type Kösters [8] pointed out an
interesting occurrence of the sine kernel for random matrix ensembles. For a shifted fourth
moment of the form ∫ T

0

∣∣∣∣ζ
(

1

2
+ it

)
ζ

(
1

2
+ a + it

)∣∣∣∣
2

dt

with ai = λ ∈ R we [15] studied the asymptotic behaviour in the shift range |λ| �
exp((log T )3/8−ε), in which the sine kernel appears if |λ| � (log T )−β with 0 < β ≤ 1/2.

In this paper we consider this type of fourth moment for a ∈ R. Asymptotic formulas
are obtained for a around 0 and for a in ranges unbounded as T → ∞. In deriving them we
apply the method of Ramachandra to ζ(s)ζ(s+ a). In addition to the identity of Montgomery
and Vaughan we need a summation formula related to σ−a(n) = ∑

d | n d−a , which is given

in Section 3. Our results are proved in Section 6 by using the facts described in Sections 4
and 5. Throughout this paper ε denotes an arbitrary small positive number permitted to vary
in each appearance.

2. Main results

For a ∈ R and T � 1, let

Ψ (a, T ) := 1

T

∫ T

1

∣∣∣∣ζ
(

1

2
+ it

)
ζ

(
1

2
+ a + it

)∣∣∣∣
2

dt .

Our results are stated as follows:

THEOREM 2.1. As |a| + (log T )−1 → 0,

Ψ (a, T ) = 3π−2a−4φ(a log T )
(
1 +O(|a| + (logT )−1)

)
with φ(y) := −2 + y + 4e−y − (2 + y)e−2y, the implied constant being absolute.

THEOREM 2.2. Suppose that θ(a) := |2πa|2|a| + |a|−1 = o(log T ). If a < 0,

Ψ (a, T ) = (2π)2aζ(1 − 2a)ζ(1 − a)2

(1 − 2a)ζ(2 − 2a)
T −2a log T

(
1 +O(θ(a)(logT )−1)

) ;

and if a > 0,

Ψ (a, T ) = ζ(1 + 2a)ζ(1 + a)2

ζ(2 + 2a)
log T

(
1 +O(θ(a)(logT )−1)

)
.

Here the implied constants are absolute.
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REMARK 2.1. Since y−4φ(y) = 1/6 + O(y) around y = 0, Theorem 2.1 gives
Ψ (0, T ) = (2π2)−1(log T )4

(
1 + O((log T )−1)

)
as (log T )−1 → 0, which coincides with

the result of Ingham [4].

REMARK 2.2. Let 0 < β ≤ 1. For |a| � (log T )−β (respectively, (log T )−1+β �
|a| � 1) the error term in Theorem 2.1 (respectively, Theorem 2.2) is � (log T )−β . The
formulas in Theorem 2.2 are significant for a in regions unbounded as T → ∞. Indeed, if
(log T )−ε � |a| � (log log T )1−ε, then each error term is � (log T )−1+ε.

3. Sums related to σ−a(n)

Recall the formula

Z(a, s) := ζ(s)ζ(s + a)2ζ(s + 2a)

ζ(2s + 2a)
=

∞∑
n=1

σ−a(n)2

ns

for Re(s) > max{1, 1 − 2a} (cf. [6, p. 37] or [16, (1.3.3)]). The function (xs/s)Z(a, s) with
x > 0 possesses poles at least at s = 1, 1 − a, 1 − 2a if |a| < 1/2, at s = 1 if a ≥ 1/2, and
at s = 1 − 2a if a ≤ −1/2. If a 	= 0, the residues are, respectively,

R1 := ζ(1 + 2a)ζ(1 + a)2

ζ(2 + 2a)
x ,

R1−a := ζ(1 − a)ζ(1 + a)

ζ(2)(1 − a)
x1−a

×
(

log x − 1

1 − a
+ ζ ′

ζ
(1 − a)+ ζ ′

ζ
(1 + a)− 2

ζ ′

ζ
(2)+ 2γe

)
,

R1−2a := ζ(1 − 2a)ζ(1 − a)2

(1 − 2a)ζ(2 − 2a)
x1−2a ,

where γe is the Euler constant. These three quantities are also meromorphic in a ∈ C, and are
holomorphic around a = ±1/2. Furthermore the sum of them is holomorphic around a = 0.
Indeed, for 0 < |a| < 1/16

R1 + R1−a + R1−2a = 1

2πi

∫
Δ

xs

s
Z(a, s)ds

with the positively oriented circle Δ : |s − 1| = 1/4, where the integrand (xs/s)Z(a, s)
restricted to Δ is holomorphic around a = 0. The holomorphy of the sum around a = 0 may
also be checked by a direct computation of the Laurent series expansion (cf. Section 4.1). For
x ≥ 2, restricting to a ∈ R again, we set

(3.1) Λ(a, x) :=

⎧⎪⎪⎨
⎪⎪⎩
x−1R1−2a if a ≤ −1/2 ,

x−1(R1 + R1−a + R1−2a) if −1/2 < a < 1/2 ,

x−1R1 if a ≥ 1/2 ,
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which is continuous in a ∈ R \ {±1/2}.
PROPOSITION 3.1. For a ∈ R,

∑
n≤x σ−a(n)2 = xΛ(a, x) + Ea(x), the error term

Ea(x) satisfying � x1/2−2a+ε if a ≤ 0, and � x1/2+ε if a ≥ 0. Here the implied constant
depends on ε only.

For each a, better error estimates are known [5], [11], [14]. In particular, Ea(x) �
x1/2−2a/3(log x)5 for 0 < a ≤ 3/8 (cf. [11]), while E0(x) � x1/2(log x)5 log log x (cf.
[14]). In the proof below we put emphasis on the uniformity in a.

PROOF. Let δ be a given small positive number. First we consider the case 0 ≤ a ≤
1/4 − δ. Let ω be a number such that ω ≥ x1/2. By Perron’s formula,

(3.2)
∑
n≤x

σ−a(n)2 = 1

2πi

∫ 1+δ+iω

1+δ−iω
xs

s
Z(a, s)ds +O(x1/2+δ)

with s = σ + it. The poles of the integrand inside the rectangle with vertices 1 + δ ± iω,

1/2 ± iω are s = 1, 1 − a, 1 − 2a, and hence

I 1+δ+iω
1+δ−iω − I 1+δ+iω

1/2+iω − I
1/2+iω
1/2−iω + I 1+δ−iω

1/2−iω = R1 + R1−a + R1−2a = xΛ(a, x) ,

provided that a 	= 0, where

I
z+
z− := 1

2πi

∫ z+

z−

xs

s
Z(a, s)ds .

This equality is also valid for a = 0, because both sides are holomorphic around a = 0.
Hence ∑

n≤x
σ−a(n)2 = xΛ(a, x)+ I0 − I− + I+ +O(x1/2+δ)

with I+ = −I− := I 1+δ+iω
1/2+iω and I0 := I

1/2+iω
1/2−iω . To evaluate I+ set

g(t) :=
∫ 1+δ

1/2

∣∣∣∣ζ(σ + it)ζ(σ + a + it)2ζ(σ + 2a + it)

∣∣∣∣dσ .
Since ∫ 2x1/2

x1/2
g(t)dt �

∫ 1+δ

1/2

(∫ 2x1/2

x1/2
|ζ(σ + it)|4dt

(∫ 2x1/2

x1/2
|ζ(σ + a + it)|4dt

)2

×
∫ 2x1/2

x1/2
|ζ(σ + 2a + it)|4dt

)1/4

dσ � x1/2+δ ,

we may choose ω ∈ [x1/2, 2x1/2] so that g(ω) � xδ. Then, observing ζ(2s)−1 � log t for
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1/2 ≤ σ, we have I+ � x1+δω−1 · log x · g(ω) � x1/2+3δ. Furthermore

I0 � x1/2 logω

(∫ ω

1

∣∣∣∣ζ(1/2 + it)ζ(1/2 + a + it)2ζ(1/2 + 2a + it)

∣∣∣∣dtt + δ−1
)

� x1/2 logω
(
J (0)1/4J (a)1/2J (2a)1/4 + δ−1) ,

where

J (v) :=
∫ ω

1
|ζ(1/2 + v + it)|4 dt

t
.

Integrating by parts, we have, uniformly in v ≥ 0,

J (v) � 1

ω

∫ ω

1
|ζ(1/2 + v + it)|4dt +

∫ ω

1

∫ t

1
|ζ(1/2 + v + iρ)|4dρ dt

t2
� ωδ .

This gives I0 � x1/2+2δ, the implied constant depending on δ only. Thus we obtain∑
n≤x σ−a(n)2 = xΛ(a, x) + O(x1/2+3δ) for 0 ≤ a ≤ 1/4 − δ. Next suppose that

1/4 − δ ≤ a ≤ 1/2 − 4δ. The poles are arrayed as 1 − 2a < 1/2 + 3δ < 1 − a < 1,

and hence xΛ(a, x) = R1 + R1−a + O(x1/2+3δ). In (3.2), shift of the path of integration to
σ = 1/2 + 3δ takes the right-hand side to

xΛ(a, x)+ I
1/2+3δ+iω
1/2+3δ−iω + I 1+δ+iω

1/2+3δ+iω + I 1+δ+iω
1/2+3δ+iω +O(x1/2+3δ) .

Then I 1+δ+iω
1/2+3δ+iω � x1/2+3δ and I 1/2+3δ+iω

1/2+3δ−iω � x1/2+5δ, which implies the formula with

the error term � x1/2+5δ. If a ≥ 1/2 − 4δ, then xΛ(a, x) = R1 + O(x1/2+5δ), since
1 − a < 1/2 + 5δ. Shifting the path of integration to σ = 1/2 + 5δ, and noting the bound of

|ζ(1/2 + a + it)| uniform in a ≥ 1, we similarly obtain the error term � x1/2+7δ with the

implied constant independent of a. Therefore Ea(x) � x1/2+ε for a ≥ 0. The formula for
a ≤ 0 is an immediate consequence of the fact

∑
n≤x

σ−a(n)2 =
∑
n≤x

n−2aσa(n)
2 = x−2a

∑
n≤x

σa(n)
2 + 2a

∫ x

1
ξ−2a−1

(∑
n≤ξ

σa(n)
2
)
dξ .

Thus we obtain the proposition. �

We need the following estimate as well (for the summation formula see [7]).

PROPOSITION 3.2. For a ∈ R,
∑
n≤x σ−a(n) � (1 +|a|)|x(1 − x−a)/a|, the implied

constant being absolute.

PROOF. Note that
∑
n≤x σ−a(n) = ∑

n≤x
∑
d |n d−a = ∑

m≤x
∑
d≤x/m d−a, where

the last sum satisfies, for |a| ≤ 1/2,

� x1−a ∑
m≤x

ma−1 � x1−a
(

1 +
∫ x

1
ξa−1dξ

)
= x1−a + x

a
(1 − x−a) .
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Using |ax−a/(1 − x−a)| = |Xe−X/(1 − e−X)|(log x)−1 � (1 + |X|)(log x)−1 � 1 + |a|
with X = a log x, we obtain the desired estimate for |a| ≤ 1/2. Since, for a ≥ 1/2,∑
n≤x σ−a(n) ≤ ∑

n≤x σ−1/2(n) � x, the lemma is valid for a ≥ −1/2. Hence, for

a ≤ −1/2 as well, we have
∑
n≤x σ−a(n) = ∑

n≤x n−aσa(n) ≤ x−a ∑
n≤x σa(n) �

(1 + |a|)|x(1 − x−a)/a|. This completes the proof. �

4. Lemmas

Set, for x ≥ 1 and for a ∈ R,

Φ(a, x) :=
∫ x

1
ξ−1Λ(a, ξ)dξ .

Let N be a positive integer such that x1/4 ≤ 2−Nx ≤ 2x1/4. Define related sums by

ΦN(a, x) :=
N∑
n=0

2−nΦ(a, 2−nx) , |Λ|N(a, x) :=
N∑
n=0

2−n|Λ(a, 2−nx)| ,

Φ̃N (a, x) :=
N∑
n=0

2(2a−1)nx−2aΦ(−a, 2−nx) .

Then we have the following, in which the implied constants are absolute.

LEMMA 4.1. As |a| + (log x)−1 → 0,

ΦN(a, x) = 6π−2a−4ψ(a, x)
(
1 +O(|a| + (log x)−1)

) � log x ,

Φ̃N(a, x) = 6π−2a−4x−2aψ(−a, x)(1 +O(|a| + (log x)−1)
)
,

where ψ(a, x) := −5/2 + a log x + 2(1 + a log x)x−a + x−2a/2.

In the lemma above ψ̂(a, x) := a−4ψ(a, x) satisfies ψ̂(0, x) = (log x)4/12 (cf. (4.5) in
the proof of Lemma 4.1).

LEMMA 4.2. Let a < 0. As |a log x|−1 → 0,

Φ̃N (a, x) = Λ0(−a)
1 − 22a−1 x

−2a log x
(
1 +O(|a log x|−1)

)
,

where Λ0(a) := ζ(1 + 2a)ζ(1 + a)2ζ(2 + 2a)−1.

LEMMA 4.3. As |a| + (log x)−1 → 0, |Λ|N(a, x) � ΦN(a, x)(|a| + (log x)−1).

Furthermore, if a < 0, then |Λ|N(a, x) � Φ̃N (a, x)(log x)−1 as |a log x|−1 → 0.

Let τ be a sufficiently large positive number. Set

Λ∗(a, x) := (a2 + 1)Λ(a, x) .
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LEMMA 4.4. (1) For a ∈ R,

∑
n≤τ

σ−a(n)2

n
= Φ(a, τ )+O

(
Λ∗(a, τ )

)
,

the implied constant being absolute.
(2) For a ≥ 0, if μ− 1 ≥ c0 > 0 (respectively, μ− 1 ≤ −c0 < 0),

∑
n>τ

σ−a(n)2

nμ

(
respectively,

∑
n≤τ

σ−a(n)2

nμ

)
� τ 1−μΛ∗(a, τ ) ,

the implied constant depending on c0 only.
(3) For a < 0, if μ+ 2a − 1 ≥ c0 > 0 (respectively, μ− 1 ≤ −c0 < 0), we have the

same estimate as in (2) with the implied constant depending on c0 only.

LEMMA 4.5. For a ∈ R and for σ − 1 − max{0, a} ≥ c0 > 0 (respectively, 0 < σ ≤
1 − c0 < 1),

∑
n>τ

σa(n)

nσ

(
respectively,

∑
n≤τ

σa(n)

nσ

)
� (1 + a2)τ 1−σ

∣∣∣∣1 − τa

a

∣∣∣∣ ,
the implied constant depending on c0 only.

These lemmas are verified in the remaining part of this section.

4.1. Λ(a, x) and Φ(a, x) around a = 0. The function Λ(a, x) is holomorphic for
|a| < 1/2. The Laurent series expansion of ζ(1 + a) gives the expression

Λ(a, x) = π−2l3(a, x)+ c1
2l

1
2(a, x)+ c2

2l
2
2(a, x)+ c1

1l
1
1(a, x)+ c2

1l
2
1(a, x)(4.1)

+ g0(a)x
−a log x + g1(a)x

−a + g2(a)x
−2a + g3(a).

Here cji are certain real numbers; gk(a) are holomorphic for |a| < 1/2; and

l3(a, x) := 3a−3(1 − 2ax−a log x − x−2a) ,

l12(a, x) := a−2x−a(1 − a log x − x−a) , l22(a, x) := a−2(1 − x−a)2 ,

l11(a, x) := a−1x−a(1 − x−a) , l21(a, x) := a−1(1 − x−2a) .

These functions are holomorphic around a = 0. Furthermore, for x ≥ 1, by definition

Φ(a, x) = 3π−2a−4ψ(a, x)+ c1
2l

1∗
2 (a, x)+ c2

2l
2∗
2 (a, x)+ c1

1l
1∗
1 (a, x)+ c2

1l
2∗
1 (a, x)

+ g0(a)η0(a, x)+ g1(a)η1(a, x)+ g2(a)η1(2a, x)+ g3(a) log x.

Here

ψ(a, x) = −5/2 + a log x + 2(1 + a log x)x−a + x−2a/2,

l1∗
2 (a, x) := a−3(−1/2 + ax−a log x + x−2a/2) ,
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l2∗
2 (a, x) := a−3(−3/2 + a log x + 2x−a − x−2a/2) ,

l1∗
1 (a, x) := a−2(1 − x−a)2/2 , l2∗

1 (a, x) := a−2(−1/2 + a log x + x−2a/2) ,

η0(a, x) := a−2(1 − ax−a log x − x−a) , η1(a, x) := a−1(1 − x−a) .

4.2. Proof of Lemma 4.1. Note that, for a < 1/4,∑
n≥0

(2−n)1−a log(2−nx) = log x

1 − 2a−1
− 2a−1 log 2

(1 − 2a−1)2
,(4.2)

∑
n≥0

2−n (
(2−nx)−a − 1

) = x−a − 2 + 2a

1 − 2a−1
.(4.3)

For |a| < 1/4, x ≥ 2, we have
∑
n≥0 2−nψ(a, 2−nx) = h(a, a log x), where

h(a, y) := 2(y − a′)+ 2e−y
(

y

1 − ea
′
/2

− a′ea′
/2

(1 − ea
′
/2)2

)

+ 2(e−y − 2 + ea
′
)

1 − ea
′
/2

+ e−2y − 2 + e2a′

2(1 − e2a′
/2)

with a′ := a log 2. Furthermore ψ(a, x) = h0(a log x) with

h0(y) := −5/2 + y + 2(1 + y)e−y + e−2y/2 .

Computation of the series expansion leads us to

(4.4) h(a, y)− 2h0(y) � |a|(|y| + |a|)3 ,
provided that |y| � 1, |a| < 1/4. The function h0(y) satisfies

(4.5) h0(y) = (y4/12)(1 +O(y))

for |y| � 1; and

(4.6) h0(y) � |y| + e−2y

for |y| � 1. If |y| � 1 and if |a| < 1/4, then, by (4.4) and (4.5), h(a, y)/h0(y) − 2 �
|a/y| + |a/y|4. For y ∈ R, h(a, y) − 2h0(y) � |a|(1 + e−2y), since h(0, y) ≡ 2h0(y).

Hence, if |y| � 1 and if |a| < 1/4, then, by (4.6), h(a, y)/h0(y) − 2 � |a|. Thus we have

h(a, y) = 2h0(y)
(
1 +O(|a| + |a/y| + |a/y|4)) for |a| < 1/4, which implies∑

n≥0

2−nψ(a, 2−nx) = h(a, a log x) = 2h0(a log x)
(
1 +O(|a| + (log x)−1)

)
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as |a| + (log x)−1 → 0. Note that h0(y) > h0(y
′) ≥ 0 if y > y ′ ≥ 0 or if y < y ′ ≤ 0. Since

2−Nx  x1/4, it follows that

N∑
n=0

2−nψ(a, 2−nx) = h(a, a log x)− 2−N−1h
(
a, a log(2−N−1x)

)
(4.7)

= 2h0(a log x)
(
1 +O(|a| + (log x)−1)

) � min{(a log x)4, |a| log x}
with h0(a log x) = ψ(a, x). To show the formula for ΦN(a, x) it remains to evaluate the

sums
∑N
n=0 2−nlj∗i (a, 2−nx) and

∑N
n=0 2−nηi(a, 2−nx). Write l1∗

2 (a, x) = a−3ϕ1∗
2 (a log x),

where ϕ1∗
2 (y) := −1/2 + ye−y + e−2y/2 has the properties:

(a) |ϕ1∗
2 (y)| > |ϕ1∗

2 (y
′)| if y > y ′ ≥ 0 or if y < y ′ ≤ 0;

(b) |ϕ1∗
2 (y)|  |y|3 for |y| � 1;

(c) |ϕ1∗
2 (y)| � |y| + e−2y for |y| � 1.

Then, by (4.5) and (4.6), |ϕ1∗
2 (y)| � h0(y)(1 + |y|−1) uniformly in y ∈ R. Since 2−nx > 1

for n ≤ N, we have

N∑
n=0

2−nl1∗
2 (a, 2−nx) �

N∑
n=0

2−n|a|−3
∣∣ϕ1∗

2

(
a log(2−nx)

)∣∣
� |a|−3|ϕ1∗

2 (a log x)| � a−4h0(a log x)
(|a| + (log x)−1) .

The other sums for lj∗i (a, x), ηi(a, x) and logx admit the same estimates. From (4.7) com-
bined with these estimates the first expression of Lemma 4.1 immediately follows.

To derive the formula for Φ̃N (a, x) we calculate, for x ≥ 2, |a| < 1/4,

Σ :=
∑
n≥0

2(2a−1)nx−2aψ(−a, 2−nx) =
∑
n≥0

2−nψ̃(a, 2−nx) ,

ψ̃(a, x) := x−2aψ(−a, x) = 1/2 + 2(1 − a log x)x−a − (5/2 + a log x)x−2a .

Note that ψ̃(a, x) = h̃0(a log x) with h̃0(y) := e−2yh0(−y). By (4.2) and (4.3) we have

Σ = h̃(a, a log x) with

h̃(a, y) := −e−2y
(

y

1 − e2a′
/2

− a′e2a′
/2

(1 − e2a′
/2)2

)
− (5/2)e−2y

1 − e2a′
/2

−2e−y
(

y

1 − ea
′
/2

− a′ea′
/2

(1 − ea
′
/2)2

)
+ 2e−y

1 − ea
′
/2

+ 1

satisfying h̃(a, y) − 2h̃0(y) � |a|(|a| + |y|)3 for |y| � 1, |a| < 1/4. From this we

get
∑N
n=0 2−nψ̃(a, 2−nx) = 2h̃0(a log x)(1 + O(|a| + (log x)−1)). Write l̃1∗

2 (a, x) :=
x−2al1∗

2 (−a, x) = a−3ϕ̃1∗
2 (a log x) with ϕ̃1∗

2 (y) := −1/2 + ye−y + e−2y/2 admit-

ting the same property as of ϕ1∗
2 (y). Then it follows that

∑N
n=0 2−nl̃1∗

2 (a, 2−nx) �



364 SHUN SHIMOMURA

a−4h̃0(a log x)(|a| + (log x)−1). The same estimates are verified for the sums related to

the remaining lj∗i (−a, x). Furthermore, η̃0(a, x) := x−2aη0(−a, x) = a−2ρ0(a log x) and

η̃1(a, x) := x−2aη1(−a, x) = a−1ρ1(a log x), where ρ0(y) := e−2y + ye−y − e−y and

ρ1(y) := e−y − e−2y, respectively. The functions ρi(y) satisfy
(a) |ρ0(y)|  y2 and |ρ1(y)|  |y| for |y| � 1;
(b) |ρi(y)| � e−2y + |y|e−y for |y| � 1;
(c) |ρi(y)| > |ρi(y ′)| if y < y ′ ≤ 0;

(d) there exists a positive number c(i)0 such that |ρi(y)| > |ρi(y ′)| if 0 ≤ y ′ < y ≤ c
(i)
0

and that 0 < ρi(y) � 1 if y ≥ c
(i)
0 .

Hence, if a log x ≤ 0 or if a log x � 1,

N∑
n=0

2−nη̃0(a, 2−nx) � a−2|ρ0(a log x)| � a−4h̃0(a log x)
(
a2 + (log x)−2) ,

and otherwise, � a−2 � a−4h̃0(a log x) · a2. Combining the facts above, we arrive at the
second formula of Lemma 4.1.

4.3. Proof of Lemma 4.2. By (4.2), for a < 0,

(4.8)
N∑
n=0

2(2a−1)n log(2−nx) = log x

1 − 22a−1

(
1 +O(|a log x|−1)

)
,

since 2−Nx  x1/4. Recalling (3.1) for |a| < 1/2, we write

(4.9) Λ(a, x) = Λ0(a)+Λ1(a)x
−a +Λ2(a)x

−a log x + Λ0(−a)
1 − 2a

x−2a

with Λ2(a) := ζ(1 − a)ζ(1 + a)(1 − a)−1/ζ(2),

Λ1(a) := −ζ(1 − a)ζ(1 + a)

ζ(2)(1 − a)2

(
1 − (1 − a)

(
ζ ′

ζ
(1 − a)+ ζ ′

ζ
(1 + a)− 2

ζ ′

ζ
(2)+ 2γe

))

and Λ0(a) as in Lemma 4.2. Suppose that −1/2 < a < 0. By definition

Φ(−a, x) = Λ0(−a) logx +Λ1(−a)η1(−a, x)+Λ2(−a)η0(−a, x)+ Λ0(a)

1 + 2a
η1(−2a, x) .

Observe that η0(−a, x) = a−2ϕ∗
0 (−a log x), where ϕ∗

0 (y) := 1 − ye−y − e−y is monotone
increasing and bounded for y ≥ 0. Then

∣∣∣∣ Λ2(−a)
Λ0(−a) log x

N∑
n=0

2(2a−1)nη0(−a, 2−nx)
∣∣∣∣ � |a log x|−1ϕ∗

0(−a log x) � |a log x|−1
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as |a log x|−1 → 0. Similarly

∣∣∣∣ 1

Λ0(−a) log x

N∑
n=0

2(2a−1)n
(
Λ1(−a)η1(−a, 2−nx)+ Λ0(a)

1 + 2a
η1(−2a, 2−nx)

)∣∣∣∣
is also � |a log x|−1. Combining these estimates with (4.8) we obtain the asymptotic formula
for −1/2 < a < 0. In the case a ≤ −1/2, the desired formula immediately follows from
Φ(−a, x) = Λ0(−a) logx. Thus the lemma is verified.

4.4. Proof of Lemma 4.3. We need the following:

LEMMA 4.6. As |a| + (log x)−1 → 0, Λ(a, x)  l3(a, x) (> 0).

PROOF. Recall expression (4.1) with l3(a, x) = 3a−3ϕ3(a log x) and l12(a, x) =
a−2ϕ1

2(a log x), where ϕ3(y) = 1 − 2ye−y − e−2y and ϕ1
2(y) := e−y(1 − y − e−y). These

functions satisfy |ϕ3(y)|  |y|3 and |ϕ1
2(y)|  y2 for |y| � 1. If |a log x| � 1, then

l12(a, x)/ l3(a, x) � |aϕ1
2(a log x)/ϕ3(a log x)|  (log x)−1, and if |a log x| � 1, then

l12(a, x)/ l3(a, x) � |a|. Hence we have l12(a, x)/ l3(a, x) � |a| + (log x)−1. Similarly

l3(a, x)
−1

(|l22(a, x)| + |l11(a, x)| + |l21(a, x)| + x−a log x + x−2a + 1
) � |a| + (log x)−1.

These estimates imply the lemma. �

LEMMA 4.7. Let 0 < β ≤ 1. Then, Λ(a, x) � (1 + x−2a)(log x)3β if |a| �
(log x)−β. Furthermore, as |a log x|−1 → 0, Λ(a, x)  Λ0(a) if a > 0 (respectively,

Λ(a, x)  (1 − 2a)−1Λ0(−a)x−2a if a < 0).

PROOF. If 0 ≤ a � (log x)−β, then, by Lemma 4.6,

Λ(a, x)  l3(a, x) = 3|a−3ϕ3(a log x)| � min{(log x)3, a−3} � (log x)3β ,

since |ϕ3(y)| = |1 − 2ye−y − e−2y | � min{y3, 1} for y ≥ 0. Using |ϕ3(y)| �
e−2y min{|y|3, 1} for y ≤ 0, we have Λ(a, x) � x−2a(log x)3β if 0 ≤ −a � (log x)−β.
If 0 < a < 1/2 (respectively, −1/2 < a < 0) and if (a log x)−1 is sufficiently small, we

obtain from (4.9) that Λ(a, x)  Λ0(a) (respectively,  (1 − 2a)−1Λ0(−a)x−2a), since
(1 + |a| logx)x−|a| � exp(−|a| log x/2). If a ≥ 1/2 (respectively, a ≤ −1/2) the same
estimate immediately follows. �

To prove Lemma 4.3 we first suppose that |a| + (log x)−1 is sufficiently small. Since

2−Nx  x1/4, (log(2−nx))−1  (log x)−1 for n ≤ N. Using Lemma 4.6 and observing that
ϕ3(y) is monotone increasing for y ∈ R, we have

|Λ|N(a, x) =
N∑
n=0

2−n|Λ(a, 2−nx)| �
N∑
n=0

2−nl3(a, 2−nx) � l3(a, x) .
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By Lemma 4.1, ΦN(a, x)  a−4ψ(a, x) = a−4h0(a log x). Estimates (4.5) and (4.6) yield
ϕ3(y)/h0(y) � 1 + |y|−1 uniformly in y ∈ R. Hence

|Λ|N(a, x)/ΦN(a, x) � |aϕ3(a log x)/h0(a log x)| � |a| + (log x)−1

as |a| + (log x)−1 → 0. If a < 0, then, by Lemma 4.7, Λ(a, x) � Λ0(−a)x−2a as

|a log x|−1 → 0. Hence by Lemma 4.2, |Λ|N(a, x) � Λ0(−a)x−2a � Φ̃N (a, x)(log x)−1.

Thus we obtain Lemma 4.3.

4.5. Proof of Lemma 4.4. Lemma 4.4 immediately follows from Lemma 4.7 and the
following with c0 > 0:

LEMMA 4.8. (1) Suppose that a ≥ 0. For μ− 1 ≥ c0 (respectively, μ− 1 ≤ −c0),∫ ∞

x

ξ−μΛ(a, ξ)dξ
(

respectively,
∫ x

1
ξ−μΛ(a, ξ)dξ

)
� x1−μΛ(a, x)

|μ− 1| ,

the implied constant depending on c0 only.
(2) Suppose that a < 0. For μ+ 2a− 1 ≥ c0 (respectively, μ− 1 ≤ −c0), the integral

above is � |μ− 1|−1(|a| + 1)x1−μΛ(a, x), the implied constant depending on c0 only.

Indeed, for example, in the case a < 0, denoting Σ(a, x) := ∑
n≤x σ−a(n)2 and using

Proposition 3.1, we derive∑
n≤τ

σ−a(n)2

n
= τ−1Σ(a, τ)+

∫ τ

1
ξ−2Σ(a, ξ)dξ

= Λ(a, τ)+
∫ τ

1
ξ−1Λ(a, ξ)dξ +O(τ−2a−1/2+ε + 1)

= Φ(a, τ )+O
(
(1 + |a|)Λ(a, τ )) = Φ(a, τ )+O

(
Λ∗(a, τ )

)
with the absolute implied constants, and if μ+ 2a − 1 ≥ c0,∑

n>τ

σ−a(n)2

nμ
= τ−μΣ(a, τ )+ μ

∫ ∞

τ

ξ−μ−1Σ(a, ξ)dξ

� τ 1−μΛ(a, τ )+ μ

∫ ∞

τ

ξ−μΛ(a, ξ)dξ + μτ−2a+1/2−μ+ε

|2a + μ| + 1

� (1 + |a|)τ 1−μ(Λ(a, τ )+O(τ−2a)) � (1 + |a|)2τ 1−μΛ(a, τ ) � τ 1−μΛ∗(a, τ )

with the implied constants depending on c0 only.

4.5.1. Proof of Lemma 4.8 in the case a ≥ 0
Suppose that μ− 1 ≥ c0. We have∫ ∞

x

ξ−μΛ(a, ξ)dξ = x1−μΛ(a, x)
μ− 1

+ J (a, x)

μ− 1
, J (a, x) :=

∫ ∞

x

ξ1−μΛξ (a, ξ)dξ ,
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where Λξ(a, ξ) := (∂/∂ξ)Λ(a, ξ), provided that J (a, x) converges. If a ≥ 1/2, then
Λξ(a, ξ) ≡ 0, and hence the conclusion immediately follows. For 0 ≤ a < 1/2, by (4.9)

ξΛξ (a, ξ) = Λ2(a)ξ
−a(1 − a log ξ)− aΛ1(a)ξ

−a − 2aΛ0(−a)
1 − 2a

ξ−2a � Λ0(a) ,

which is checked by using ax−a log x � 1 and (|Λ2(a)| + |Λ1(a)|)/Λ0(a) � a. This gives
J (a, x) � Λ0(a)x

1−μ with the implied constant depending on c0 only. Then, by Lemma 4.7,

we obtain the conclusion, say for (log x)−5/6 � a < 1/2. To complete the proof for a ≥ 0

it is sufficient to show the estimate for 0 ≤ a � (log x)−2/3. To do so we recall (4.1). Under

this condition, l′3(a, x) � a−2x−a−1
∣∣−1 + a log x + x−a∣∣ � x−a−1(log x)2, and similarly

|(lji )′(a, x)| � x−a−1(log x)2. Hence

J (a, x) �
∫ ∞

x

ξ−a−μ(log ξ)2dξ � x1−μ−a(log x)2.

By Lemma 4.7 with β = 2/3, J (a, x) � x1−μ(log x)2 � x1−μΛ(a, x). Thus we obtain the
lemma for μ− 1 ≥ c0. The integral with μ− 1 ≤ −c0 may be treated similarly.

4.5.2. Proof of Lemma 4.8 in the case a < 0
If a ≤ −1/2, the conclusion is immediately obtained. For −1/2 < a < 0 and for

μ + 2a − 1 ≥ c0, write ξ1−μΛξ (a, ξ) = ξ−μ−2a · ξ1+2aΛξ (a, ξ) � Λ0(−a)ξ−μ−2a. If

(log x)−5/6 � −a < 1/2, we have J (a, x) � x1−μΛ(a, x). Furthermore, if 0 < −a �
(log x)−2/3, observing l′3(a, x) � a−2x−2a−1 |1 + axa log x − xa | � x−2a−1(log x)2 and

so on, we deduce that J (a, x) � x1−μΛ(a, x). The remaining case μ− 1 ≤ −c0 is similarly
treated.

4.6. Proof of Lemma 4.5. Set Ua(x) := ∑
n≤x σa(n). If c0 ≤ 1 − σ < 1,

∑
n≤τ

σa(n)

nσ
� τ−σUa(τ )+

∫ τ

1
ξ−σ−1Ua(ξ)dξ � (1 + |a|)

∣∣∣∣1 − τa

a

∣∣∣∣τ 1−σ

c0
,

since, by Proposition 3.2, (1 + |a|)−1ξ−σ−1Ua(ξ) � ξ−σ |(1 − ξa)/a| ≤ ξ−σ |(1 − τa)/a|
for 1 ≤ ξ ≤ τ and for a ∈ R. If σ ≥ 1 + max{0, a} + c0,∑

n>τ

σa(n)

nσ
� τ−σUa(τ )+ σ

∫ ∞

τ

ξ−σ−1Ua(ξ)dξ

� τ−σUa(τ )+ (1 + |a|)σ
|a|

∫ ∞

τ

|ξ−σ − ξ−σ+a |dξ � (1 + |a|)τ
1−σ

c0

(∣∣∣∣1 − τa

a

∣∣∣∣ + τa

c0

)
.

Thus we obtain Lemma 4.5.
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5. Integral related to the proofs of the main results

For τ � 1, consider the integral

I (τ/2, τ ) :=
∫ τ

τ/2

∣∣∣∣ζ
(

1

2
+ it

)
ζ

(
1

2
+ a + it

)∣∣∣∣
2

dt .

In this section we show the following, which will be used in the proofs of our main results.

PROPOSITION 5.1. If −τ 1/4 ≤ a ≤ 1/16, then

I (τ/2, τ ) = τ

2

(
Φ(a, τ )+ (2π)2aλ(a)τ−2aΦ(−a, τ )(1 +O(τ−1/4))+ R0(a, τ )

)
with R0(a, τ ) � (|a|2|a| + 1)(Λ(a, τ )+|(1 − τ−a)/a|2) and λ(a) := 2(1 − 22a−1)/(1 − 2a).
Here the implied constants are absolute.

5.1. Approximate formula. For ζ(s)ζ(s + a) we give an approximate formula by

the reflection principle. Let a satisfy −τ 1/4 ≤ a ≤ 1/16. Suppose that τ/2 ≤ t ≤ τ and that
|σ − 1/2| < 1/4. Then

(5.1)
∞∑
n=1

σ−a(n)e−n/τ n−s = 1

2πi

∫
(2+|a|)

ζ(s +w)ζ(s + a +w)Γ (w)τwdw ,

where s = σ + it, w = u + iv, and the symbol (α) denotes the vertical line w = α + iv,
−∞ < v < ∞, since ζ(s)ζ(s + a) = ∑∞

n=1 σ−a(n)n−s for Re(s) > max{1, 1 − a}. If
a 	= 0, the poles of the integrand in the strip −3/4 < u < 2 + |a| are w = 0, 1 − s,

1 − s − a, whose residues are R0 := ζ(s)ζ(s + a), R1−s := ζ(1 + a)Γ (1 − s)τ 1−s and

R1−s−a := ζ(1 − a)Γ (1 − s − a)τ 1−s−a, respectively. Note that

R1−s + R1−s−a = Γ (1 − s)τ 1−s(ζ(1 + a)+ ζ(1 − a)− aζ(1 − a)g(−a, s))
with g(z, s) = z−1(Γ (1 − s + z)τ z/Γ (1 − s)− 1), and that

(5.2) |Γ (σ + it)| = √
2π |t|σ−1/2e−(π/2)|t |

(
1 +O(|t|−1/2)

)
for |σ | � |t|1/4, |t| ≥ 1, which may be checked by using Stirling’s formula. Since g(z, s)
is holomorphic around z = 0, by the maximal modulus principle together with (5.2), we

have g(−a, s) � max|z|=1
∣∣Γ (1 − s + z)τ z/Γ (1 − s)

∣∣ � τ 2 for |a| ≤ 1/16, so that R1−s +
R1−s−a � e−t . For −τ 1/4 ≤ a ≤ −1/16, we have R1−s−a � |Γ (1 − s − a)|τ 1−σ−a �
τ 1−2ae−(π/2)t � e−t , and R1−s � |ζ(−a)χ(1 + a)Γ (1 − s)|τ 1−σ � Γ (−a)|Γ (1 − s)|τ �
e−t , where χ(s) = 2sπs−1 sin(πs/2)Γ (1 − s). In (5.1) we shift the path of integration to
(−3/4) and use the functional equation for ζ(s) to find

1

2πi

∫
(−3/4)

χ(s + w)χ(s +w + a)Γ (w)τw
( ∞∑
n=1

σa(n)

n1−s−w

)
dw
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=
∞∑
n=1

σ−a(n)e−n/τ n−s − ζ(s)ζ(s + a)+O(e−τ/2)

for |σ − 1/2| < 1/4 and for −τ 1/4 ≤ a ≤ 1/16. The sum in the integrand above converges.
Split the sum into two parts

∑
n≤τ and

∑
n>τ . For the integral related to

∑
n≤τ , shift the path

of integration to the line (1/4). Between (−3/4) and (1/4), the integrand possesses a pole

only at w = 0, whose residue is χ(s)χ(s + a)
∑
n≤τ σa(n)ns−1. Consequently

(5.3) ζ(s)ζ(s + a) = S1(a, s)+ S2(a, s)+
4∑
j=1

Fj (a, s)+O(e−τ/2)

for |σ − 1/2| ≤ 1/8, τ/2 ≤ t ≤ τ, −τ 1/4 ≤ a ≤ 1/16, where

S1(a, s) :=
∑
n≤τ

σ−a(n)n−s , S2(a, s) := χ(s)χ(s + a)
∑
n≤τ

σa(n)n
s−1,

F1(a, s) :=
∑
n≤τ

σ−a(n)n−s (e−n/τ − 1), F2(a, s) :=
∑
n>τ

σ−a(n)n−se−n/τ ,

F3(a, s) := − 1

2πi

∫
(−3/4)

χ(s + w)χ(s +w + a)Γ (w)τw
(∑
n>τ

σa(n)

n1−s−w

)
dw ,

F4(a, s) := − 1

2πi

∫
(1/4)

χ(s +w)χ(s +w + a)Γ (w)τw
(∑
n≤τ

σa(n)

n1−s−w

)
dw .

5.2. Expression of the integral. Suppose that |σ − 1/2| ≤ 1/8. By (5.2), for τ/2 ≤
t ≤ τ , for a ≤ 1/16 and for each fixed u � 1,

χ(s +w)χ(s +w + a)Γ (w)τw(5.4)

� (2π)2u+a(1 + |v + t|)1−2σ−2u−a(1 + |v|)u−1/2e−(π/2)|v|τu

� τut1−2σ−2u−a
(

1 + |v|
t

)1−2σ−2u−a
(1 + |v|)u−1/2e−(π/2)|v|

� τ 1−2σ−u−a(1 + |v|)1/2−2σ−u−ae−(π/2)|v| .

Along the line u = −3/4,
∑
n>τ σa(n)/n

1−σ−u � ∑
n>τ (1 + na)d(n)/n7/4−σ �

τσ−3/4+ε(1 + τa) if a ≤ 1/16. Hence F3(a, s) � Γ (|a| + 2)τ 1−σ+ε(1 + τ−a) �
exp(2τ 1/4+ε) for |σ − 1/2| ≤ 1/8 and for −τ 1/4 ≤ a ≤ 1/16. Furthermore F2(a, s) �
(|a| + 1)|a|

∑
n>τ σ−a(n)n−σ (τ/n)|a|+1 � τ 2|a| ∑

n>τ (1 + n−a)d(n)n−σ−|a|−1 � τ 2|a| �
exp(2τ 1/4+ε), since e−n/τ � ((|a| + 1)/e)|a|+1(τ/n)|a|+1. Similarly, Sj (a, s), Fj ′(a, s) �
exp(2τ 1/4+ε) (j = 1, 2; j ′ = 1, 4). Using formula (5.3) together with these estimates, we
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derive

(5.5) I (τ/2, τ ) =
6∑
k=1

Jk +O(τ−1)

for −τ 1/4 ≤ a ≤ 1/16, where

J1 :=
∫ τ

τ/2
|S1(a, 1/2 + it)|2dt +

∫ τ

τ/2
|S2(a, 1/2 + it)|2dt ,

J2 :=
4∑
j=1

∫ τ

τ/2
|Fj (a, 1/2 + it)|2dt ,

J3 :=
∫ τ

τ/2

(
S1(a, 1/2 + it)S2(a, 1/2 − it)+ S1(a, 1/2 − it)S2(a, 1/2 + it)

)
dt ,

J4 = J5 :=
4∑
j=1

∫ τ

τ/2

(
S1(a, 1/2 + it)+ S2(a, 1/2 + it)

)
(−1)ι(j)Fj (a, 1/2 − it)dt ,

J6 :=
∑

1≤j≤4
1≤j ′≤4
j 	=j ′

∫ τ

τ/2
(−1)ι(j

′)Fj (a, 1/2 + it)Fj ′(a, 1/2 − it)dt

with ι(1) = ι(2) = 0, ι(3) = ι(4) = 1. Evaluation of these integrals basically depends on the
identity of Montgomery and Vaughan ([9], [6, §§5.1, 5.2]):

PROPOSITION 5.2. Let γ1, . . . , γN be arbitrary complex numbers. Then∫ τ

0

∣∣∣∣∑
n≤N

γnn
it

∣∣∣∣
2

dt = τ
∑
n≤N

|γn|2 +O

(∑
n≤N

n|γn|2
)
.

This remains valid for N = ∞ as well, provided that the series on the right-hand side con-
verge.

Furthermore we need

LEMMA 5.3. For a ≤ 1/16 we have τ−2aΛ∗(−a, τ )  (|a| + 1)Λ∗(a, τ ).

PROOF. For |a| � (log τ )−1/3, by Lemma 4.6,

Λ(a, τ)  l3(a, τ )  |a−3(1 − 2τ−a · a log τ − τ−2a)|
= τ−2a|a−3(1 − 2τa(−a log τ )− τ 2a)|  τ−2al3(−a, τ )  τ−2aΛ(−a, τ ) .

For (log τ )−1/2 � |a|, by Lemma 4.7, we have Λ(a, τ)  Λ0(a) if a > 0, and Λ(a, τ) 
(1 − 2a)−1Λ0(−a)τ−2a if a < 0. From these facts and the definition of Λ∗(a, τ ) the lemma
immediately follows. �
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In the remaining part of this section we give an asymptotic expression for J1 and esti-
mates for Jj (2 ≤ j ≤ 6), from which Proposition 5.1 immediately follows.

5.3. Main terms. Since |S1(a, 1/2 + it)|2 = ∣∣∑
n≤τ σ−a(n)n−1/2−it ∣∣2

, we apply
Lemma 4.4 and Proposition 5.2 to obtain∫ τ

τ/2
|S1(a, 1/2 + it)|2dt = τ

2

∑
n≤τ

σ−a(n)2

n
+O

(∑
n≤τ

σ−a(n)2
)

(5.6)

= τ

2

(
Φ(a, τ )+O(Λ∗(a, τ ))

)
.

By (5.2), |χ(1/2 + it)χ(1/2 + a+ it)| = (2π/t)a(1 +O(t−1/2)) for −τ 1/4 ≤ a ≤ 1/16 and
for τ/2 ≤ t ≤ τ. Hence

I :=
∫ τ

τ/2
|S2(a, 1/2 + it)|2dt = (2π)2a

(∫ τ

τ/2
t−2aF ′(t)dt +O

(∫ τ

τ/2
t−2a−1/2F ′(t)dt

))

with

F(x) :=
∫ x

τ/2

∣∣∣∣∑
n≤τ

σa(n)

n1/2−it

∣∣∣∣
2

dt .

Integrating by parts and observing∫ τ

τ/2
t−2a−1/2F ′(t)dt � τ−2a−1/2

∫ τ

τ/2
F ′(t)dt = τ−2a−1/2F(τ) ,

we find

I = (2π)2a
(
τ−2aF (τ)(1 +O(τ−1/2))+ 2a

∫ τ

τ/2
t−2a−1F(t)dt

)
.

Since, by Lemma 4.4 and Proposition 5.2, F(x) = (x− τ/2)Φ(−a, τ )+O(τΛ∗(−a, τ )) for
τ/2 ≤ x ≤ τ, it follows that

2a
∫ τ

τ/2
t−2a−1F(t)dt = 2a + 1 − 22a

2(1 − 2a)
τ 1−2aΦ(−a, τ )+O(τ 1−2aΛ∗(−a, τ )) ,

and hence, by Lemma 5.3,

I = (2π)2aτ

(
1 − 22a−1

1 − 2a
τ−2aΦ(−a, τ )(1 +O((|a| + 1)τ−1/2))+O((|a| + 1)Λ∗(a, τ ))

)
.

Combining this with (5.6), we have, for −τ 1/4 ≤ a ≤ 1/16,

(5.7) J1 = τ

2

(
Φ(a, τ )+ (2π)2aλ(a)τ−2aΦ(−a, τ )(1 +O(τ−1/4))+O((1 +a2)Λ(a, τ ))

)
.
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5.4. Evaluation of J2 and J6. Along the line w = −3/4 + iv, −∞ < v < ∞,∣∣χ(w + 1/2 + it)χ(w + 1/2 + a + it)Γ (w)τw
∣∣ � τ 3/4−a(1 + |v|)1/4−ae−π |v|/2

(cf. (5.4)), and hence

|F3(a, 1/2 + it)|2 �
∫ ∞

−∞

∣∣∣∣∑
n>τ

σa(n)n
iv

n5/4−it

∣∣∣∣
2

e−π |v|/2dv

×
∫
(−3/4)

∣∣χ(w + 1/2 + it)χ(w + 1/2 + a + it)Γ (w)τweπ |v|/4∣∣2|dw|

� Γ (2|a| + 2)τ 3/2−2a
∫ ∞

−∞

∣∣∣∣∑
n>τ

σa(n)n
iv

n5/4−it

∣∣∣∣
2

e−π |v|/2dv .

By Lemma 4.4,

τ
∑
n>τ

∣∣∣∣σa(n)nivn5/4

∣∣∣∣
2

+
∑
n>τ

n

∣∣∣∣σa(n)nivn5/4

∣∣∣∣
2

� τ−1/2Λ∗(−a, τ ) .

This gives∫ τ

τ/2

|F3(a, 1/2 + it)|2
Γ (2|a| + 2)

dt � τ 3/2−2a
∫ ∞

−∞

(∫ τ

τ/2

∣∣∣∣∑
n>τ

σa(n)n
iv

n5/4−it

∣∣∣∣
2

dt

)
e−π |v|/2dv

� τ 3/2−2a · τ−1/2Λ∗(−a, τ ) � (1 + |a|3)τΛ(a, τ ) .
Similarly we have∫ τ

τ/2

|F4(a, 1/2 + it)|2
Γ (2|a| + 2)

dt � τ−1/2−2a
∫ ∞

−∞

(∫ τ

τ/2

∣∣∣∣∑
n≤τ

σa(n)n
iv

n1/4−it

∣∣∣∣
2

dt

)
e−π |v|/2dv

� τ−1/2−2a · τ 3/2Λ∗(−a, τ ) � (1 + |a|3)τΛ(a, τ ) .
Since e−2n/τ � ((|a| + 1)/e)2|a|+2(τ/n)2|a|+2 � (1 + |a|2|a|−2)(τ/n)2|a|+2 for n ≥ τ,∫ τ

τ/2
|F2(a, 1/2 + it)|2dt � τ

∑
n>τ

σ−a(n)2n−1e−2n/τ +
∑
n>τ

σ−a(n)2e−2n/τ

� (1 + |a|2|a|−2)

(
τ 2|a|+3

∑
n>τ

σ−a(n)2n−2|a|−3 + τ 2|a|+2
∑
n>τ

σ−a(n)2n−2|a|−2
)

� (1 + |a|2|a|−2)τΛ∗(a, τ ) � (1 + |a|2|a|)τΛ(a, τ ) .

The integral corresponding to F1(a, 1/2+it)may be treated in a similar way by using e−n/τ−
1 � n/τ for n ≤ τ. Thus we obtain J2 � (1 + |a|2|a|)τΛ(a, τ ). The inequalities∫ τ

τ/2
|Fj (a, 1/2 + it)Fj ′(a, 1/2 − it)|dt
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≤
(∫ τ

τ/2
|Fj (a, 1/2 + it)|2dt

∫ τ

τ/2
|Fj ′(a, 1/2 + it)|2dt

)1/2

,

for 1 ≤ j ≤ 4, 1 ≤ j ′ ≤ 4, j 	= j ′ yield J6 � (1 + |a|2|a|)τΛ(a, τ ).

5.5. Evaluation of J3. Let G(σ) denote the integral∫ τ

τ/2
S1(a, s)S2(a, 1 − s)dt =

∫ τ

τ/2
χ(1 − s)χ(1 − s + a)

(∑
n≤τ

σ−a(n)
ns

)(∑
n≤τ

σa(n)

ns

)
dt.

Then J3 is written in the form J3 = G(1/2)+G(1/2). To evaluateG(1/2) shift the segment
of integration [1/2 + iτ/2, 1/2 + iτ ] to [3/8 + iτ/2, 3/8 + iτ ]. By Lemma 4.5 together

with χ(1 − s)χ(1 − s + a) � t2σ−1−a , the integrand along the horizontal segment [3/8 +
iτ/2, 1/2 + iτ/2] or [3/8 + iτ, 1/2 + iτ ] is � (1 + a4)τ |(1 − τ−a)/a|2, and hence J3 �
|G(1/2)| � (1 + a4)τ |(1 − τ−a)/a|2 + |G(3/8)|. Using Lemma 4.4 and Proposition 5.2, we
have

G(3/8) � τ−1/4−a
(∫ τ

τ/2

∣∣∣∣∑
n≤τ

σ−a(n)
n3/8+it

∣∣∣∣
2

dt

∫ τ

τ/2

∣∣∣∣∑
n≤τ

σa(n)

n3/8+it

∣∣∣∣
2

dt

)1/2

� τ−1/4−a(τ 5/4Λ∗(a, τ ) · τ 5/4Λ∗(−a, τ ))1/2 � (1 + |a|3)τΛ(a, τ ) ,
so that J3 � (1 + a4)(τΛ(a, τ )+ τ |(1 − τ−a)/a|2).

5.6. Evaluation of J4 and J5. Let

Gpq(σ) :=
∫ τ

τ/2
Sp(a, s)Fq(a, 1 − s)dt .

Let us evaluateG13(1/2). By Lemma 4.5 and (5.4), for |σ − 1/2| ≤ 1/8, we have |F3(a, 1 −
s)| � Γ (|a|+2)(1+a2)τσ |(1−τ−a)/a| and S1(a, s) � (1+a2)τ 1−σ |(1−τ−a)/a|.Hence
G13(1/2) � |G13(3/8)| + (1 + |a||a|)τ |(1 − τ−a)/a|2, where

G13(3/8) �
(∫ τ

τ/2
|S1(a, 3/8 + it)|2dt

∫ τ

τ/2
|F3(a, 5/8 − it)|2dt

)1/2

.

Using∫
(−3/4)

∣∣∣∣χ(w + 5/8 − it)χ(w + 5/8 + a − it)Γ (w)τweπ |v|/4
∣∣∣∣
2

|dw| � Γ (2|a| + 2)τ 1−2a ,

we have

Γ (2|a| + 2)−1
∫ τ

τ/2
|F3(a, 5/8 − it)|2dt

� τ 1−2a
∫ ∞

−∞

(∫ τ

τ/2

∣∣∣∣∑
n>τ

σa(n)n
iv

n9/8+it

∣∣∣∣
2

dt

)
e−π |v|/2dv � τ 3/4−2aΛ∗(−a, τ ) .
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From this estimate combined with∫ τ

τ/2
|S1(a, 3/8 + it)|2dt =

∫ τ

τ/2

∣∣∣∣∑
n≤τ

σ−a(n)
n3/8+it

∣∣∣∣
2

dt � τ 5/4Λ∗(a, τ ) ,

it follows thatG13(3/8) � Γ (2|a|+2)1/2(|a|+1)τΛ∗(a, τ ),which impliesG13(1/2) � (1+
|a||a|)(τΛ(a, τ )+ τ |(1 − τ−a)/a|2). In treatingG22(1/2) we use χ(s)χ(s + a) � t1−2σ−a,∑
n≤τ σa(n)/n1−s � (1 + a2)τσ |(τ a − 1)/a| and

∑
n>τ

σ−a(n)e−n/τ

n1−s � (1 + |a||a|−4)
∑
n>τ

σ−a(n)
n1−σ

(
τ

n

)|a|+1

� (1 + |a||a|−2)τσ
∣∣∣∣1 − τ−a

a

∣∣∣∣
for |σ − 1/2| ≤ 1/8. Then G22(1/2) � |G22(5/8)| + (1 + |a||a|)τ |(1 − τ−a)/a|2, where

G22(5/8) � τ−κ−a
(∫ τ

τ/2

∣∣∣∣∑
n≤τ

σa(n)

n3/8−it

∣∣∣∣
2

dt

∫ τ

τ/2

∣∣∣∣∑
n>τ

σ−a(n)e−n/τ

n3/8−it

∣∣∣∣
2

dt

)1/2

.

Using
∑
n>τ σ−a(n)2n−3/4e−2n/τ � (1 + |a|2|a|−3)

∑
n>τ σ−a(n)2n−7/4−2|a|τ 2|a|+1, we

have G22(5/8) � (1 + |a|2|a|)τΛ(a, τ ), so that G22(1/2) � (1 + |a|2|a|)(τΛ(a, τ ) +
τ |(1 − τ−a)/a|2). The remaining integrals Gpq(1/2) are similarly treated by consider-
ing G11(3/8), G12(3/8), G14(3/8), G21(5/8), G23(5/8) and G24(5/8). Thus we have

J4 = J5 � (1 + |a|2|a|)(τΛ(a, τ ) + τ |(1 − τ−a)/a|2). Combining (5.7) with the estimates
for Jj (2 ≤ j ≤ 6) given above, we immediately obtain Proposition 5.1.

6. Proofs of the main results

For T � 1, choose the positive integer N0 := [(3/4)(log 2)−1 log T ]. Then

(6.1)
⋃

0≤n≤N0

[2−n−1T , 2−nT ] = [2−N0−1T , T ] , T 1/4/2 ≤ 2−N0−1T ≤ T 1/4 .

Split the integral T Ψ (a, T ) into two parts: T Ψ (a, T ) = V∗(a, T )+ V0(a, T ) with

V∗(a, T ) :=
∫ 2−N0−1T

1
|ζ(1/2 + it)ζ(1/2 + a + it)|2dt ,

V0(a, T ) :=
∫ T

2−N0−1T

|ζ(1/2 + it)ζ(1/2 + a + it)|2dt .

The estimate ζ(1/2+it) � t1/6 together with the convexity property gives ζ(σ+it) � t1/4+ε
for σ ≥ 3/8, t ≥ 1. Hence, if a ≥ −1/8,

(6.2) V∗(a, T ) �
(∫ T 1/4

1
|ζ(1/2 + it)|4dt

∫ T 1/4

1
|ζ(1/2 + a + it)|4dt

)1/2

� T .



FOURTH MOMENT OF THE RIEMANN ZETA-FUNCTION 375

By the convexity property for an integral of |ζ(σ + it)|4 (cf. [6, Lemma 8.3] or [16, §7.8]), if
a ≤ −1/8,

(6.3) V∗(a, T ) � T (1−2a)/4+ε � T −2a+1/2 .

Moreover by (6.1) and Proposition 5.1 with T 1/4 ≤ τ ≤ T , for −T 1/4 ≤ a ≤ 1/16,

V0(a, T )=
N0∑
n=0

I (2−n−1T , 2−nT ) = T

2

( N0∑
n=0

2−nΦ(a, 2−nT )(6.4)

+ (2π)2aλ(a)
N0∑
n=0

2(2a−1)nT −2aΦ(−a, 2−nT )
(
1 +O((2−nT )−1/4)

)

+
N0∑
n=0

2−nR0(a, 2−nT )
)

= T

2

(
ΦN0(a, T )+ (2π)2aλ(a)Φ̃N0(a, T )+ RN0(a, T )

)
with

RN0(a, T ) � T −2a−1/16
N0∑
n=0

2(2a−1)n|Φ(−a, 2−nT )|

+ (|a|2|a| + 1)
(|Λ|N0(a, T )+ |(1 − T −a)/a|2) ,

since
∑N0
n=0 2−n|(1 − (2−nT )−a)/a|2 ≤ 2|(1 − T −a)/a|2. Here the implied constants are

absolute; and ΦN(a, x), Φ̃N (a, x) and |Λ|N(a, x) are the quantities defined at the beginning
of Section 4.

6.1. Proof of Theorem 2.1. By Lemma 4.6, Λ(−a, τ ) � l3(−a, τ ) for T 1/4 ≤ τ ≤
T if |a| + (log T )−1 → 0, so that, for n ≤ N0,

Φ(−a, 2−nT ) �
∫ 2−nT

1
ξ−1|Λ(−a, ξ)|dξ �

∫ 2−nT

1
ξ−1l3(−a, ξ)dξ

� a−4ψ(−a, 2−nT ) � a−4ψ(−a, T ) .
Furthermore |(1 − T −a)/a|2 · (a−4ψ(a, T ))−1 � (log T )−2 + a2. These estimates together
with Lemmas 4.1 and 4.3 yield

RN0(a, T ) � a−4(T −2aψ(−a, T )+ ψ(a, T )
)
(|a| + (log T )−1)

with T −2aψ(−a, T ) + ψ(a, T ) = φ(a log T ) as |a| + (log T )−1 → 0. Substitute this and
(2π)2aλ(a) = 1 +O(a) into (6.4). Using Lemma 4.1 and (6.2), we obtain Theorem 2.1.
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6.2. Proof of Theorem 2.2. Suppose that −T 1/4 ≤ a < 0 and that |a log T |−1 is suf-
ficiently small. By Lemma 4.7 we have Λ(a, τ) � Λ0(−a)τ−2a and Λ(−a, τ ) � Λ0(−a)
for T 1/4 ≤ τ ≤ T . Hence Φ(a, 2−nT ) � Λ0(−a)|a|−1(2−nT )−2a and Φ(−a, 2−nT ) �
Λ0(−a) logT for n ≤ N0. Then, by Lemmas 4.2 and 4.3,

ΦN0(a, T ) � Λ0(−a)|a|−1T −2a � Φ̃N0(a, T )|a log T |−1 ,

RN0(a, T ) � Λ0(−a)T −2a−1/16 log T + (|a|2|a| + 1)
(|Λ|N0(a, T )+ a−2T −2a)

� (|a|2|a| + 1)Φ̃N0(a, T )(log T )−1 .

Using Lemma 4.2, (6.2), (6.3) and (6.4), we obtain the desired formula for a < 0. For 0 <

a ≤ T 1/4, we note the following:

T Ψ (a, T ) =
∫ T

1
|ζ(1/2 + it)ζ(1/2 − a − it)χ(1/2 + a + it)|2dt

= (2π)2a
∫ T

1
(tΨ (−a, t))′t−2a(1 +O(t−1/2)

)
dt

= (2π)2a
(
H(2a, T )+O

(
H(2a + 1/2, T )

))
with

H(κ, T ) := T 1−κΨ (−a, T )+ κ

∫ T

1
t−κΨ (−a, t)dt ,

since (tΨ (−a, t))′ ≥ 0. Substitution of the asymptotic expression for Ψ (−a, T ) with a > 0
leads us to the second formula.
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