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§1. The main theorem.

Let & be an integer>1and [ be a positive integer. Let {P,;:i=1, ---,
k;j=1, ---,1} be a given family of sets, each consisting of prime num-
bers, subject to the following conditions:

(C,) For each i=1, ---, k, the sets P,;(j=1, ---, 1) are pairwise dis-
joint;

(C) As x— oo,

L=>\,i,- log log x+o0 (1/log log «)
pSE.PEPy; P
with positive constants A,; for i=1, ---, k; 5=1, ---, L.

The sets P,; with distinct 7’s need not be disjoint, and P,U--- UP,
may not contain all primes.

Throughout the paper, without repeated comment, the double sub-
scripts ¢j will always run through the kl pairs of integers i=1, ---,k;
=1, -, 1.

Let ®,;(n) denote the number of distinet prime factors of a positive
integer », which belong to the set P,;:

| @ m)=_3, 1.

pln,pePy;

THEOREM 1. Let E be a Jordan-measurable set, bounded or wun-
bounded in the space R* of kl dimensions. For sufficiently large in-
teger N, let A(N; E) denote the mumber of representations of N as the
sum of k positive integers: N=mn,+++-+mn, such that, if we put

_ @4(n) —N; log log N
VA log log N

the point (xy, »«<, &y, ==+, X4y, *=+, ;) belongs to the set E. Then, as

_N——»oo, we have
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AN; By~-N"" (27:)—“/2S exp (— 1 OO )dx coodw
’ W - p 5 & A 5 11 kL e

This theorem was announced in [5] without proof, and the outline
of the proof of a very special case of the theorem was sketched in [6].
We assume here for simplicity that [,’s in [5] are equal to I. We shall,
in Section 2, prove the theorem. The paper could somewhat be short-
ened by omitting some parts of the proof and making references to
author’s previous papers [1], [2], [8], and [4], but, for the reader’s con-
venience, we shall give here the complete proof so that this will be read
as a self-contained paper. In Section 3, we shall refer to some special
cases of the theorem.

The author expresses his thanks to Prof. S. Iyanaga for his en-
couragement during the preparation of this paper.

§ 2. Proof of the theorem.

We first give a lemma concerning the number of solutions of a linear
Diophantine equation in positive integers.

LEMMA 1. Let a,, +--, a,(t>1), and b be positive integers such that
the greatest common divisor (a,, +--, a,) divides b. Let S,=S(a,, *--, a,,
b) denote the number of solutions of the Diophantine eqution

(1) ax,+---+a,x,=b

in positive integers, then we have

t—1
2 S — (@y *-+, a)b <C,b*?,
(2) CE-Dlageea |
where C, is a suitable positive number dependent only on t, and inde-
pendent of a,, ---, a,, and b.

PROOF. We shall prove the lemma by induction on ¢ beginning with
t=2. The case when t=2, our Diophantine equation is a.2,+a,x,=b
with (a,, a,)|b, and, from the well-known property of this equation we
can -easily see that

§,— {8 8 |
aa, v 2 9
where C, is independent of a,, a,, and b.
Next we assume that (2) holds for one value of ¢, and consider
S,,=8S,1.(a, *+-, a;,, b), the number of solutions of the Diophantine
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equation
X+ o+ A @ =d
or
(3) X+ +a,2,=b—0a; %4y

with (a,, * -, @.;,)|b in positive integers. Let (2, -**, %:41,0) be an in-
tegral solution, not necessarily positive, of (3), then, as is easily seen,
for any positive integral solution, if it exists, we can put

+ (a’lr ) at) M
(a'u ) at+1)

Lir1= Li41,0

where u is an integer for which 0<b—a,,,x,;,<b. For each of such u,
if we denote for brevity by Sy(u) the number of solutions of (8) in
positive integers w,, ---, z,, then, as (2) is assumed to be valid for the
equation (1), replacing b by

(@y, =--, )0y w,
(ayy -, Cit1)

b— 1@ =b— 0y Ly, 0—

we can write

S* (@ -, a.) b— Lo— (@yy * =y B)Oeyy t_1| C.b—2 .
#w) &—1! a;---a, { Goeilino (@sy == *) Tyyy) u} <G

Now, since

St+1:2 S;*(u) ’

where u runs through the integers with above-mentioned condition, and
the number of integers admissible for u is less than b, we obtain

t—1
S, — (@y, *+-, a,) {b—-a x _(ay, -~ @)y u} |<Cbt—1_
-1 a,---a, 2 PETERY T @y, e, Guyy) '

Also, approximating the summation by an appropriate integral, we can
easily obtain

(@yy =<+, ay) {b (@, *°, Q)Wssy }t_l
211b— a1 ity 0— w
¢E—1! a,--a, = (@y **y Qptr)

= (@y, ===y @py)b’ +00 Y ,
! ayereay,y

where the constant implied in O-symbol is independent of a,, ---, @;..
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Thus we see that an inequality obtained by replacing ¢ by t+1 in (2)
also holds with C,,, independent of a,, ---, a,,,, and b. Our induction is
now completed.

Next we give two simple lemmas concerning binomial coefficients.

LEMMA 2. Let a and b be non-negative integers, then

=1, when a=0,
b
> (—1)°<“> >0, when a>0 and b is even
c=0
¢ =0, when a>0 and b is odd .

We omit the proof.

LEMMA 3. Let a,, -+, a, and b,, ---, b, be mon-negative integers. If
we put

T=7(@y, *+*, a;; by, -+, b,)

=2 {E v (0) L S e (M) e I B (%),

r+s
then we have

{=1, when a,=---=a,=0,
=0, when at least one of the a’s is positive .

FroOF. The case a,=---=qa,=0 is trivial. Suppose that at least
one of the a’s is positive. Without loss of generality, we can assume
that a,>0 for s=1, ---, ¢, and a,=0 for s=¢,+1, ---,¢. Then we easily
have

B8 o (%) A e (4] vt B (1),

from which, applying the case >0 of Lemma 2, we see that v=0.
Thus the lemma is proved.

Now we define some functions and sets Whlch will be used in the
sequel. The positive integer N will be assumed to be sufficiently large
as occasion demands.

We put

yaN)= > L,
p

PSN,pePyj;

then, by (C,) in Section 1,
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(4) Yii(N)=n,; log log N+o(1/Toglog N) .
We define the sets Q,;y as
(5) Quin={: p € Py, eWs01F L p K NHs0 ™

We introduce these sets obtained from P,; by omitting comparatively
small and large primes in analogy to the truncation method used in
probability theory.

We put

zN)= > L.

PeQiiny P

Then obviously z,;(N)<y,;(N). Also we have
LEMMA 4. z,;(N)=\,; loglog N+o0(1/log log N).

PrROOF. As is well-known
> 1 _loglogz+0Q) .
P2 p

Now we can write
YiiN)—2,;(N)S 2, + 2, ;

in X, p runs through primes <e':i*"'* and, in %,, p runs through primes
satisfying N <p<N. Hence we have

21=2log ¥,;(N)+O0() ,
and

log N
2,=loglog N—log —=—_+0(1)=2log y,;(N)+0(1) .
{.;(N)Y (

Hence the lemma follows from (4).

Now we continue defining some further functions.

We denote by w,;y(n) the number of distinet prime factors of a
positive integer 7, which belong to the set Q,;y: :

(6) Wiv(m)= >, 1.

Pln,peQ;N

For any positive integer ¢, we define the sets M,;y(f) consisting of
positive integers as

(1) ' M,;y(t)={m: m is squarefree ;
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m has ¢ prime factors ;
m is composed only of primese Q,;x}.

We put for convenience M,;,(0)={1}.

For any kl positive integers t,;, we denote by F(N;t,, ---, t,) the
number of representations of N as the sum of % positive integers:
N=n,+---+mn, such that o,;y(n,)=t,; simultaneously.

For any Kl positive integers m,; such that m,; e M ,(t,;) with some
positive integers ¢,;, we denote by G(N; m,, ---, m,;) the number of re-

presentations of N as the sum of &k positive integers: N=n,+---+mn,
such that

(8) I »=m;
PInPeQiiy
simultaneously.
We obviously have

(9) F(N;tu’”" tkl)= ZI °ee Z G(N;mn’"'ymkl)y

my1€ My N (Eyy) mEl€ Mp N (try)
where the summation symbols 3 are repeated %l times.
For any 2kl positive integers ¢,; and T.;, we put
(L0)  SZON;ty, v t; Ty » o+, Tha)
= Z cer Z '%/(0)(N; Mgy = * oy My, Tu, ° %y Tkl) ’

myy€ My () mie Mgy (g
~ 0 . .
A )(N’ Myyy oo oy My, Tuy * % Tkl)
2Ty, 2Tk
—_ Feeet . .
- Z °ce Z (_l)fu tklg(N’ Mgy o2y Myy; Tryy 0 z-M) ’
T11=0 Tk1=0
g(N;mm""mkl;z'ny"'rfkl): >, v >, > 1.
M€ My N(ryy) PRieMp N(tep) Byte--tnp=N
(#115myy) =1 (Hppomp) =1 mijiging

In the sum defining Z(N;m,, <+, Mu; Ty, *++, Tu), the kl summation-
variables p,; run through positive integers satisfying the assigned con-
ditions, and, for each of the systems of such M.;, the innermost sum
means the number of representations of N as the sum of %k positive in-

tegers: N=n,+ .- +mn, such that m,;u,;n, simultaneously. Similarly we
put

%(i‘“(N; tn: * %y tkl; Tu; ) Tkl) ' '
= >, v > -.%/(‘j)(N; My »ooy My Tyyy 200y That)

S my €My N (tyy) mple My (e

o (1g . .

(N My, = ooy My Ty ooy Th)
2Ty o2T;5+1 2T 1

=25 eee 3y e D (=)t (N my, s e, My Ty, ¢ 00y Tha)

Ty1=0 Ti5=0 TE1=0
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where the summation-variable z,; runs through the integers 0, ---, 27,;+1
and other 7z’s, in number %l—1, run through the same integers as in
the definition of 27" O(N; my, ««+, Mmy; Ty, <+, Th) respectively.

LEMMA 5. For any 2kl positive integers t;; and T.;, we have

DNy by, »ooy tiay Ty o0y Th)

1
— Bl —1)ZZ (N3 tyyy + v oy taa; Toy =y Thi)
SFWN;ty, o+, ) S O(N; by <00y bty Togy 202y Tha) -

M

l

=1 3

PROOF. Because of the assumption (C,), we can change the order
of summations defining <L (N; m,,, «-+, My} Ty * -, Ti) a8 follows:

LN My, ooy Myts Tyyy =00y Tit)
= 3 3 s

nyteeetng=N 46 My 5iryy) Hrre My (tgl)
m;jlng (#g1rmyg)=1 (Brlympp) =1
#31my Hpring

= > Hn s 1

nyteectnp=N =1 j=1 fpy5eM;jpn(Tj)

mygin, (g 5rm35) =1
#iglng
Bt (@i (1) — 45
= III ( .
‘n1+m':-;i:1]:‘=v i=1 j=1 7_'”-
Hence we can put
‘%(0)(N; Myyy =0y Myys Tur Tt Tkl): Z 5('"’1) D) nk) ’
fyteertnp=N
. myjlng
k
1:21 4 1‘-%/(”)(N; My, ooy My, Tuy M) Tkl)
= ’:
—(Bl—=1) " O(N; My, =voy, Myy; Ty, oo+, Thi)= " +§: —y 3’('”'1: cee, M),
1 mig'mik
where
kol i [ @iiy(n)—1E;
o(ny, -+, m)=111I (—1)’”< ,
i=1 j=1 ‘t'.tj=0 ij

5'(7&1, %y nla)

k1 (2Tigtt @, in(N;)— t.; k : ns @, sn (M) — tfs
= Z { Z (—-1)7“( i:lN( ) iJ > . 11—:[1 El 1_2___0(_1)7" < N( ) >}
i=1 5=1 lrg5=0 (17} (re) =5 ° s

BooL T | (M) — b
~ED i X v (M)

Now, owing to Lemma 3, é6(n,, ---, n,)=0"(n,, -+, n,)=1 when w,;y(n,)=¢t,;
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simultaneously; and o(n,, ---, 7,)=0, &'(n,, -+, 2,)<0 when at least one
inequality ®,;y(n,)>t,; holds. Hence, recalling (8) in the definition of
G(N; my, ---, m,), we have ‘

k l . :
ig{jzzl%(zﬁ(N; Myyy ==y Myyy Ty <o -, T)

—(kl—l)(%/w)(N; My, ===y My, Tu; *t %y Tkl)
_S_G(N; Myyy = -, mkl)éﬁ’/(m(N; Myyy = ooy My, an M) Tkl) .

Now by (9) and (10) we obtain the lemma.

This lemma enables us to obtain a certain asymptotic formula for
F(N;ty, ---, t) proving the easier ones for 2 "(N; t,, «--, tu; Ty, + -+, Th)
and 52 (N; ty, +«+, tu; Tuy + -+, Tw) giving T,,, ---, T,, appropriate values.
This procedure might be said to be a type of sieve method. Again
S (Nytyy, »++y bty Ty, +++, Thw) can be dealt with in almost the same
way as 52 "(N;ty, «+-, tu; Ty, -+, Th), and so we shall for the present
be concerned with SZ(N;t,, «--, tyu; Ty, ---, Tw). For this purpose we
introduce some more functions. We put

H(N; tur D) tkl; Tll! tt Tkl)
= Z °°c Z K(N; Myyy =y My, Tlu * Tkl) ’

my1€ My N (tyy) M€ Mg N ()
K(N; Mgy =00y Myy Tu; ° Tkl)
2Ty 2T g1
. Foee . .
- Z R Z ('_1)“1 +tle(N’ Myyy *o0y Myy; Tyyy * 0,y Tkl) ’
T11=0 Tk1=0
X . _ m cee. M
LN;my, «++, my; Ty, -+ o Ti)= \ MZ( ; .o ME . (,n;#n ’m kiak)
€ Nt il € Nkl LI
1(}‘11v'%'111)=i1 (#klr:'lkl)=1 1 el
(myfty,eee, mppp) | N
where we have put for brevity
[ ]
(11) m,= 1_[1 m;, M= II1 s -
i= i=

We put further
H1(N; tu, ** tkl; Tny ° %y Tkl)
= Z °°e Z KI(N; Myyy =y My Tn’ Y Tkl) ’

my1€ My yityy) mpre Mg (teg)
K1(N; Myyy ooy Myy; Tyyy o2+, Tkl)
2Ty 2T 1
— T seet o .
= D) cee 2 (=)t RL (NG My, c e, My; Ty * 0 0y Tit)
711=0 Tk1=0

L,(N; My, = cy Myy5 Tyyy * oy Tit)
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pamamny e o o 1

[SPR ST ALY HpleMpNitg) M cee M
(P11omyy)=1 (Bpp mpp)=1 1 el

(myptg,eee, mppty)=1
-HZ(N; tiu b 'tkl; Tn: ** %y Tkl)
= 2 e Z Kz(N;mn’"', my; Tu""; Tkl)’

myy€ My N (tyy) mp € Mp N (tgp)
KZ(N; Mgy, * oy My Tur *t %y Tkl)
2Ty 2Ty

= Z °ee 2 (_.1)711+"'+szL2(N; Mgy ooy My Tyyy =%y z'kl)

Ty1=0 Tr1=0
Lz(-N; Mgy =o0y Myy; Tyyy * 0y Tkl)

(M, - -, Mith) :

Hy1€ My N (7y1) PrleMp N (TEy) MLl = ML
(#13myy) =1 (tppmEpp =1 # #
(mypty,ees mppey) >

(mlf‘l""’mkf"k) N

Hy(N; by, =, ts Tur Ty T
= Z °c Z Ka(N; Mgy * 0y My, Tn, * % Tkl)

myy € My N () Ml €My N (trp)
K3(N; Mgy * =y My an * Y Tkl)
2Ty, 2Ty
= 2 et Z (’“1)rn+m+r“L3(N; Meyyy * 0y My Tayy *° %y Tkl)
T11=0 Tp1=0

Ls(N; Myyy ooy Mypy; Tyyy 0y Tkl)

== L - .
#11€ My N(Tyy) e Mg N(tg) My oo My Ly
(#11,my) =1 (Brlympy) =1 #I» #

(mypty,oee,mpptp)>1

The apparent complexity of introducing such similar but slightly
different expressions would rather facilitate the subsequent arguments.
Now, from the above definitions, we at once have

(12) H(N; tn) “ %y tkl; Tu’ R Tkl)
:Hx(N; tn, Tty tkl; Tu’ °* % Tkl)+H2(N; tn; D) tkl; Tuy Ct %y Tkl) ’

13) H(N;ty, ««, ti; Ty + ooy To) + Hy(N; gy <+ =, s Ty »-+ Thd)

. 1 2T; 4 1
=00 2 m (=D =
i=1 =1 mige My N i) Myj 5=0 IR LTI His

LEMMA 6- Let TijN=[5z1;j(N)]- Then, as .N”"’ oo,

H1(N; tn: *t %y tkl; T11N7 "ty TklN) +H3(N; tu: "ty tkl; TnN, *t % TklN)

_ {zn(N)}tn_ . {:kl'(N)}t:le'—(z11(N)+-..+z,,1(N)) {1+0(1)}
e *°° Upre
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untiformly in t; with t,;<2z,;(N) sitmultaneously.

PrROOF. In view of (13), we are allowed to consider the kl expres-
sions

2T
B A T !
myje Myinr(tss) m ; T44=0 BigeMegN(T35) (!
15 715 j(#i, .zni LA ]

separately. We shall for simplicity omit the subscripts 7j, and for a
while deal with the expression

2TN 1

LSy » 4

meMy(@t) M =0 reMy(z) fL
(#ym)=1

under the condition that ¢<<2z(N).
Now, by the definition of the set M,(z), we have

zi——o;:') (_ 1)t ,uele(r) Fl pEQN (1__)

(#, m)=1

where the left-hand side is essentially a finite sum. From this we can
write

ZTN 1 1
(14) S (-1 > Lo n(l——)ls s 1,
=0 F(iﬂmls)jgl) lj p;gi\r z-——zz N+1 peMpy(c) #

We shall first estimate the right-hand member of (14). From the def-
initions of z(N) and M,(zr), we have

1_ sy

HeMN() [4 7!
which gives

oo 1 Ll {z(N)} {z(N)}ZTN+1 z(N) ez(N) TN +1
=< 2
t=2TN+1 pe)%(t) !,l _t=2%+1 ’Z" < (2TN+1)' (2TN+1 ¢ i ’

where the last step is due to the inequality (27 + 1)+ < (2T + 1)1 e277+1,
Also 2Ty +1>9z(N), so that

BB <) <.

Thus we have
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(15) i S 1_ O(e~ ™) =o0(e~*™) .

r=2TN+1 pte MxN(7) #

On the other hand, since the primes contained in @, are greater
than e""”"'”2 by (5), we have

> Lo,

peQN P

so that

1, (1-5)=exe {3, s (1= ) =exe - 3 240 (3 5))

reQyn P PEQN €QN P

=exp{—2(N)+o(L)}=e*"{1+o(1)} .

Also, since m e M,(t) with t<2z(N), the number of prime factors of m
is less than 2y(N), and each of the prime factors is >ev'"® by (5), we
can deduce that

1< T (1-3) < I (1+2)<@+267 00t =1401) .
D b

plm plm
Thus we have

(16) 1 ( —%)=e-“m{1+o<1>},

PEQN
Pm

and this holds uniformly in m with m e My(t), t<2z(N).
1t follows from (14), (15), and (16) that

2T N 1

(=17 3 —=e*™{1+o1)}
=T gk

uniformly in the above-mentioned sense, and hence

2TN
an > Ly 3 Logro@e 3 L
meMy(t) M =0 ﬂ(epl’l{’g:l). # meMy(t) M

uniformly in ¢ with {<<2z(N).
It follows from the multinomial theorem that

18) L ol 5 1wl

medy®) m ¢! T meXyt) M w

where the summation-variable w runs through positive integers which
are not squarefree and composed of ¢ primese@,. For each of these
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w, we can uniquely put w=d?q with squarefree q. Since d is composed
only of primes €Q, and d>1, it follows that d>e*""* by (5). Thus
we can write

z-l-gzizz
w @ d® e

where
; &]';:O(e“"‘m’z)=O(e“"””2) .
As for the sum with the summation-variable q, we have

Z-l- <1+z(N)—|—{z_(21_\"_)}_.2+...:ez(N) ,

7 q
thus is follows that
1 2(N)—{z(N)}2
DY o YO Elad CIE AT W
w W

Also, since we assume that t<2z2(N), we have

{z(N)}* 1 _];__ —t~ ,—22(N)
£ >(2) g2 e

Hence we can write

_1___ {2N)Y seomr—tzarn®
zw: w— ( t! € ( > ?

which implies
1 _ ({z(N)}
% w 0( t! ) )
Now, by this and (18), we have
~ =Ll oy,
meMN ()M

and the above deduction shows that this holds uniformly in ¢ with
t<<2z(N).
It follows from this and (17) that

_2§f( 1 3 M{1+0(1)}
meMy(t) M ©=0 #(&;M)(rl) ;,g t!
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uniformly in ¢ with £<2z(N), or, attaching now the subscripts J

2T s N i tijp—2345(N)
migeMiiN () M5 Ti4=0 Hif€MiiN(tif) [h;s t“-!

(Hyg,my4)=1

uniformly in ¢,; with ¢,;<22,;(N). Finally the lemma follows on multi-
plying thus obtained %l equalities.

LeMMA 7. Let T,;x=[52,;(N)]. Then, as N—co,

0D LN
tn! e tkl!

Hz(N; Ciy + = ’ tkl; Tuzv, Tty Tkuv)= 0({zu(N)}tu' -

uniformly in t,; with t,;<2z,;(N).

PROOF. For each summand of the sum defining L,(N; m,, «- -, m;
Ty ***y Tw) We put d=(m,p,, - -+, m,t,). Then we can obtain the positive
integers m;, p, and mi;, i; with mi; € My;y(t:)), ti; =t ti; € Myin(Tis), T4,
7;; such that mi|lm,, pi|p, mp,=mipid, and mi;|m,;, mi=mi -« -mi, ti;lte;,
pi=pi -+ tt;, and, since the number of prime factors of m,;u,; is less
than 12z,;(N), it is easily seen that at most 2#FaM++zui digtinct
summands of L,(N; My, *-+, My} Ty, ~++, Tr) g0 to the same system m;;,
ﬂ;i and d.

Now we have

|H2(N; tu; % tkl; TuN; %y TklN)l

2Ty N 2TEIN
= 23 e Y ST S
myy € My N (tyy) mpre My N (e 711=0 TE1=0
(muau M) mk#k)
14
#11€ My N (Tyy) PRl MpN (T My by = o My Lh
(H#11omyy) =1 (Bppmpy)=1
(Myftyse=ns mptE)>1

(Mmyftyseee, mpty) | N
and, applying the above considerations to each of the summands, we
can write

le(N; tu; M) tkl; TuN; *t Y TklN)l§212{211(N)+m+z“(m}

ti:s 2T. -N 1
1 k2 i3 1 1 ij
-2 Y 2. 2 eI 2 pY A
d i=1 §=1 t,’;j=o mijEMijN(‘éj) i i=1j=1 r,;:j=0 l‘,’;jeMijN(f;;j) i3

a fortiori
(19) le(N; tlly cc tkl; TnN; ) TklN)l

k l

§212(211(N)+'"+2kl(1v”%%'( H i > - )2 )

i=1 j=1 tij=0 mijeM“N(t”) m‘if
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If we put for convienence
Y«(N)=min y,;(N), y*(N)=max y;(N),
15isk 1sisk
1=5s1 158l

then, by (GC,) in Section 1,

Y«(N)=x,log log N+o(v/log log N) ,
y*(N)=»x1*log log N+o(v/loglog N) ,
with

AMe=min A, A*=max\;,
1=¢<k 15isk
1s5sl 1555l

and for the validity of (19), it will be sufficient to make d run through
integers such that the number of prime factors of d is less than 12y*(N)
and each of them is greater than e*™* Hence we can write

zd‘a —(]'i- < (1 +e_‘”'(N”2)121*(N) —1,
which gives

(20) Zd" — O(e~(v‘(N)}2y*(N)) .

-

Again, as in the proof of Lemma 6, we have

1 _ {zu)

migeMigN (b)) Mg ;!

which implies

21) i S, 1 =O(e*iM) ,

ti5=0 mije MygN{ty5) Myj

It follows from (19), (20), and (21) that
Hy(N; tyy ===y tas Tuwy +++y Tiaw) = O(eH Pt aui= By x(N)) |
On the other hand, since ¢,;<2z,;(N), we can argue

(22) {zu(N)}tn‘ .. {z“(N)}‘kle—(zu(N)+---+2kl(N))
byl e !

>{zu(N)}tu « « o {2 (V) rte™ Bt H etz ()
{22, (N)}11e - < {224 (N)}'*

—3{z11(N)+ecet2zp (N}
>e 11( kl ,

— 2'—(t11+"'+tkl)e—l-¢11(N)+'"+Zkl(N)}

and hence we can write
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H,(Nity, »++y ti; Tuwy + =+ Tow)
_ {zu(N)}tu. . {z“(N)}t“e_{’II(N)+"'+2M(N))
tn! M tkz!

0(617(211(N)+---+zkz(N)}—{1h(N)}2y*(N)) .
Now, by Lemma 4 and the above formulas for ,(N) and y*(N), we
obtain the lemma.

LEMMA 8. Let T,;y=[52,;(N)]. Then, as N— ,

Hy(N;ty, «++, tu; Tuwy »+y Tow) =O({z11(N)}tu. o {2 (IN) Pkt oM ek} )
- , tn! "‘tkl!

uniformly in t,; with t,;<22,;(N).

PrROOF. For each éummand of the sum defining L,(N; my, *+-, m;

Ty *=*, Ti) We put d=(mp, ---, my,), then, as in the proof of Lemma
7, we can obtain ‘

| Hy(N; by, » 0 =, Eis; Tuwy »+y Thw)|
§212(z11(N)+---+z“(N)} Z _];.<f[ f[ i E 1 )2 ,

@ d? \i=155165=0 mije MiN (i) My

and this inequality is wvalid, if we make d run through the positive
integers greater than e go that

%“ —;—2'—;0(6_‘”*(””2) .
The remaining part of the proof can also be performed as in the proof
of Lemma 7.
LEMMA 9. Let T,;n=[52,(N)]. Then, as N— oo,

H(N; t11y ©t %y tkl; TuN’ %y TklN)

CO) CRRRR A0 ) S astinaal
tul oo e Tyl

{1+0()}

uniformly in t,; with ii,-<2z,-,-(N).
PROOF. The lemma follows from (12) and Lemmas 6, 7, and 8. |

LEMMA 10. Let T,;5=[52,;(N)]. Then, as N— oo,

- » . k—1
GO (N; by, - - s bt Tuws =+ s Tan)— '?k‘l'\‘il)—'H(N; Cus =+ 0y Cas Tuwy <oy Thaw)
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—0 (N"“{ZH(N)}‘u o o {2 (N )} trig™ Fr e+ )
tu! e tkz!

uniformly in t,; with t,;<2z,;(N).

PrROOF. From Lemma 1, we have

Nkt
(23) %(0)(N; tm R tkl; T11N; R TklN)——'——
(k—1)!
«H(N; tyy =y iy Touny == TklN)=O(Nk“2 > se
my € Mgy v ityy) ME € Mp Nty
2T N 2TkIN
2 see Z Z e Z 1

11=0 TEI=0 M33€ My N(7y) Brie Mg Ntg)

o (i Y 3, V)

i=1 j=1 ti"=0 mijeuijN(tij)

since ¢,;< T,;» by the assumptions.
Now, denoting by |Q.;x] the number of elements of the set Q,;y, We

have
]Qi:’NI) SlQ“-N"H

myje MyjN (b)) 177

=ty
and hence
2Ty 5N 2T ; IQ |‘1,’ .
iiN .
1= 3, t. 1 <e|Qujn [ .
tij=0 m;j;e My N (t;4) t35=0 51

Since T;x <5z,;(N)=<5y,;(N) by assumption, and |Q,;y| < N¥:i¥™* by (5), it
follows that

2TijN

s 1.___0(Nmm,-(zvn—1)=O(Nxo(y.uvn-l) .

ti5=0 myje My ;N (2g5)

From this and (23), we obtain
Nk—l

| —1)!
«H(Nj ty, + =y tus Tuwy =+ Thay) = O(N*-HH2M 00T |

%(0)(N; tu: ** %y tkl; TuN’ ct TklN)'_

Again, from this and (22), we can write

NE-
1)1
Tuw)= {Zu(N)}'11e - « {21 (N )} Ptg™ tonati+ e+ auml
’ kEIN tn! = tkl!

%(0)(N; tu’ ** % tkl; TuN’ *° % TklN)'—

'H(N; tnr %y tkl; T11N9 e
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.O(ea(zn(m+---+zkl<N))Nk—z+zoklw.<N))—1) .
Now the lemma follows from Lemma 4 and the formula for y.(N).
LEMMA 11. Let T,;y=[52,;(N)]. Then, as N— o,

%(0)(1\,; tlu ct tkl; T11N’ c0y TklN)
_ NP2 (ND}11e « o {2, (N )}t (Pt oot 2gp ()
B Fe—1)1 €1« ty! o))

uniformly in t; with t,;<2z,;(N), and the same formulas also hold for
%(ij)(N; tm M) tkl; T11N’ A TkZN)'

ProOF. The asymptotic formula for SZ7O(N; t,, =+, tu; Tuxs ** s Tun)
follows from Lemmas 9 and 10. S#Z%(N;ty, +--, tu; Tuws -+, Tuxy) can
be treated in much the same way, as is easily seen, from their defini-
tions.

LEMMA 12. As N— o,

. . Nk"'l{zu(N)}tlh .. {zkl(N)}tkle—{zu(N)+---+zk;(N)}
F(Nity, +) ty)= 1+o(1)} .
it =0 ) (BE=D)1 tul -+ fal tor oDl

uniformly in t; with t,;<2z,,;(N).
Proor. The lemma follows from Lemmas 5 and 11.

LEMMA 13. Let a,;<pB;;. Let t,; be positive integers such that
ti,-=z,,-(N)+xi,-1/z”-(N) with aw‘<xz’j<Bii' Then’ as N— b

F(N; tn, Tty tkl)

_—__(k_likl—)l — (27) Mz, (N)- - - 2 (N} e el +#i{1 1 o(1))

uniformly in t,; with above-mentioned restrictions.

ProOOF. We use the Stirling formula

£1 =1/2—7rt*+1/2e-‘{1+0 (%)} :

We put t=¢,;=2,;(N)+x,;V2,;(N), and consider large N, letting x;; be
‘bounded, then easy calculations give

t,1 :_l/‘z_n,{z”(N)}lgj(N)+xijf_"'zij(1v)+1/Ze—zij(N)+x§j/2{1+O (1/——-——————-z 1(N) )} ’
15
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or

(BN e e=iyn

t:;! Vznz,,-(NT{HO (—V-z“l(=N))} :

Multiplying thus obtained k! formulas, we obtain

{ZH(N)}tu- oo {zkl(N)}‘kle_{‘11(N)+"'+zkl(N)}
tu! e tkl!

= (27) M2, (N + + 2a(N)} e~ 42k ML+ o(1)}

Since t,;<22,;(N) for large N, the lemma follows from this and Lemma
12 including the enunciated uniformity.

LEMMA 14. Let a;;<B:;, and let A**(N)=A**(N; @y, Bu, ***s Crty Bri)
denote the number of representations of N as the sum of k positive
integers: N=mn,+---+n, such that

2,(N)+ atﬂ/zu‘(N ) <W45xn(n) <2 5(N)+ .Btﬂ/zt:'(N )

simultaneously. Then, as N— «~, we have

* % ~ NE —kl/2 ko Sp” —z2.2 .
A~ e T (et

ProoF. By the definition of F(N;t,, ---, t), We can write
A N)=5 FWi by, -+, tu) »
ij

the summation extending over the systems of kl positive integers ¢,;
such that

2i(N)+a jV'2,;(N)<t,; <z, (N)+ Bti‘/zii(N)

simultaneously. Now let these values of ¢;; be ¢, and let ¢;;,=2,;(N)+
x5,V 2,5(N) with y=1, ---, 8;;. Then

Tijpir— L= {25} (=1, ---, 8;—1),
and hence from Lemma 13, we obtain

8

A= o) R @ [T 3 e i eian—us)

The lemma follows by making N— « in this formula.
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LEMMA 15. Let ;i < Bijs and let A*(N)———'A*(N, Qyy Buy **y Ay ‘Bkl)
denote the mumber of representations of N as the sum of k positive
integers: N=mn,++--+n, such that

2i(N)+ aiﬂ/zia'(N) <w;i(n,) < zi.‘i(N> + leiﬂ/zia’(N)
stmultaneously. Then, as N— «~, we have

Nk
(k—1)!

PROOF. We shall estimate the sum

A*(N) ~ (2r) 12 I"I l-'I Sﬁije_xfj/zdx” .
i=1 j=1 aij

{@(n)— w;55(n:)}
Ryttt =N

extended over the systems of positive integers m,, :--, », such that
N+ ++++n,=N. Transforming the summation to the form

“EIN {@;;(n;) — @55 (1)} >, 1,

Akt b ng T b =Nng

and estimating the inner sum trivially as <N*-2, we have

oo Fonal {wii(n,)— ®; ;5 (M)} éNk—zﬂéN {w,;(n)— w;ix(M)} .

Also, by (4) and Lenima 4,

S {@i(m)— o)) = 3

1= H
ni<N n;SN pin;;pePi;—QijN PEN,pePi;—Qijn L P
<N S Lo N -z, = oV 2 @)

P§N,pePij~—Q”'N p
Hence

> Awii(n) — @ n(n)}= O(N"‘ﬁ/»z“-(N)) .

Bytecetanp=N

Now it follows that, for any given ¢>0, we can take N,=N,(¢) so
large that, when N>N,, the number of representations of N as the
sum of & positive integers: N=n,+---+mn,, such that at least one of

the kl inequalities w,;(n;)—w;x(n;)>eV'2;;(N) holds, is less than eN*.
Then, for N> N,,

A**(N; @y, Bu—8y =+, Gy ,Bkz—s)—GNk—l
<A*(N; &y, ,8117 e, &y, Bkl)
<A**(N; @, —¢, :811: ey, &y —E, Bkl)’{‘eNk*l .
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From this and Lemma 14, we conclude that

l e
__——(k——ll)l (2m)~*i ‘Hkl 51] Sﬂ‘ eiitdx,; —¢

a‘,-
<lim inf A*(N; ayy, Buy ***5 Cuiy Bui)
T Newo N*!
. A*(N; ey, By ***, Cuyy )
<lim sup 1 1\1;::—1 kty Bt
—L—— —kls2 LA Sﬁii —z2./8
= (k—1)! (27) ,E,El aaje e %ii*dx;+¢€

which gives the lemma.

LEMMA 16. Let @;<pB, and let A(N)=A(N;ay, Bu ** ) A Bu)
denote the number of representations of N as the sum of k positive in-
tegers: N=mn,+---+mn, such that

Ae; log log N+a,;V/ N log log N< @, (1) <\;; log log N+ B:;V N ; log log N

stmultaneously. Then, as N— o, we have

o~ NP A L L L S
AN~y @) IIIISe Lnda, .

Proor. It follows from Lemma 4 that for any given ¢>0, we can
take N,=N,(¢) so large that, when N> N,,

2,5(N) + (@ — )V 2,;(N) <M log log N
+ @,V N; 10g Tog N<2;(N) + (s +E)VZ5(N) ,

2i(N)+(Bii— )V 2, ;(N)< Ny log log N
+ 8.5V N; 10g log N<zi(N)+(B:i; +€)V 'z {(N) ,

so that

A*(N; a,;+¢, Blt""ev e, & tE, ﬂkt""s)
_S_A(Ny @y, .811’ e, Oy, Bkl)
<A*(N; ay—¢, Bute, - Au—¢, Bute) .

From this and Lemma 15, we conclude that

i —8
1 (2m)~*i2 ﬁ V‘i e *dx,;

(k—l)! =1 §=1 a"-.{.‘ .
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<lim inf AN; @y Buy * 7y ity Bi)

Nsoo Nkt
3 A(N;C( ;Bs""a ’/3)
éllﬁfup 11 11\17,‘_1 kly Pkl
Byjte 2
s ey L[ et
oD &0 Hl ,111 wagee O

which gives the lemma.

Lemma 16 is the special case of Theorem 1, when the set E is an
interval.

THE PROOF OF THEOREM 1. First we consider the case when the set
E in R* is bounded. We take two systems of intervals I,, I, (v=1, 2, --+),
finite in number, such that

ULcECULIL
and any two of the intervals I, do not overlap. Then we have

AN, L)SAN; E)s3 AN L) .

On applying Lemma 16 to the intervals I,, I!, we obtain

3

(2m)~ ki ZS exp (—i Ek‘, > w%,-)dmu - e e day

(e— 1)' &
AW; B) AN; B)
i S e
—_ o)kl LI d
< - 1)' (2r) ZS exp (--tzlglx”) T eoday; .

Now, since E is supposed to be Jordan-measurable, we can take, for any
positive e, the intervals I,, I such that

|, o<zl =3, <]+

omitting the common integrand

1

W (2r)~** exp (——% 5,:‘: > wf,-) ’

and, combining thus obtained inequalities, we obtain
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e tim g AN E) o A(N; E) S
SE s<lu£1ﬁ21f —N §1115_1_1' sup =N <) te
which gives

. AN, E) _
}vl—{?o NE1 -—SE.

Next we consider the case when the set £ is not bounded. For
any given ¢>0, we can take an interval I so large that

. A(N;I)___S 1
S S
or
: A(N;I“)__S |
}\}ﬂ N+t 1°<e’
which implies
' . AN, ENnI°
hﬁfup (N"“ )<s.

Also, since the set ENI is bounded, as is already proved,

. AN;EnlI) _
]z'\}-?c}o Nk _SEHI :

Thus we have

.. A(N; E) . A(N;EﬂI)_S S _
llﬂinf Nk g}}gl Nk - Eﬂl> E €
. AN;E) . AWN;ENI . AN ENI°
tim sup £ = lim S i sup SN < e,

which gives

. A(N; E)__S
}vl_,r& Nkt S PO

and the proof of Theorem 1 is completed.

§ 3. Some special cases.

Let m be a positive integer, and put [=¢(m). For each 7, let
P4, ***, ¥y be a reduced system of residues with respect to the modulus
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m in an arbitrary order. Let ®,;(n) denote the number of distinct prime
factors of » which are congruent to 7, to modulus m. In this case
N;=1/l and so we have

THEOREM 2. Let ;;<Byij, and let AN)=AN; @y, B, * -+, Cuy Brl)
denote the number of representations of N as the sum of k positive
integers: N=n,+---+mn, such that

%. log log N+ %1/1—og Tog N< @;(n,) < % log log N+ 5*7 1Tog log N

simultaneously. Then, as N— c, we have
ANy~ N @y T (et
(b—1)! =1 j=1 Jay;

THEOREM 3. Let A(N) denote the mumber of representations of N
as the sum of k positive integers: N=mn,+-+-+mn, such that

@Du(N) < W5 () < o v« < @y(my)

simultaneously. Then, as N— o, we have

Nkt
(k—1)A*

Let w(n) without subscript denote the number of distinet prime
factors of ». It would be not so easy to prove the following theorem
independently of this paper.

A(N)~

THEOREM 4. Let A(N) denote the number of representations of N
as the sum of two positive integers: N=mn,+mn, such that w(n,)=w(n,).
Then, as n— o, we have

A(N)=0(N)'.
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