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Diffeomorphism Classes of Real Bott Manifolds
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Abstract. A real Bott manifold is obtained as the orbit space of the n-torus 7" by a free action of an elementary
abelian 2-group (Z;)". This paper deals with the classification of 5-dimensional real Bott manifolds and studies
certain types of n-dimensional real Bott manifolds (n > 6).

Introduction

A real Bott tower is described as a sequence of RP!-bundles of height n which is the real
restriction to a Bott tower introduced in [1]. The total space of such a sequence is called a real
Bott manifold. From the viewpoint of group actions, an n-dimensional real Bott manifold is
the quotient of the n-dimensional torus 7" = S' x --- x §! by the product (Z>)" of cyclic
group of order 2. A Bott matrix A of size n is an upper triangular matrix whose diagonal
entries are 1 and the other entries are either 1 or 0. By the definition, the number of distinct

Bott matrices of size n is 2%("27"). The free action of (Z)" on T" can be expressed by each
row of the Bott matrix A whose orbit space M (A) = T"/(Z,)" is the real Bott manifold. It is
easy to see that M (A) is a compact euclidean space form (Riemannian flat manifold). Then
we can apply the Bieberbach theorem [7] to classify real Bott manifolds. Using this theorem,
the classification of real Bott manifolds up to dimension 4 has been obtained in [5], [2].

In [3] we have proved that every n-dimensional real Bott manifold M (A) admits an in-
jective Seifert fibred structure which has the form M(A) = Tk X (z,)s M(B), that is there
is a k-torus action on M (A) whose quotient space is an (n — k)-dimensional real Bott orbi-
fold M (B)/(Z3)* by some (Z;)*-action (1 < s < k). Moreover we have proved the smooth
rigidity that two real Bott manifolds M (A;) i = 1, 2 are diffeomorphic if and only if the corre-
sponding actions ((Z3)%, M (B;)) are equivariantly diffeomorphic. When the low dimensional
real Bott manifolds with (Z,)®-actions are classified, we can determine the diffeomorphism
classes of higher dimensional ones by the above rigidity. We have classified real Bott mani-
folds up to dimension 4 (see [6]).
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The main purpose of this paper is to determine: (a) Diffeomorphism classes of 5-
dimensional real Bott manifolds from the classifications of 2, 3, 4-dimensional ones with
(Z3)%-actions (s = 1, 2), (b) Classification of certain type of n-dimensional real Bott mani-
folds M (A).

We have obtained the following to (a) (compare Theorem 6).

Theorem A. There are 54 diffeomorphism classes of 5-dimensional real Bott manifolds.

Since each n-dimensional real Bott manifold has the form M(A) = T* X (2 M(B),
it is shown that the diffeomorphism class of M (A) is determined by the equivariant diffeo-
morphism class of the action ((Z,)*, M(B)) (1 < s < k) as above. We prove that if k = 1,
there are 12 nonequivariant diffeomorphism classes of 4-dimensional real Bott manifolds with
Zy-actions. Then they create 29 diffeomorphism classes of such 5-dimensional real Bott man-
ifolds. When k = 2, there are 4 nonequivariant diffeomorphism classes of 3-dimensional real
Bott manifolds with (Z,)®-actions (s = 1, 2). Then from these, there are 19 diffeomorphism
classes of the 5-dimensional real Bott manifolds. When k& = 3, there are 2 nonequivariant
diffeomorphism classes of 2-dimensional real Bott manifolds with (Z,)®-actions (s = 1, 2).
Then there are 4 diffeomorphism classes of the 5-dimensional real Bott manifolds. When
k = 4, the 1-dimensional real Bott manifold is S! with conjugate action of Zj, there exists
only one such a 5-dimensional real Bott manifold. Finally if k¥ = 5, the 5-dimensional real
Bott manifold is 7°. As a consequence, the total number of 5-dimensional diffeomorphism
classes is 54. The details of the proof is in section 3.

It is far to determine the number of diffeomorphism classes of n-dimensional real Bott
manifolds for n > 6. However, we shall solve the special types of higher dimensional real
Bott manifolds.

Theorem B. Let T"~2 be the maximal torus action on an n-dimensional real Bott manifold
(n > 4). Then the diffeomorphism classes of such real Bott manifolds consists of 4.
See Theorem 7 for the proof.
Theorem A and Theorem B can also be obtained by a different method, see [4].
Proposition C.  The following hold.
(i) The diffeomorphism class is unique for the real Bott manifold of the form M (A) =

T* x T"* for any k (1 <k <n — 1). In particular, if k = n then M(A) = T".
Z

(i) Let M(A) be a real Bott manifold which fibers S' over the real Bott manifold
M (B) for which M (B) is either T* X (z,)s Kor Tk X (Zy)s T2 (k > 2).Here K is a
Klein bottle. Then the number of diffeomorphism classes of such M (A) is 3.
(ili) Let M(A) be a real Bott manifold which fibers S' over the real Bott manifold
M (B) where M(B) = sl X7, T* (k > 2), then the number of diffeomorphism
classes of such M (A) is [%] + 1. Here [x] is the integer part of x.
We prove these results in Section 4 (see Proposition 5, Corollary 2, Corollary 3, Theorem 8
respectively).
A special kind of Bott matrices is introduced in Section 1. We consider such a class of
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Bott matrices in (4.27).

Theorem D. Let M(A) = S! X7, M(B) be an n-dimensional real Bott manifold. Suppose
that B is either one of the list in (4.27). Then M (B) are diffeomorphic to each other and the
number of diffeomorphism classes of such real Bott manifolds M (A) above is (k + 1)2n—k-3
k>2,n—k>3).

See Theorem 9 for the proof.

1. Preliminaries

1.1. Seifert fiber space. Each i-th row of a Bott matrix A defines a Z,-action on
T" by ¢i(Z1s.--»2n) = (21 .+-»Ziel> —Zi>Zitls---»2n), (i = 1,...,n) where (i,i)-
(diagonal) entry 1 acts as z; — —z; while Z; is either z; or z; depending on whether (i, j)-
entry (i < j)isOor 1 respectively. Note that 7 is the conjugate of the complex number z € S'.
It is always trivial; z; — z; whenever j < i. Here (z1, ..., z,) are the standard coordinates
of the n-dimensional torus 7" whose universal covering is the n-dimensional euclidean space
R". The projection p: R" — T" is denoted by

p(x1, ..., xp) = (expmixy), ..., exp(2mixy)) = (21, ..., 2n) -

Those (g1, ..., gn) constitute the generators of (Z;)". It is easy to see that (Z,)" acts freely
on T" such that the orbit space M(A) = T"/(Z>)" is a smooth compact manifold. In this
way, given a Bott matrix A of size n, we obtain a free action of (Z,)" on T".

Let 7 (A) = (g1, - . ., gn) be the lift of (Z3)" = (g1, ..., ga) to R". Then we get

- 1 - -
gl.(-xli"'v-xn): (-xls"'sxiflv§+xi1xi+17"‘7-xn)

where X; is either x; or —x;. It is easy to see that w(A) acts properly discontinuously and
freely on R” as euclidean motions. Note that 7 (A) is a Bieberbach group which is a discrete
uniform subgroup of the euclidean group E(n) = R” xO(n) (cf. [7]). It follows that M (A) =
T"/(Zo)" =R" /7 (A).

Now let us recall moves I, II and III [3] which are applied to a Bott matrix A of size n
under which the diffeomorphism class of M (A) does not change.
I. If the j-th column has all O-entries except for the (j, j)-entry 1 for some j > 1, then
interchange the j-th column and the (j — 1)-th column. Next, interchange the j-th row and
the (j — 1)-th row.
This move I is interpreted in terms of the coordinates z;’s of 7" and the generators g;’s of
(Z)" as follows: z; — z;;], Zj—1 —> z;, gj = g}il, gj—1 — g; It is easy to see that the
resulting matrix A’ under move I is again a Bott matrix such that M (A) is diffeomorphic to
M(A").
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We perform move I iteratively to get a Bott matrix A’

1 *
A’:(Ik C) B= (1.1)
1

where [ is a maximal block of identity matrix of size k, the entries of the ¢ are either 1 or 0, B
is a Bott matrix of size (n — k) which represents a real Bott manifold M (B) = T" % /(Z,)"*.
Since I; is a maximal block of identity matrix, each k + j (j = 1,...,n — k)-th column of
A’ has at least two non zero elements.

Associated with A’, the (Z;)"-action splits into (Z2)* x (Zo)" % and T" splits into Tk x
7" % Hence

M) = T /Ty = — DX Tk sy = M’ 1.2
W =TT = G g = TF X MB)=M@A). (D)

Note that the above (Z;)*-action of (1.2) is not necessarily effective on M (B) but we can
reduce it to the effective (Z;)*-action on M (B) for some s (1 < s < k). In order to do so, we
have two more moves.
IL If there is an m-th row (1 < m < k) whose entries in C are all zero, then divide T x M (B)
by the corresponding Z-action. For example, suppose M (A1) = T2 x (z,)> M(B) with

1 00 0 o0
o 1|1 0 o0
Ai=|"0 o1 1 0 ).
0o oflo 1 1
0o 0flo o0 1

By move I, M (A1) = T? xz, M(B).

III. If the p-th row and ¢-th row (1 < p < £ < k) have the common entries in C, then
compose the Z,-action of p-th row with I-th row and divide T x M (B) by this Z-action.
For example, suppose M (Aj) = T2 X (Z,)? M (B) with

By move ITI, M (A;) = T? xz, M(B) = M(A)).

By an iteration of II, III, the quotient is again diffeomorphic to T* X(z,)x M(B) but
eventually the (Z>)*-action is reduced to the effective (Z,)*-action on 7% x M (B). Therefore
A’ reduces to

Ii_s |0
A" = 0 |/
0 |0

(1.3)

o ¥ O
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. . n — Tk _ TFSXTSxM(B) _ ” : k—s L
inwhich M(A") =T X M(B) = TRy = M(A"). Since (Z,)** acts trivially
on 7% x M(B), we have M(A") = T* X 7,y M(B).

From now on, we write M (A) instead of M (A").

REMARK 1. Since (Z,)* acts trivially on Tk=s,

MA =T x M(B)=T* xT° x M(B)
(Zy)* (Z2)*

= (SHES x T8 x M(B) = (SH* x M(B))
(Zp)*

where M(B') = T° Xz, M(B). That is, for s < k, a real Bott manifold M(A) is the
product of (S 1Y%= and an (n — k + s)-dimensional real Bott manifold M (B’). In particular,
it M(A) =11 X7, S then it is diffeomorphic to (SH"=2x Klein bottle.

REMARK 2. From the submatrix > of (1.3), the group (Z3)* = (gk—s+1, - - - » gk acts
on T x M (B) by
Gi(Z1s vy Th—st1s -5 Zho [Zh415 -+ - Z0])
y 3 (1.4)
= (le ooy Zh—s41s e ey Ty ooy ks [Zk+1! '«'szn])
where z = Z or z. So there induces an action of (Z;)* on M (B) by
9i([zk+1, - -+ s Zn]) = [Zk415 - - -, 2] (1.5)

Moreover in [3],

THEOREM 1 (Structure). Given a real Bott manifold M (A), there exists a maximal
T*-action (k > 1) such that M(A) = Tk x (Zo) M (B) is an injective Seifert fiber space over
the (n — k)-dimensional real Bott orbifold M(B) /(Z>)*;

TF - M(A) = M(B)/(Z>)* . (1.6)
There is a central extension of the fundamental group w(A) of M(A):
1> 7ZF>7(A)—> 0 — 1 (1.7)

such that
() ZF is the maximal central free abelian subgroup
(ii) The induced group Qp is the semidirect product w(B) X (Zy)* for which
Rk /7 (B) = M(B).

See [3] for the proof.

By this theorem, a real Bott manifold M (A) which admits a maximal Tk-action (k > 1)
can be created from an (n — k)-dimensional real Bott manifold M (B) by a (Z;)*-action, and
the corresponding Bott matrix A has the form as in (1.3) above.
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1.2. Affine maps between real Bott manifolds. Next, we can apply the following
theorem to check whether two real Bott manifolds are diffeomorphic.

THEOREM 2 (Rigidity). Let M(A1), M(A2) be n-dimensional real Bott manifolds
and 1 — 7k — w(A;) = Qp, — 1 be the associated group extensions (i = 1,2). Then the
following are equivalent:

(i) m(Ay) is isomorphic to w(A3).
(ii) There exists an isomorphism of Q g, = w(B1) X (Z)®' onto Qp, = w(B2) X (Z2)*?
preserving w(B1) and 7w (B3).

(iii) The action ((Z)*', M(B1)) is equivariantly diffeomorphic to the action ((Z»)*?,

M (B2)).

See [3] for the proof. Here Bott matrices A; and A, are created from B; and B, respectively.

Note that two real Bott manifolds M (A1) and M (A;) are diffeomorphic if and only if
(A1) is isomorphic to 7 (A) by the Bieberbach theorem [7]. Moreover by Theorems 1 and
2 we have,

REMARK 3. Letreal Bott manifolds M (A;) = Tk Xz M(B;) (i =1,2). If M(Ay)
and M (A3) are diffeomorphic then the following hold.
1) k; =kp.
(il) M (B;) and M (B,) are diffeomorphic.
>iii) s = s2.

Therefore two real Bott manifolds which admit different maximal 7*-action are not diffeo-
morphic. If they have the same maximal T*-action, then the quotients ((Z»)%, M(B;)) are
compared. If M (Bj) is not diffeomorphic to M (B>) or 51 # s>, then M (A1) and M (A;) are
not diffeomorphic. So our task is to distinguish the (Z;)% -action on M (B;) when it is the case
that s1 = s» = s and M (By) is diffeomorphic to M (B>).

1.3. Type of fixed point set. Note that from (1.5), the action of (Z,)* on M(B) is

defined by a[(z1,...,zn-1)] = [@(z1, ..., Zp-1)] = [E1,...,Zn—k)] for @ € (Z2)* and
7 = zorz. Since M(B) = T"*/(Z,)"~¥, the action («) lifts to a linear (affine) action on
7" % naturally: a(z1, ..., 2n—t) = (Z1, ..., Zn—). Then the fixed point set is characterized
by the equation: (1, ..., Zn—k) = 9(21, ..., Zn—k) for some g € (Zz)"_k. It is also an affine

subspace of 7"k, So the fixed point sets of (Z,)* are affine subspaces in M (B).
Let B be the Bott matrix as in (1.1). By a repetition of move I, B has the form

L Cx ... ... Coy
Iz Cig ... Czy
B = . o (1.8)
0 Ii—1 Cu-1ye

Iy
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where rankB=n — k=rankl>+...+rankly and I; (i = 2,...,£) is the identity matrix, Cj,
(j=2,....,4—1,t=3,...,0)isa p; x g, matrix (p;=rank/;, g;=rankl;).

Note that by the Bieberbach theorem (cf. [7]), if f is an isomorphism of 7 (A1) onto
m(Aj3), then there exists an affine element g = (h, H) €A(n) = R" x GL(n, R) such that

fr)y=grg~" (vr e (AY)). (1.9)

Recall that if M (A1) is diffeomorphic to M (A») then M (By) is diffeomorphic to M (B). This
implies that B; and B; have the form as in (1.8).
Using (1.9) and according to the form of B in (1.8) we obtain that

h; H,
h; H> 0
9= I . (1.10)
: 0 -
hy H,

where h; is an s; x 1 (s;=rank I;) column matrix (h; is a kK x 1 column matrix), H; €GL(s;, R)
(i=2,...,0), H €GL(k, R) (see Remark 3.2 [3]).
Let f: O, — OBp, be the induced isomorphism from f (cf. Theorem 2). Now the
affine equivalence j: R* ¥ — R"~¥ has the form
h, H, 0
a=1| : |. (1.11)
hy 0 H,
which is equivariant with respect to f. The pair (f, §) induces an equivariant affine diffeo-
morphism (f, §): ((Z2)*, M(B1)) — ((Z2)*, M(By)).
Let rankH; = b; (i = 2,...,¢). (Note that b, + --- + by = n — k.) Since M(B)) =
T"*/(Z»)"*, 5 induces an affine map § of 7"%. Put

X1 xb[/-‘rl
Xpp=| | Xo=| ¢ |own=pXp)eT’(i=2,...,0,

Xby xbg/‘H?(

by =by+---+bp_1.
Since gp = pg, §Cwp,, ..., "wp,) = (’wgz, ...,’w;e) where w;t_ = p(h; + H; Xp,) € T".
That is, § preserves each T of T"7% = T?2 x ... x T?¢ 50 does § on

M(B1) = {[21, -, Zbys Loyt 1y -+ - s Toytbys - - - S Zhy+1s s Thytbel} -

We say that § preserves the type (b, ..., bgs) of M(Bi). As § is f-equivariant, it
also preserves the type corresponding to the fixed point sets between ((Z»)%, M(B;)) and
((Z2)*, M(By)).
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PROPOSITION 1. The (Z3)*-action on M (B) is distinguished by the number of com-
ponents and types of each positive dimensional fixed point subsets.

See [3] for the proof.

DEFINITION 1. We say that two Bott matrices A and A’ are equivalent (denoted by
A~ A)if M(A) and M (A’) are diffeomorphic.

2. Examples

We shall give some real Bott manifolds in order to determine diffeomorphism classes
of 5-dimensional ones. We introduce the following Bott matrices created from B =
1 10

0 1 1
0 0 1
1 o1 1 O 1 0|{]0 1 O
A=l 0 1/0 1 0}, A= 0 1(1 0 0|,
00 B 00 B
1 0|1 0 O 1 0|1 0 1
Az=1 0 1|0 O 1 |, As4=| 0 1|1 0 O
00 B 00 B

Then we obtain the 5-dimensional real Bott manifolds M (A;) for which the (Z,)2-action on
M (B) is given by the first two rows of A; (i = 1, 2, 3, 4). We prove that there are two distinct
diffeomorphism classes among M (A;) (i = 1,2, 3,4).
a) M(A)) is diffeomorphic to M(A5). For this, the (Z,)?-actions on M (B) corre-
sponding to A1 and A; are given as follows:

®  91([z3, z4, z5)) = 23, 24, 251 = [93(23, 24, 25)] = [—Z3, 24, 5],

92 ([z3, z4, z51) = [23, 24, 251,
(i)  hi1([z3, z4, z5]) = [23, 24, 251, h2([z3, 24, 25]) = [23, 24, 25].
There is an equivariant diffeomorphism ¢ : ((Z2)*, M(B)) — ((Z»2)?, M(B)) de-
fined by ¢([z3, 24, z51) = ([iz3, z4, z5]) such that pg1 = hap and 9 = hie.
Hence the result follows from Theorem 2.

b) M(A3) is not diffeomorphic to M(A3). If M(A;) and M(A3) are diffeomor-
phic, by Theorem 2 there is an equivariant diffeomorphism ¢: ((Z)?, M(B)) —
((Z2)?, M(B)). Let ¢ : R® — R3 be the lift of ¢. According to the form of B, the
affine element ¢ has the form

a 1 00
Q= az |,1 01 0 2.1
as 0 0 1

[\S]
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for some a; € R (i = 2,3,4) (see (1.11)). Since M(B) = T?3/(Z,)?, ¢ induces
an affine map of 73. By the formula of (2.1), it preserves each S' of 73 = S! x
S! x 8!, so does ¢ on M(B). Since ¢ is equivariant, it also preserves the type
(1,1, 1) of the fixed point sets of ((Zz)z, M (B)). That is, if [z3, z4, z5] 18 a fixed
point set of ((Zz)z, M (B)), then ¢ preserves each coordinate z; (i = 3,4,5) (i.e.,
¢lz3, 24, z5] = [exp(2miaz)z3, exp(2miaz)z4, exp(2mwias)zs]).

The fixed point sets of ((Zz)z, M (B)) corresponding to A and A3 are as fol-
lows:

(i) 3 components T2 = {[z3, 1, zs], [1, z4, z5]. [i, z4. 251},
4 components S' = {[z3, 1, 11, [i, 1, z5], [z3, i, il, [1, 1, z51},
4 points {[i, i, 11, [i, i, 1], [1, 1, 11, [1, 1, i]},

(i) 3 components T2 = {[z3, z4, ], [1, z4, 251, [23, 24, 11},

4 components S' = {[1, z4, 11, i, 1, 251, [1, 24, i1, [i, i, 251},

and 4 points {[i, i, 1], [i, i, 1], [i, 1, 11, [i, 1, i]}.
We see that the number of components of fixed point sets of ((Z»)%, M(B)) cor-
responding to A> and A3 is the same. Since the type of fixed point set is pre-
served, ¢ maps T? = {lz3, 1, z51}, 23,25 € s! ((1) in A») onto the fixed point set
T? = {lw3, exp(2riaz), ws]} (w3, ws € Sy of Az. However there is no type of
such fixed point set in (ii) of A3. Therefore by Proposition 1, M (A2) and M (A3)
are not diffeomorphic.

¢) M (A3) is diffeomorphic to M (A4). In this case, the (Z2)?-actions on M (B) corre-

sponding to Az and A4 are given as follows:

@) 91([z3, z4, z5]) = [23, 24, 251, 92 ([23, 24, 25]) = [23, 24, 251,
(i) hi1([z3, 24, 25]) = (23, 24, 25], h2([z3, 24, 25]) = [23, 24, 25].

We change the generator i1y by h': 1| ([23, z4, z5]) = h1halz3, 24, z5] = [23, 24, Z5].
Define an equivariant diffeomorphism ¢: ((Zz)z, M(B)) — ((Z2)*, M(B)) to be
¢([z3, 24, z5]) = ([23, 24, z5]) such that g1 = hop and 9 g» = h¢. Hence M(A3)
is diffeomorphic to M (A4) by Theorem 2.

3. Five-Dimensional Real Bott manifolds

Before giving the classification of 5-dimensional real Bott manifolds, we recall the clas-
sification of 2, 3, 4-dimensional ones as stated in [5], [6], [2].

THEOREM 3. The diffeomorphism classes of 2-dimensional real Bott manifolds con-
sist of two. The corresponding Bott matrices are as follows.

10 11
w=(o 1) 2=(o 1)
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The diffeomorphism classes of 4-dimensional real Bott manifolds con-

sist of twelve. The corresponding Bott matrices are classified into twelve equivalence classes

THEOREM 4. The diffeomorphism classes of 3-dimensional real Bott manifolds con-
as follows:

sist of four. The corresponding Bott matrices are classified into four equivalence classes as

follows:
THEOREM 5.

d) I

238
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1 1 0 1 1 1 1 0
0 1 0 1 0 1 1 0
oo 1 o Js\o o 1 o )
0 0 o0 I 0 0 0 1
10 0 1 1 0 0 1 1 0 1 0 1 o 1 1
0 1 1 0 0 1 1 1 0 1 0 I 0 1 0 1
X) oo 1t 1 Jsto o 1 1 )sto o 1 1 )s\o o 1 1)
0 0 o0 1 0 0 0 1 0 0 o0 1 0 0 0 1
1 0 1 0 1 0 1 1 0 1 0 0 1 1 0 1
0 1 1 1 0 1 1 0 0 1 0 1 0 1 0 1
oo 1t 1 )Jsto o 1 1 )sto o 1 1 )s\o o 1 1|
0 0 o0 1 0 0 0 1 0 0 o0 1 0 0 0 1
1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1
p 0 1 0 0 0 1 0 1 0 1 0 1 0 1 0 0
Xi) 0 0 1 1 sbo o1 0 st 0o o 1 1 >l o o 1 0 )
0 0 0 I 0 0 0 1 0 0 0 I 0 0 0 1
1 0 0 1 1 0 0 1 1 0 0 1 1 0 0 0
0 1 0 0 0 1 0 1 0 1 0 1 0 1 1 0
0 0 1 1 9 0 0 1 0 ) 0 0 1 1 9 0 0 1 0 5
0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1
1 1 0 0 1 0 1 0 1 0 1 0
0 1 0 0 0 1 0 0 0 1 1 0
oo 1t 0o Jsyo o 1 o )st o o 1 o]
0 0 0 I 0 0 0 1 0 0 0 I
xii) Iy

Using the classification results of Theorem 3, 4, 5, we shall classify 5-dimensional real
Bott manifolds.

3.1. Sl-actions with 4-dimensional quotients. The Bott matrices of M (A) admit-
ting S'-actions have the following form

<1|1 aiz a4 als)
0] B

where a13, ai4, ais € {0, 1}. In this case M (B) corresponds to the Bott matrices B in Theorem
5. Taking the first Bott matrix from i) as By, we consider the following Bott matrices.

11 0 00 1/1 0 10
Al_<0 B )A2_<0| B >

1|1 0 1 1
Az = .
3 <O B )

Then the fixed point sets of the Z,-actions on M (B) corresponding to Ay, A, and A3 respec-

tively are as follows: (1) T3, T2, 4 points, (2) 2 components T2, 4 components st 3) T2, 4
components S', 4 points. (1), (2) and (3) have the different fixed point sets each other so each
A; (i = 1,2,3) is not equivalent by Proposition 1.

From the first Bott matrix in ii), say B;, we created the following Bott matrices.

1[1 1 00 1|1 0 00
A4_<0 By )A5_<0| By >

111 1 1 O
Ag = .
6 <O B )
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The fixed point sets of the Z;-actions on M (B») corresponding to A4, As and Ag are obtained
as: (1) 3 components T2, 4 points, (2) 73,4 components S 138 components S ! In view of
the fixed points, similarly A; (i = 4,5, 6) are not equivalent to each other.

From the first Bott matrix in iii), say B3, we created the following Bott matrices.

1{1 0 0 O 111 0 1 O
A7=<0 B3 )A8=<0| B3 >
I{1 0 0 1 1{1 0 1 1
A9:<0 Bs )Am:<0| Bs )
The fixed point sets of the Z,-actions on M (B3) corresponding to A7, Ag, Ag and Ajg are as
follows:
(1) T3,7T2, 5,2 points,
(2) 2 components T? = {[1, z3, 1, z51, i, i, z4, z5]}, 3 components
SU={[i, 1,1, z5], [1, z3,1, 11, [1, z3, i, ]}, 2 points={[i, 1,1, 1], [i, 1, i, i]},
(3) 2 components T? = {[1, z3, z4, 11, [1, z3, z4, 1]}, 3 components
SU={[i,i,1, z5], [i, 1, z4, 11, [i, 1, z4, i]}, 2 points={[i, i, 1, 11, [i, i, 1, i]},
“4) T2, 5 components S 12 points.
Note that the fixed point sets of (2) and (3) coincide, but the type of them are different.
(Compare b) in Section 2 for the type (1, 1, 1, 1).) Hence Ag and A9 are not equivalent. As
the fixed point sets (1), (4) and (2) (or (3)) are all different, each A; (i = 7, 8,9, 10) is not

equivalent.
From the first Bott matrix in iv), say Bs, we create the following Bott matrices.

1{1r 0 0 O 1{1r 0 1 0
A: A:
= (o) A= (55—

I{1r 0 0 1 I{1r 0 1 1
A13=(O B )A14=<O B )

The fixed point sets of the Zy-actions on M (By4) corresponding to A1y, A12, A13 and A4 are

as follows: (1) 73,3 components sl 2 points, (2) T2, 5 components st 2 points, (3) 3 com-
ponents T2, S!, 2 points, (4) 2 components 72, 3 components S', 2 points. By Proposition 1,
A; (i = 11,12, 13, 14) are not equivalent to each other.

The Bott matrices A; (i = 15, 16, 17, 18) below are created from the first Bott matrix in
v), say Bs, while A9 is created from the second Bott matrix in v), say Bg.

11 0 00 11 0 10
s = (g5 ——) o= (o)

11 0 01 11 0 11
an= (g1 —5——) = (o)
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1|1 1 .00
A19=<O| Be )

The fixed point sets of the Z,-actions on M (B;) (i = 5, 6) corresponding to A5, Ate, A17,

Aig and A9 are as follows: (1) T3, 2 components sl 4 points, (2) 3 components 72,2
components S 1 (3) 2 components TZ, 2 components S 14 point, (4) T2, 6 components S 1
(5) 2 components T2, 4 components st By Proposition 1, A; (i = 15,16, 17, 18, 19) are not
equivalent to each other.

The following Bott matrices are created from the Bott matrix vi), say B7.

_(1]1 0 00 _(1]1 1 00
Azo—(0| B )A21—<O| B )

The fixed point sets of the Z;-actions on M (B7) corresponding to Ayp and Aj; are as follows:

@))] 73,8 points, (2) 2 components T2, 4 components st By Proposition 1, Az and As; are
not equivalent.
The Bott matrix Aj; is created from the first Bott matrix in vii), say Bg.

11 1 00
Ay = .
22 ( 0 | BS >
The following Bott matrices are created from the first Bott matrix in viii), say Bg.
1|1 1 00 1|1 1 10
A>rx = Arg = .
23 ( O | B() ) 24 < O | BQ )

The fixed point sets of the Z,-actions on M (By) corresponding to A>3 and A4 are as follows:

(1) 2 components T2, 8 points, (2) 8 components S'. By Proposition 1, A»3 is not equivalent
to Ang4.
The following Bott matrices are created from the first Bott matrix in ix), say Bjg.

_(1]1 1 00 (11 1 01
o= (o me ) (o)

The fixed point sets of the Zj-actions on M (Bjg) corresponding to A5 and Ajg are as fol-

lows: (1) 2 components T2, 2 components S', 4 points, (2) 6 components S!, 4 points. By
Proposition 1, A5 and Ajg are not equivalent.

The Bott matrix A7 (resp. Ajg) below is created from the first Bott matrix in x), say
Bi1, (resp. xi), say Bi2).

(1|1 1 00 (11 1 10
A27_<O| B )A28_<0| B> )

111 1 1 1
Finally from I4, we get Ayg = < 0 I >
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Since each Bott matrix B of i) to xii) is not equivalent to each other, the resulting Bott
matrix A is not equivalent. Totally, 29 Bott matrices A; (i = 1, ..., 29) are not equivalent to
each other. When we take the second Bott matrix B’ from 1), the resulting Bott matrix A’ gives
an action (Zy, M (B’)). We can check that (Zy, M (B’)) is equivariantly diffeomorphic to one
of the actions (Zy, M (B)) corresponding to Ay, Az, A3 by the ad hoc argument. (Compare
Section 2 for the argument to find an equivariant diffeomorphism.) Once there exists such an
equivariant diffeomorphism, A’ is equivalent to one of A}, Ay, A3z by Theorem 2. Similarly,
if A’ is another Bott matrix created from the first Bott matrix in i), we can check that the
corresponding (Z,, M (B)) is equivariantly diffeomorphic to one of the actions (Z;, M (B))
corresponding to A1, Ay, A3. (Note that the total number of Bott matrices created from the
first Bott matrix in i) is 8.) This argument works not only for the case i) but also for the cases
from ii) to xii). As a consequence the Bott matrix A’ created from Bott matrices from ii) to
xii) is equivalent to one of A;’s (i =4, ...,29). In summary, we obtain the following but the
proof is omitted because of a tedious argument.

LEMMA 1. A Bott matrix created from any one of Bott matrices of Theorem 5 is equiv-

alent to one of the Bott matrices A; (i = 1,...,29) above.

PROPOSITION 2. There are 29 diffeomorphism classes of the case S'-actions with 4-
dimensional quotients.

3.2. TZ-actions with 3-dimensional quotients. The Bott matrices of M (A) admit-
ting T-actions have the following form

(5)

The following Bott matrices are created from the first Bott matrix B of a), say Bj3, in
Theorem 4.

1 0({0 0 O 1 0|0 O O
Azg = 0O 1|1 0 0 JA;= 0O 1|1 0 1

00 B3 00 Bi3

1 0j0 1 O 1 0|1 O 1
Az = 0 111 0 0 A= 0 11]0 1 0

0 0 B3 00 B3

1 01 0 O 1 00 1 1
Azg = 0O 1]0 0 1 JA3;s5= o 1|1 0 O

00 B3 00 Bi3

The fixed point sets of the (Z,)%-actions (s = 1,2) on M(B3) corresponding to A3g, A3j,
A3, A3z, Aza and Ass are as follows: (1) T2, S!, 2 points, (2) 3 components st 2 points,
(3) 3 components T2, 4 components st 4 points, (4) T2, 8 components sl 4 points, (5) 3
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components T2, 4 components S', 4 points, (6) 2 components 72, 6 components S, 4 points.
Compared (3) with (5), we see from b) in Section 2 that A3, is not equivalent to Az4 . By
Proposition 1, Bott matrices A; (i = 30, 31) (resp. A (j = 32, 33, 34, 35)) are not equivalent
to each other. Moreover, by Remark 3, Bott matrices A; (i = 30, 31) are not equivalent to
Aj (j = 32,33, 34,35) because the (Z»)*-action corresponding to A; (j = 32,33, 34, 35)
cannot be reduced to a Z-action.

The following Bott matrices are created from the Bott matrix b), say Bi4, in Theorem 4.

1 0|0 0 O 1 0|0 O O
Az = 0 1]1 0 0 Ay = 0 1]1 1 0

00 B4 00 B4

1 00 1 1 1 0|0 1 O
Azg = 0O 1|1 0 0 JA3= 0O 1|1 0 O

00 B4 0 0 B4

1 o1 0O 1
Ay = 0 1]1 1 0

00 B4

The fixed point sets of the (Z,)%-actions (s = 1,2) on M (Bj14) corresponding to Asg, A37,
Azg, Azg and Ay4g are as follows: (1) T2, 4 points, (2) 4 components s, (3)2 components
T2, 4 components S 18 points, (4) 3 components TZ, 4 components S 14 points, (5) 12
components S'. By Remark 3, Bott matrices A; (i = 36, 37) are not equivalent to A;(j =
38, 39, 40) because the (Zz)z—action corresponding to A; (j = 38, 39, 40) cannot be reduced
to a Zp-action. On the other hand, by Proposition 1, Bott matrices A; (i = 36, 37) (resp. A;

(j = 38, 39, 40)) are not equivalent to each other.
The Bott matrices A; (i = 41, 42, 43, 44) below are created from the first Bott matrix in
¢), say Bjs, of Theorem 4 while Ays is created from the second Bott matrix in c), say Big.

1 0|0 0 O 1 0|0 1 O
Agq = 0 111 1 0 | Agpp = 0 111 0O O

00 Bis 00 Bis

1 00 1 O 1 0j]0 O 1
Aygz = 0 1]1 0 1 Agq = 0 1]1 1 0

00 Bis 00 Bis

1 0j]0 1 O
Ags = 0O 1|1 0 O

0 0 Big

The fixed point sets of the (Zz)z—actions on M(B;) (i = 15, 16) corresponding to A4z, As3,

A4q and Ays are as follows: (1) 3 components T2, 4 components sl 4 points, (2) T2, 8
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components S', 4 points, (3) 2 components T2, 4 components S', 8 points, (4) 2 components
72,6 components sl 4 points. By Remark 3, A4; is not equivalent to A; (i = 42,43, 44, 45)
because the (Zz)z-action corresponding to A; (i = 42,43,44,45) cannot be reduced to a
Zj-action. Then by Proposition 1, Bott matrices A; (i = 42, 43, 44, 45) are not equivalent to
each other.

The following Bott matrices are created from /3.

1 00 0 O 1 00 1 1
Ay = 0O 1|1 1 1 JAgy= 0O 1|1 0 O
00| & 00| &
1 0j1 O 1
Agg=1|1 0 1|1 1 O
00 IZ

The fixed point sets of the (Z2)2—actions on M (B) corresponding to A47 and Asg are as fol-
lows: (1) 2 components T2, 4 components S!, 8 points, (2) 12 components S'. By Remark 3,
Aug 1s not equivalent to A; (i = 47, 48), and by Proposition 1, A47 is not equivalent to A4g.

Since each Bott matrix B of a) to d) is not equivalent to each other, the resulting Bott
matrix A is not equivalent. Totally, 19 Bott matrices A; (i = 30, ..., 48) are not equivalent
to each other.

When we take the second Bott matrix B from a) of Theorem 4, the resulting Bott matrix
A’ gives an action ((Zy)*, M(B")) (s = 1, 2). We can check that ((Z;)%, M(B")) is equivari-
antly diffeomorphic to one of the actions ((Z2)*, M (B)) correspondingto A; (i = 30, ..., 35)
by the ad hoc argument. (Compare Section 2 for the argument to find an equivariant diffeo-
morphism.) Once there exists such an equivariant diffeomorphism, A’ is equivalent to one
of A;’s (i = 30, ...,35) by Theorem 2. Similarly, if A’ is another Bott matrix created from
the first Bott matrix in a) of Theorem 4, we can check that the corresponding ((Z;)*, M (B))
(s = 1, 2) is equivariantly diffeomorphic to one of the actions ((Z;)*, M (B)) corresponding
to A; (i =30, ...,35). (Note that the total number of Bott matrices created from the first Bott
matrix in a) is 76.) This argument also works for the case b), ¢) and d). As a consequence
the Bott matrix A" created from Bott matrices in b), c¢) and d) is equivalent to one of A;’s
(i = 36,...,48). In summary, we obtain the following.

LEMMA 2. A Bott matrix created from any one of Bott matrices of Theorem 4 is equiv-
alent to one of the Bott matrices A; (i = 30, ...,48) above.

PROPOSITION 3. There are 19 diffeomorphism classes of the case T*-actions with 3-
dimensional quotients.

3.3. T3-actions with 2-dimensional quotients. The Bott matrices of M(A) admit-
ting T3-actions have the following form

(4f0)
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In this case a Bott matrix B is either A{ or A in Theorem 3. The Bott matrices A49 and Asg
(resp. As1 and Asp) below are created from A (resp. A»).

1 0 0{0 O 1 0 0{0 O
01 0(0 O 01 01 O

Ago=] 0 0 1|1 1 JAso=] 0 O 1|0 1
00 01 O 00 01 O

0 0 0‘0 1 0 0 0‘0 1

1 0 00 O 1 0 0[O0 O

01 0(0 O 01 01 O

As1;=]1 0 0 1|1 0 |As5=] 0 0 1|0 1
00 Of1 1 0O 0 Of1 1

0 0 0‘0 1 0 0 0‘0 1

Since Aj and Aj in Theorem 3 are not equivalent, none of A49 and Asg is equivalent to As
or Asy. Then Agg (resp. Asp) is not equivalent to Asg (resp. Asz), because (Zz)z—action on
M (B) corresponding to Asg (or Asp) cannot be reduced to a Zp-action. If A’ is another Bott
matrix created from A in Theorem 3, we can check that the corresponding ((Z>)*, M(A1))
(s = 1, 2) is equivariantly diffeomorphic to one of the actions ((Z2)*, M (A})) corresponding
to A49 and Asp by the ad hoc argument. Once there exists such an equivariant diffeomorphism,
A’ is equivalent to A49 or Asp by Theorem 2. This argument works also for the case A in
Theorem 3. As a consequence another Bott matrix A’ created from Aj is equivalent to Asj or
Asj. Thus we obtain the following.

LEMMA 3. A Bott matrix created from any one of Bott matrices in Theorem 3 is equiv-
alent to one of the Bott matrices A; (i =49, 50, 51, 52) above.

PROPOSITION 4. There are 4 diffeomorphism classes of the case T3-actions with 2-
dimensional quotients.

3.4. T*-actions with one-dimensional quotients. The Bott matrices of M(A) ad-
mitting 7#-actions have the following form

(a5alT)
0 0 0O0[1)

In this case M(B) = M(1) = S'. It is easy to check by using moves II and III, it consists of
just one diffeomorphism class, where the corresponding Bott matrix is

Iy O
1 .

As3 =

0 0 001

Obviously the corresponding Bott matrix of size 5 of a real Bott manifold admitting 77-
action is the identity matrix of rank 5. Combined with Propositions 2, 3, 4 and the case of
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T*-actions above we get the following theorem.

THEOREM 6. The diffeomorphism classes of 5-dimensional real Bott manifolds con-
sist of 54.

4. Classification of n-dimensional Real Bott Manifolds

In this section we shall prove some results regarding the classification of certain types of
n-dimensional real Bott manifolds.

THEOREM 7. The number of diffeomorphism classes of n-dimensional real Bott man-
ifolds (n > 4) which admit the maximal T"2_qctions (iie.s=1,2)is4:
MA)=T"? x M(B).
(Zp)*

PROOF. Since there are two diffeomorphism classes of 2-dimensional real Bott mani-
folds M (B) (see Theorem 3), the real Bott manifolds M (A) created from M (B) correspond
to the following Bott matrices

_ I, o | _ I, o | **
Al_( 0 B])’Az_( 0 Bz)

I 1
here B| = I, B = .
where b 2, b2 (01)

Let us consider Aj. If the entries in each row of > are the same then by moves II or III,
A is equivalent to

L,

0
1
1 “.1)
0

— ol— o

0

Otherwise by moves II, III or the equivariant diffeomorphism ¢: ((Z»)?, M(By)) —
((Z2)*, M(By)) defined by ¢[zu—1, 2u] = [zn—1, 2n], A1 is equivalent to

00

I,_» 1 0
0 1 4.2)

1 0

0 0 1

However (4.1) is not equivalent to (4.2) because the (Z>)*-action on M (B;) corresponding to
(4.2) cannot be reduced to a Zj-action on it.
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Let us consider A;. If the entries in each row of * are the same then A is equivalent to

I,_» 00
1 1
, 4.3

T 1 4.3)

0 0 1
or if the entries in the second column of > are all zero then A, is equivalent to

I,_> 0 0
1 0

4.4

T 1 (4.4)
0 0 1

by moves II or III. However (4.3) and (4.4) are equivalent by the equivariant diffeomorphism
¢: (Za, M(B2)) — (Zp, M(By)) defined by ¢([zn—1,2n]) = [izn—1.2n]. Otherwise Aj is
equivalent to

4.5)

by moves IL III or the equivariant diffeomorphism ¢ : ((Z2)?, M(B>)) — ((Z2)?, M(B>))

defined by ¢[z,—1, Zu] = [2n—1, Zn]. Moreover (4.4) and (4.5) are not equivalent because the
(Z)*-action on M (B;) corresponding to (4.5) cannot be reduced to a Z>-action on it.

Therefore there are 4 equivalence classes of the Bott matrices corresponding to M (A).

O

PROPOSITION 5. The diffeomorphism class is unique for the real Bott manifold of the
form M(A) = T" x T"fkforanyk (1 <k <n-—1). Inparticular, ifk = n then M(A) = T".
Zy
PROOF. Since M(A) admits the maximal 7%-action and A is created from 1,_, there
is only one Bott matrix A, namely

Iy 0
A= 1 ... 1. (4.6)
0 | Ik
Clearly, if k = n then A = I, the identity matrix of rank n. O

Obviously, by Theorem 7 and this proposition, there are 6 diffeomorphism classes of
n-dimensional real Bott manifolds M (A) (n > 4) admitting the maximal T*-action for k =
n—2,n-—1,n.
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COROLLARY 1. IfM(A) = S! Xz, M(B) where M(B) = Tk X7, SY, then for any
k > 1 there is only one diffeomorphism class.
PROOF. Since M(B) = T* X7, st

Iy *k
B =

—

The Bott matrices A created from B are

L1 ... 11 1|1 ... 10
(=)o)

which are equivalent by the equivariant diffeomorphism ¢: (Zy, M(B)) — (Z>, M(B)) de-
fined by ¢([z2, . - ., Zk+1, 2k+2]) = [22, - - -, 12kt 15 Zh42]- O

COROLLARY 2. Let M(A) be a real Bott manifold which fibers S' over the real Bott
manifold M (B) for which M (B) is Tk X (7, K (k = 2). Here K is a Klein bottle. Then the
number of diffeomorphism classes of such M (A) is 3.

PROOF. Since M(B) = T* Xz, K (s = 1,2), there are 2 distinct diffeomorphism
classes of M(B) corresponding to Bott matrices in (4.4) and (4.5)) (say Bj and B respec-
tively). The Bott matrices of size (k + 3) created from B with the Z;-actions are as follows

11 ... 1 .00 11 ... 1 .10
e G e e

11 ... 1 01 1jr ... 1 1.1
(o i) (o T @8

The Bott matrices in (4.7) (resp. (4.8)) are equivalent by the equivariant diffeomor-
phism ¢: (Z2, M(B1)) — (Zz2, M(By)) defined by ¢([z2, ..., Zk+1, 2k+2, 2%k+3])) =
[z2, - izk+1, Zht25 26431

On the other hand, Bott matrices in (4.7) are not equivalent to (4.8) because the maximal

fixed point sets of (Z;, M (B1)) corresponding to the Bott matrices in (4.7) and (4.8) are T2
and S!, respectively.
It is easy to see that each Bott matrix created from B; is equivalent to

11 ... 1 00
(o ) *9)

by ¢: (Zo, M(B2)) — (Z3, M(B3)) which is defined by one of the following

©([z2, -+ Tk Tkt 1> T2y Zk43]) = (22, - s 02k, T s Zh2s 23],
©([225 -+, Tk Tkt 1> T2y Zk+3]) = (22, 235 -+ 5 Tk WZkp 1, Tk 2, 23],

022, -+ Tk Tkt 1> Tht20 2h43]) = [225 23, - -+, 2k, ik 1, Zr42s Zk43])-
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Obviously, the Bott matrix (4.9) is not equivalent to the Bott matrices in (4.7) and (4.8) be-
cause Bj is not equivalent to B,. Therefore there are 3 equivalence classes of the Bott matrices
corresponding to M (A). O

COROLLARY 3. Let M(A) be a real Bott manifold which fibers S' over the real Bott
manifold M (B) for which M (B) is T* X (Z)s T2 (k > 2). Then the number of diffeomorphism
classes of such M (A) is 3.

PROOF. Since M(B) = T* X (Zo)s T2 (s = 1,2), there are 2 distinct diffeomorphism
classes of M (B) which correspond to the Bott matrices in (4.1) and (4.2). Using a similar
observation as in the proof of Corollary 2, one can prove that there are 3 equivalence classes
of the Bott matrices corresponding to M (A). O

Now if we create Bott matrices from (4.6) (for k = 1) with Z-actions then we will get
the classification of the corresponding real Bott manifolds as follows.

THEOREM 8. Let M(A) be a real Bott manifold which fibers S' over the real Bott
manifold M (B) where M(B) = st X7, Tk (k = 2), then the diffeomorphism classes of such
M(A) is [%] + 1. Here [x] is the integer part of x.

PROOF. Since M(B) = S! xz, T*,

1y1r ... 1
B = . 4.10
( 0 I ) ( )
The Bott matrices A; of size (k + 2) created from (4.10) with Z,-actions are as follows
1|1 =% .
A,-=<O 5 ),(z:l,...,Zk). (4.11)
We apply the different Z,-actions on M (B) such that the Bott matrices A; are as follows:
Al = L {1}2 {0}3 ... {O}otk
0 B ’
A — < 1 {1} {1}3 {0}a ... (O}t >
2= )
0 B
4.12)
A — 1 ‘ {1}a ... {1}1+([§]+1) {0}2+([§]+1) oo {Ob2+k
[§]+1 0 | B .

Here {y}; means y in the i-th spot. It is easy to check that the maximal fixed point sets of

(Zo, M(B)) correspondingto A; (i =1,2,..., [k] + 1) are Tk, 1 Tk_[g], respec-
P g ) P
tively. Hence they are not equivalent to each other.
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On the other hand, for [%] +1 <1 < (k+ 1), Bott matrix

(1|{1}2 o i (O {omk)
0] B

(4.13)

is equivalent to one of the Bott matrices in (4.12). To show this, consider the g;-action corre-
sponding to (4.13):

(k+1)—1
G122 -+ 204 2425 -+ Zh42]) = (225 o+ o5 20415 20425 - -+ 5 k2]
=[g(2, ..., U415 U425 - -+ 5 Zht2)]
=[—22,23, .-+, 241, U2, - - -5 Zkt2] -

Since (k +1) —1 < k — [%] < [%] + 1, there is an equivariant diffeomorphism
¢: (Zo, M(B)) — (Zp, M(B)) defined by ¢([z2,..., 2141, 2142, ---» 2k+2]) = liza,

ZI42y « - - » Zk+2, 23, - - - » Z1+1] such that ¢ g1 = h1¢ for some hj-action corresponding to one
of the Bott matrices in (4.12).
The other Bott matrices A; (i # 1, ..., [%] + 1) may have the form
111 ... 1
A = , 4.14

where 1 € {0, 1}. We prove that A’ is equivalent to one of the Bott matrices in (4.12). Suppose
that the number of entries 1’s for 1 = 1 is 7. Applying move I on A’ such that the entries 1’s

for1 =1 are placed in series, we get a new Bott matrix

(2 s . (o Oy .. {Oh
0] B ’
which is still equivalentto A’. Obviously, A” = A; forsomei =1, ..., [§]+1 if0<t< [%],

or A” is the same as (4.13) if t > [%]. Hence A’ is equivalent to one of the Bott matrices in
(4.12). This completes the proof of the theorem. O

From now on, we use the notation (Z;, M (Bj)); which means that the Z;-action on
M (Bj) corresponds to a Bott matrix A;;.
Next we state three lemmas which will be used to prove Theorem D in Introduction.

LEMMA 4. Let M(A) = S! Xz, M(B1) be an n-dimensional real Bott manifold with

1 1 1 e e 1
1 S |

By = T T (4.15)
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k > 2,andn—k > 3. Such real Bott manifolds M (A) corresponding to Bott matrices derived

from Ay (j=1,...,k, (k+1))in (4.16) are not diffeomorphic to each other. (That is, there

are kR34 kB3 _(n—k—2)) nonequivalent Bott matrices derived from (4.16).)
Aj/l —

L1 0 iy o {aak akgr oo Unekag=n (0} ... {0k (4.16)
O| By

forj=1,...,k, (k+ 1), where 1 is either 0 or 1,

{14y oo {T}ni) # 0,...,0)
; (4.17)
~ ~ e e
(resp. (14, ..., {Ih—i) £ (0,...,0,1,...,1), [=0,1,....,n —k —3)

for Bott matrix Aj (j =1,...,k) (resp. Ag11y1)-

PROOF. Recall that, if M (A1) is diffeomorphic to M (A1) (i.e., A1 is equivalent to
Ag41, m # q), by Theorem 2, there is an equivariant diffeomorphism

(P,0): (Zo = {a), M(B1))m — (Zo = (B), M(B1))y, such that
o@lz2,...,z2]) = P(W)@lza, ..., z0] = Bolz2, ..., znl.

Letg: R"! — R"~! pe the lift of ¢. According to the form of Bj, the affine element ¢ has

the form
_ a Ik |0
=) (515)) @19

where D is a nonsingular submatrix of rank k, ‘a = (az,...,a,—x) and 'b =
(Bp—i41, - - -, bp) (compare (1.11)). Since M(B)) = T""'/(Zy)"~!, ¢ induces an affine
map ¢ of T"~1.

Xn—k+1
Put X = . Since pp = po,
Xn
@(ZQA ceey ankv Zn7k+17 RG] Zn) = (£2Z21 ceey Zl’l*kzrl*k! pt(b + DX))
= (222, ..., bn—kZn—k> Cn—k+1Wn—k+15 - - + » CnWn)
4.19)

where £; = expQmia;) (j = 2,...,n — k), ¢cs = expQ2miby) s =n—k+1,...,n),
(Wn—k+15 - -, wp) = p'(DX).

On the other hand, since M (B|) = 71 / (Z2)" L, the action (o) lifts to an action on
7"~ such that we have the commutative diagram
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(Zo)"1 (Zo)"1

l l

@1 —2 s (T

pr| pr
(&, M(B)m —— (B, M(B1)),
for some g € (Z2)"~' = (¢, ..., gn). This means that
Pr(g(a(zz, ..., zn))) = @(Pr(a(z2, ..., z1))) = ¢(@(Pr(z2, ..., zn)))
= @ (@¢(Pr(z2,...,zn)) = Pe(Pr(z2, ..., 2n))
= BPr(@(z2,...,20) = Pr(B@(z2, ..., zn)),

(e, pla(z2, ..., 20)) = gBP(22, - .-, Zn).) (4.20)

(Note that g; (i = 2, ..., n) corresponds to the i-th row of A,,; and A,;.) This implies that
@ maps the fixed point set of (, 7"~!) to that of (g8, T"~!) diffeomorphically. From the
commutative diagram, we also have, for g € (Zz)"_l,
Pr(p(g(z2,...,20)) = @(Pr(g(za, ..., z4))) = @(Pr(z2,...,2))
= Pr(@(z2,...,21)) .

Hence there is an element /1 € (Zz)”’] such that

P92, 2n) =h@(22. ... 2n). 9@~ =h. 4.21)
Here the action (&, M (B1)) j7 (similarly for (8, M (B1)) ;) corresponding to A | is written as

o o
(22, -, Zn) = (22,23, 24 - -+ s Zu—k» Zn—ktls - o> Tn—kbj—1s Zn—ktjs - -+ Zn)

o o
where Zj (€ {z;,Z;}) means an a-action on z;. Note that Z; is either z; or Z; depending on

whether 1 is 0 or 1 respectively.

To show that Bott matrices derived from A;; (j = 1,...,k, (k + 1)) in (4.16) are not
equivalent to each other, we shall prove the following claims.

CLAIM 1. Bott matrices Ajy (j =1,...,k, (k + 1)) are not equivalent to each other.

Suppose that (o, M (By))y is equivariantly diffeomorphic to (8, M(B1)), where 1 <
l<p<k+1(=1,...,k;p=2,...,k+1). Then by (4.20), we have
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(€222, €323, 54%, e, En_sza_\k, Crk 1 Wy s -+ - > CaW),)
. B . (4.22)
= g(€222, €323, €424, ..., Ln—kZn—k,
Cn—k+1Wn—k+1s -+ s Cn—kt p—1 Wn—ktp—1> Cn—k-+pWn—k+ps - +» CnWn) ,
for some g € (Z2)"~' = (g, ..., ga), where
Wy _pts -+ W) =P(—Xnket 1y -+ oy —Xn—ktl—1 Xn—ktls - - - Xn) ' D).
Now we check that thereisno g € (g2, ..., gn) = (Zz)”’] satisfying (4.22) so that we have

a contradiction. To show this, we consider the following cases for such g.
Case 1. Itis easy to see that g € (¢, g3) does not satisfy (4.22).

Case 2. Letg = g g where g € {g4, ..., gns} =4, ..., 0 —k), ¢ € (Gra1s.-., Gn)-
o B o B
Since g;(z/) = —z1, 9(z¢) = —2z;. If Z; # Z; (resp. Z; = Z; = ;) then g = g; ¢ does not

satisfy (4.22), because it implies that £;z; = g(€;2;) = —€;2; (resp. £;2; = g(;zs) = —:27).
o B N _
If z; = 7; = Z; then 4,7, = g(¢;z;) = —£,7;. This implies that ¢, = +i. Therefore
P(22, .. zn) = (222, . b1zt Fizg, €ig12e41s oo bn—kZn—k, p' (b + DX)).

Now, from (4.21), we consider

~ -] 2 2 2 2
0@ (22, 2n) = 0222, 4323, - b1 2e—1 =2, 4 Zetts o Ky Zn—ks

exp(Am (—1)by—k+1)Zn—k+1, - - - » exp(@m (—)by)zs)

= qh(z2, ..., zn)
where
— 02, g2 2 2 2
h(za, ... zn) = (22,323, €424, - 00y Zi—1s =20, & Zitts oo 6 Znks 423)
exp A (—)bn—k+1)Zn—k+1, - - -, exp(Aw (=1)by)zn) .

We check that i & (g3, ..., gu) (i.e., ph & (Zo)"™ V).

Suppose that i € (g3, ..., gn). Since

h(Zn—k+1s -+ 2n) = (exp(Am (=D)by—k+1)Zn—k+15 - - - » exp(dm (—=)by)z1)
in (4.23), we may write h = h'(even)h” where ' € (g3,..., gn—k) and " € {(gn—k+1,
.., gn). Here h/(even) means a composition of an even number of generators {g3, ..., gn—k}-

On the other hand, since h(z;) = —z; in (4.23), we may write h’(even) = fzg,}vz, where h
(resp. ﬁ) is a composition of an even (resp. odd) number of generators {gs3, ..., gr—1} (resp.

/
(even)

{gr+1,---s gn—k}). Fort =4,5,...,n—k—1,suchah implies that
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Zpr ikl = o, § € (g2, s gnk)

h(zi1) = Wgpeny@p) = 110 A g
(even) —Zi41 iRy, = M G413

Hence this contradicts (4.23). Similarly for h’(even) = g,ivl t=4,5,....n—k—1).

Now let us consider t = n — k. Since h(z;) = —z; in (4.23), h = hgn_kh/’ where
his a composition of an even number of generators {g3, ..., go—k—1}. This implies that
h(zn—k+1s--+52n) = (£Zn—k+1,...,=EZxn). This also contradicts (4.23). Similarly for
h = gu_xh". Thus g2h & (Z»)"~'. Hence Case 2 cannot occur.

Case 3. Let g = g” where " € (Gn—t+1,-.-» Gn)-

o a B B
If ¢ = g” satisfies (4.22), this implies that (Za, ..., Zy—x) = (Z4, ..., Zn—k). Then we
obtain that the fixed point set of (o, 7"~!) is

Fixa =V {£l}h—k+1, - o (£ n—kti—15 Zn—k+1> - - - » Zn)
with V = {(z2, ..., za—t)|o(z2, . . ., Zn—k) = (22, ..., Zn—r)} and that of (¢” B, T"" 1) is

Fix g//ﬁ = (W7 {*}n7k+] ] {*}Vl*k+p7] s Zn—k+ps .- Zn)
with

W ={z2, 20—t B2y s znk) = B2y Zn—k) = (22, - -+, Zn—ic)}

and x € {£1, *i}. Since (%1, R zzajk) = (Z%, R ZZﬂ?k), dimV = dimW. Then by (4.20),
we have dimV 4+ (k — [+ 1) =dimW + (k — p 4+ 1). Hence we get a contradiction.

CLAIM 2. Bott matrices derived from each Aj;; (j = 1,..., k) are not equivalent to
each other, (i.e., there are (2" %3 — 1) nonequivalent Bott matrices derived from each A j/
(G=1,...,k).

Associated with the entries ({1}4, el {i}n_k) in each Ay, there are 2(1=k=3) _ 1 dif-
ferent actions (Z», M(B1)) . (Note that ({1}4, ..., {1},—k) # (0, ..., 0).)

We prove that every two different actions (Z>, M (B1)) j derived from A j/; (denoted by
(o, M(B1))j, and (B, M (Bl))-jff’ respectively), the corresponding Bott matrices (denoted by

Ajriand A AL respectively) are not equivalent.

o
Since the a-action and B-action are different, we may assume that z; = z;, z; = Z;, for

somei € {4,...,n — k}. As before, if Aj;; and Aj/;1 are equivalent, by (4.20), we have
_ q e e e / /
(€222, €323, €424, .. ., s Lic1Zi—1, iZis Cit1Zit1s + - > Lok Zn—k> Cn—k+1Vp_ga1s -+ > Cn¥y)
_ B A A B
= g(2z2, €373, €424, .- ., €i-12i-1, i Zis Lit1Zit1s - - - » En—kZn—ks
Cn—k+1Wn—k+1s -+ -5 Cn—k+j—1Wn—k+j—1, Cn—k+j Wn—k+js -+ - » CpWn),

(4.24)
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for some g € (Z2)"~! = (g, ..., ga), where
(W12 V) = PU=Xn—kt1s - s =Xkt jmls Xn—ktjs - - - Xn) ' D) . (4.25)
It is easy to check that g € (g, ¢g3) does not satisfy (4.24), so does g € (gi, ..., gn). So,

if i = 4 then there is no g € (Z>)"~! satisfying (4.24).

o B
Now let us consider i € {5,...,n —k}. Since z; = z; and z; = Z;, for some i €
{5,...,n —k}, we may write g = ¢, with g; € {g4,.... i1} t = 4,...,i — 1),
G € (Gratreer Giz1)s § € (Gix1s--rgn) (fort =i —1, g = g§). Here 3" means
a composition of an even number of generators of g. Since ¢,(z;) = —z¢, 9(z1) = —2zs-
B

o B o
If 2, # 7; (tesp. Z; = z; = z;) then ¢ = ¢, §*“"§ does not satisfy (4.24), because it
N N o B
implies that Z[Z[ = g(ZtZt) = _ZIZI (resp. E;Z; = g(ZtZt) = —ZIZI). Ifa = Z; = Z; then
07 = g(%) = —{,7;. This implies that £; = =£i. Therefore

(22, -y zn) = (222, + o s bm12i—1, Eizg, Liv1Ze1s - oy LnekZn—ks p (D + DX)) .

Similarly to the proof of Claim 1, one can check that $¢»@ ' (z2, ..., zx) & (Z2)"~!. Hence
we have a contradiction.

Since all combinations of ({1}4, ..., {1}n—k) with ({1}4, ..., {1}a—r) # (0, ..., 0) are
different for each A j1, there are k=3 _1) nonequivalent Bott matrices derived from each
Aj/] (] = 1,...,/().

CLAIM 3. Bott matrices derived from A1y are not equivalent to each other (i.e.,
there are 2" k=3 — (n — k — 2) nonequivalent Bott matrices derived from A x41y1).

Since there are 2" %3 — (n — k — 2) different combination of ({1}4, R {T}n,k) with
l

(D4, ... {1}w—p) # (0,...,0,1,...,1) (that is, there are 2" %3 — (n — k — 2) differ-

ent actions (Zz, M (B1))k+1y), by using the argument in the proof of Claim 2 above, there

are 2" k3 _(n—k—2) nonequivalent Bott matrices derived from A t41y1.

According to Claims 1, 2 and 3, we obtain that there are k(2" %3 — 1) + (2" %3 —(n—
k — 2)) nonequivalent Bott matrices derived from (4.16). O

In view of the argument in the proof of Lemma 4, one can prove the following lemmas.

LEMMA 5. Let M(A;1) = S! Xz, M(By) (i = 1,...,n — 2) be n-dimensional real
Bott manifolds created from an (n — 1)-dimensional real Bott manifold M (B1) where By is
asin (4.15), k > 2, and n — k > 3. Such real Bott manifolds M(A;1) corresponding to A;1 in
(4.26) are not diffeomorphic to each other.

" _(1|{1}2 W3 ... (D (O ... {0}n>
il = s
O| B

(4.26)

fori=1,...,n—2.
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LEMMA 6. Each Bott matrix in (4.26) is not equivalent to each Bott matrix derived

from (4.16).
REMARK 4. Consider Bott matrices A;1 (i = 1,...,n —2)in (4.26)and A/ (j =
1,....k k+1)in (4.16).
(i) Associated with the entries ({1}4,...,{1}—p) iIn Ajy (G = 1,...,k), if
({134, ...,{1}at) = (0,...,0) then A;y = Ay and A~ Ap—ji
(j = 2,...,k) by the equivariant diffeomorphism ¢: (Z2, M(B1));; —
(Z>, M(B1))n—j defined by
(22, -+ s Zn—ks Zn—kt1s -+ o s Zn—kt-(j—1)» Zn—k+js - - - » Zn] s
(822, .oy Znks Zn—ktjs -+ o> Zns Tn—kbls - s Zn—k+(j—D] -
(i) Associated with the entries ({1}, ..., {1}a—t) in Agp1y1, if

~

A A ——
{4, ..., {1}y—t) = (©,...,0,1,...,1) I = 0,1,...,n — k — 3), then
Ags1yr ~ Ags1 ¢ = 0,1,...,n — k — 3) by the equivariant diffeomor-
phism ¢: (Zy, M(B1))k+1y — (Zo, M(B1))(42) defined by ¢([z2,...,2,]) =
lizo, ..., zal.

THEOREM 9. Let M(A) = S! Xz, M(B) be an n-dimensional real Bott manifold.
Suppose that B is either one of the list in (4.27). Then M(B) are diffeomorphic to each
other and the number of diffeomorphism classes of such real Bott manifolds M (A) above is
(k+ D2" %3 (k> 2,n — k > 3).

1 1 o , By = 1 1 1 > ,
0 Iy 0 Iy
1 1 0 0
11 0 0
Bnk-1 = I T R P
0 I
1 1 0 0
Loy 0 4.27)
1 10 0 0 0
Bui = A 1
1 1 1
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1 1 1
1 1

0

0
0 0

—_ ..
o

By—k+(n—k—4) = o
0 I

PROOF. Note that each B; is of size n — 1 and M(Bj) = s! X7, M(B}) where
B;. is the submatrix of B; obtained by deleting the first row and the first column of B;.
M(Bj_1) is diffeomorphic to M(B;) (j = 2,3,...,n — k — 1) by the equivariant dif-
feomorphism ¢: (Zo, M(B)_,)) — (Z, M(B))) which is defined by ¢([z2, ..., z4-1]) =
[z2,...,izj,...,za—1]. Likewise M (By) is diffeomorphicto M(Bp) (a =n —k + (n — k —
-G -1sb=n—-k+m—-k=-3)—(G-=-2;j=n—k—-1,n—k—-2,...,4,3)
by the equivariant diffeomorphism ¢ : (Zz, M(B})) — (Zz, M(B})) which is defined by
o([z2,...,zn—1]) = [22,...,izj-1, ..., Zu—1]. Therefore M (B;) are diffeomorphic to each
other.

By the hypothesis, there are on—2 possible Z;-actions oneach M(B;), j =1,...,2(n —
k) —4. We shall prove that among 2"=2(2(n —k) —4) real Bott manifolds created from M (B )
(G=1,...,2(n — k) —4), there are only (k + 1)2n—k-3 diffeomorphism classes.

First of all we show that there are (k 4+ 1)2"~%=3 diffeomorphism classes of real Bott
manifolds M (A;) created from M (B1) by Z,-actions.

Let A’ be a Bott matrix, other than the Bott matrices in (4.26) and (4.16), created from
Bj. It is easy to check that such a A’ is equivalent to one of the Bott matrices in (4.26) or
(4.16) by using move I or the equivariant diffeomorphism ¢: (Z>, M(B1)) — (Z2, M(B1))
defined by ¢([z2, ..., 2zx]) = [iz2, ..., zx]. Then, because of Lemmas 4, 5, 6 and Remark
4, there are (n —2) + 2" %3 — Dk +2" %3 — (n —k — 2) = (k 4+ 1)2" %3 distinct
diffeomorphism classes of M(A;1) (i =1, ..., 212 created from M (B7).

Next, we show that M(A;;) (i =1,..., 2”_2) created from M(B;) (j =2,...,.n—k+
(n — k —4)) is diffeomorphic to one of the real Bott manifolds corresponding to Bott matrices
in (4.26) or (4.16).

For brevity we can consider

Aa=<8r O{g? ”’““m) (4.28)

=1,....,n=2,1,...,k', (k+ 1)) representing A ;11 (j =1,...,k, (k+ 1)) in (4.16),
and A;1 (i = 1,...,n —2)in (4.26), where A;1 (i = 2,...,n — 2) is equivalent to (4.28)
by the equivariant diffeomorphism ¢: (Z>, M(B1)) — (Z, M(B1)) which is defined by
o([z2,...,2zx]) = [iz2, ..., z4]. Note that {i}l(_/) means i(e {0, 1}) in the /-th spot where the
corresponding Bott matrix is created from B;.

Now we define an equivariant diffeomorphism ¢: (Zy, M(B1)) — (Z2, M(B>)) by
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o([z2, ..., zn]) = [22, 123, 24, .. ., 2], then (4.28) is equivalent to

1] 0 (D e (g
Aez—( 0 e @ |, (4.29)

Next we define an equivariant diffeomorphism ¢: (Zy, M(B2)) — (Z2, M(B3)) by
o([z2, .- zn)) = [22, 23, 124, 25, . - ., Zn] sO that Bott matrix (4.29) is equivalent to

U] 0 A{ihag oo {Dag

In general, let us consider

oo gy e gy, o
1 1 0 0 92
1 1 0 0 93
1 o0 0 9j—1
) _ 1 [ 1 9;
Aej-1) = 0 1 T 1 9j+1
1 1 1 In—k
Iy

(j = 2,...,n—k —1). Defining an equivariant diffeomorphism ¢: (Zy, M(B;_1)) —

(Zo, M(Bj)) by o([z2, ..., za]) = [22, .-, Zj, 0241, Zj425 - - - Znds
we obtain that A,(;_1) is equivalent to

1|1 o i, .

) thinj) 7

1 1 0 0 92

1 1 0 .. 0 93

1 o0 0 gj-1
Apein = 1 1 0 ... .. 0 9
e 0 1 1 1 9j+1
1 1 1 In—k

I

Therefore the previous Bott matrix is equivalent to

110 (i, v Mg
Aver 11y = (n—k—1) (n—k—1) ) 4.30)
Ln—k—1) ( 0 | B (

Next, (4.30) is equivalent to the following one by the equivariant diffeomorphism
¢: (Zo, M(Bn—k-1)) = (Z2, M(Bn—t)) defined by ¢([z2,...,2]) = [22,..., Zn—k-2,
W20 k1, Zn—ks -5 20
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L0 Dy oo (g
Apr gy = (n—k) (n=k) X
=k ( 0 | Bk

In general, let us consider the following Bott matrix

Lo i, o e g ,
91
1 1 0 0 9
1 1 0 0 93
1 1 0 0 0 0 9]"—1
1 o 1 0 0 9j
A£a= 0 1 1 0 0 9j+1
In—k—1
0 I R T I
I

wherea =n—-k+m—-k—-3)—(G—-1)(G=n—k—1,n—k—2,...,4,3). Defin-
ing an equivariant diffeomorphism ¢: (Zy, M(B,)) — (Z», M(Bp)) by ¢([z2,...,2,]) =
[z2,...,2j-1,12j, Zj+1, ..., Zn], we obtain that Ay, is equivalent to

1|1 o (i)4(b) e (g, o
11 0 0 7
1 1 0 0 93
11 0 o 0 .. 0 9j—2
1 [ 0o ... 0 gj-1
Ap=1] 0 R T S 0 9
O . : gll—lk—l
BN T
Ii
where b =n —k + (n —k — 3) — (j — 2). Therefore the previous Bott matrix is equivalent to
A — (L |1 0 (I, .- {lhg
0 | Bo(n—k)—4

wherec=n—-k+mn—k—-3)— 1.
Finally each Bott matrix

L1 1 {D}ay, ... {lg
0] B;

for j = 2,...,2(n — k) — 4 is equivalent to one of Bott matrices in (4.26) or (4.16) by the
equivariant diffeomorphism ¢([z2, ..., z,]) = [iz2, 23, .. ., z»]. This completes the proof of
the theorem. O
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