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Abstract. For given group schemes G D (=1,2,...) deforming the additive group scheme G, to the
multiplicative group scheme G, T. Sekiguchi and N. Suwa constructed extensions:

0= G*) L glrr) L gD 0 .. 0 GO 5 glrtn) o gieidn—)

inductively, by calculating the group of extensions Ext!(E®1--An—1) GAn))  Here we treat the group
Ext! (G*0), £@1,---2n)) of extensions in the case of n = 2, 3. The case of n = 2 was studied by D. Horikawa.

Introduction

In [4], T. Sekiguchi and N. Suwa constructed the group schemes deforming the group
schemes of Witt vectors to tori in order to unify the Kummer theory and the Artin-Schreier-
Witt theory. Let A be a discrete valuation ring with the maximal ideal m. Then such group
schemes of dimension 1 over A are known to be given only by G = Spec A[X, 1/(1 +
AX)] with & € m\{0} (compare [3], [8]). In higher dimensional case, Sekiguchi and Suwa
determined the following successive groups of extensions:

Extl (GO0, G*2)) 500 G*) g . gl o,

Extl (3142 GOy 50— G*) o ghihads) gk 0,

Ext! (EX12223) gy 5 0 —» g4 5 glirads )y £Oidads) s )

In this article, we will determine the group of extensions Ext!(G*0) £(31:42:43)) (Theo-
rem 6.2.1). The group Ext!(G*0), £31:22)) wag determined by D. Horikawa [2]. We will
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use Horikawa’s theorem essentially in our argument. For the readers’ convenience, we will
prove Horikawa’s theorem (Theorem 5.1.1) in Section 5.

Notaions

In this article, ring means a commutative unitary ring.

1.

p : a fixed prime number

Gy, 4 := Spec A[T] : the additive group scheme over a ring A

Gy, 4 := Spec A[T, 1/T] : the multiplicative group scheme over a ring A

A", : the affine space of dimension n over a ring A, endowed with the usual ring
scheme structure

W (A) : the ring of Witt vectors over a ring A

[a] :=(a,0,0,...) € W(A) : the Teichmiiller lifting of a € A

Ext! (G, H) : the group of extensions of abelian group schemes G and H

HO2 (G, H) : the Hochschild cohomology group consisting of symmetric 2-cocycles
of G with coefficients in H for group schemes G and H (cf. [1, Chap. I1.3 and Chap.
111.6]).

Witt Vectors

In this section, we recall the fundamental facts on Witt vectors.

1.1. For a non-negative integer n, we denote by @,(X) = @,(Xo, ..., X,) the Witt
polynomial:

" pl n—1yp n
On(X) =Xy + Xy A PTX P X

in Z[X] = Z[X¢, X1, ...]. We put W, z := SpecZ[To, T1, ..., Ty—1] and define the map
"W W, 7z — A} by

T — (1) = &i(To, ... . T)).

PROPOSITION 1.1.1. @™ induces the ring scheme structure on W,,.z uniquely so that

it is a ring scheme homomorphism. In particular, W, g = A"Q.

In fact, the addition o and the multiplication 7 of A7 are given by

o i X;+Y, n*": T~ X;QY,;
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with X; :=T; ® 1 and ¥; := 1 ® T;. Suppose that ¥ and IT are the addition and the mul-
tiplication which are induced by @ . Then X*(®;(T)) = ®;(X) + ®;(Y), IT*(®;(T)) =
@; (X)®; (Y) and the following diagrams are commutative:

oM n .
Wn,Z X SpecZ Wn,Z — AZ X SpecZ AZ

5| lo

W,z — Ay
' @)
@M

Wn,Z X SpecZ Wn,Z — A% X SpecZ A%

| 5
W,z — A7
P )

By induction on i, it can be seen that X*(7;), IT*(T;) € Z[X, Y], thus W,, 7z is a ring
scheme over Z. We call W,, z a ring scheme of Witt vectors over Z of length n. We also
denote X*(T;) and IT*(T;) by S;(X,Y) and P; (X, Y), respectively.

We denote the ring of Witt vectors over a ring A by W(A), and the formal completion of
W (A) along the zero section by VT/(A). Then we have

W(A) = {(ag,ar,...) € W(A _
(4) {(ao a ) € WA a; = 0 for all but a finite number of i

a; is nilpotent for all i and }

1.2. In this subsection, we define some endomorphisms of the additive group
Wz :=SpecZ[T]. We define the Verschiebung endomorphism V : Wz — Wz by

T s Ti—y ifi>0
' 0 ifi=0"

For r > 0, we define polynomials F,(T) € Q[Top, ... , Tr+1] inductively by
D, (Fo(T), ..., F(T) = &,41(T).

Then F;(T) € Z[T, ... , T,+1]. We define the Frobenius endomorphism F : Wz — Wz by
T; = Fi(T).
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F is a ring scheme homomorphism and if A is a Fp-algebra, then F' : W(A) — W(A) is
nothing but the usual Frobenius endomorphism. For a ring A and A € A, we define F*) :
W(A) —> W(A) by

FPq:=(F-[A""a=Fa—-[\"""a

and denote the kernel and the cokernel of F®*) by W(A)F “ and W(A)/ F®), respectively.
For a vector @ := (ag, ay, ...) € W(A), we define a map (a, -) : W(A) - W(A) by

n n—1
@,((a,x)) = al ®u(x)+ pa]  Pp_1(x)+ -+ p"a,Po(x)
for x € W(A). Then we have (a,-) = Zkzo VK[ax] and it is an endomorphism (cf. [4,
Remark 4.8]).
2. Artin-Hasse exponential series
In this section, we review some concepts on Artin-Hasse exponential series from [4].

2.1. We define a formal power series E,(T) € Q[[T]] by

Tp TP
E,(T) 1=6XP(T+—+—2+~~).
4 p

Then it can be seen E,(T) € Z(,)[[T]] and we call it Artin-Hasse exponential series.
We define a formal power series E,(U, A; T) € Q[U, A]J[[T]] by

v e ook Ll
Ep(U, A:T) == (1 + AT) 4 [ T(1 + AP TP
k=1

-

By Artin-Hasse exponential series, we have

[1 E,UAk-ITk)EDk if p>2
(k, p)=1
E,(U, A T) = -1
1_[ EZ(UAk—lTk)l/k{ 1_[ EZ(UAZk—lTZk)l/k} if p= 2
(k,2)=1 (k,2)=1

and E,(U, A; T) € Zp)[U, AIl[T]].
Moreover, for an infinite sequence of indeterminates U := (Up, Uy, ...), we define
formal power series £, (U, A; T) by

Ep(U, A; T) := [| Ep(Uk, A7, T?) € Z([U. AT
k=0
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Then we have

vy & @ U a? T 0Dy Uy
Ep(U, A:T) = (1 + AT) 2 [[(L+ 4P 77y kot

k=1
=+ ﬁ(l b art ey A,
k=1
Let A be a Zp)-algebra and A € A. Then fora, b € W(A), we have
Ep(a,\; TVE,(b, A T) = Ep(a+b,; T)
with @ 4+ b = (So(a, b), Si(a, b), . ..). Moreover, if F**)a = 0, then
Ey(a,}; TO)Ey(a, 2;T1) = Ep(a, ; To + T1 + AToTh).

We define a formal power series F, (U, A; Ty, T1) € Q[U, A][[To, T1]] by

k k 1
1+ APkTop (1 + APlep ) >pkA1’k Pi-1(U)

o
F,(U, A; Ty, Th) == (
b [1 1+ AP (To+ T1 + AToT)P*

k=1
Then F), (U, A; To, T1) € Z»)[U, All[To, T1]].
2.2. Fora = (ap,ai,...) € W(A), wedefine p: W(A) - W(A) by
pla) == (0,ay,al,...).
Moreover, we define pE, (U, A; X) and pF,(U, A; X, Y) by
PE,U, A; X) := E,(pU, A; X)
and
pFy(U, A; X, Y) = F,(pU, A; X, Y).

PROPOSITION 2.2.1 ([4, Lemma 4.10]). Fork,l € Z withk > 1 and £ > 0, we have

(PVEp(U, A; X) = E,(UP), 47 x7")
(WM E, U, A; X, Y) = () F,(UPD, 47" X7 yP") mod pt+!
k k
with UPY = @l Ul .. ).
We put

Ug U
V=W, Vi,...) =(—, —,... ),
Vo, Vi ) (Az e )
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and define formal power series Ep (W, Ay; E) and Ep (W, Ay; F) by

- wy X klpk P (FU2DW)
E,(W, Ay E) = E® [ [((5) E)"* 2
k=1

and

- wy klpk Py (FUDW)
Ep(W, Ay F) := F 2 [ J((p)f )2
k=1

where £ := E,(U, A;; X)and F := F, (U, A1; X, Y).
PROPOSITION 2.2.2 ([4, Proposition 4.11]). Under the above notation, we have
Ep(W, Ay; E) = E,((V, W), 41, X) ,
E,(W, Az; F) = Fp((V, W), A1, X, Y).

We define formal power series G ,(W, Az; E) and G ,(W, A3; F) by

00 k Lo 1 (W)
1 E—17? k=1

k=1

and

o0 k L@ (W)

1 F —1)? Kkl

Gp(W, Ay; F) := 1_[<+(~7k)> pkal '
bl (D)F

Then we have

Ep(W, Az; 4 (E = 1))

E,(W, A2; E)

Gp(FY9W, Ay, E) =

and
Ep(W, Az; - (F = 1))

Gp(FYIW, Ay, F) = y
Ep(W, Ag; F)

Moreover, we have G, (W, Az; E), G,(W, Az; F) € Z,)[W,U/Az, Ay, AR][[X, Y]]

PROPOSITION 2.2.3 ([4, Proposition 4.13]). Under the above notation, we have

- A

- A
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3. Extensions of commutative group schemes

In this section, we review some fundamental concepts on extensions of group schemes
(cf. Serre [7]).

3.1.

DEFINITION 3.1.1. Let S be a scheme and G; a commutative group scheme over S for
i =1, 2, 3. Then we say a sequence of the homomorphisms of commutative group schemes:

0—- G —>Gy,—~>G3—>0

to be exact if the sequence is exact on flat site over S. We call G, an extension of G3 by G.

. . ./ -/

DEFINITION 3.1.2. Let 0 — G N Gy N G3 > 0and 0 —» G N G/2 EN

G3 — 0 be short exact sequences of commutative group schemes. If there exists a group
homomorphism ¢ : G; — G/, which makes the diagram

0 G G) G3 0
.
0 Gy G/z G3 0

commutative, then ¢ is an isomorphism. So in this case, we say the extensions G, and G/2 are

isomorphic. Moreover, we denote by Ext! (G3, G1) the set of isomorphy classes of extensions
of G3 by G.

PROPOSITION 3.1.3. Let0 — G LN Gy N G3 — 0 be a short exact sequence of
commutative group schemes. Then the following properties are equivalent:

(1) G2~Gp x5 G3.

(2) There exists a group scheme homomorphism s : G, — G| such that s oi =idg,.

(3) There exists a group scheme homomorphismt : Gz — G such that j ot =idg,.

A short exact sequence is said to be split if one of the above conditions is satisfied.

3.2. pull-back and push-down

DEFINITION 3.2.1. For0 — G; - G2 -5 G3 — 0 € Ext'(G3. G;) and a group
scheme homomorphism f : G5 — G3, we define f*(G2) by

f*(G2) :== G2 xg; G5
Then we have the exact sequence:

0— G — (G — Gy — 0
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such that the following diagram is commutative:
0 — G —> f*Gy) —> G} —> 0

| ! b

0—>G1—'> G» —.>G3—>0.
i J

Thus f induces the map f* : Ext' (G3, G1) — Ext!(G%, G1). We call f*(G>) the pull-back
of G by f.

DEFINITION 3.2.2. For0 — G; > G2 -5 G3 — 0 € Ext'(G3. G;) and a group
scheme homomorphism g : G| — G’l, we define g.(G») by

9:(G2) := (G} x5 G2)/{(g(x), —i(x)|x € G1}.
Then we have the exact sequence:
0— G'l — 0+(G2) > G3 — 0

such that the following diagram is commutative:

0—>G1—i> G» L>G3—>0

oL L

0 — G} — %(G2)) — G3 — 0.

Thus ¢ induces the map g, : Extl(G3, Gr) —>Ext1(G3, G/l). We call ¢.(G2) the push-down
of G, by g.

PROPOSITION 3.2.3. For0 — G —l> Gy N G3; > 0¢ Ext! (G3, G1) and group
scheme homomorphisms f : Gy — Gz and g : Gi — G, we have f*(g«(G2)) =~

9 (f*(G2)).
3.3. Group structure of the extensions

DEFINITION 3.3.1. Let Gy, G'2 € Ext!(G3, G1). Then we have the following
diagram:

G3

J2e

0 — G x5G; —> G2 x5G), —> G3xsG3 —> 0

mgll

G
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with the diagonal morphism Ag,, the addition mg, and the exact horizontal line. Then
Ext!(G3, G) is an abelian group by

G2+ G} := (Ag;)*(mg,)«(G2 x GY).
PROPOSITION 3.3.2. Let 0 — G —l> Gy —j> Gy —> 0 e Extl(G3,G1) and G4 a
commutative group scheme. Then the following two sequences are exact:
(1) 0 —Hom(G4. G1) —Hom(Gy4, G2) ~>Hom(Gy, G3) —Ext! (G4, G1)
S Ext! (Ga, G2) L5Ext!(Ga, G3) with 3(f) = £*(G»).

2) 0 —>Hom(Gs, G4) ->Hom(Ga, G4) ~>Hom(G1. G4) ~>Ext! (G3. Ga)
LS Ext!(Ga, Ga) L>Ext1(G 1, G4) with 3(g) = ¢+(G2).

4. Results on Ext! (31 An-1) Gn))y

In [4], T. Sekiguchi and N. Suwa completely determined the extension groups
Ext! (X121 GAn))  In this section, we review some results of [4] which are needed
in this paper.

4.1. Let (A, m) be a discrete valuation ring with the maximal ideal m such that
ch(Frac(A)) = 0and ch(A/m) = p. Then
GH) = Spec A[X1, 1/(1+ A1 X D), A1 € m\{0}

is a group scheme over A with

co-multiplication : X1 — X1 ® 14+ 1Q® X1 + A1 X1 ® X1,
co-unit X1 =0,
co-inverse X1 =X/ 4+ A Xy).

Moreover, we have the following A-homomorphism a*V : G&1) — G, 4 by

AlT,1/T] — A[X1, 1/(1 + A1 X1)]
T 1+ 11X

In particular, for the generic point 1 and the special point s of Spec A, «*!) induces a,(f") :

g,(fl) = G, k and ozy‘) : S(M) = G, where K := Frac(A) and k := A/m.

4.2. Let Ay, := A/AA for A, € m\{0} and ¢ : Spec A, <> Spec A the canonical
closed immersion. Then the sequence
02) 02)
0— G* % Gpa 5 1Gpa,,—0 (%)
X 14 Aox
t +—— tmod Ay
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is exact on small flat site over Spec A and by Proposition 3.3.2 (1), we have the following
exact sequence:

0 — Hom(G%', 6% ““ Hom(G, Gyyp) "3 Hom(GO, 4G, ;)
22 Bxt (@00, 69)) “8 Ext! (G, Ga) -
We have Ext! (G*V, G, .4) = 0 (cf. [4]), thus
Ext'(G*), %)) ~ Hom(G™, 1.Gim.4;,)/r*? (Hom(GP), Gy 4)) -
Moreover, by Hom(G"V, Gm.a) = {(1 + 11 X1)"n € Z}, we have
Ext' (G, %)) ~ Hom(G™, 1,Gn. 4, ) /{(1 + A1 X1)" mod Az|n € Z) .

The following theorem is crucial in the later argument.

THEOREM 4.2.1 ([5, Theorem 2.19.1]). Let A be a Zp)-algebra, and A € A be a
nilpotent. Then the group homomorphism

W(AFY — Hom(G®, G, )
a —  Ep(a, x; X)

and

W(A)/F® — HZGP, Gy a)
a > Fpla,A; X,Y)

are bijective.
By noting E,([A1], A1, X1) =1+ A1 X1, we have
Ext! (G*), g0) = W(A;,) ™ [([3])
This correspondence is given more explicitly as follows.
Foru! mod A, € W(A;LZ)F(M)/([M]), we put
Di(X1) := Ep(u', A1; X1)mod A, .

Then D is contained in Hom(G*V, L*Gm,sz), and dD; € Ext!(G*D, g2y js given by the
pull-back of the exact sequence (x) by D;. Therefore, we have the following commutative

diagram:

0 — G® —» 9D, — G™M — 0

H ! o

0 — g(AZ) — GmA e L*Gm A, — 0.
() ’ () 2
a2 2
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Let x; and ¢ be local sections of G*1) and G, 4 respectively. Then by Dy (x1) =t mod
A2, there exists x» such that r = Dj(x1) + A2x2 and we have

1 1
0D = the class of SpecA|:X1, X>, , :| .
1+2X1 Di(X1) +22X>

We put ERA2D) = SPCCA[XL X7, 1+A1.X|v D (X|;+A2X2]' Then it is an affine group

scheme over A with
co-multiplication: X1 —~ X1 ® 1 +1® X1 + A1 X1 ® X1,

Xo— X2 D)D11R@X)+Di1(X1 @11 ® X2)+ 21X ® Xo
1
+A_{D1(X1 RDDI(1®X)—D1(X1®1+1® X
2

+ X ® XD},
co-unit X110, X0
. X1
co-inverse X1 -,
14+ A X

1 X
X2 —{— —Dl(——l)}.
A | D1(X1) + 22X, I+ 11X

4.3. Replacing 1> by A3 in the exact sequence (x) and apply the same argument to
E£*1:22:D1) | we have an exact sequence:

0 —> Hom(042:20, G “5 Hom(E*1450), Gy 0)
(*3) . ( .
™) Hom(£0-1:42:01), G, ay,) 2, Ext! (012200 gy 5 0

By Hom(E£41:42:P0 /G,y 4) > (1 + A1 X1)"(D1(X1) + A2 X2)™|n, m € Z}, we have
Ext!(E*1-22:DD) G, 4)
~ Hom(EM42 PV 1, Gy 4, ) /{1 + 21X 1)"(D1(X1) + 22X2)™ mod A3|n, m € Z}

FOD —(b%, )

1
3. (1) gl 2.
We put b; := )»zF Yy and U” = ( 0 FO2)

). Then we have the following
theorem.

THEOREM 4.3.1 (4, Theorem 5.1). Let A be a Z(p)-algebra and A1, A2, A3 € A. Sup-
pose A1 and Ly are nilpotent in Aj,. Then the group homomorphism

Ker[U? 1 W(Az,)? = W(A3)?] = Hom(EX72PD 1, Gy 4,.)

)mod A3

(by mod A3, by mod A3) — E, (b, A1; X))E (b,k;
1 3,02 3 p111p22D1(X1)

is bijective.
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In particular, under this correspondence, we have
([M11,0) = 1+ A1 X,
and
@', W) = Di(X1) + 22Xa .
Therefore by Theorem 4.3.1, we have
Ext! (EX172:00 g9y ~ Ker[U? : W(A3,)* — W(A3)°1/(([21],0), @', [22]))-

This correspondence is also given more explicitly as follows.
For (u3, u3) € Ker[U? : W(A;,)> — W(Ax,)?], we put

X5
Di1(X1)

Dy(X1, X2) := Ep(u?, 115 X1)E | 43, 12; mod A3 .
V4 1 P 2

Then D5 is contained in Hom(E*1:42:P0) 1xGm.a,;,) and 9Dy is the pull-back of the exact
sequence () by D,. Therefore, we have the following commutative diagram:

0 — GW™ — 3§D, — E*22DD 5 g

| l >

0 — G®™ —— G4 — tGm,a,, — O,
w3 +(3) :

where
0D, = the class of

1 1 1
SpeCA[Xl,Xz,Xa, , , i|
I+ A X1 Di(Xy1)+ 22Xy Da(Xy, X2) +A3X3

We put

EO1.42,43: D1, D7)

1 1 1
= SpecA[Xl,Xz, X3, , , :|
I+AX1 Di(X1)+ 22Xy DXy, X2) +A3X3

Then it is an affine group scheme over A with

co-multiplication: X1 —~ X1 ® 1 +1® X1 + 1 X1 ® X1,
Xo=> (X2 DD1(1® X1) + D1(X1 @ D1 ® X2) +22X2 ® X2
1
+ )L—{Dl(Xl RDDI(1®X)—Di1(X1®1+11 X,
2

+MX® X1},
X3 (X300 1D)D(1®X1,10X)+(1®X3)Dr(X1®1,X,®1)
+ A3X3 ® X3
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1

+ T[Dz(xl ®1,X® HDy(1® X1, 1 ® X2)
3

_Dz(x1®1+1®x1+mx1®xl, X1®1)D1(1®X))
+D1(X1 @ D1 ®X2) +1X® X2
1
+ A_{DI(XI ® 1HDi(1® X1)
2

—-DiIX1®1+1® X +A11X4 ®X1)}>}

co-unit X1—~0, Xo—~0, X3~>0
. X
co-inverse X1 -,
1+ 11X
b ()]
Xob ——o——— D[ ———— |},
A | D1(X1) + 22 X2 I+ XX
1 |: 1
X3 > —
A3 | Da(X1, X2) +2A3X3

1 1 1 1
(| - o))
I+xX1 A | Di1(X1) +22X2 I+ 11X

5. Horikawa’s theorem

Horikawa determined the group Ext!(G*0), £*1:22:D1)y jp his master thesis ([2]). Here
we state Horikawa’s theorem and give the proof.

5.1. Let (A, m) be a discrete valuation ring and A9 € m\{0}. Then by T. Sekiguchi, F.

Oort and N. Suwa [3],
(7))\0[, fori =1,2,... n}
i

©0r132) W (A, ) /([ho]) x W(AL,)/(€2) — W(Ayxy)
(a1,a2) > F*ay — (b3, u')

Hom(G*), g1y ~ {%{(1 + 10X0)" — 1}‘ M

Moreover, we define the map @ *0-41:22) by

with €1, €2 € Z, £1 := £1[Ao] = 0mod Ay, £ := £2[Ao] — <%,ul> and b} = - F%ay.

Then ® *0-#1-42) js a homomorphism by Sekiguchi-Suwa [6] and we have the following theo-
rem.

THEOREM 5.1.1 (Horikawa). The group homomorphism

@ 0r122) - Ker @GorA2) .y Exil (g(ko)’ g(MJ»z;Dl))
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defined by

(a1, ay) — the class of
1 1

14+ x0Xo Ep(ar, ro; Xo) + A1 Xy’

Spec A[Xo, X1, X7,

1 )
. X
E (a2, ho; Xo) D) (m) + 22X>
is bijective.
5.2. Here we give the proof of Theorem 5.1.1.

Let (x1, x2) be a local section of £*1:22:P1) and ¢ a local section of G, 4. Let p and
be the homomorphisms defined by

p : EPAiD) 5 GO G,y 4
(x1, x2) = (x1, D1(x1) + A2x2)

and

B:GH) x Gpa— L*Gm,sz
(x1,1) = Di(x1)~ 1 mod Ay

Then the sequence

0 — 0172200 L GOV 5 Gpp B 12y, — 0 (45)

is exact on small flat site over Spec A and we have the following exact sequence:

0 — Hom(G*), £*1:32:00) 2 Hom(G*o), g x G.a) LA Hom(G*0), t+Gm,a;,)

KN Ext! (G*0) | £ 1.22:D1)y s Exi! (GP0) gD « Gin.A) i Ext! (G40, L*Gm,Akz)

Combining this long exact sequence and the isomorphisms given in subsection 4.2, we have
a diagram with the second horizontal exact line:

Hom(G%, G4D x G,y p) —2> W(Au)F

| L

Hom(g(AO), g(kl) X Gm,A) — Hom(g(AO)’ L*Gm,A;Q)
B

$2 Ker@(lo,)q,kz) ﬂ) W(A)L])F(AO)/([)\,()]>

lw(kovll~*2> zlq/(loﬁﬂ

—— Extl(Gg*0 g@r22:D0y 5 Extl(G*0) GO x G,y 4)
d p* ’
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_ W(AM)/F(M))

{L%

—_ Eth (Q(AO), L*Gm,sz)
ﬂ*

where

pr=v;"op

2 :az —~ (0,a7)
@3 : (a1, a2) = ay
g1:ay > —(b3 u')

and 1is an isomorphism. By the following lemma, ¥, is also an isomorphism.
LEMMA 5.2.1. H§(G%, Gy 4;,) ~ Ext' (G™, 1,Gpp 4,.).
PROOF. By

Ext' (6", 1,Gina,) = Ext' (G4 G, )

with g()f(’) = Spec Ay, [Xo, 1/(1 + 1o Xo)], it is sufficient to prove Pic(g()f(’)) =0.
A P 2 p A
A2 A2

We put X := g/(ff(’) and let m be the maximal ideal of A;,. We have the exact sequence
A2

0 - m(Ox/m>0Ox) — Ox/m*Ox — Ox/mOx — 0
and it induces the exact sequences
I > 14+ m(Ox/m*Ox) - (Ox/m*0x)* — (Ox/mOx)* — 1
and
H'(X, 14 m(Ox/m*Ox)) - H'(X, (Ox/m*0x)*) - H' (X, (Ox/mOx)*).

By H'(X, 1 +m(Ox/m?>0yx)) ~ H' (X, Ox/mOx) = 0and H' (X, (Ox/mOx)*) =0, we
have H (X, (Ox/m20x)*) = 0.

Forn € Z with n > 1, we have H!(X, (Ox/m*Ox)*) = 0 by induction on n. Since
Ay, is an Artinian local ring, there exists r € Z with r > 1 such that m"Ox = 0. Thus we
have H'(X, OF) =Pic(X) = 0. O

Hence, in order to prove Theorem 5.1.1, it is sufficient to show that the first horizon-
tal line of the above diagram is exact and the diagram is commutative. First, we show the
exactness. By

Hom(G*, G*) % Gy, 4) = Hom(G*0, G*D) x Hom(G*), Gy a)
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we have

1
ﬂ(E{Ep(&, Aro; Xo) — 1}, Ep(L2[Ao], Ao; Xo))

1 -1
=Dy (A—I{Ep(el,xo; Xo) = 1)) Ep(Ealiol. 2o: Xo)

1
= Ep(—ul, A1 A—I{Ep(fl, Xo; Xo) — 1})Ep(€2[)»o], Xo; Xo)
= Gp(—F"u' 015 Ep(01, 20 X0)Ep(—u', 1z Ep(£1, ho: X0)) Ep(£2[Ro0]. 2o; Xo)
L
= Gp(—F"u' i1; Ep (01, ho; X0)E) (—<k—l u‘>, o; XO>E,,<EZ[A0], 0; Xo)
1
= E,(2, Ao; Xo) mod Az .
Therefore we have Im ¢ = Ker ¢». The equality Im ¢» = Ker ¢3 is trivial.
For (a1, ay) € Ker ©@?0-41:22) | we have
(g4 0 p3)(a1, az) = —(bj.u')
= —F()‘O)a2 mod A .
Therefore, we have Im ¢3 C Ker¢s. On the other hand, if there exists a; € W(A ;LI)F o /
([10]) such that 4(a;) = 0, then there exists a; € V/V(AAZ) such that F*0ay = (b?, u') mod

A2 and we have ¢3(a1, az) = a;. Therefore, we have Im @3 = Ker ¢4.
Next we show the commutativity of the diagram. It is clear that ¢; o ¢ = B. For

~ ()
ar € WA, we have

1 1
1—‘,—)»()X0’ 1+A.1X1’

(lI/()‘O’)‘")‘z) o @2)(ay) = the class of SpecA|: Xo, X1, X»,

1
Ep(az, ho; Xo)D1(X1) —H»zxz}
and
Yi(az) = Ep(az, Ao; Xo) mod Az .

We put E := E (a2, Ao; Xo) mod A2. Then 9 E is the pull-back of (+*) by E and we have
the commutative diagram with exact horizontal lines:

0 —> EXrzDy OE —s GgW — 0

| l L

0 ERAib) — GO % Gpa — 1G4y, 0.
0
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Let x1, t and x¢ be local sections of G *), Gy, 4 and G, respectively. Then we have
E(x0) = Di(x1)" 't mod A, .
Since it is equivalent to E (xg) D1(x1) = t mod A3, there exists x, such that
t = E(x0)D1(x1) + A2xa.
Therefore we have

1 1
14+10Xo 14+0X1]

0 E = the class of SpecA[ Xo, X1, X2,

1
Ep(az, ho; Xo)D1(X1) + Azxz}
and 3 o Y] = wR0A122) 6 gy
By
Ext! (G40, G x G p) = Ext! (G, G,
p* is the push-down map 7, : Extl (G0 £R1-22:D0)y 5 Bxl(GRo) gy by the canonical

projection 7 : £*1-42:P1) . G and we have a commutative diagram with exact horizontal
lines:

0 —s EG2D) 5, ¢ 5 gl — 0
| Lo
0 — G 5 7,6 — Gl — 0.

Let & be the class of £. Then we have

_ 1 1
&) = & = the class of Spec A| Xo, X1, , .
o(E) * P [ O T 20Xo Ep(ay, do; X0)+)»1X1i|

Therefore we have p* o ¥ *0:41:22) = (o2 6 s
Let £ € Ext! (G?0), G*D). Then the exact sequence

0— g™ &g 0
induces the exact sequence
0— G* x Gpoa— EXGpa— G* -0,
and we have a commutative diagram with exact horizontal lines:
0 — G xGpa — ExGua — G —5 0

d ! H

O - L*Grn)A)Lz I ﬁ*(g XGHI,A) — g()LO) —_—> O,
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Let F : G*0) x g0 1xGm, 4,, be the cocycle on G % G, 4y, €IVIng Bi(E X G, ).
Then for local sections (x, t), (x', t') € G % l*Gm,Akz, we have

x,)x', 1) = (x +x" 4+ roxx, tt' F(x,x))).

In particular, (x, 1)(x’, 1) = (x + x" + doxx’, F(x, x")).
Since the group structure of £ is induced by the group scheme homomorphism:

E — Gi.a X G a
(x0, x1) —> (1 4 Xoxo, Ep(ai, ro; x0) + A1x1)

we have

(x0. x1) = (x0.0) + (0 x41)

" E,(ai, 1o; xo)
with a local section (xg, x1) € £ and

E x Gm,A —> ,3*(5 X Gm,A)

-1
X1 ’
((x0, x1), 1) —> <xo, D (m) t)

with a local section t € G, 4.
By the group scheme homomorphism € — G, 4 X Gy, 4, We have

((x0,0), 1) = ((I + Aoxo, Ep(ar, Ao; x0)), ).
We put ((Xo, X1), 1) := ((x,0), )((x’, 0), 1). Then we have
((1 + 20Xo, Ep(ar, ro; Xo) +A1X1), 1)
= (1 + ro(x +x" + xoxx'), Ep(ai, ro; X)Ep(ar, ro; x")), 1)
and

Xo=x+x" 4+ roxx’

1
X = E{Ep(al, ro0; X)Ep(a1, ro; x') — Ep(ar, ro; Xo)} -

The cocycle F is given by

-1
/ X1
Fx,xY=D|| ———
Ep(ay, Mo; Xo)

1
= Ep<—u1, A A Fp(FVay, 205 x,x) — 1})
1

=G p(—F*ul a; Fy(F®ay, ao; x, x" ) Ep(—u', A5 Fp(FP0ay, 105 x, X))

= FP(—(bZ, u'), ho: x, x") mod A .
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Therefore we have B, o ¥ %021 = v, o 4. Hence, Theorem 5.1.1 is proved.

6. The main theorem

In this section, we state our main theorem (Theorem 6.2.1) and give the proof.

6.1. Let (x1, x2, x3) be alocal section of E*1-22.43:D1.D2)

We define group scheme homomorphisms p and § by

and ¢ alocal section of G, 4.

¥ EG122:23:D1,D2) e (h1,22:D1) o Gua
(x1, x2, x3) > ((x1, x2), D2(x1, X2) + A3x3)
and
,3 : €(A|,12;D|) X Gm,A — l>s<(;m,A;L3
((r1,x2), 1) = Da(x1,x2)~ "1 mod A3
Then the sequence
0 — iDLy oGadaiD) o G, o LA tGm,a,, = 0 (- %)
is exact on small flat site over Spec A and we have an exact sequence
0 — Hom(G*0) | £*1.42,43: D1, Da))y N Hom(G*0), g*1:42:D1) o Gn.a)
3 .
A Hom(G™, G ay) > Ext! (GP0), £t1.32.45:D1.D2))
£ Ext!(G*0), gP1:22:DD s G, 4) LA Ext! (G*0), Gm,a,,) = oo

6.2. For £ € Ext! (G*0) £31,22:DD) by Theorem 5.1.1 we have
1 1
1+ x0Xo’ Ey(ay, ro; Xo) + 11X ’
el
. Xy
Ep(az, ro; XO)Dl(Ep(al,xo;xo)) + 12X

E= SpeCA[Xo, X1, X2,

with (a1, ap) € Ker@()hm)hls)\z) .
We define the map @ *0-41.42:43) by

Ker © *0:41:22) 5 W (A;,)/(83) — W(Az,)
((a1,a2), a3) = F*az — (b1, u?) — (b, u3)
- = - — b2 2
with £1, €2, €3 € Z, €1 =0 mod A1, £ =0 mod A2, €3 := €3[ho] — (71, u7) — (32, u3) and

b} = % (F%0ay — (b3, u')). Then ©*0-41:22:43) is a homomorphism by Sekiguchi-Suwa [6].

Now we can state our main theorem.
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THEOREM 6.2.1. The group homomorphism

@ A0:A1,22,23) . Kap @ (R0:21,22,23) _y Extl (g()»o)’ E(M,M,M:Dl,Dz))

defined by

(a1, az, a3) — the class of
1 1
1+ x0Xo’ Ey(ay, ro; Xo) + 11X ’
1
. X ’
Ep(az, do; XO)DI(W) +22X>

SPCCA[XO, X1, X2, X3,

1 ]
. X X
Ep(a3. o: X0) D2, 15%0) By io %) +23X3

is bijective.

6.3. In order to prove Theorem 6.2.1, we use the following diagram of group homo-
morphisms

Hom(G#), £3192500 5 Gy p) = W(A)H™

H L

Hom(G®0), £41:42:P1) 5 G,y g) —= Hom(GH), 1,Gin, ;)
5 3

2 Ker @ G-0:21,22,23) 3 Ker ® 0:21,12)
J’q/(*o’h’*z»&%) {q/(lo»h’*z)
— Extl(G*0), g01.22.23:D1.D2)y 5 Exil(GRo) £Oi.AaiDr) o Gum.a)
d p*

9 W(AAS)/F()LO)

21\02
— Ext! (g()\O) s L*Gm,Ah)
B* )

where
pr=v;'op
@ a3~ (0,0,a3)
@3 :(ai,az, a3) — (ai, az)

g4 (a1, a2) — — (b7, ul) — (b3, ud).
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As in the proof of Theorem 5.1.1, we will show that the diagram is exact and commutative.

DEFINITION 6.3.1. We put £ := E,(Wg, Ag; Xg) and G := G,(Wg, Ag; Xg)
and define p(EG) by

P(EG) := E,(pWEg, Ag, Xp)G,(pWa, A, Xg).
If W = 0, then it coincides with the one in subsection 2.2.
Then we have
Ep(W, Az; 4 (EG — 1))
Ey(W, A2; EG)

Gp(FY9W, Ay; EG) =

and
E,(W, Ay; EG) = E,(W, Ay; E)E,(W, A2; G).
Moreover, we put F' := F,(Wp, Ar; XF, Yr). Then by the definition
P(FG) :=F,(pWEg, Ap, Xp, Yr)G,(pWq, AG, XG) ,
we have
Ep(W, Az; 4-(FG — 1)
E,(W, Ay; FG)

Gp(FYW, Ay, FG) =

and
E,(W, A2; FG) = E,(W, A2; F)E,(W, A2; G).

Now we show the exactness of the first horizontal line of the diagram. By the exact
sequence

0 — Hom(G*0 gG1:22:D0y . Hom(g*0) P x G 4) —> Hom(G™ L*Gm)Ah)
and the canonical isomorphism
Hom(G*, G*V x G, 4) = Hom(G™, G*) x Hom(G™, Gy, a) ,
we have

1,4 €l
Hom(G»0), £31:22:00y ~ L (2, 25) | £; = 0 mod A,
£> =0 mod Ay
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where 21 = )}—]{Ep(el, Ao; Xo) — 1} and £27 := )E—Z{Ep(ﬁz[)»()], ro; Xo) — D1(821)}. There-
fore, we have

Hom(g()‘()), EG122D1) G a)

01,482,035 €L
>~ 1 ((£21, £22), Ep(€3[A0], Xo; X0)) | €1 = 0 mod Ag
£, = 0 mod Ay

For an element ((21, 22), E,(€3[A0], 2o; X0)) € Hom(G*0), £*1:22:D0) 5 G, 4), we have
the following equalities:

B((£21, §22)) E, (€3[X0], Xo; Xo)
= Dy(£21, $22) " E (31101, 1o; Xo) mod A3

1
= Ep(—u%, A1 E{Ep(els Xo; Xo) — 1})

1 [ E,(L2[20], 205 Xo)

— 1| )E,(s[ o], Xo; X
rLE, @l aa: 1, (41 2o Xo) — 1)) D p(Eslkol. 20 X0)

Ep( u21 )"21
£

=E, (‘<7’ u%>, 20; XO)G,,(—FWu%, 13 Ep(81, 20; X))
1

1
E, (—u%, A2 E{Ep(ez, 205 X0)G p(—F*Vul yy; E, (81, ho; X0)) — 1})

E,(£3[20], Ao; Xo)

4
=E, (za[xo] — <7, u%>, 203 Xo)Gp(—F‘“’u%, A1; Ep(€1, 2o X0))
1
1
Ep( —u3, 22 E{Ep(ez, 20; X0)G p(—F™Vul 15 E, (81, 2o X0)) — 1})

= E,| €3000] — < %>,A0;X0)Gp(—F(“>u%,m;Ep(el,xo;xo»

A
u3, A5 Ep(€2, 203 X0)G p(=F*ul ap5 E (81, ho; X0)))

Ep(-

Gp(— FWu%, A2 Ep(la, Ao X0)Gp(—F*ul a15 E, (81, ho; Xo)))
(-
(-

£
p
I

= E,( t3[r0] — <)»1 u1> 20; XO)G (—F*u? a1; E,p (81, 2o; Xo))

u3, 123 Ep(&2, 203 Xo))

E,
Ep(—u3, 22; G (= F*Vul 013 E,(£1, 203 X0))) mod A3

p

I
= E,| €:000] — <)»1 >Ao, XO)G (—F*u? a1; E, (81, 2o; Xo))
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12 1
Ep (_<E u§> 1o XO)G,,(<EF(M)u1, u%> Aty Ep(£1, 2o; Xo))

= Ep(€3, 205 X0)G (b3, u3) — F*Vui, ay; Ep(L1, ro; Xo))
= E, ({3, Ao; Xo) mod A3.

Therefore we have Im ¢; = Ker ¢;. The equality Im ¢, = Ker ¢3 is trivial. For (a1, a2, a3) €
Ker ® #0:41:22:23) " we have

(40 93)(ay, az, az) = — (b1, ui) — (by, u3)
= —F()"O)az mod A3 .
Therefore, we have Im @3 C Ker¢4. On the other hand, if there exists (ag, az) € Ker¢q,

then there exists a3 € W(A;G) such that F*0 g3 = (b%, u%) + (b?, u%) mod A3 and we have
¢3(ay, az, a3) = (ay, ay). Therefore, we have Im ¢3 = Ker ¢4.

Next we show the commutativity of the diagram. It is clear that 8 = /| o ¢;. For

~ (o)
az € WA, we have

(@G0t 222) 0 g5) (a3)
1 1 1
1+ x0Xo 14+ 10X1" Di(X1)+rXa'

= the class of SpecA[Xo, X1, X2, X3,

1
Ep(as, ho; Xo)D2(X1, X2) + )»3X3}
and
Yi(as) = Ep(as, Ao; Xo) mod A3 .

We put E := E (a3, Ao; Xo) mod A3. Then 9 E is the pull-back of (x * *) by E and we have
a commutative diagram:

0 —s £0122.43D1.Dy) 9E — gl —5 0

| l L

0 —s £01r2A3:D1.Dy) _ e(,h2;D1) X Gua —> tGpma, —> 0.
P B A

Let (x1, x2), t and xq be local sections of g2 Dy)

have

G4 and G (o), respectively. Then we

E(x0) = Dy(x1,x2) "'t mod 23 .
Since it is equivalent to E (x0) D2 (x1, x2) =t mod A3, there exists x3 such that

t = E(x0)Da(x1, x2) + A3x3.
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Therefore we have

1 1 1
1+x0Xo 14+ 1X1" Di(X1)+r X2’

0 E = the class of SpecA|:X0, X1, X2, X3,

1
Ep(as, ro; Xo)D2(X1, X2) + k3X3}

and 9 o Y = W A0A1A203) 6
By
Eth (g(ko)’ E(A],AZQD]) x G A~ Eth (g(}»o)’ E(A]’Az;D])) ’
p* is the push-down map 7, : Ext! (G*0) £(1-22.435:D1.D2)) 5 Extl (GPo) | £31:22: D0 by the

canonical projection v : E*142:43:01.02) . £(h1.22:D1) apd we have a commutative diagram
with the exact horizontal lines:

0 — EO1,22,23;D1,D2) £ G*o 0
| L
0 —> EO1.A2;Dy) & G*o 0.

Let & be the class of £. Then we have
p*(E€) =mE
1 1
1+ x0Xo’ Ep(ay, ro; Xo) + A1 X4 ’

= the class of Spec A [Xo, X1, Xo,

1 )
Ep(az, ro; Xo) D1 (W) +aXal

Therefore we have p* o W *0-41:42.43) —  (%0.41,42) 6 o3 by Theorem 5.1.1.
Let £ € Ext! (G*0), £31:22:D1) Then the exact sequence

0— EPA2DD e glo 5 0
induces the exact sequence
0— EXMADY « Gp = EX Gpa — GH 50,
and we have a commutative diagram with exact horizontal lines:
0 — EXMDD) 5 Gpp —> ExGpa —> G —5 0

/| l |

0 —  uGua,  — B€xGpa) — GH — 0.
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Here, the vertical homomorphism is described as follows. Since the group structure of &£ is
induced by the group scheme homomorphism

E— Gm,A X Gm,A X Gm,A

(x0, X1, X2) —> <1 + Aoxo, Ep(ar, Ao; xo) + Arxi,

X1
Ep(az, Ao x0) D1 (4) + kzXz)

Ep(ay, o xo0)

we have

X1 X2
(x0, x1, x2) = (x0,0,0) + <0, , >
Ep(a1, ro; x0)  Ep(az, Ao; Xxo)

with a local section (xg, x1, x2) € £ and the group scheme homomorphism is

EX G a—> B:(E X Gy a)

(« ), 1) ( D ( al = )lr)
X0, X1, X2), [ X0, 2 ’
Ep(ai, ro; x0) Ep(az, Ao; Xo)

for a local section t € Gy, 4.
By the group scheme homomorphism €& — G 4 X Gy, a4 X Gy 4, We have

((-x()v 01 0)1 1) = ((1 + )\,()X(), Ep(als )"01 xO), Ep(a27 )"01 xo))s 1) .
We put ((Xg, X1, X2), 1) := ((x,0,0), 1((x’,0,0), 1). Then we have

<<1 + A0 Xo, Ep(ar, Ao; Xo) + 11X,
E,(az, Ao; XO)D1<L) +k2X2), 1)
Ep(ay, Mo; Xo)
= (1 4+ ro(x +x"+ hoxx"), Ep(ay, ro: x0) Ep(ar, ro; x')
Ep(as, Ao; x)Ep(az, ho; x)), 1)
and

Xo=x+x" + roxx’

1
X1 = —{Ep(@r, ho; ) Ep(@, &; x') — Ep(a1, ro; Xo)}
1

1 X1
X2 = —{Ep(az, ho; x)Ep(az, ro; x') — Ep(az, ro; Xo)D1<—)}-
?»2{ b b b Ep(ay, Mo; Xo)
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The cocycle F on G*0) x 1+Gm, A, giving B (€ x Gy, 4) is given by

X, X, )‘1

F(x,X')=D2< ,
Ep(ay, Mo; Xo) Ep(az, ro; Xo)

=E <—u2 My )
- P 1 1s
Ep(ay, Mo; Xo)

E < ul, r; X2 )
p\ U2 A2, 1, . X .
Ep(u AL Ep(a|,;n();X()))Ep(a2’ A0; XO)

1
—E, <—u%, A A Fp(F™ay, hos x,x) — 1})
1

E < 2 [ Fy(F™ay, 1o; x, x') 1D
—uy, hai — -
PN LE, @l s L (F, (FUay, Ag; x, x) — 1)

= Ep(—u?, hi; Fy(F™ay, 203 x, x))G (= F*Vu? ap; Fpy(F™ay, 205 x, x'))

1 N
Ep<—u§, A2; }L_Z{Fp(F()LO)aZ’ 203 %, xVEp(—u', a1; Fp(F®ay, ao; x, x7))

Gp(—F ™yl iy Fy(F*ay, ro; x, x')) — 1})
= Fp(—(b2, u?), h0; x, x )G, (= F*Vu? a5 Fp(FP0ay, ao; x, X))

1
Ep<—u§, A2 E{FP(F“O)az, 203 x, X'V Fp(— (b3, u'), hos x, x')

Gp(—F*ul g Fy(F*ay, ao; x, x7)) — 1})
= Fp(— (b}, u}), 2o x, X)G (= F*Vui, ay; Fp(FPay, 105 x, X))

1
E,,<—u§, A2 TZ{FP(F@O)“Z — (b2, u'), 1o; x, X)

Gp(—F™ul ay; Fy(F*ay, ap; x, x')) — 1})

= Fp(— (b3, u3), ho: x, x')G , (=F*Vu2 iy; Fpy(F™ay, ho; x, X))
Ep(—u3, hy; Fp(F*ay — (b3, u'), 20: x, x")
Gp(—F*Vul 115 Fp(F*ay, ao; x, x)))
Gp(—F*u3 ag; Fp(F*ay — (b3, u'), &: x, x')
Gp(—F*Vu! 115 Fp(F*as, ao; x, x)))
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= Fp(— (b3, u?), h0; x, x)G (= F*Vu? p1; Fp(FPay, ho; x, X))
Ep(—u3, ho; Fp(F™ay — (b3, u'), ho; x, x7))
Ep(—ug, 125 G (= F*ul ap; Fy(F™ay, o3 x, x))) mod A3
= Fp(— (b3, u?), h0; x, x)G (= F*Vu? a5 Fp(FPay, o; x, x))

1
Fp (—<E(F“O>az — (b3, u')), u§> 20; X, x/>

Gp((b3, u3), 215 Fp(F*ay, ho; x,x7)
= Fp(— (b}, u}) — (b3, u3), ho; x, x)
Gp((b3, u3) — F*Vu? a5 Fp(F*ay, ag; x, X))
= F,(— (b3, u?) — (b3, u3), 1o; x, x') mod A3 .
Therefore we have * o W *0-21:42) — 45 o g4. Hence, Theorem 6.2.1 is proved.
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