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Abstract. In this paper we shall prove that every Witten multiple zeta value of weight w > 3 attached to
sl(4) at nonnegative integer arguments is a finite Q-linear combination of MZVs of weight w and depth three or less,
except for the nine irregular cases where the Riemann zeta value ζ(w−2) and the double zeta values of weight w−1
and depth < 3 are also needed.

1. Introduction

It is well-known that suitably defined zeta and L-functions and their special values often
play significant roles in many areas of mathematics. In [24] Witten studied one variable zeta
functions attached to various Lie algebras and related their special values to the volumes of
certain moduli spaces of vector bundles of curves. Zagier [25] (and independently Garoufa-
lidis) gave direct proofs that such functions at positive even integers are rational multiples
of powers of π . More recently Matsumoto and his collaborators [12, 13, 14, 15, 17, 23] de-
fined multiple variable versions of these functions and began to investigate their analytical
and arithmetical properties.

Let N be the set of positive integers and N0 = N ∪ {0}. For any d ∈ N we let [d] =
(1, . . . , d) be a poset with the usual increasing order. By i = (i1, . . . , i�) ⊆ [d] we mean a
nonempty subset of [d] as a poset. We say the length of i is lg(i) = � and the weight of i is
wt(i) = i1 + · · · + i�. We define the generalized multiple zeta function of depth d as

ζd

(
(si)i⊆[d]

) :=
∞∑

m1,...,md=1

∏
i⊆[d]

( lg(i)∑
j=1

mij

)−si

.(1)

For example, the Euler-Zagier multiple zeta function [1, 25, 26]

ζ(s1, . . . , sd ) :=
∑

m1>···>md≥1

m
−s1
1 m

−s2
2 . . . m

−sd
d(2)
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corresponds to the special case that si = 0 unless i = (1, 2, . . . , �) for � = 1, . . . , d . The
Mordell-Tornheim multiple zeta function defined by (10) (see [18, 22]) is the case where
si = 0 unless lg(i) = 1 or lg(i) = d . If we set si = 0 unless i = (a, a + 1, . . . , b) is
a consecutive string of positive integers then we get exactly Witten multiple zeta function
associated to the special linear Lie algebra ζsl(d+1) (see [17]):

ζsl(d+1)

(
(si,j )1≤i≤j≤d

) :=
∞∑

m1,...,md=1

∏
1≤i≤j≤d

(mi + mi+1 + · · · + mj)
−si,j .(3)

The generalized multiple zeta-functions defined by (1) are special cases of the functions
studied by Essouabri [6], de Crisenoy [5], and Matsumoto [16]. In particular we know that

ζd(s) has meromorphic continuation to the whole complex space C2d−1. However, in the
form (1) we may have better control of its arithmetical properties, namely, we may be able to
compute explicitly their special values at nonnegative integers. As usual we say a value of the
Euler-Zagier multiple zeta function at positive integers a multiple zeta value (MZV for short)
if it is finite. Our major interest is to solve the following problem.

Main Problem. Suppose s ∈ N2d−1 (resp. s ∈ N2d−1
0 ) and ζd(s) converges. Is ζd(s)

always a Q-linear combination of MZVs of the same weight (resp. same or lower weights)
and of depth d or less?

When d = 2 the function in (1) becomes Mordell-Tornheim double zeta function. By the
main result of [30] (see Prop. 2.4) we know the above Main Problem has an affirmative answer
for all Mordell-Tornheim multiple zeta functions. In this paper we will consider ζsl(4)(s)
which is essentially the case when d = 3.

Throughout the rest of the paper whenever we say some special value with positive (resp.
nonnegative) integer arguments is expressible by MZVs we mean that the value can be ex-
pressed as a finite Q-linear combination of MZVs of the same (resp. same or lower) weights
and the same or lower depths. Our main result is the following theorem which provides an
affirmative answer to the above Main Problem for the case d = 3.

THEOREM 1.1. Suppose s ∈ N7. If ζ3(s) converges then it is expressible by MZVs.
Moreover, every Witten multiple zeta value of weight w attached to sl(4) at nonnegative in-
tegers is a Q-linear combination of MZVs of weight w and depth three or less, except for the
nine irregular cases defined by (13) to (17) where the Riemann zeta value ζ(w − 2) and the
double zeta values of weight w − 1 and depth ≤ 2 are also needed.

Similar ideas can be applied in the study of Witten multiple zeta functions attached to
other semi-simple Lie algebras, see [27, 28, 29].

In [19], Nakamura found some functional relations of ζsl(4), ζsl(4) and ζso(5) (with char-
acters) via the double Lerch functions. Consequently, it is possible to express some special
types of ζsl(4) values by MZVs through this approach.

Theorem 1.1 can be regarded as a more precise version for ζ3 of a result by Terasoma
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[21] who showed that for any rational convex cone C with interior C0, any character χ of Zm,

and any Q-linear forms l1, . . . , ln on Qm such that li(C
0) > 0 (i = 1, . . . , n) the infinite sum

∑
x∈C0∩Zm

χ(x)

l1(x) · · · ln(x)

is a Qab-linear combination of multi-polylog values at roots of unity, where Qab is the exten-
sion of Q adjoining all roots of unity. In our case χ is the trivial character, the cone is the first

quadrant of the R3, and the linear forms are l(x, y, z) = x, y, z, x +y, x + z, y + z, x +y + z

with suitable multiplicities.
The first author wishes to thank Max-Planck-Institut für Mathematik for providing fi-

nancial support during his sabbatical leave when this work was done. He is also indebted to
A. Levin, D. Zagier and W. Zudilin for several stimulating discussions. The second author is
supported by the National Natural Science Foundation of China, Project 10871169.

2. Some preliminary results

In this section we collect some useful facts which will be convenient for us to present
our main result in later sections.

2.1. Convergence domain. We assume that all components of s are integers and de-
rive the necessary and sufficient conditions for (1) to converge although the conditions are still
sufficient if we allow complex variables and take the corresponding real parts of the variables
in the conditions.

Recall that the MZV in (2) converges if and only if

�∑
j=1

sj > �(4)

for all � = 1, . . . , d . It is straight-forward to see the same holds for the “star” version of the
multiple zeta function:

ζ ∗(s1, . . . , sd ) :=
∑

m1≥···≥md≥1

m
−s1
1 m

−s2
2 · · · m−sd

d .(5)

Special values of (5) were studied in [9] and [20]. We can extend this convergence criterion
easily to our generalized multiple zeta functions.

PROPOSITION 2.1. The generalized MZV

ζd(s) :=
∞∑

m1,...,md=1

∏
i⊆[d]

( lg(i)∑
j=1

mij

)−si

(6)
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converges if and only if for all � = 1, . . . , d and all i = (i1, . . . , i�) ⊆ [d]∑
j contains at least one of

i1, . . . , i�sj > � .(7)

PROOF. The idea of the proof is similar to that of [30, Thm. 4]. First we observe that
for any subset i = (i1, . . . , i�) ⊆ [d] we have

max{mij : 1 ≤ j ≤ �} ≤
�∑

j=1

mij ≤ � max{mij : 1 ≤ j ≤ �}|, .

Hence

∑
π∈Sd

∑
mπ(1)≥···≥mπ(d)≥1

∏
i⊆[d]

(mπ(i1))
−sπ(i) ≤

∞∑
m1,...,md=1

∏
i⊆[d]

( lg(i)∑
j=1

mij

)−si

≤ d · LHS ,(8)

where LHS means the quantity at the extreme left of the above inequalities. Observe that for
each fixed π ∈ Sd the power of mπ(j) in LHS is −∑

i sπ(i) where i runs through all subsets
of [d] whose first component is j . Hence the criterion (4) implies that LHS and d(LHS) of
(8) converges if and only if for each fixed π ∈ Sd

�∑
i1=1

∑
i: first component is i1

sπ(i) > � ,

for all � = 1, . . . , d . Let ij = π−1(j) (j = 1, . . . , �). Then in the above sum i runs through
all subset of [d] containing at least some ij (j = 1, . . . , �). This is exactly (7), as desired. �

REMARK 2.2. It is easy to see that similar result holds if we replace the factors
∑

mij

in (6) by linear forms of m1, . . . ,md with nonnegative integer coefficients.

2.2. MZVs with arbitrary integer arguments. In this paper we will mostly consider
multiple zeta values with nonnegative integer arguments as long as they converge. However,
we will prove a more general result as follows since the inductive proof forces us to do so.

PROPOSITION 2.3. Suppose s1, . . . , sd ∈ Z. If ζ(s1, . . . , sd ) converges then it can be
expressed as a Q-linear combination of MZVs (at positive integer arguments) of the same or
lower weights and the same or lower depths.

PROOF. We prove the proposition by induction on the depth. When d = 1 we have
nothing to prove. Suppose the proposition holds for all MZVs of depth d −1. Suppose further

s1 + · · · + sj > j for all j = 1, . . . , d ,(9)

so that ζ(s1, . . . , sd ) converges. Assume −t = sj ≤ 0. Then by definition

ζ(s1, . . . , sd ) =
∑

m1>···>mj−1>mj+1>···>md

(∑mj−1−1
mj =1 −∑mj+1

mj =1

)
mt

j

m
s1
1 · · · msj−1

j−1m
sj+1
j+1 · · · msd

d

.
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Now by the well-known formula (see, for e.g., [11, p. 230, Thm. 1])

n∑
m=1

mt = 1

t + 1
(Bt+1(n + 1) − Bt+1(0))

where Bt+1(x) is the Bernoulli polynomial we immediately see that ζ(s1, . . . , sd ) is a Q-linear
combination of MZVs of the forms ζ(s1, . . . , sj−1 − s, sj+1, . . . , sd ) and ζ(s1, . . . , sj−1 −
s, sj+1, . . . , sd ) where s = 0, 1, . . . ,−sj + 1. All of these MZVs are easily to be shown as
convergent values by (9) and therefore the proposition follows from the induction assump-
tion. �

2.3. Mordell-Tornheim zeta functions. They are defined by (see [18, 22])

ζMT(s1, . . . , sd ; s) :=
∞∑

m1,...,md=1

m
−s1
1 m

−s2
2 · · · m−sd

d (m1 + · · · + md)−s .(10)

The main result of [30] is the following

PROPOSITION 2.4 ([30, Thm. 5]). Let s1, . . . , sd and s be nonnegative integers. If at
most one of them is equal to 0 then the Mordell-Tornheim zeta value ζMT(s1, . . . , sd ; s) can
be expressed as a Q-linear combination of MZVs of the same weight and depth.

In this paper we will only need this proposition when the depth is three.

2.4. A combinatorial lemma. The next lemma will be used heavily throughout the
paper.

LEMMA 2.5 ([30, Thm. 1]). Let r and n1, . . . , nr be positive integers, and let
x1, . . . , xr be non-zero real numbers such that x1 + · · · + xr 	= 0. Then

r∏
j=1

1

x
nj

j

=
r∑

j=1

( r∏
k=1
k 	=j

nk−1∑
ak=0

)
Mj

xnj +Aj

r∏
k=1
k 	=j

1

x
nk−ak

k

,

where the multi-nomial coefficient

Mj = (nj + Aj − 1)!
(nj − 1)!

r∏
k=1
k 	=j

1

ak! and Aj =
r∑

k=1
k 	=j

ak .

The notation
∏r

k=1
k 	=j

∑nk−1
ak=0 means the multiple sum

∑n1−1
a1=0 · · ·∑nj−1−1

aj−1=0

∑nj+1−1
aj+1=0 · · ·∑nr−1

ar=0 .
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3. Proof of Theorem 1.1

By definition (1)

ζ3(s1, . . . , s7) :=
∞∑

m1,...,m3=1

(m1 + m2 + m3)
−s7

m
s1
1 m

s2
2 m

s3
3 (m1 + m2)s4(m2 + m3)s5(m1 + m3)s6

.(11)

To guarantee convergence by (7) we need to assume:


i = (1) : s1 + s4 + s6 + s7 > 1 ,

i = (1) : s2 + s4 + s5 + s7 > 1 ,

i = (1) : s3 + s5 + s6 + s7 > 1 ,

i = (1, 2) : s1 + s2 + s4 + s5 + s6 + s7 > 2 ,

i = (1, 3) : s1 + s3 + s4 + s5 + s6 + s7 > 2 ,

i = (2, 3) : s2 + s3 + s4 + s5 + s6 + s7 > 2 ,

i = (1, 2, 3) : s1 + s2 + s3 + s4 + s5 + s6 + s7 > 3 .

(12)

We now use a series of reductions to prove the theorem. All of the steps will be explicitly
given so that one may carry out the computation of (11) by following them.

Step (i). Since 2(m1 + m2 + m3) = (m1 + m2) + (m2 + m3) + (m1 + m3) we see clearly

that we can assume either s4 = 0 or s5 = 0 or s6 = 0. In fact in Lemma 2.5 taking r = 3,
x1 = m1 + m2, x2 = m2 + m3, x3 = m1 + m3, n1 = s4, n2 = s5 and n3 = s6 we get (with
s = (s1, s2, s3) fixed):

ζ3(s, s4, s5, s6, s7)

=
s4−1∑
a4=0

s5−1∑
a5=0

(s6 + a4 + a5 − 1)!ζ3(s, s4 − a4, s5 − a5, 0, s7 + s6 + a4 + a5)

2s7+a4+a5(s6 − 1)!a4!a5!

+
s4−1∑
a4=0

s6−1∑
a6=0

(s5 + a4 + a6 − 1)!ζ3(s, s4 − a4, 0, s6 − a6, s7 + s5 + a4 + a6)

2s7+a4+a6(s5 − 1)!a4!a6!

+
s5−1∑
a5=0

s6−1∑
a6=0

(s4 + a5 + a6 − 1)!ζ3(s, 0, s5 − a5, s6 − a6, s7 + s4 + a5 + a6)

2s7+a5+a6(s4 − 1)!a5!a6! .

We recommend the interested reader to check the convergence of the above values by (12).
The rule of thumb is that if we apply Lemma 2.5 with each xj a positive combination of
indices then the convergence is automatically guaranteed. In each of the following steps we
often omit this convergence checking since it is straight-forward in most cases. The only
exception is (26) which in fact poses the most difficulty.
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By symmetry we only need to show that ζ3(s1, . . . , s5, 0, s6) is expressible by MZVs.
This is nothing but the Matsumoto’s version of Witten multiple zeta function of depth 3 asso-
ciated to the special linear Lie algebra sl(4) (see (3)):

ζsl(4)(s1, . . . , s6) :=
∞∑

m1,...,m3=1

(m1 + m2 + m3)
−s6

m
s1
1 m

s2
2 m

s3
3 (m1 + m2)s4(m2 + m3)s5

.

Before going on we need to define the so called regular and irregular special values of
ζsl(4)(s1, . . . , s6). Clearly the following special values are expressible by MZVs of mixed
weights: ({0}k means to repeat 0 k times)

ζsl(4)({0}3, b, 0, a) = ζsl(4)({0}4, b, a)(13)

=ζ(a, b, 0) =
{

ζ(a, b − 1) − ζ(a, b) , a > 1, b > 1 ,

ζ(a − 1) − ζ(a) − ζ(a, 1) , a > 1, b = 1 ,

ζsl(4)(b, {0}4, a) = ζsl(4)(0, b, {0}3, a) = ζsl(4)(0, 0, b, 0, 0, a)(14)

= ζ(a, 0, b) =
{

ζ(a − 1, b) − ζ(a, b − 1) − ζ(a, b) , a > 2, b > 1 ,

ζ(a − 1, 1) − ζ(a − 1) + ζ(a) − ζ(a, 1) , a > 2, b = 1 ,

ζsl(4)({0}5, a) = ζ(a, 0, 0) = 1

2
ζ(a − 2) − 3

2
ζ(a − 1) + ζ(a) , a > 3 .(15)

By Step (ii) we will see that special values

ζsl(4)(0, 0, s3, s4, 0, s6) and ζsl(4)(s1, 0, 0, 0, s5, s6)(16)

are also expressible by MZVs of mixed weights. Further, if a, b ≥ 2 then we have

ζsl(4)(0, 0, 0, a, b, 0) =
∞∑

m1,m2,m3=1

1

(m1 + m2)a(m2 + m3)b
(17)

=
∞∑

m2=1

( ∑
m1<m3

+
∑

m1=m3

+
∑

m1>m3

)
1

(m1 + m2)a(m2 + m3)b

= ζ(a, b, 0) + ζ(b, a, 0) + ζ(a + b, 0)

= ζ(b, a − 1) + ζ(a, b − 1) + ζ(a + b − 1) − ζ(a)ζ(b) .

We call the values appearing in the nine cases from (13) to (17) irregular values. Otherwise
ζsl(4)(s1, . . . , s6) is called a regular value.

Step (ii). Taking x1 = m1 and x2 = m2 + m3 in Lemma 2.5 we get

ζsl(4)(s1, . . . , s6) =
s5−1∑
a5=0

(
s1 + a5 − 1

a5

)
ζsl(4)(0, s2, s3, s4, s5 − a5, s6 + s1 + a5)(18)
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+
s1−1∑
a1=0

(
s5 + a1 − 1

a1

)
ζsl(4)(s1 − a1, s2, s3, s4, 0, s6 + s5 + a1) .

We see clearly that we can assume either (ii.1): s5 = 0 or (ii.2): s1 = 0 and s5 ≥ 1.
Moreover, by taking s2 = s3 = s4 = 0 in (18) we see that ζsl(4)(s1, 0, 0, 0, s5, s6) in (16)
can be expressed by Q-linear combinations of MZVs appeared in the (13) and (14). The
argument is similar for ζsl(4)(0, 0, s3, s4, 0, s6) in (16). Therefore in what follows we assume
that ζsl(4)(s1, . . . , s6) are always regular and show that they can be expressed by Q-linear
combinations of MZVs of the same weight and depth three or less.

Step (ii.1). Let s5 = 0. Then we must have either s1 ≥ 1 or s2 ≥ 1 since we assume

ζsl(4)(s1, . . . , s4, 0, s6) =
∞∑

m1,...,m3=1

1

m
s1
1 m

s2
2 m

s3
3 (m1 + m2)s4(m1 + m2 + m3)s6

is regular. Then we may use x1 = m1 and x2 = m2 in Lemma 2.5 to get

ζsl(4)(s1, . . . , s4, 0, s6) =
s1−1∑
a1=0

(
s2 + a1 − 1

a1

)
ζsl(4)(s1 − a1, 0, s3, s2 + s4 + a1, 0, s6)

+
s2−1∑
a2=0

(
s1 + a2 − 1

a2

)
ζsl(4)(0, s2 − a2, s3, s1 + s4 + a2, 0, s6).

By symmetry we only need to consider

ζsl(4)(0, s2, s3, s4, 0, s6) =
∞∑

m1,...,m3=1

(m1 + m2 + m3)
−s6

m
s2
2 m

s3
3 (m1 + m2)s4

(19)

where s2 ≥ 1. But now we may take x1 = m1 + m2 and x2 = m3 in Lemma 2.5 to reduce it
to either s3 = 0, s4 ≥ 1 or s4 = 0, s3 ≥ 1. Then we get the following two kind of values:

ζsl(4)(0, s2, 0, s4, 0, s6) = ζ(s6, s4, s2), ζsl(4)(0, s2, s3, 0, 0, s6) = ζMT(s2, s4, 0; s6) ,

where s2, s3, s4, s6 ≥ 1. But ζMT(s2, s4, 0; s6) is expressible by MZVs of the same weight
and of depth three by Prop. 2.4. Case (ii.1) is proved.

Step (ii.2). Let s1 = 0 and s5 ≥ 1. Consider

ζsl(4)(0, s2, . . . , s6) =
∞∑

m1,...,m3=1

(m1 + m2 + m3)
−s6

m
s2
2 m

s3
3 (m1 + m2)s4(m2 + m3)s5

.

To guarantee convergence we must have s4 + s6 > 1, s3 + s5 + s6 > 1, s2 + s4 + s5 + s6 > 2,
s3 + s4 + s5 + s6 > 2, and s2 + s3 + s4 + s5 + s6 > 3. Taking x1 = m1 + m2 and x2 = m3 in
Lemma 2.5 we get
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ζsl(4)(0, s2, . . . , s6)

=
s3−1∑
a3=0

(
s4 + a3 − 1

a3

)
ζsl(4)(0, s2, s3 − a3, 0, s5, s4 + s6 + a3)(20)

+
s4−1∑
a4=0

(
s3 + a4 − 1

a4

)
ζsl(4)(0, s2, 0, s4 − a4, s5, s3 + s6 + a4) .(21)

So we may assume that either (ii.2.1): s1 = s4 = 0, s5, s6 ≥ 1 or (ii.2.2): s1 = s3 = 0 and
s2, s4, s5 ≥ 1, or (ii.2.3): s1 = s2 = s3 = 0 and s4, s5 ≥ 1. Here (ii.2.1) comes from (20)
while (ii.2.2) and (ii.2.3) come from (21).

Step (ii.2.1). Let s1 = s4 = 0, s5, s6 ≥ 1. Then we must have either s2 ≥ 1 or s3 ≥ 1 in

ζsl(4)(0, s2, s3, 0, s5, s6) =
∞∑

m1,...,m3=1

1

m
s2
2 m

s3
3 (m2 + m3)s5(m1 + m2 + m3)s6

.

since we consider only regular values only. Thus we may put x1 = m2 and x2 = m3 in
Lemma 2.5 to get

ζsl(4)(0, s2, s3, 0, s5, s6) =
s2−1∑
a2=0

(
s3 + a2 − 1

a2

)
ζsl(4)(0, s2 − a2, 0, 0, s3 + s5 + a2, s6)

+
s3−1∑
a3=0

(
s2 + a3 − 1

a3

)
ζsl(4)(0, 0, s3 − a3, 0, s2 + s5 + a3, s6)

=
s2−1∑
a2=0

(
s3 + a2 − 1

a2

)
ζ(s6, s3 + s5 + a2, s2 − a2)

+
s3−1∑
a3=0

(
s2 + a3 − 1

a3

)
ζ(s6, s2 + s5 + a3, s3 − a3) .

It is easy to see that all the triple zeta values above have the same weight. We remind the reader
that to determine the weight of a MZV it is not enough just to add up all the components. One
also needs to check that every component is positive.

Step (ii.2.2). Let s1 = s3 = 0 and s2, s4, s5 ≥ 1. By (12), to guarantee convergence of

ζsl(4)(0, s2, 0, s4, s5, s6) =
∞∑

m1,...,m3=1

(−1)s2(m1 + m2 + m3)
−s6

(−m2)s2(m1 + m2)s4(m2 + m3)s5

we need to assume

s4 + s6 > 1 , s5 + s6 > 1 , s4 + s5 + s6 > 2 , s2 + s4 + s5 + s6 > 3 .(22)



144 JIANQIANG ZHAO AND XIA ZHOU

Moreover, since ζsl(4)(0, s2, 0, s4, s5, s6) is regular we must have s2 + s6 ≥ 1. Putting x1 =
−m2, x2 = m1 + m2 and x3 = m2 + m3 in Lemma 2.5 we get

ζsl(4)(0, s2, 0, s4, s5, s6)

(23)

=
s4−1∑
a4=0

s5−1∑
a5=0

(s2 + a4 + a5 − 1)!
(−1)s2(s2 − 1)!a4!a5!ζsl(4)(0, 0, 0, s4 − a4, s5 − a5, s6 + s2 + a4 + a5)

+
s2−1∑
a2=0

s5−1∑
a5=0

(s4 + a2 + a5 − 1)!
(−1)a2(s4 − 1)!a2!a5!ζsl(4)(0, s2 − a2, 0, 0, s5 − a5, s6 + s4 + a2 + a5)

+
s2−1∑
a2=0

s4−1∑
a4=0

(s5 + a2 + a4 − 1)!
(−1)a2(s5 − 1)!a2!a4!ζsl(4)(0, s2 − a2, 0, s4 − a4, 0, s6 + s5 + a2 + a4) ,

We point out that since we have used x1 = −m2 we need to check the convergence of all
the above three kinds of values under the assumption (22) even though the checking itself is
trivial.

Returning to the reduction of (23) we see that the last two sums are expressible by MZVs
so we only need to consider those values appearing in the first sum, namely, those of the form
in the next case.

Step (ii.2.3). Let s1 = s2 = s3 = 0 and s4, s5 ≥ 1. Then we must have s6 ≥ 1 since we only

consider regular values. To guarantee convergence of

ζsl(4)(0, 0, 0, s4, s5, s6) =
∞∑

m1,...,m3=1

(m1 + m2 + m3)
−s6

(m1 + m2)s4(m2 + m3)s5
(24)

we need to assume s4 + s6 > 1, s5 + s6 > 1, and s4 + s5 + s6 > 3. If either s4 > 1 or s5 > 1
then we may further assume that s4 > 1 by change of index m1 ↔ m3 in (24). We may set
x1 = −(m2 + m3) and x2 = m1 + m2 + m3 in Lemma 2.5 to get

ζsl(4)(0, 0, 0, s4, s5, s6)

=
s5−2∑
a5=0

(
s6 + a5 − 1

a5

)
(−1)a5ζsl(4)(s6 + a5, 0, 0, s4, s5 − a5, 0)(25)

+
s6−2∑
a6=0

(
s5 + a6 − 1

a6

)
(−1)s5ζsl(4)(s5 + a6, 0, 0, s4, 0, s6 − a6)

+
(

s6 + s5 − 2

s5 − 1

)
(−1)s5 lim

N→∞

(
ζ

(N)
sl(4)(s6 + s5 − 1, 0, 0, s4, 0, 1)(26)
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− ζ
(N)
sl(4)(s6 + s5 − 1, 0, 0, s4, 1, 0)

)
,

where ζ (N) is the partial sum of (1) when each index mij goes from 1 to N . Observe that all
the values in the first two lines above are convergent and the second line is already expressible
by MZVs of the same weight. So we are reduced to consider the following two kinds of
values:

(A). ζsl(4)(s1, 0, 0, s4, t, 0) (with s1, s4 ≥ 1, t > 1) from first line above and
(B). The limit (26) (with s := s5 + s6 − 1 ≥ 1).

We now need to divide into two subcases to compute (25) (leading to (A)) and (26) (leading to
(B)): (ii.2.3.1) s1 = s2 = s3 = 0, either s4 > 1 or s5 > 1, and (ii.2.3.2) s1 = s2 = s3 = 0 and
s4 = s5 = 1. Before treating the two cases separately we first deform the expression inside
the limit (26) as follows:(

ζ
(N)
sl(4)

(s,0, 0, s4, 0, 1) − ζ
(N)
sl(4)

(s, 0, 0, s4, 1, 0)
)

=
N∑

m1,m2=1

(
m1+m2+N∑

n=1

−
m1+m2∑

n=1

)
1

ms
1(m1 + m2)s4n

−
N∑

m1,m2=1

(
m2+N∑
n=1

−
m2∑
n=1

)
1

ms
1(m1 + m2)s4n

= −
N∑

m1,m2=1

m1+m2∑
n=1+m2

1

ms
1(m1 + m2)s4n

+
N∑

m1,m2=1

m1+m2+N∑
n=1+m2+N

1

ms
1(m1 + m2)s4n

.

(27)

Step (ii.2.3.1). Let s1 = s2 = s3 = 0, s6 ≥ 1, either s4 > 1 or s5 > 1. Without loss of

generality assume s4 > 1 as we have remarked after (24).
(A). Since s1 ≥ 1, s4, t > 1 we have

ζsl(4)(s1, 0, 0, s4, t, 0) =
∞∑

m1,m2,m3=1

1

m
s1
1 (m1 + m2)s4(m2 + m3)t

=
∞∑

m1,m2=1

∑
n>m2

1

m
s1
1 (m1 + m2)s4nt

= ζ(t)ζ(s4, s1) − ζMT(s1, t; s4) −
∞∑

m1,m2=1

∑
n<m2

1

m
s1
1 (m1 + m2)s4nt

= ζ(t)ζ(s4, s1) − ζMT(s1, t; s4) −
∞∑

m1,n,m3=1

1

m
s1
1 (m1 + n + m3)s4nt
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by setting m2 = n + m3. But the last sum is just ζMT(s1, t, 0; s4) which is expressible by
MZVs of the same weight and of depth three by Prop. 2.4.

(B). The limit (26). This has been reduced to (27) with s ≥ 1 and s4 ≥ 2. Then the
second sum in (27) is bounded by

1

1 + N

N∑
m1,m2=1

1

m1m2
= O(log2 N/N) → 0, as N → ∞ .

By setting m2 = m3 + n in the first sum in (27) we get

lim
N→∞

(
ζ

(N)
sl(4)

(s, 0, 0, s4, 0, 1) − ζ
(N)
sl(4)

(s, 0, 0, s4, 1, 0)
)

= −
∞∑
m1

∞∑
n=1

(
m1+m2∑

n=1

−
m2∑
n=1

)
1

ms
1(m1 + m2)s4n

= −
∞∑

m1,m2=1


m1−1∑

n=1

+
∑

m1≤n≤m1+m2

−
m2∑
n=1


 1

ms
1(m1 + m2)s4n

(28)

= ζMT(s, 1; s4) − (
ζ(s4, s, 1) + ζ(s4, s + 1) + ζ(s4, 1, s) + ζ(s4 + 1, s)

)
+

∞∑
m1,m2=1

m2−1∑
n=1

m−s
1 n−1

(m1 + m2)s4
.

In the last sum setting m2 = n + m3 then we get

∞∑
m1,m2=1

m2−1∑
n=1

(m1 + m2)
−s4

ms
1n

=
∞∑

n,m1,m3=1

(m1 + m3 + n)−s4

ms
1n

= ζMT(s, 1, 0; s4)

which is expressible by MZVs of the same weight and of depth three by Prop. 2.4.

Step (ii.2.3.2). Let s1 = s2 = s3 = 0 and s4 = s5 = 1. Then we must have s6 ≥ 2 in order

to have convergent values. Moreover, (25) is vacuous so we don’t need to consider (A).
(B). Observe that the second term in (27) is bounded by

1

1 + N

N∑
m1,m2=1

1

ms−1
1 m2

= O(log2(N)/N) → 0 , as N → ∞

since s ≥ 2. So

lim
N→∞

(
ζ

(N)
sl(4)(s, 0, 0, 1, 0, 1) − ζ

(N)
sl(4)(s, 0, 0, 1, 1, 0)

)

= − lim
N→∞

N∑
m1,m2=1

m1+m2∑
n=1+m2

1

ms
1(m1 + m2)n
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is expressible by MVZs by Lemma 4.2 (with t = 1) in §4.
This finishes the proof of the theorem. �

4. Regularized MZVs and a technical lemma

We need to derive several formulas concerning MVZs. They are best understood as
consequences of the stuffle (also called quasi-shuffle or harmonic product) relations for the
MZVs including the divergent ones suitably regularized.

By [10] one may define a regularized value ζ̄ (s) (denoted by Z∗
s (T ) in [10]) if s =

(s1, . . . , sd ) with s1 = 1 such that the following stuffle relation holds:

ζ̄ (s1)ζ̄ (s2) = ζ̄ (s1 ∗ s2)(29)

where the the product ∗ is the stuffle product (see [9] or [10, §1]).

LEMMA 4.1. Let s and t be two positive integers greater than 1. Then

ζ(s)ζ(t) =
s∑

a=0

(
t − 1 + a

a

)
ζ(t + a, s − a) +

t∑
b=0

(
s − 1 + b

b

)
ζ(s + b, t − b) .(30)

Further

ζ(s + 1) =
s−1∑
a=1

ζ(1 + a, s − a) .(31)

PROOF. Equation (30) is the famous Euler’s decomposition formula [7] (or see [3]).
To derive (31) we use the regularized MZVs as follows. For any positive integer N we have
by Lemma 2.5

N∑
m=1

N−m∑
n=1

1

mns
=

N∑
m=1

N−m∑
n=1

(
1

m(m + n)s
+

s−1∑
a=0

1

ns−a(m + n)a+1

)
.

Taking the regularization we get

ζ̄ (1)ζ(s) = ζ̄ (1, s) + ζ(s, 1) +
s−1∑
a=1

ζ(1 + a, s − a) .

On the other hand by stuffle (29)

ζ̄ (1)ζ(s) = ζ̄ (1, s) + ζ(s, 1) + ζ(s + 1).

Equation (31) follows immediately. �

LEMMA 4.2. For all positive integers s and t such that s + t ≥ 3 the value

∞∑
m1,m2=1

m1+m2∑
n=1+m2

1

ms
1(m1 + m2)nt

(32)
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is expressible by MVZs of weight s + t + 1 and depth three or less.

PROOF. Let’s consider the partial sum

∑
1≤m1<m3≤N

m3∑
n=1+m3−m1

1

ms
1m3nt

=
∑

1≤m1<m3≤N

( m3∑
n=1

−
m3−m1∑

n=1

)
1

ms
1m

t
3n

whose limit when N → ∞ is clearly (32). Using regularization and playing similar trick of
breaking the sum as we did in (28) we find that

(32) = Reg

{ ∑
1≤m1<m3≤N

( m3∑
n=1

−
m3−m1∑

n=1

)
1

ms
1m

t
3n

}
,

= ζ̄ (1, t, s) + ζ̄ (1, s + t) + ζ̄ (1, s, t) + ζ(t + 1, s)

− Reg

{ ∑
1≤m1<m3≤N

m3−m1∑
n=1

1

ms
1m

t
3n

}
.

(33)

Now the untreated sum can be deformed as follows: taking m2 = m3 − m1 we get

(34)
∑

1≤m1<m1+m2≤N

m2−1∑
n=1

1

ms
1(m1 + m2)nt

+
∑

1≤m1<m1+m2≤N

1

ms
1m

t
2(m1 + m2)

=
N∑

m1=1

N−m1−1∑
n=1

N−m1−n∑
n3=1

1

ms
1n

t (m1 + n3 + n)
+ ζ

(N)
MT (s, t; 1)

by setting n3 = m2 − n. Taking x1 = m1 and x2 = n in Lemma 2.5 we see that (34) becomes

N∑
m1=1

N−m1−1∑
n=1

N−m1−n∑
n3=1

{ s−1∑
a=0

(
t + a − 1

a

)
1

ms−a
1 (m1 + n)t+a(m1 + n3 + n)

+
t−1∑
b=0

(
s + b − 1

b

)
1

nt−b(m1 + n)s+b(m1 + n3 + n)

}
+ ζ

(N)
MT (s, t; 1) .

Taking regularization and combining with (33) yields

(32) = ζ̄ (1, t, s) + ζ̄ (1, s + t) + ζ̄ (1, s, t) + ζ(t + 1, s) − ζMT(s, t; 1)

−
{ s−1∑

a=0

(
t + a − 1

a

)
ζ̄ (1, t + a, s − a) +

t−1∑
b=0

(
s + b − 1

b

)
ζ̄ (1, s + b, t − b)

}

= ζ̄ (1, s + t) + ζ(t + 1, s) − ζMT(s, t; 1)

−
{ s−1∑

a=1

(
t + a − 1

a

)
ζ̄ (1, t + a, s − a) +

t−1∑
b=1

(
s + b − 1

b

)
ζ̄ (1, s + b, t − b)

}
.
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Applying the stuffle relations (29) we get

(32) =ζ̄ (1)ζ(s + t) − ζ(s + t + 1) − ζ(s + t, 1) + ζ(t + 1, s) − ζMT(s, t; 1)

− ζ̄ (1)

{ s−1∑
a=1

(
t + a − 1

a

)
ζ̄ (t + a, s − a) +

t−1∑
b=1

(
s + b − 1

b

)
ζ̄ (s + b, t − b)

}

+
s−1∑
a=1

(
t + a − 1

a

){
ζ(t + a + 1, s − a) + ζ(t + a, 1, s − a)

+ ζ(t + a, s − a + 1) + ζ(t + a, s − a, 1)
}

+
t−1∑
b=1

(
s + b − 1

b

){
ζ(s + b + 1, t − b) + ζ(s + b, 1, t − b)

+ ζ(s + b, t − b + 1) + ζ(s + b, t − b, 1)
}
.

We can cancel all the terms involving ζ̄ (1) in the two cases t > 1 and t = 1 by applying (30)
and (31) of Lemma 4.1, respectively. This finishes the proof of the lemma. �

5. Some examples

Using Maple we have verified all the formulas on [17, p. 1502] by our general approach.
We can compute any special values of ζ3(s1, . . . , s7) and in particular ζsl(4)(s1, . . . , s6) at
nonnegative integers whenever they satisfy the convergence conditions given by (12). For
example, by Maple computation there are 32 weight four convergent ζsl(4)(s1, . . . , s6) values
at nonnegative integers, with 15 distinct ones as follows:

ζsl(4)(0, 0, 0, 0, 0, 4) = 1
2ζ(2) − 3

2ζ(3) + 2
5ζ(2)2 ,

ζsl(4)(0, 0, 0, 2, 2, 0) = 3ζ(3) − ζ(2)2 ,

ζsl(4)(0, 0, 0, 0, 1, 3) = ζsl(4)(0, 0, 0, 1, 0, 3) = ζ(2) − ζ(3) − 1
10ζ(2)2 ,

ζsl(4)(0, 0, 0, 0, 2, 2) = ζsl(4)(0, 0, 0, 2, 0, 2) = ζ(3) − 3
10ζ(2)2 ,

ζsl(4)(1, 0, 0, 0, 1, 2) = ζsl(4)(0, 0, 1, 1, 0, 2) = ζ(3) − 1
5ζ(2)2 ,

ζsl(4)(1, 0, 0, 0, 2, 1) = ζsl(4)(0, 0, 1, 2, 0, 1) = 2ζ(3) − 1
2ζ(2)2 ,

ζsl(4)(0, 0, 1, 0, 0, 3) = ζsl(4)(0, 1, 0, 0, 0, 3)

= ζsl(4)(1, 0, 0, 0, 0, 3) = 2ζ(3) − ζ(2) − 1
10ζ(2)2,

ζsl(4)(0, 1, 0, 1, 1, 1) = 7
10ζ(2)2 , ζsl(4)(1, 1, 1, 0, 0, 1) = 12

5 ζ(2)2 ,

ζsl(4)(0, 0, 0, 1, 1, 2) = 1
10ζ(2)2 , ζsl(4)(1, 0, 1, 1, 1, 0) = 17

10ζ(2)2 ,

ζsl(4)(1, 0, 1, 0, 0, 2) = ζsl(4)(0, 1, 1, 0, 0, 2) = ζsl(4)(1, 1, 0, 0, 0, 2) = 4
5ζ(2)2 ,

ζsl(4)(1, 0, 0, 1, 1, 1) = ζsl(4)(1, 0, 0, 1, 2, 0) = ζsl(4)(0, 0, 1, 2, 1, 0)

= ζsl(4)(0, 0, 1, 1, 1, 1) = 1
2ζ(2)2 ,
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ζsl(4)(0, 1, 0, 1, 0, 2) = ζsl(4)(1, 0, 0, 1, 0, 2) = ζsl(4)(0, 1, 0, 0, 1, 2)

= ζsl(4)(0, 0, 1, 0, 1, 2) = 2
5ζ(2)2 ,

ζsl(4)(1, 1, 0, 0, 1, 1) = ζsl(4)(1, 0, 1, 1, 0, 1) = ζsl(4)(1, 0, 1, 0, 1, 1)

= ζsl(4)(0, 1, 1, 1, 0, 1) = 6
5ζ(2)2 .

Notice that in the first seven values the weights are mixed which correspond to the nine cases
of irregular values (13) to (17). In higher weight cases if we only consider regular (pure
weight) values then we have the following examples.

ζsl(4)(1, 1, 0, 1, 1, 1) = ζsl(4)(0, 1, 1, 1, 1, 1) = 5
2ζ(5) − ζ(2)ζ(3) ,

ζsl(4)(1, 0, 1, 1, 1, 1) = − 3
2ζ(5) + ζ(2)ζ(3) ,

ζsl(4)(1, 1, 1, 1, 1, 1) = − 62
105ζ(2)3 + 2ζ(3)2 ,

ζ3(1, 1, 1, 1, 1, 1, 1) = 3
2ζsl(4)(1, 1, 1, 1, 1, 2) = 21

8 ζ(7) − 3
2ζ(2)ζ(5) ,

ζsl(4)(2, 2, 2, 2, 2, 2) = 368
875875ζ(2)6 .

The last value of the above agrees with [12, (4.29)] and the first value in [8, Table 4] by the
relation

ζsl(4)(2m, 2m, 2m, 2m, 2m, 2m) = 12−2mζsl(4)(2m) ,

where ζsl(4) on the LHS is the multiple variable function being studied in the current paper
and ζsl(4) on the RHS is the original single variable. Witten zeta function (see [17, Prop. 2.1]).
As two intriguing computation we have

ζsl(4)(1, 2, 3, 3, 2, 1) = ζ(2)ζ(8, 2) + 811324
238875ζ(2)6 − 5

2ζ(2)ζ(5)2 − 37
2 ζ(3)ζ(9)

−35ζ(5)ζ(7) − 2ζ(7)ζ(2)ζ(3) + 37
4 ζ(10, 2) = .0129650292 . . . ,

ζsl(4)(3, 2, 1, 1, 2, 3) = 10ζ(2)ζ(8, 2) − 120112
53625 ζ(2)6 − 6ζ(2)ζ(5)2 + 44ζ(3)ζ(9)

+40ζ(5)ζ(7) − 20ζ(7)ζ(2)ζ(3) − 22ζ(10, 2) = .0056078053 . . . .

We have also verified all the above computation numerically with Maple and EZface [4].
We conclude our paper with a conjecture. Let MZV(w,≤ l) be the Q-vector space

generated by MZVs of weight w and depth ≤ l. Then by Theorem 1.1 the space generated
by special values of ζsl(4) of weight w > 3 over Q is included in the space MZV(w,≤
3) + MZV(w − 1,≤ 2) + MZV(w − 2, 1).

CONJECTURE 5.1. The space generated by special values of ζsl(4) of weight w > 3 at
nonnegative integers over Q is

MZV(w,≤ 3) ⊕ MZV(w − 1,≤ 2) ⊕ MZV(w − 2, 1) .

Using the MZV table [2] and assuming the sum is direct we have verified the conjecture for
all weights up to 12.
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