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Abstract. In this paper we study the existence of standing waves for coupled nonlinear Schrodinger equations.
The interaction between equations plays an important role in our study. When the interaction is strong, the least
energy solution is a solution whose both components are positive. When the interaction is weak, the least energy
solution is a semitrivial solution, namely a solution of a form (u, 0) or (0, u). Moreover, minimizing method on
the Nehari type manifold with codimension 2 gives us a positive solution when the interaction is weak.

1. Introduction and main result

In this paper, we consider the existence of standing waves for the following coupled
nonlinear Schrédinger equations:

d

i A+ @Y Gl P 4 AP =0 in 0,00 xRY,
E

L0y 2 2 : N ®

i— =+ Axya +r2()v2 + (BIYilT + w22 )Y =0 in (0, 00) x RT,

where /i1, 12, B > 0 are constants and the dimension N equals 2 or 3. The system (E) appears
in many physical problems, especially in the Hartree—Fock theory and nonlinear optics. We
referto [1, 2, 6,9, 10, 14, 20, 22, 24] and references therein for more physical treatments.

To obtain standing waves, we substitute V;(f,x) = ety j(x) into (E). Then
u1(x), up(x) solve
—Aui +Vix)u, = ;Llu? + ,8u1u§ in RN,
—Aup + Va(x)uz = Butuz + pou3 in RV, (E)
ur,uy € H'(RY),

where V;(x) = ):j — Xj(x). In particular we are interested in a nontrivial positive solution of
(E). Here, we say u = (u1, u») is a nontrivial positive solution of (E) if u solves (E) and both
u1, uyp are positive in RV,
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Our aim of this paper is to study the existence of a nontrivial positive solution for the
system with variable coefficients. Our work is motivated by Sirakov [20], and Ambrosetti—
Colorado [2]. They consider (E) in constant coefficient case, which means that V;(x) =
const > 0. Roughly speaking, they proved that there exist positive constants i and 2 such
thatif 0 < 8 < By or B2 < B holds, then (E) has a nontrivial positive solution. We remark that
the existence problem becomes delicate when the coefficient depends on x. In Theorem 1.3
we give an example even if V;(x) is very close to constant, (E) does not have any nontrivial
positive solutions.

In this paper, except for the nonexistence result (Theorem 1.3), we assume that V;(x)
satisfies the following conditions:

(V1) V;(x) e C'RM,R).
(V2) 0 < inf Vi(x) < sup V;(x) = V,j < 00.

xeRY xeRV
(V3) Vi(x) > Vu,j as |x|— oo.
Here we introduce some terminology. We call u = (u1, up) nontrivial solution if u

solves (E) and u1, up # 0. On the other hand, we call u semitrivial solution if u solves (E)
and u; = 0 or up = 0. We remark that if V;(x) satisfies (V1)-(V3), then (E) has a semitrivial
solution. Indeed, the equation

—Aui + Vi(x)u; = wu; in RV,
Ly (E1)
ui € H'RY)
or
_ 3 . N
—Auy + Vo(x)up = pou; in R,
Loy (E2)
u, € H'(RY)

has a nontrivial solution (for instance, see Willem [23]). Then u = (11, 0) oru = (0, up) is a
semitrivial solution of (E).

Hereafter, we fix w1, w2 > 0, Vi(x), Va(x) and consider the range of 8 > 0 for which
(E) has a nontrivial positive solution. Here we state the main theorem in this paper.

THEOREM 1.1. Let V;(x) satisfy (V1)—-(V3). Then there exist 1 > 0 and B > P
such that
(1) If0 < B < Bi, then (E) has a nontrivial positive solution.
(i1) If B2 < B, then (E) has a nontrivial positive solution.

Next, we consider whether the solutions obtained in the above theorem is the least energy
solution or not. We say a solution u = (u1, up) of (E) is the least energy solution if

I(uy,uz) = inf{l(vy, v2)|(v1, v2) # (0, 0) solves (E)} .
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Here, we use notation: for v = (vi, v2) € H'(RY) x H'(RV),

1
[(v) = 5 /N(IVvl 1>+ Vi()v? + Vool + Va(x)v3)dx
R

1
—2 AN(ulvf + 2,811%11% + /szé)dx.

THEOREM 1.2. (i) There exists a B3 € (0, B2] such that if B € [0, B3), then the
nontrivial positive solution obtained in Theorem 1.1 (i) is not the least energy solution.

(i) If B > P, then the least energy solution of (E) is nontrivial. Here By is given in
Theorem 1.1.

REMARK 1.1. Ambrosetti—-Colorado [2] obtained a nontrivial positive solution of (E)
in the constant coefficient case with the mountain pass argument on the Nehari manifold.
When 8 > 0 is small, they showed that the nontrivial positive solution of (E) has a higher
energy than the semitrivial positive solutions.

Next, we give the nonexistence result. We assume that V;(x) satisfies the following
conditions:

v,
(V1) v,(x)ecl(RN,R),a—{eLm(RN) for 1<i<N, j=1,2.

Xi
(V2) 0 < inf Vj(x) < sup Vj(x) = Vy,j < 00.
xeRN xeRN
IV, N v
/ N J _ J .
(V3) 3w eRM\(0} st —=(0) = ; i (xX)v; > 0.
, . Vi
(V) Fjoe{l,2} st R #0.
V

Here we state the nonexistence result.

THEOREM 1.3. Let V;(x) satisfies (V1)—(V4). Then (E) has no nontrivial positive
solution for any B > 0.

REMARK 1.2. There is a function which is close to a constant and satisfies (V1')—-
(V4'). For instance, setting V;(x) = ¢ arctan(x1) + 7, then V;(x) satisfies (V1')-(V4’) and
(E) has no nontrivial positive solution for any ¢ > 0. This fact implies that the existence of
nontrivial positive solution is a delicate problem and we need the behavior of V;(x) at infinity
for the existence.

We prove Theorem 1.1 by variational methods. To obtain a nontrivial solution of (E), we
introduce the Nehari manifold N and the Nehari type manifold M:

N :={ue H®RY) x HHRY)u £ (0,0), I'w)u =0},
M:={ue H®R") x HH®RY)|ur,ur £ 0, I'w)(uy,0) = I'(w)(0, us) = 0} .

When 8 > 0 is large, which implies the setting of Theorem 1.1(ii), a nontrivial solution
will be obtained as a minimizer of  on NV (see section 5).
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When g8 > 0 is small, which is dealt in Theorem 1.1(i), our argument is straight forward
and we will observe that infar I is also attained. However the minimizer turns out to be a
semitrivial function and the Nehari type manifold M plays a role to find a nontrivial solution.
In section 2, we will prove that M is a smooth Hilbert manifold with codimension 2 under
the condition 0 < B8 < /w12 and a nontrivial solution will be obtained as a minimizer of /
on M (see section 6).

We remark that for problems with constant coefficients Sirakov [20] introduced mani-
folds in the space of radially symmetric functions:

N, = {ue H'®RY) x H'RM)u # (0,0), I' w)u =0},
M, :={ue H'RY) x H'RY)|uy, uz # 0, I'(w)(uy,0) = I'(u)(0, uz) = 0}.

He obtained a nontrivial solution as a minimizer of I on N, (M, respectively) when 8 > 0
is large (8 > 0 is small respectively). We also remark that when 8 > 0 is small Ambrosetti—
Colorado [2] develops a mountain pass argument in NV, to find a nontrivial solution. We also
remark that in these works, the compactness of the embedding H LRNY — L4(RN ) is very
important to get the Palais—Smale condition ((PS) condition).

In our setting, we cannot work in the space of radially symmetric functions and due to
non—compactness of the embedding H'(RY) < L*(R"), the corresponding functional I
does not satisfy the (PS) condition. To solve this difficulty we will develop a concentration—
compactness type result and give the estimates of critical value of 1.

Finally, we also give a mention to a work of Wei [22]. Wei considered (E) with variable
coefficients, but under different conditions of V;(x) from ours. He considered the case where
V;(x) is smooth, positive and V;(x) — oo as |x| — oo. The functional [ is considered on

V:{MEH‘/ Vj(x)uidx<oo for j:l,Z}.
RN ’

In this case, the embedding V < L*®RY) x L*(R") is compact (See Rabinowitz [19], and
Bartsch—Wang [5]), which implies that / satisfies the (PS) condition on V.

This paper is organized as follows: In sections 2-3, we give some preliminaries: espe-
cially we give functional frameworks and introduce our variational settings. In section 4, we
prove the achievement of infas / for all 8 > 0. It is important to determine whether the mini-
mizer is nontrivial or not. In sections 5-6, we give a proof to Theorems 1.1 and 1.2. In section
5, we deal with the case where § is large and it turns out that the minimizer of infas / is a
nontrivial solution. In section 6, we study the case where § is small. In this case the Nehari
type manifold M plays a role. Moreover we will show that for sufficiently small 8, the least
energy solution of (E) is a semitrivial solution. In section 7, we prove Theorem 1.3.

2. Preliminaries

In this section, we prove some preliminary results to prove Theorem 1.1.
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2.1. Function spaces and functionals. We set H = H'(R") x H!(R") and denote
elements of H by u = (u1,uz). Foru = (u1,uz), v = (vi,v2) € H, we define inner
products and norms in H'(RY) and H as follows:

(uj,vj)j Z,/I;N(vuj Vo +Viuvj)dx (j=1,2),

(Uj,Vj)oo,j = /N(Vuj “Vuj + Vo jujvj)dx  (j=1,2),
R

(u, v) = (u1, v1)1 + (u2, v2)2,
(U, V)oo = (U1, V1)oo,1 + (U2, V2)00,2 5
loj I3 = Gujoug)in Nujlde ;= wjuj)eo; (G=1,2),

2 2 2 2 2 2
lall™ = Nl + Nuzllz,  Nullse = lulle s + luzlls 2 -

We remark that ||| ;, |||, j are equivalent to the standard H I(RM) norm under the conditions
(V1)=(V2). We define the functional 7 : H — R as follows:

1 1
Iw) = = |ull* - —/ (wiuf + 2Bufus + pou3)dx .
2 4 RN
Differentiating I, we have
I'(wv = (u,v) — /N(ulu?vl + ﬂulu%vl +,3u%u2v2 + uzu%vz)dx.
R

It is easily seen that any critical point of / is a solution of (E). We also use a notation VI (1) €
H, where VI (u) is a unique element such that

I'(wyv = (VIu),v) for ve H.

We also define the functional I, : H — RY as follows:

Lo () = énunio - }L]l; (uauf + 2Buius + pous)dx .
I is corresponding to the problem ‘at infinity’:
—Aui 4+ Voo, 1u1 = ,um? +,3u1u% in RN,
—Aup + Vo attz = Puius + pou3 in RV, (Eco)
ur,ur € H'(RY).

Any critical point of I, is also a solution of (Ex).
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It is easily seen that the following equalities hold:
I'wyu = [lul® = prllur s = 2Bllurually> — palluallys
I'@)(u1,0) = [urllf — willuillys = Bluruzll7s .
') (0, u) = llual3 — Blluruzllss — ualluzlys -
2.2. Nehari manifold and Nehari type manifold. In this subsection we introduce
the Nehari manifold N and the Nehari type manifold M and state some properties of A/ and

M.
We define J, Ji, J» : H — R as follows:

J@)=1"u, Ji@) =1"ww,0), L@ =1wO,u).

DEFINITION 2.1. We define the Nehari manifold A/ and the Nehari type manifold M
as follows:

N={ueH]|u#@0,0), Ju) =0},
M={wuweH|u #0, up £0, Ji(u) = Jo(u) =0}.
We also define Ny and M, which are corresponding to (Exo):

Noo={u e H|u# (0,0), Joo(u) =0},
Mo ={ueH|u #£0, up #0, Joo,1() = Joo2(u) = 0}.
REMARK 2.1. (i) M CN and My C Neo.

(ii) Except for (0, 0), any solution of (E) belongs to .
(iii) If u is a nontrivial solution of (E), then u € M.

REMARK 2.2. We set |u| := (luy], |uz|), then the following hold.
(i) Ifu € NV,then |u| € N.
(ii)) Ifu € M, then |u| € M.

Next, we state the fundamental properties of A and N

PROPOSITION 2.1. (i) Foreachu € H,u # (0,0), there exist unique 6y > 0 and
000.0 > 0 such that Oou € N, O ou € Neo.
. 1 1
(i) 7)) =lul® on N, leo()=luly on N
(iii) There exist 5o > 0 and 8~ > 0 such that

lull >80 for ueN, |vloo =08 for veNy.

PROOF. We only prove for V.
(i) Supposethatu € H, u # (0, 0) and set
62 o4

£©O) =1(0u) = ?”u”z ey /RN put + 2Budu3 + poul dx .
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Then we see
£1©) = I'Ouyu = 0||ul* — 0*(uillur |54 + 2Blluruzll?, + paluzll} )} -
Thus f/(0) = 0 holds if and only if & = 6y, where
2]

6y = >0.
el + 28l )2, + palluallt

(ii)) Letu € N. Then it follows that

2 4 2 4
lull® = pillurllys +2Blluruzlly> + pw2lluzllyq
From the above equality, we obtain

2 2 2
PN L1 Gy gy L]
2 4 4

(iii) Letu € N. By using Holder’s inequality and Sobolev’s embedding theorem, we
have

lull® = prllun |} 4 + 2Bllurually + polluall
< pillunlfs +281unll? 4 lluzlls + pallualys
< CQullun I} + 2Bllurll luzll3 + 12 lluzl3)
< C(lurllf + lu2l3)? = Cllul*.

Therefore it follows that

1
c S ).

Next, we prove that N and M are smooth Hilbert manifolds.

LEMMA 2.2. (i) Foreach B > 0, N and No are smooth Hilbert manifolds with
codimension 1.

(i) If0 < B < Ju1p2, then M and My, are smooth Hilbert manifolds with codi-
mension 2.

(i) T,N={veH]|J =0}

iv) TM={veH|Jwv=Jjuv=0}

The above lemma will be derived from the following well known lemma. For example,
see Ambrosetti—-Malchiodi [3].

LEMMA 2.3. Let O C H be open set. Suppose G,G1,Gy € C™(0O,R) and set
M = G~1(0), M = G;'(0) N G, (0). Then the following hold:
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(1) IfG'(p) # 0foreach p € M, then M is a C™ Hilbert manifold with codimension

(i) If G| (p) and G(p) are linearly independent for each p & M, then M is a C™
Hilbert manifold with codimension 2.

(i) T,M ={g € H|G (p)g =0}

(V) TpM ={q € H|G\(p)g = Gy(p)q = 0}.

We prove Lemma 2.2 with the aid of Lemma 2.3.

PROOF OF LEMMA 2.2. We only prove (i) and (ii) since (iii) and (iv) are directly de-

rived from Lemma 2.3.
(1) Foru € NV, we have

T u = 2l|ul* — 4(uillur |} + 2BNuruzlls > + p2lluzll}e)
= —2|ul* <0.

In particular, we have J'(u) # 0 for u € N. Thus applying Lemma 2.3 to J : H\{0} — R,
we have (i) of Lemma 2.2.

(ii)) Next we apply (ii) of Lemma 2.3 to J1, J» : H\{u; = 0 or up = 0} — R. For
u € M, we have

T, 0 = =2uillur 4y, T30, u2) = =20 ua |,
J{@) (0, uz) = Jo(u)(uy,0) = —Zﬂlluluzlliz .
Define A(u) by

AGt) = <J{(u)(u1,0) J{@)(0, Mz))
J@)(u1,0) T3 w)(0, ur)

(—2m||u1||i4 —2ﬂ||u1uz||iz>

—2Bllurually,  —2uallual],
and we see
4 4 2 4
det A(u) = 4(uipallur s lluallys — Bluruzll}s)
> d(uipz — Bl 4 luzll}s > 0.

The above inequality implies J{(u), J;(u) are linearly independent. Thus Lemma 2.3 infers
that M is a smooth Hilbert manifold with codimension 2. O

Lastly we state some properties of the level sets of A and M. For each o > 0, we define
N® and M? as follows:

N ={ueN|ITu<a}), M*={ueM|Ilu) <ao}.

PROPOSITION 2.4 (Properties of N). (i) N is a closed subset of H and N* is a
bounded closed subset of H. In particular,

0 <80 < |lull <24 for ueN?,

where § is given in Proposition 2.1.
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(i) For each o > 0, there holds
0 <28 < |IVJW)| <ci(a) for uec N,
where c1 () depends on a but not on u € N“.

PROOF. (i) Itis clear from Proposition 2.1 (ii) and (iii).

(i) Since J'(u)u = —2||lu||* and |u|| > 8o, we have 289 < ||J'(u)||. On the other
hand, since J' : H — H* maps bounded sets to bounded sets and N is bounded, we infer
the conclusion of Proposition 2.4. O

We define T, N'* and T, M= as the orthonormal complement of 7, A" and T,, M, respec-
tively:

TNt :={veH|(v,h)=0forh € T,NY},
T,M* :={ve H|(v,h) =0forh e T,M}.

We also define Pr st and Pr aq1 as the projections from H to T, N- L and T, M+, respec-
tively:

Pr ot H— TN, Ppag:H— T,M".

By Lemma 2.2, we have T, N'- = span {VJ («)}. Thus

b u_< V.J (u) u> V.J (u)
TN\ IV T @ IV Tl

By Lemma 2.2 and Proposition 2.4, we have the following corollary.
COROLLARY 2.5. Foreacha > 0, there holds
0 <ci(a) < [P prrull < c2(@) for ueN¥,
where c1(a), c2(a) are positive constants and depend on .
Next we state the properties of M.

PROPOSITION 2.6 (Properties of M). Leta > 0.

(i) There exist B1(a) € (0, /u1it2), c1(), ca(e) > 0 such that for each f €
(0, B1(@)) and u € M*,

cr(a) < lujllps <co(e), ci(@) < lujllj < ca(a),
ci(@) < IVJj)ll £ cale) (j=1,2).

(i) IfB € (0, B1(w)), then M* is a closed subset of H.
(iii) There exists an 1 («) > 0 such that for eachu € M® and B € (0, B1(a)),

KV J1(), V)] < (1 =)V @IV .
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(iv) There exist c3(o) > 0 and cq(a) > 0 such that for each f € (0, B1(a)) and
u=(ur,uz) € M%,

0 <c3(e) < 1PrmuUjll <cale) (j=1,2),
where Uy = (u1, 0) and Uy = (0, up). Moreover, there exists an ey(a) > 0 such that
Py aq2Uts Pp e Un)] < (1= £2(@) 1Py aqe Ur 1 Py, o U
forallu € M*.

PROOF. (i) Since M% C N%, N¥ is a bounded set in H and Jj/. maps bounded sets

to bounded sets, it is sufficient to show that
0<ci(a) < lujllpgs, 0<ci(a) <llujll;j, 0<ci(x) <|VJi@l

for each u € M®. We only show the statements for # and VJ; since the same argument is
valid for u, and V J5.
Since

2 4 2
N 13 = pillun 144 + Bllugual2, .
using Holder’s inequality and Sobolev’s embedding theorem, it follows that
2 2 4 2 2
a4 < Cllurl? < CQunllun ity + Bl 14 lluall,) -

This implies that

l—ﬁwn2< lluy |12
C 2L4_H'1 1L4'

Since ||u || ; are bounded, there exists a B(a) > 0 such thatif 8 € (0, (), then
0 <ci(e) < llurllps.
By Sobolev’s embedding theorem, we have
cr(e) < flutllgs < Clluyll -

Since J{ (u)(u1, 0) = =21 [lur||} 4, we have c1 (@) < [[VJ1@)]l.
(ii) By (i) and the continuity of J; (u), it is easy to check that (ii) holds.

(iii)) Letu € M and set

£ = VJi(u) £ = V.Jo(u)
YTvawl T IVRw
&

=85 —(&,6)8, &= mak
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Since M is bounded and V J;, VJ> map bounded sets into bounded sets, we only prove that

there exists a c(«) = ¢ > 0 such that

0<c<|&|* forall ue M%. D
Indeed, since

2 2 2
o ey = IVNIPIVA@IE = (91100, V)
134 (&1, &) IV I @) 121V 2 (w)]|2

(iii) follows from (1).
Set Uy = (uy, 0), Uy = (0, up) and define A(u) as follows:

_ (U, 61) (U1, &)
Aw) = <<Uz,sl> <Uz,ss>) '

Since
1 (U, &) <U1,§2>)
det A = ——d 2
At =2 et<<Uz,s1> (Us. &)
_ det<<U1,$1) (Ui, 6 — («51,«52)«‘31))
1B (Uz, &1) (U2, & — (&1, &2)&1)
1 (Ui, &1) (Ul,éz))
= — d
B et(wz,s]) Uy, £2)
and
2ptllurll} 4 2Bluruzll3,
U s = —— U , L —— S
Wedn =195 - O IV 2 (w)|
2Blluruall?, 2palluall] 4
U, §1) = —————— L2 By =——— L
W2, 81) IV | 25 IV () |
we have
det A — Agurpallun g luallyy = BHluruall},)

&IV I @)V 2 @) ]
_ Az = Bl 2z
&IV @IV A2

By (i) and the assumption of ,

detAw) >S9 forall ue M@ )

162l

On the other hand, the components of A(u) are bounded, which implies that there exists a
Ci1 = Ci(«) > 0 such that

detA(u) < Ci(a) forallu € M“. 3)
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From (2)—(3), there exits a ¢ = ¢(«) > 0 such that
0<c<|&| forall ue M.
(iv) Since
Pr pr U = (Ur, 81)61 + (U, §3)83, (4)

where &; are given in (iii), it follows that

1ULI? = 1Py pmqe UrIP = (U, &) + (U1, &) = (Ur, &1)° il
== LUL]|7 = (U1, 61 1,83)" 2 (U1,81)" = ~—=05—>—75 -
M NAOIE
By (i), it follows that there exist ¢3(«) > 0 and c4(«) > O such that
c3(@) < [|1Pp pmr Ut < cale) forall u € M*. 5)

Similarly we have (5) for U,. Since (4) and

Pr pr Uz = (Uz, 61)61 + (Un, 63)63,

we have
I Pr, Aqr U121 Py, pg Ua > — (P, pqr U P aqr Un)> = (det A(u))* .

By (2) and the boundness of (P, o4 U;), for sufficiently small e2() > 0, the conclusion of
(iv) holds. O

2.3. (PS).sequence. At first, we introduce the important values to obtain a nontrivial
solution of (E).

We define by, l;M, bnry., I;M00 as follows.

A

by = inf I(w), bpg= inf I(u),
N = 1w, b= i 16

N ian Ioo (), Z;Mmzue%f Ioo (1) .

UeEN 0 o]
REMARK 2.3. By Remark 2.1, it follows that
0 < by <bp, O<bNoo§l;Moo.

To obtain a solution of (E), we see that bs or b M 1s attained. So it is important to see
the behavior of the minimizing sequence on A or M.

DEFINITION 2.2. Letc € R.
(i) (up) C H is said to be a Palais—Smale sequence of I on H at level ¢ (in short
(PS)., g sequence), if it satisfies

Iup) = ¢, ' un)lus =0,
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where

W' @)|gs = sup I'(u)h.
heH, [[h]|=1

(i) (un) C N issaid to be a (PS). A sequence of I, if it satisfies
() = ¢, |I'wn)lg, N+ — 0,
where

1" ()ll7, A+ := sup I'(vh.
heTy N, ||h|=1

(iii) Let B < /uip2. (uy) C M is said to be a (PS),., a4 sequence of I on M, if it
satisfies

L) = ¢, ')z, mx— 0,
where

11" (W)l pm* = sup I'(w)h.
heTw M, [h]=1

Next we see the relationships between a (PS),. g, (PS). n and (PS). s sequence.

LEMMA 2.7. (i) Any (PS). y sequence (uy) is a bounded sequence on H.

(ii) Any (PS). ar sequence (uy) is a (PS), y sequence.

(iii) Ifc < aand B € (0, Bi1()), then any (PS), g sequence is a (PS). p sequence,
where B1(«) appeared in Proposition 2.6.

PROOF. (i) Let (u,) be a (PS), g sequence. Since ||/ (u,)||g+ — 0, there exists an
n1 € N such that

' (un)un| < llupll for n=ny.

On the other hand, there hold

Lo 1 4 2 4
Lun) = SNl = 2 Gualn s + 2B ltn 1 2172 + 2 lln 211700
U (un)un = llun|* = (illur 4 + 2BMun1un 21172 + p2llun2l54) .
which implies
1 / 1 2
I(uy) — ZI (un)u, = Z”un” .

Thus we conclude that for sufficiently large n,

1
Zlnll® < lunll + ¢+ 0(1).
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which implies that (u,,) is a bounded sequence.

(ii) By ||I/(“n)||Tu,,N* — 0 and I (u,) — c, it is sufficient to prove ||I'(u,)| g+ — 0. Let
a > c. Since we may assume that (u,) C N, (u,) is bounded sequence. By Lemma 2.2,
H = span{VJ (u,)}®T,,N. So we prove that I’ (u,) ¢, — O where &, = VJ (uy) /| VJ ()|l
and it is equivalent to

(6)

P u
]’(un)l:M} - 0.

1P, arttnl
Firstly we prove that I’(u,,)[PTunNLun] — 0. Since I' uy)u, = J(w,) = 0 and u, —
Pr, nriun € Ty, N, it follows that

|I/(un)[PTu"j\/’Lun]| = 1" (un)un — 1'(up) [y — PTMn/\/’iun“
= I (un)ttn — PTun_/\/'Lun]l
< 10 @)l 1t — Pr, psttall = 0.

By Corollary 2.5, (|| PTMnNLMn |l) is bounded below away from 0. Thus (6) holds.

(iii) Let (u,) be a (PS), ¢ sequence and ¢ < . We remark that (u,) is bounded in H and
(Up, j) also. As in (ii), by Lemma 2.2 and Proposition 2.6, we prove that

I/(un)én,l — 0, I/(un)énﬁ — 0, @)

where (&,,1) and (&,3) are given in the proof of Proposition 2.6. Since I'(u,)U,1 =
I'(wun)Up2=0,U,; — Pr, miUnj € Ty, M and ||I'(un) | 1,, M — 0O, we have

1" ) Pr,, a1 Un, 1| = 1 @n)Un j = ' @n)[Upn,j — P, p2Un ]l
= |I,(un)[Un,j - PTM,,MLU"J]I
< ' @)1, M+ 11Un.j = Pp, pgeUnjll = 0.

By Proposition 2.6, || PTu,, ML Uy, j || are bounded below away from 0, it follows that

I/(un)gn,l — 0, I/(un)gn,Z — 0.

Using Proposition 2.6 again, it follows that [|§, 2 — (4.2, &n.1)&n.1] is bounded below away
from 0, which implies (7). 0

The following lemma tells us that we obtain a (PS);,. y sequence and a (PS) bag H

sequence from the minimizing sequence, respectively.

LEMMA 2.8. (i) Foreach 8 > 0, there exists a (PS)p s, 1 SEqUENCe.
(i) Suppose that o > l;M forall B € (0, Ju1i2). Then there exists a 0 < B(a) <
JIipa such that if B € (0, B(«)), then there exists a (PS)@M’  Sequence.
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REMARK 2.4. We remark that b m depends on 8. In Proposition 6.1, we will prove
SUPge[0,00) b M < oo. Inparticular, there exists an o which satisfies the assumption of Lemma
2.8 (ii).

We can prove Lemma 2.8 by applying Ekeland’s variational principle. (See Ekeland [8]
and Mahwin—Willem [17].) So we omit the proof.

The following lemma is so-called Concentration-Compactness Lemma. This lemma
plays an important role in analysing a (PS),. g sequence.

LEMMA 2.9 (Concentration-Compactness Lemma). Let (u,) be a (PS). y sequence.
Then there exist a subsequence (un,), an £ € N, a critical point ug of I, critical points
wi(l1<i<? ofl, (y,’;) C RNl <i < ¢) which satisfy the following:

() Iyl =00 <i<O), |y —yll—=00G#).

(i) o = wo = iy wix = yp| = o.

Qi) 1 (un) > ¢ = 1(uo) + Y loo(@).

See Bahri—Lions [4] and Jeanjean—Tanaka [11] for a proof of Lemma 2.9.

REMARK 2.5. If £ = 0in the above lemma, then u,, converges to ug strongly.

3. Semitrivial solutions

Here, we consider some properties of semitrivial solutions, i.e., the solution of a form
(u1,0) or (0, u).
The functionals u; +— I (u1, 0) and up — 1(0, uy) are corresponding to

—Auy + Vi(x)u; = puj in RV,
. (E1)
uy € H'(RY),
_ 3. N
—Aup + Vo(x)uz = pou; in R,
. (E2)
up € H'(R").
We define d; as the least energy of (E;):
di= inf [I(u;,0), dr= inf 1(0,uy).
: (u1,00eN (1. 9) 2 0,up)eN ©. u2)
Similarly, we set
deo1= Iinf  Iso1,0), deop2= inf I(0,u2).
(u1,0)eN (0,u2) €N

REMARK 3.1. By the definition of d, we have

by < min{dy, dr}. ®)
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If the inequality (8) is strict, we can see the critical point corresponding to b s is nontrivial.
We will see in section 5 that this is the case when S is large.

The following lemma shows that d; is attained and (E) has a semitrivial solution.

LEMMA 3.1. Let V;(x) satisfy (V1)=(V3). Then,

(1)  (Ej) has the least energy solution which is positive in RY.
(ii) dj < dw,j holds. Moreover if Vi(x) # Vo, j, thendj < d ;.

A proof of Lemma 3.1 is standard, so we omit it.

4. Achievements of br, by,

In this section, we prove that bar and b are attained for each B > 0. These facts are
useful to prove the existence of nontrivial solutions of (E) in section 5.
At first we recall the following result.

PROPOSITION 4.1 (Ambrosetti—-Colorado [2] and Sirakov [20]). (i) For each B >
0, bpr, is attained.

(ii) There exists a o > O such that if B > Po, then by is attained by a nontrivial
function.

This Proposition is proved in Ambrosetti-Colorado [2] and Sirakov [20]. For reader’s
convenience, we will give a proof of (i). To prove Proposition 4.1, we need the Schwarz
symmetrization. We denote u* the Schwarz symmetrization of u:

u* = (uj, u3).

It is well-known that the Schwarz symmetrization satisfies the following: (See Lieb—Loss

[13D)
lille = llujllee . IVujlz < IVujllz,  lujuslipe = luguell:

PROOF OF PROPOSITION 4.1.  Suppose that (u,) C Ny satisfies Ioo(un) — b/,
Then (u,) is a bounded sequence. By the above properties of u*, (1)) is also a bounded
sequence. Let Hr1 (RV) be the space of radially symmetric functions in H!'(R"). Since the
embedding Hr1 (RM) < L*@RM) is compact, there exists a subsequence (write still (1)) such
that

—~ug weakly in H!'RM)x H'RY),

S %

*

u, — up strongly in L4(RN) x L*(RY).
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Then it follows that

2 o %12 S 2
u < liminf ||u < liminf ||u
ol < liminf |2, < tim inf [y | %
.. 4 2 4
= Lminf(uy lun, 1174 + 2B8un1un2lly2 + H2llun2ll;4)
n—>oo

4 2 4
= pilluo,ill; s +2Blluo, 10,2172 + m2lluo2ll; 4 -

By the above inequality, there exists a unique 6y € (0, 1] such that Oyug € Noo. Thus we see

b 95 2 . . fe(% 2 2b
Now = 7 llollSe = Timinf =X llun 5 = 65bar,

which implies 8y = 1, ug € Noo, Ino(uo) = b, O
Next we prove that b s is attained.
PROPOSITION 4.2. Foreach B > 0, bys is attained.

PROOF. Firstly, we prove the inequality bys < b/, . By Proposition 4.1, there exists a
Uoo € Noo such that Iog (eg) = b, . With the assumption of V;(x) we obtain

2 2 4 2 4
luool® < ol = st lluwoo, 1144 + 2B s, 10,2125 + w2 luos 21144

which implies that there exists a 8 € (0, 1] such that 8us € N. Then it follows that
2

0
bar < T(Ooolioo) = %uumn2 < Nuoold = Ieo (o) = b, - )

1
4
Thus we obtain by < bar,, .

Next we consider two cases: byr = b, and by < bar..

If byr = by, takes place, then by (9), we have 6o, = 1. This implies that us, € A and
I (uoo) = bps. This is our conclusion.

If bar < b, takes place, then by Lemma 2.8, there exists a (PS),,,. i sequence (up).
By Lemma 2.9, there exist subsequence (uy, ), £ € N, ug (I'(1o) = 0), w; # 0 (I, (wi) = 0)
and (y;) C RY such that

12
=0, () = by =1wo) + Y _ Ioo(@;) .

i=1

12
Uy, — o — Y wi(x = yp)

i=1

Since w; # (0,0), we have bar,, < Io(w;). By byr < by, it follows that £ = 0, which
implies

Up, — ug strongly in H.
This shows that ug € N, I (ug) = bys. O

REMARK 4.1. We consider the situation byr = bar,, more precisely. We deal with
the two cases. (a) by, is attained by nontrivial functions ug. In this case, we can show that
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both of V; (x) are constant functions. (b) b/ is attained by semitrivial functions uo. We may
assume that ug = (u1, 0). Then we can show that Vj(x) is a constant function. Moreover, we
can prove the equality by = bar, = doo,1 = d1.

5. Proof of Theorem 1.1 (ii) (when g is large)

In this section, we prove the existence of a nontrivial positive solution of (E) when 8 is
large. By Proposition 4.2, there exists a ug = (ug,1, uo,2) € N such that I (ug) = bpr. We
need to prove ug 1, up2 % 0.

Following Ambrosetti—-Colorado [2], let us define the constants which are related to the
stability of semitrivial solution on .

DEFINITION 5.1. We define ,él and ,éz as follows:

2
pr:= inf inf ”¢—§||22 ’
(u1,0)€81 g HI (RV)\ {0} fRN ujpydx
2
BZ = inf inf % ’
(0,u2)€82 @ e HI(RN)\{0} fRN 91 dx

Here, S and S, are defined by
St ={1,0) e N | I(u1,0) = di},
S2 =1{(0,u2) € N | 1(0, u2) = da}.
Main result in this section is following:

THEOREM 5.1. IfB8 > max{,él, Bz}, then both components of any minimizer of I on
N are not zero, i.e.,

I(uop) =by, upe N = uo,1, uo2 = 0.

PROOF. It suffices to prove by < min{d, d»}. Since 8 > max{,él, ,32}, there exist
(u1,0) € 1, (0, u2) € S2, 91, 92 € H'(RY) such that

o113 lp2113
fRN u%(pf dx ’ fRN ”%‘/’5 dx

<B.

We remark that {0} x H'(RY) C T(u,,0/N and H'RY) x {0} C T(0,u»/N. In fact, for each
Y1, Y2 € H'(RY), we have

J (1, 0[O0, ¥2)1 =0, J'(0,u2)[(¥1,0)] = 0.

ThuS, by Lemma 22, {O} X Hl (RN) C T(u|,0)N and Hl (RN) X {O} C T(O,uz)./\/‘ hOld
Let y1, 2 € C*((—¢, &), N) satisfy

70 = u1,0), y/(0)=0,¢), »0) =0u), 0 =(p1,0).
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By the Taylor expansion of 7 (y;(¢)) and I’(u, 0) = I'(0, u2) = 0, we obtain

1
1 0) = 1 O) + 21" (v OV} (0). ¥ O +0(?).

Since

1" (1, 0)[(0, 92), (0, 92)] = @2l — B /R i3 dx <0,
1"(0, u2)[(¢1, 0), (91, 0)] < 0,
it follows that for sufficiently small # > 0
I(y;j (1) = 1(y;(0)) <0.
Thus we have b < min{dy, d>}. O

Next, we give a proof of Theorem 1.1 (ii).

PROOF OF THEOREM 1.1 (11). By Theorem 5.1, there exists a up such that by =
I (uo), uo,1 # 0, up2 # 0. By Remark 2.2, we have

luol = (luo,1l, luop2l) € Ny by = 1(ug) = I(luol),

which implies that |ug]| is also a minimizer of I on A/. Thus we may assume that ug | >
0,u0,1 #0,u0,2 > 0, up,2 # 0. By the maximum principle we have ug 1, up,2 > 0. ]
6. Proofs of Theorem 1.1 (i) and Theorem 1.2. (when S is small)

6.1. Proof of Theorem 1.1 (i). The aim of this subsection is to prove the existence of
a nontrivial positive solution of (E) when g is small.

The following two propositions give some estimates of b M-

PROPOSITION 6.1. Foreach 8 > 0,
(i) by <di+dson. bag < doo1 + da.
(i) by < doot +doon.

REMARK 6.1. IQM depends on g but dy, d2, do,1, doo,2 are independent of S.
PROPOSITION 6.2. There exists a ,3~1 > 0 such that for each g < (0, Bl)

bt < bar -
Proofs of Propositions 6.1 and 6.2 will be given in subsection 6.2.

THEOREM 6.3. There exists a ,3~2 > 0 such that for each g < (0, ,32), I;M is attained.
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PROOF OF THEOREM 6.3. Set og = min{d] + dwo.2, doso.1 + d2}. By Proposition 6.1,
M@ £ @ for all B € (0, ./u1p2). By Proposition 2.6, there exist ,éo > 0 and §; > O such
that for each u € M* and 8 € (0, ,éo),

luilly =61, luzll2 > d1. (10)

Suppose 0 < B < min{ B 1, Bo}. Then we remark that there exists a (PS) bpq, 1 SCQuence (uy)
by Lemmas 2.7 and 2.8. Then by Lemma 2.9, we have

12
un — o — Y wi(x — y})

i=1

-0, (11)

4
I(un) = bpg = 1wo) + ) Ioo(@i) . (12)

i=1
We shall show that ug = (10,1, #0,2), 40,1 # 0, up2 # 0 and £ = 0. We divide our argument
into three steps.

Step 1. ug # (0, 0).
We prove indirectly and we assume that ug = (0, 0). By (12), it follows that

L
bp =) Ioo(wi).
i=1

By b M > 0, we obtain £ # 0. Since b M < b M.o» W€ conclude that one of the components
of w; equals 0. Moreover if £ > 2, we have

wi1=0 (I1<i<¥f) or w2=0 (1<i<¥). (13)

Otherwise, we have b M = doo,1 + doo,2, Which contradicts Proposition 6.1.
Suppose thatw; 1 =0 (1 <i <¢). By(11), weobtain |ju, 1|1 — 0, which contradicts
(10). In a similar way, w; 2 = 0 (1 <i < £) does not take place. This implies that up # (0, 0).
Step 2. ug & (H'(RY) x {0}) U ({0} x H'(RN)).
We prove indirectly and we assume that ug € H LRN) x {0}. By (12) we have

l
byt =1(wo) + Y Ioo(ei) .

i=1
Since l;M < l;Moo’ one of the components of w; is equal to O for 1 < i < £. Since I;M <
dy +dxo2 and d; < I(ugp), we have
wi2=0 for 1<i<{. (14)
From (11) and (14), it follows that |lu, 2]l2 — 0, which contradicts (10). So, we conclude
uyg & HYRY) x {0}. In a similar way, we can prove that ug ¢ {0} x HIRM).
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Step 3. Conclusion.
Now we complete a proof of Theorem 6.3. By Steps 1 and 2, it follows that ug 1, uo2 #

0. Since I;M < I(up) and Iso(w;) > 0, we have £ = 0. By Remark 2.5, (u,) converges to ug
strongly in H, so I (ug) = infaq 1. O
We give the proof of Theorem 1.1 (i).

PROOF OF THEOREM 1.1 (i). As in the proof of Theorem 1.1 (ii), we obtain a non-
trivial positive solution of (E) by Theorem 6.3 and the maximum principle. O

6.2. Proofs of Propositions 6.1 and 6.2. Before proving Propositions 6.1 and 6.2,
we state a useful lemma. Foru € H,uy # 0, uy # 0, we set

fu(st,82) = [(s1u1, /sou2)

2 2
51 2, %2 2 _ 51 4 _ 5152 2 _ % 4
= —lurlly + 5 lluzlly = —pallug — 5 Plluiuzlly . — = p2iiuzli 4 -
5 iy + S llually = - pallunllps = —=Blluiuallys = - palluallys

LEMMA 6.4. Letu € H,uj # 0,uy # 0. Then the following hold.

(1) Let0 =< B < /uipa. Then f,(s1, s2) is strictly concave in [0, 00) x [0, 00).

(ii) Letu € Mand0 < B < /12 Then (1,1) is an unique maximum point of
fu(s1, $2). Namely, it follows

Iw) = fu(1, 1) = max I(/siur, v/s2u2).
[0,00) x[0,00)

(iii)) Let B > 0 and (s0,1,50,2) € (0, 00) x (0, 00) be a maximum point of f,(s1, s2).

Then (/so.1u1, \/S0.2u2) € M.

REMARK 6.2. Similar results hold for /o, and M.

PROOF. This lemma is proved in Lin—Wei [14], however, for reader’s convenience, we
give a proof.
(i) Differentiating f, (s1, s2), we have

Wy 1. o s . ® )
— = zllwlly — zur1llu — —Blluu ,
3o, 5 ey = S pallunlipe = = Blluruzliz,
8fu 1 2 S1 2 $2 4
— = —|u2ll5 — =Blluiu — =ualu ,
352 S luzlly = —Bluiuallz — S u2lluzll . (15)
P 1 4 3 f, 1 )
= ——Willu; | = 1, 2 s — —— uiu X
3312- 2“./ I -/”L4 (J ) 35195) 2,3” 1 2”L2
Since 0 < B < /12, the matrix
92 fu 92 fu
7 O192) g (ns)) (—mnulu‘; —ﬁnuluzuiz>
3 fu 3 fu R 2 4
(51, 5) aé (s1, 52) 2\ —Bluruzll;,  —nalluzllys
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is negative definite. Thus f, (s1, s2) is strictly concave in [0, c0) x [0, 00).
(i) Supposeu € M. By (15) and 8 € [0, /i1 112), We have
V fu(s1,52) = (0,0) & (s1,52) = (1, 1).
Since f; (s1, s2) is strictly concave, (1, 1) is an unique maximum point and

1w =full D= max 1(JSiur, 5).

[0,00) x[0,00

(iii)  Suppose (50,1, 50,2) € (0, 00) x (0, 00) is a maximum point of f, (s, s2). Since
V fu(s0,1, 50,2) = (0, 0), we have

so.llutllt = sgillurllys + so1802Blluruall, .
so2lluall3 = so.15028llu1uzll7, + s omlluall}s -
Thus this implies (,/50,140,1, /50,210,2) € M. O
Firstly we prove Proposition 6.1.

PROOF OF PROPOSITION 6.1. We only prove l;M < dj + dwo2 since we can prove
other inequalities in a similar way. By Lemma 3.1, we suppose that (¢o.1, 0) € NV, (0, ¢0.2) €
Noo satisfy

I(00,1,0) =d1, 10, ¢0x72) =do2, ¢0,1 >0, @u2>0.

We remark that for a k € N, it follows ||¢o,1(x)@eo,2(x — ke1)||i2 — 0 as k - oo where
e1 = (1,0,...,0). Thus we have

gk (51, 52) = 1(/5190.1(X), /520002 (x — ke1)) = g(s1,52) in C2((Ry)?)

where

51 2 S% 4 52 2 S% 4
g(s1,82) = Ellfpo,llll - ZNI”‘PO,IHU + Ellfpoo,zlloo,z - Z”(poo,Z”th .

Since g(s1, s2) has an unique maximum point (1, 1) and g (s1, s2) < g(s1, 52), gk (S1, $2) has
a maximum point (sk,1, Sk.2) € (0, 00) x (0, oo) for a sufficiently large k. By Lemma 6.4 we

have (/sk,190,1(X), \/Sk,2¢000,2(x — ke1)) € M.

Thus we have

bt < T(/Sk100.1 /Sk2900.2(x — kep))

1 1 1
= Sk 190117 + J5k2llpoe2(x — ken)l13 = 252 14101174

1 1
—E,Bsk,lsk,znfﬂo,l@ool(x —keD|3, — Zsf,zﬂzll%o,zlliz;
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1 2, | 2 1o 4
= 5k leo1lly + ESk,zll%o,zlloo,z ~ 7Skt llpo,1ll; 4

1 1
_Eﬁsk,lskl”@O,](ﬂool(x — keI, — Z$;?,2M2|I<ﬂoo,2|li4

1 1
=di +doop + 5 (k.1 = Dllgo I3 + 5 (k2 = Dl @oc.2llZ 2
15 “2
+5 (= sE D001 lIzs + =2 (1= 58 ) lpoo 274

1
2
_E,Bsk,lskl”(PO,](ﬂoo,z(x —keDll72-
Since
2 4 4
lwo,1ll7 = millwo,1ll;4,  l@co,2lleo,2 = U2lloo2l74
L L

we obtain

o112
4

Ll

1 2
5(S1<,1 = Dllgo1lly + 1

(1 =sg Dlworll}s = (st + 251 - 1)

2
— ”(pOé,‘-l ”1 (k1 — 1)2 <0,

1 12
5002 = Dligso2lZe s + 7 (1= 522 lgeonlifs < 0.
Moreover, since ¢o,1, ¢oo0,2 > 0, it follows that ||¢o, 1900 2(x — kel)”iZ ~ 0. Hence we have

I;M < d —i—doo)z.
O

The following lemma is related to the existence of minimizer for b M.o» Which is due to
Lin—Wei [14] and Sirakov [20].

LEMMA 6.5 (Lin—Wei [14] and Sirakov [20]). There exists a ,3_ € (0, /2] such
that if B € (0, B), then l;Moo is attained by a nontrivial positive function v = (w1, w2).
Now we prove Proposition 6.2.

PROOF OF PROPOSITION 6.2. Set f; = 8 where 8 is given in Lemma 6.5. By Lemma

6.5, there exists @ € My such that I (@) = BMoo and w; > Oin RY. By Lemma 6.4 a
function

h(st, 52) = Ioo({/s101, /5202)

has an unique maximum point (1, 1). Let hx(s1, s2) = (w1 (x — ke1), wa(x — kep)). Since
h(s1,s2) < h(s1, s2) and

hi(s1, $2) = (w1 (x — key), wa(x — ke1)) = h(s1,s2) in CE. (R,
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hi(s1, s2) has a maximum point (.1, sx,2) € (0, 00) x (0, 0co) for a sufficiently large k. By
Lemma 6.4, we have

(VSito1 (x — ker), o/Seawn (x — ke)) € M.
By Lemma 6.4 again, we have
b = I(fsio1(x —ke1), \/Skawa(x — ker)
< Ioo(/Sk, 101 (x — key), \/sk202(x —ke1)) = Ioo(\/Sk,101(X), /Sk,202(x))
< max )Ioo(\/ﬁan (x), /s202(x)) = l;Moo .

T (s1,52)€[0,00) x[0,00
We complete the proof. 0

6.3. Proof of Theorem 1.2. In this subsection, we prove Theorem 1.2. When g > 0
is large, in other words, Theorem 1.2(ii) follows from the construction of a positive solution
of (E). So we only prove (i). The main result in this section is the following.

PROPOSITION 6.6. For each sufficiently small § > 0, it holds
by < bag. (16)
We remark that (16) shows that the minimizer of infas / is a semitrivial solution and a
proof of Theorem 1.2 easily follows.
PROOF OF PROPOSITION 6.6. We prove (16) indirectly. So we assume that there ex-
ists a sequence (B,) such that 8, — 0 and b4, = bps,, where

llu

> 1
In(w) = — —Z/N(mujwzﬁnu%u%wzué) dx,
R

No={ueH]|u#0, I,wu=0},
My ={u € H |ur, us #0, I @)(u1,0) = I, u)0, uz) = 0},
b-/\/;l ZMIEI}\% Ii’l(u)a bM}l :ueil}&n Ii’l(u)

By Theorem 6.3, there exists a (u#,) C M, such that I, (u,) = I;Mn = by, Itis obvious that
(up) is a bounded sequence. So we assume that u, — uo weakly in H. Since

3 2 N
—Aup,1 + ViXup,1 = piu; y + Battnau, , in RT,
un,2 + Va(X)un2 = Buuty, jun2 + pou, , in ,

we have

—Aug,1 + Vituo, = piug, in RY,
’ (17)

—Augp + Va(¥uop = poug, in RV,

We prove the following claim.
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CLAIM. ug1 =0orup2=0.

PROOF OF CLAIM. We assume that ug,1 # 0 and up» # 0. From (17), we have
di + d> < Ip(up). On the other hand, since I, (u,) = ||u,,||2/4 and u,, — ug, it follows that

To(uo) < liminf I, (u,) = liminfby;, < min{dy, da} .
n—oo n—oo

This is contradiction, hence ug 1 = 0 or up2 = 0. a

Suppose that ug > = 0. By Proposition 2.6, there exists a §; > 0 such that |lu, ;|| 4+ >
61 (j = 1,2). Developing a concentration—compactness type argument, we can find a se-
quence (y,) C R such that

[yn| — o0, ||Mn,2||L4(Q+yn) —-c>0,
Up2(x +yp) =~ wy weakly in H'(RY),
where Q = [0, 11V, Moreover w, satisfies that a» # 0 and

—Awy + Vo202 = /szg .

Since
1
In(un) = Z ,/I;N Mlui,l + Zﬂn”ﬁ,lui,z + Mzuizdx
M1 4 n2 4
> T - ungldx + T /RN un)z(x + yp)dx,
we have
M2 4 M1 oq | g . M2 4
10,000, w2) = T /RN wydx < 751 +1}1rg£f7 AN Uy (X + yn)dx
<liminfl,(u,) = lim bx;, < min{d;, d>},
n—o0 n—o0
which implies that dw 2 < min{dj, d2} < d>. This is contradiction. The situation ug,; = 0
can be treated similarly. Thus we have (16). O

7. Proof of Theorem 1.3.

In this section, we prove Theorem 1.3.

PROOF OF THEOREM 1.3. We follow the idea in Tanaka [21]. We prove indirectly and
we assume that (E) has a positive solution u. Since V;(x) € CYRM) N L*®RY), we remark

uj € H2(RN). Without loss of generality we may assume thatv = e; = (1,0, ..., 0). Since
I’(u)[(g%, g—;?)] =0, we have

2 ou; 2 ou ;i ouy duy

J 30U 2 2
E L —E s —Ldx + — 4+ —= )dx. 18
P <ul 9x] >j P /RN Hit x| p /RN <u1u2 0x] itz 9x] > (18)
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Here, we remark that

8uj 3314]'
Vuj-V|—]dx=0, wiu:—dx =0, (19)
RV X1 ry 7 0x;
ouy dun
2 2
—_— —1dx =0, 20
/RN <ulu23xl +u1u28xl> o ( )
ouj 1 v ,
Viuj—dx = —= —u4sdx . (2))]
RN 8x1 2 RN 3x1 4

Using (19)—(21), it follows from (18) that

aV;
——Z/ —Lufdx =0.
N 0X]

By (V3), (V4) and uj > 0, this is contradiction, so (E) has no positive solution.
Next we show (19)-(21). We only prove (20) since the proofs of other cases are similar.
For g1, ¢2 € C°(RY), we have

2091 i1%)
((PI(PZ o + (PZQDZQ

o1 ¢
2 2
—= |dx = d
/R (‘Pl‘/’za +¢1¢zax1> x /N (p1e3)dx
/ / ((pl(pz)dxldx =0.
RN- 1

Since CJ°(RY) is dense in H*(R") and the functional

—55( 93).

Thus

3 9
(ul,uz)l—>/ (ulu%au %uza—uz>dx:H2(RN)xH2(RN)—>R
X1

is continuous, (20) holds. O
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