TOKYO J. MATH.
VoL. 35, No. 1, 2012

Gauss Sums on Finite Groups
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Abstract. We shall discuss Gauss sums on finite groups and give several examples including the case of the
complex reflection groups G (m, r, n), and hence finite symmetric groups, and also finite Weyl groups.

0. Introduction

For an odd prime p, the classical Gauss sum g, is given by

p—1 p—1

X

g = Zezxznﬁ/p _ Z (_) eanle/p’
x=0 x=1 P

X
where (—) is the Legendre symbol. There are several generalizations of this sum, and vast
p

studies have been done. What we shall discuss in this paper starts by regarding the above sum
gp as a sum on the finite cyclic group F[X, of nonzero elements of a finite field with p elements
F,. Generalizing the pair of F; and the Legendre symbol to a pair of a finite group G and its
complex character y, we can define a Gauss sum 7 (x, ¥,) on G associated with a modular
representation o of G. (In the case of g, p is the identity.) Precise definition will be given in
the next section.

As for this sum 76 (x, ¥,), T. Kondo firstly determined the values for a finite general
linear groups G in [5], for every irreducible character x and the canonical representation p.
Also in a series of papers starting with [4], Kim-Lee, D. S. Kim and Kim-Park explicitly
described the value 7G(x, ¥,) for classical groups G and for linear characters y, i.e. of
degree 1. Saito-Shinoda [8, 9] considered 7 (), ¥, ) for finite reductive groups G and for the
Deligne-Lusztig generalized character x, and applied this result, in particular, to determine
76(x, ¥,) for G = Sp(4, q) and for all irreducible characters x of G.

Thus the Gauss sums on finite groups treated so far are related with finite linear algebraic
groups. The purpose of this paper is to consider the Gauss sums on (not necessary algebraic)
finite groups, particularly on finite complex reflection groups G (m, r, n).

This paper is organized as follows: after preliminaries in §1, in §2 we determine ex-
plicitly G (x, ¥,) for the complex reflection group G = G(m, 1, n) and for all irreducible
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characters x of G with an n-dimensional modular representation p. Main tool in this section
is the invariant theory described by I. G. Macdonald in [7]. The results includes the case of
finite symmetric groups and also Weyl groups of type B. We also mention the case of alter-
nating groups in this section. In §3, applying Clifford’s theorem for this case described by N.
Kawanaka in [3], the Gauss sums of the complex reflection groups G (m, r, n) are determined.
In §4, Weyl groups of finite exceptional type will be treated. For calculation in this section
we used CHEVIE [2].

1. Preliminaries

1.1. Let G be a finite group, 7 : G — GL,,(C) an ordinary representation, and p :
G — GLy(F,) be a modular representation over a finite field with g elements, where g is a
power of a prime number p. Throughout this paper we fix a nontrivial additive character e of
F,, e : F, — C*. Using this e we define a class function ¥/, on G as follows: for x € G,
Y, (x) = e(Trp(x)), where Tr denotes the trace of a matrix.

Let

W (m, o) = Y w()Yp(x) € Mu(O),

xeG

where M,,(C) is the algebra of all square matrices of degree m with complex coefficients.
The trace of W (r, ¥,,) will be called the Gauss sum on G associated with 77 and p, and will
be denoted by G (xx, ¥p), where x is the character of ; thus

6 (Xr» ¥p) = TrWa (, ¥p).

If there is no afraid of confusion, we shall simply write 7 (x5 ) instead of TG (xx, ¥p)-
If 7 is irreducible, then by Schur’s Lemma Wg (, ¥,) = wg (xz)In is a scalar matrix
with some wg (xr) € C, and hence tG(xz) = m - wg(xr), Where m is the degree of .

1.2. For C-valued functions f and g on G, let

1 N
(f9)6 ==Y fx)gl)

61 6

be the usual hermitian inner product on the space of C-valued functions on G, where g(x) is
the complex conjugate of g(x). Thus for a character x on G, we have 1¢(x) = |G|{x, w_p)G.
Let cf(G) be the space of C-valued class functions on G. Then by linearity we can extend
76 to a linear mapping on cf(G). It is sometimes useful to consider |G|~ !z, so we define a
linear map 7 on cf(G) by

t6(x) = IGI ™ 't6 (X) = (X, ¥p)G -

Now the following lemma is an immediate consequence of the Frobenius reciprocity.
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LEMMA 1.3. Let G be a finite group, H its subgroup, x a character of H, and p be a
modular representation of G. Then we have

T6(And% (), ¥p) = T (X Yply) »

where indf, (x) denotes the induced character of x from H.

2. Gauss sums on complex reflection groups G (m, 1, n)

2.1. Let m,n be two positive integers, w = e2mV/=1/m ang ()" = (W) x -++ X {w)
be the direct product of n copies of the cyclic group (w) of order m. The symmetric group
Sy acts on (w)" by permuting the factors: for ¢ = (91, 92,..., 1) € (w)" and 0 € S,
(91,925 -5 Gn) = (ga—l(l), Go—1(2)s - - +> G—I(n)).

Then we define the group G (m, 1, n) as a semidirect product of ()" with S, given by
this action. Fixing m, we shall write G, = G(m, 1, n) throughout this section. The elements
of G, may be thought of as permutation matrices with entries in (w). Thus we identify
(9,0) € ()" X S, = G, with the n x n matrix having (i, j)-entry g;8;s ;)

Let p be a prime number such that m divides p — 1, and a be an element of F;‘ which has

order m. Then we can define a modular representation p : G, — GL,(F p) by replacing w
with a. Fixing a nontrivial additive character e of F ,, we also define " = ¢ o Trp™.

In this section for a complex-valued class function x on G,, we shall write the Gauss
sum tg, (x) simply by 7,(x). Thus

w0 =Y x@y" ).
xeGy,

The purpose of this section is to determine explicitly t,(x) associated with any irre-
ducible character x of G,,.

2.2. Let P be the set of all partitions and P™ the direct product of m copies of P. We
define
m—1 )
Py ={r =000 Ay epm | Y D =n).
j=0

Since the set of all irreducible characters of G, is parametrized by P (n) (cf. [7], I, Appendix
B), we let x* denote the irreducible character of G, corresponding to A € P™ ().

Let R(G,) denote the vector space over C generated by the irreducible characters of G,
and let R(G) = @n>0 R(G,).If u € R(G,), v € R(G;), then we define

o Gn+l
U.v= 1ndanGl(u X V).
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With this multiplication, R(G) is a commutative, associative, graded C-algebra with identity
element (loc. cit. p. 171).

PROPOSITION 2.3. Let T be a C-linear mapping, T : R(G) — C, defined by

W=y % = un VD)6, = un withu, € R(Gy)).

n
Then T is a ring homomorphism.

PrOOF. Ifu € R(G,),v € R(G)), then by Frobenius reciprocity we have
F(u.v) = (indg" s (u x v), Y D)g, .

=(u x v, Iﬂ(”+l)|G,1><G[>Gn><G1
=uxv,y® x yD)g «q,
= (u, w("))Gn (v, W(l))Gl
=Tw)T(v),

which proves (2.3). O

2.4. We define the characters n,gj) (j=0,1,...,m — 1) of G, of degree 1 as follows:

' (9,0) = (@102 g) (9=1(91, 02, n) € (@)", 0 €Sy).
Notice that n,(f” is the trivial character of G,,. Let { = e(1) € C. So ¢ is a pth root of unity.
We can determine the Gauss sums associated with n,gj ) in the following two theorems.

THEOREM 2.5. Let WO (¢) be the generating function of (f(n,go)))n>0 wWO@) =

~. (0
D 00 ‘r(n,(, ))t". Then

1 molpa _
WO () = eXp(Zl:O ¢ mr).
1—1t m

PROOF. Although we took a from F, in this proof we consider a to be a positive
integer, 0 < a < p, and define a function f, f : (w) — Z, by
f@)=a O<i<m—1).

Using this function f, let F(x) = (f(gi)8io(j))1<i,j<n € Mn(Z) for each x = (g,0) € G,.
Then ™ (x) = ¢TF® for all x € G,, and we have 7, (") = Y reg, £,
Now, for a nonnegative integer r, we define

An(r) ={x € Gn | TrtF(x) =7},
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B,(r) ={o € Sy |m(o) =r},

where m (o) is the number of fixed points of o.

Applying Mobius inversion formula for a poset of finite set with inclusion as its partial
ordering, we can obtain

_n—r l n'
1B ()| = ;(—n o

Hence
m—1 m—1
s k m—
EHGIEEDY Bn(Zk‘) ;E;l_(;( l)v "k
Kook 20, i—0 0 Em—12
> Valki=r
=il ki |
- ¥ o™
Kovookpy_120,  1=0  OFTTrRm—l
srtatk=r
Therefore
a"lp
uM) = > 1A
r=0
n— Zm lk \
e T S S e T
3 >0 kol - k!
Zf.":ola’k,—r
Thus
o) — mnt,_1 (0 )

a"n
=2 X B ey g

... _ym=lg.
e SR N YRR SHRTIC R S P BT

Z"’_Ola’k =r,
Y ki<n
' m—1
- Y (e )
o Ts0, Kot hm—rtkm g
Qseees m =Y, 1=l
Yiloki=n
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Consequently
A=W =1+ EG) — 200 )"
n>1
Sy A(EEemy
"0 n! m
e (M,) |
m
which proves (2.5). O
THEOREM 2.6. For j = 1,...,m — 1, let WY (t) be the generating function of

(f(n(J)));z>o WD) =Y,50 f(’?m)tn' Then

W(j)(t) = exp (X:—Oiwl]é‘ )
m

PROOF. Letd be the greatest common divisor of m and j. Using the same notation as
in the preceding theorem, we have

wy) =Y i (0"

xeGy,
= Z > e
r=0 xeA,(r)

a™ pm/d—1

2D S M

r=0 =0 X€A, (r)ﬁ(r](]>) l(wjl)

a"n m/d—1 m lk) .
m— PR—
T Ty ()| S et
r=0 ko,....km—10, [=0 i= ot k1!
Zm—o a'ki=r,
Stk <n—1
—1 _
a" tnm/d—1 n! .
I SR S PGS
ko!- - kmp—1!
r=0 [=0 ko, ... skip—1 20,
Z:"Ola’k—r,
Z;n:olk—"*

s liki=l (mod m/d)
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m/d— 1

Since 1 < j < m — 1, it follows that )",/ I = 0. Hence
. n! m—1
T = Z PRI H(w”Ca ki
Kosokn_1 20, 0" m=1*o
Yitoki=n
m—1 AN
= (Z o' r:“’) .

i=0

Therefore W (r) = exp (m~! Y1) wif;“”it). 0

2.7. We shall use the following notation on partitions and symmetric functions (cf.
[7], D). Let A be a partition. Then n(A) = Zi>l(i — 1)A;, and for each point x = (i, j)
in the diagram of A, c(x) = j — i, h(x) is the hook-length of x, and A(}) is the product
of the hook-lengths of A. Moreover let A be the ring of symmetric functions in countably
many independent variables x = (x1, x2, ...). Following functions are defined in A: the rth
elementary symmetric function e,, the rth complete symmetric function #,, the rth power
sum p;, and the Schur function s, corresponding to each A € P.

Let n be a nonnegative integer, z a nonzero complex number and let f € A. We consider
the following specialization of x;:

i—1
x,-=5<1+5) (1<i<n), Yot =Xnga=---=0.
n n

The specialized value of f in this way is denoted by £,

LEMMA 2.8. Letr be a nonnegative integer and . € P. Then

Z _ 1Y\ Z _ 1)IAl
(et =1 hm (S(n)) (et =1

. n)y _ 13 (n)y —
nli>n;o(er ) o ngn;o(hr ) - r! ’ h()")

PrROOF. Lety =1+ z/n. Then
n _ 5)’ e n
ér (n Y r| ’
y
=Gy

S(n) _ (i [A] y"()‘) l—[ 1 — yn-‘rC(X)
> n 1 — yhtv) °

(cf. [7], 1, 2. Ex.1 and 3. Ex.1) where [ } is the Gaussian polynomial in the variable y.



172 YASUSHI GOMI, TAIKI MAEDA AND KEN-ICHI SHINODA

Hence

o= ({10 505

(ef = 1)
_ -

(n —> 00).
r!

@©-D" @ (=D
S — % e

. . (n)
Similarly we have 2" — 0 N o)

(n — 00). O

2.9. In this subsection, we shall follow the notation in ([7], I. Appendix B, 5 and 6).
Let x() = (xfj), xéj), ...)(j=0,1,...,m—1) be independent variables over C and A(G)
denote the graded C-algebra generated by p, (x(j)) r=z1,j=0,1,...,m—1):
AG) =Clpx) i r>1, j=0,1,...,m—1].

An isomorphism c of graded C-algebras, ¢ : A(G) — A(G), is defined by

m—1
c(pr(x)) = %( Do pr (x“‘))) :
k=0

Forv = (v1,v,...) € P, let py(xY)) = py, &) py, (xD), ..., I(v) = #{j | v; > 0} and
2o = [151 ™M m;()!, where m;(v) = #{j | v; = i}. Also for p = (0@, ..., p"~ D) €
P let

m—1 m—1
‘ %)
Pp = H Ppm(x(”), Z,= H Zp(j)ml(pf )
o 11
Then { Py} epm is a C-basis of A(G). For f =3} pma,Pp € A(G), (a, € C), let
=2 @k

pePm
Then we can define a hermitian inner product on A(G) as follows:
if f= Zp apPy, g= Zp by P,, (ap, b, € C), then
(fr9)= ) abyZ,.
pepPm

Moreover, a C-linear mapping ch : R(G) — A(G) is defined by

ch(u) = > u@) Py -

xeGy,

|Gl
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where p(x) is the type of x, which generalizes the cycle type of the symmetric group S, and
parametrizes the conjugacy classes of G, (cf. [7], I. Appendix B, 3).
It is known that ch is an isometric isomorphism of graded C-algebras and satisfies

m—1
ch(x") = [ ] e, )

j=0

(cf. loc. cit., (6.3)). In particular ch(ni)) = c(h, (x ).
By (2.3), (2.5), (2.6) and (2.8), we can obtain explicit expressions of Gauss sums on
G(m, 1, n) as follows:

THEOREM 2.10. Let x* be the irreducible character corresponding to » € P™. Then

2]

o 1 er'n:_Ol é-ai —m [l m—1 1 ( l{ﬂ:—ol wijé-ai
o) = Zh(u)( m E o\ m ’

m

where the summation is over all partitions u such that A9 — 1 is a horizontal strip.
PROOF. We define an endomorphism ¢ of C-algebras, ¢ : A(G) — A(G), by
¢ (x 7)) = ihux“”),
k=0
dhx) =h.xP) (G=1,....m—1).
Let

m—1
7 =log <m_1 Z Cal) ,
=0

i

m—1
L) zlog(m—l(zwi/’g“’ +m>> G=1,....m—=1)),
i=0
and as in 2.7, we consider the following specialization of f € A(G) obtained by putting

) MONG
o) —<1+—> 1<i<n,
)Cl- = n n

0 (i >n),

(G=01...,m—=1).

The specialized value of f in this way is denoted by f. Moreover we define a homomor-
phism of algebras @, @ : A(G) — C, by ®(f) = lim,_, f. Then by (2.5), (2.6) and
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(2.8), we have the following commutative diagram:

¢
A(G) > A(G)
chloc | I @
R(G) —» C
7

Hence 7(x) = @ 0 p([T1=y 510 ().
From 3" ;_o(—=D¥exh,—x = 0 (r > 1), we obtain
p(er(x ) = e,(x D) + e, 1(x?)
by induction on r. Hence, for each v € P, we have
¢ (s (x D)) = p(det(ey,—i+; xDN1<ij<n)
=det(ey,—i+; (D) + ey DN i< j<n

= Z det(evi’—si—i+j(x(o)))lgi,jgn

e€{0,1}"
= Y se—o&?)
e€{0,1}",
VvV —eeP
= Z sﬂ(x(O)) s
HCv

v—u:horizontal strip

where V' is the conjugate of v. Therefore

m—1
M =[] @ odsnE?)

J=0

m—1
= > ® (s, M) ] 500

M IO j=1
1@ — i:horizontal strip

_ (eZ‘O) — 1)\u| m—1 (ezm _ I)M(j)‘
B 2. h(p) H h(.() (by (2.8))
#CA.(O) s ]:1

1 — i:horizontal strip
2]

= Z 1 (Z:n__Ol ;ai _m>|ﬂml:[1 1 <Z§"_—01 wij;—ai)
h(w) m i (D) - ,

MCA(O) s
1 — i:horizontal strip
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which proves the assertion of our theorem. O

COROLLARY 2.11. Let G = S, be the symmetric group of degree n and p be the
modular representation over ¥, induced by the permutation representation of G on n letters.
Then the Gauss sum associated with the irreducible character \ € P(n) is

1
5, () =) —@ - DM,
— h()

where the summation is over all partitions | such that . — u is a horizontal strip.
PROOF. This is the special case of m = 1 in (2.10). O

REMARK 2.12. Since the permutation representation o™ of S, is the sum of the triv-
ial representation and the reflection representation p’, we have

Trp™(0) =Trp'(c) +1 (0 €S,).

Thus, if we use the reflection representation p’ instead of the permutation representation o
to determine the Gauss sums on S,;, then we have

-1
s, 0 ) = € s (P ) = Y e -,
m n

where the summation is over all partitions w such that A — w is a horizontal strip.

COROLLARY 2.13. Let G = W(By,) be the finite Weyl group of type B, withn > 2,
and p be the modular representation of G over ¥, induced by the reflection representation of

G. Then the Gauss sum associated with the irreducible character » € P*(n) is

L I ket =\ e
Tw (B, (X )—Zhw)h()ﬂ))( 2 ) < g )

n

2D

where the summation is over all partitions u such that \©) — 1 is a horizontal strip.
PRrROOF. This is the special case of m = 2 in (2.10). O

REMARK 2.14. Applying (1.3) and Clifford’s theorem to .A,,, the alternating group of
degree n, as a normal subgroup of S, we can obtain the Gauss sums on 4, too. In fact, if A
is a partition of n which is not self-dual, then the restriction of the irreducible character X}‘ of
S, to A, is irreducible and

X)L|-An = X)L |-An ’
which is denoted by x }4,1' If A is self-dual, the restriction of the character x* to A, splits into

two distinct irreducible characters which are denoted by x :Xr and yx ﬁ(. Then the Gauss sums
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for the irreducible character of A, are given as follows:
4,04 ) =%s,(x™) + Ts5,(x*),if Ais not self-dual,
4, 000) = Ta, (X ) =Fs5,(xM) if A is self-dual.

3. Gauss sums on complex reflection groups G (m, r, n)

3.1. First, we summarize the character theory of G (m, r, n), following Kawanaka [3].

Let n = n,gl) be the linear character of G(m, 1, n) given in (2.4). For a natural number r
dividing m, the complex reflection group G (m, r, n) is defined by

G(m,r,n) = Ker n"/".
For each irreducible character x* of G(m, 1,n), x* ® n is again irreducible. So the cyclic
group (n) of order m acts on the set of irreducible characters of G(m, 1, n), hence on the
parameter space P (n). More explicitly, for A = (A@, 2D A0m=Dy e Pm(y),
xX*@n=x", A pneP"n,
is equivalent with
w= ()L(m—l)’ )\(0)’ )\(l)’ L )L(m—Z)) )

By Clifford’s theorem, we obtain the irreducible characters of G (m, r, n) (cf.[3] Proposition
2.5).

PROPOSITION 3.2. Let r be a positive integer dividing m, and s (A, r) the order of the
stabilizer of & € P™(n) in (™).

(1) The restriction x*|G(m,r,n) is a sum of s(x, r) distinct irreducible characters
)(iA (i=12,...,5(x,1)) of G(m, r, n), which are mutually conjugate under G (m, 1, n).

(2) For i, € P™(n), x*|G(m, r,n) and x*|G(m, r,n) have a common constituent
of irreducible characters if and only if & and | are in the same orbit under (W"!"). In this
case, we have

x*G(m,r,n) = x*|G(m,r,n).
(3) Every irreducible character of G(m, r, n) is uniquely obtained as
X =1,2,...,500,1),
where ) runs over a complete set of representatives of the (n™/")-orbits in P™ (n).

PROPOSITION 3.3. Let [A], denote the (/" )-orbit containing X in P™(n). Then for
an irreducible character Xik of G(m, r,n), we have

fG(m,r,n)()(l‘)h) = Z fG(m,l,n)(X#)'
HE[A]r
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PROOF. By (3.2), we have

. G@m,ln) A\ _
lndG(m,r,n) Xi = Z XM’
HEL]r

and hence by (1.3) and (2.10), we obtain the Gauss sums on G (m, r, n). |

REMARK 3.4. Above (3.3) includes the case of the dihedral group of order 2m, I (m),
and the Weyl group of type Dj,, since G (m, m, 2) is the dihedral group and G (2, 2, n) is the
Weyl group of type D,,.

4. Gauss sums on finite exceptional Weyl groups

4.1. Let W be an exceptional finite Weyl group. If we take simple roots as a basis of the
reflection representation space, then all components of representation matrices are integers
and the representation matrices can be considered as elements in GL,(F,). So we define
Gauss sums on W, using this representation as a modular representation. We also fix a non-
trivial additive character ¢ of Fp, ¢ : F, — C*, and put { = e(1): hence ¢ = e2am=1/p
with an integer a prime to p.

The values of Gauss sums are obtained directly from the character table. We used
CHEVIE [2], in GAP. In case of type F4 and G7, we will show lists of all Gauss sums Ty (),
but in case of type E¢, E7 and Eg, we show Gauss sums only for the trivial representation,
the sign representation and the reflection representation. The other values can be found in the
web page below:

http://pweb.sophia.ac.jp/y-gomi/Gauss-sum.html
In the table below,

2 2
y=t¢+¢"! —2=2(cosa—”— 1), w=t—¢'=2/Tsin 2L
p p
For the notation of irreducible characters of type F4 and G, we follow [6].
4.2. TABLES OF Ty (x)
Type Es

triv. | £ + 3604 + 24023 + 2430¢2 4 13104¢ + 20820 + 11664¢ ! + 34657 =2 + 807 3
sign | £% — 36¢% + 24073 — 81022 + 15847 — 1860 4 12967 ~! — 4957 =2 4 80¢ —3
ref. | 626 + 144¢% + 72023 + 486022 + 131047 — 116647 1 — 6930¢ 2 — 2407 3

Type E7

triv. | y7 4+ 14y% 4 140y° + 1512y* 4+ 20160y3 + 241920y2 + 1451520y + 2903040
sign | w (y8 4+ 12y — 8y* + 288y°)
ref. | w(7y® + 84y +700y* + 6048y> + 60480y? + 483840y + 1451520)
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Type Eg

triv. | y® + 16y7 4 224y5 +4032y° + 120960y* + 3870720y3 + 58060800y + 348364800y + 696729600
sign | y8 4+ 16y7 — 16y% + 11525 + 17280y

ref. | w (8y7 + 112y + 1344y5 + 20160y + 4838403 + 11612160y2 + 116121600y + 348364800)

¢ | w(8y” + 112y° — 96y° + 5760y* + 69120y°3)

(¢ is the product of the sign character and the reflection character.)

Type Fy

d1.0 | y*+8y> +96y2 + 576y + 1152
dr12, b2 | 483
$1.04 | y* 4 8y +48y?
bo.a, o4 | 2y* +16y3 4 482
b2165 P2167 | 29* + 16y
bas | 4y* + 32y +96y2
do2 | 9y* +72y3 4 288y% + 576y
b6, 967, Bo.10 | Iyt 4+ 72y% + 144y?
bo.6 | 63 +48y3 + 96y
bo.c | 6y* + 48y + 240y? + 576y
b12.4 | 12y* +96y3 + 192y
pa1 | w(4y? +24y% + 192y + 576)
Ga7, a7 | w4y +24y )
Pa13 | w(4y +24y% 4+ 96y)
bsv. ds3 | w(8y> +48y2 4+ 96y)
$8.9. P89 | w(8y® +48y )
pi6,5 | w(16y° +96y? + 192y)

Type G2

$10 | y*+6y+12

d16 | y2+6y
é1,3, d1,3 | wy

2.1 | 2w(y +3)

$22 | 2>+ 6y

REMARK 4.3. If the scalar transformation —1 lies in W, then it is easy to show that
Tw(x) is real (resp. pure imaginary) when x(—1) = x (1) (resp. x(—1) = —x (1)), for an
irreducible character . This phenomena is similar to the original Gauss sum g,,.

Moreover in the case of type E7, Eg, F4 or G, we can observe that if y (—1) = x (1)

(resp. x(—1) = —x (1)), then Tw (x) (resp. tw(x)/(¢ — g“_l)) is written as a polynomial in
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y(= ¢ + ¢~' = 2). Furthermore the coefficients of these polynomials in y are non-negative
integers except the case when yx is the sign character of type E7, or the sign character or ¢,
the product of the sign character and the reflection character, of type Eg.
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