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Introduction.
[ Let $p$ be a prime. We say that the first case of Fermat’s last

theorem (FLT) fails for the exponent $p$ when there exist integers $x,$ $y,$ $z$ ,
such that $p\downarrow xyz$ and $x^{p}+y^{p}+z^{p}=0$ . We shall indicate some congruences
which follow from the assumption that the FLT fails for $p$ . These
will involve the Bernoulli polynomials

$B_{n}(X)=\sum_{j=0}^{\tau*}\left(\begin{array}{l}n\\j\end{array}\right)B_{j}X^{n-j}$ (for $n\geqq 0$).

We require also some values of the Bernoulli polynomials and its func-
tional equation:

$B_{n}(1-X)=(-1)^{n}B_{n}(X)$ , and for $n$ even:

$B_{n}(\frac{1}{3})=B_{n}(\frac{2}{3})=\frac{(1-3’-1)B}{2\times 3-1}$ ,

$B_{\iota}(\frac{1}{6})=B_{n}(\frac{5}{6})=\frac{(1-2’-1)(1-3^{n-1})B_{n}}{2^{n}\times 3^{n-1}}$ .

E. Lehmer proved in [1] (1938), the following congruences (for $2\leqq n<p$) $:$

’

$\sum_{j=1}^{[p/n]}(p-jn)^{2k}\equiv\frac{n^{2k}}{2k+1}\{\frac{2k+1}{n}pB_{2k}-B_{2k+1}(\frac{s}{n})\}$ $(mod p^{3})$ ,

$\sum_{j=1}^{[p/n]}j^{2k-1}\equiv\frac{1}{2k}\{B_{2k}(\frac{s}{n})-B_{2k}\}-\frac{P}{n}B_{2k-1}(\frac{s}{n})$ $(mod p^{2})$ ,

where $p\equiv s(mod n),$ $1\leqq s\leqq n-1$ . Schwindt proved in [4] (1933):
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$5\sum_{\dot{g}=1}^{[p^{1}3]}\frac{1}{j^{2}}\equiv\sum_{\dot{g}=1}^{[p/6]}\frac{1}{j^{2}}$ $(mod p)$ .
Vandiver proved in [6] (1925) that if the first case fails for $p$ thel
$\sum_{\dot{g}=1}^{[p|3]}(1/j^{2})\equiv 0(mod p)$ . Genocchi showed in 1852 that if the first cast
fails for $p$ then $B_{p-3}\equiv 0(mod p)$ . Similarly, Kummer showed thal
$B_{p-f}\equiv 0(mod p)$ and Mirimanoff proved that $B_{p-7}\equiv B_{p-9}\equiv 0(mod p)$

Mirimanoff has also proved that if the first case fails for $p$ then th
Fermat quotient $q_{p}(3)=(3^{p-1}-1)/p$ is congruent to $0$ modulo $p$ .

\S 1. Three lemmas.

It is notorious that very little is known about the values of Ber
noulli polynomials $B_{n}(X)$ with odd index $n$ . In this respect we prove:

LEMMA 1. Let $p$ be a prime, $p>3$ . Then

5$B_{p-2}(\frac{1}{3})\equiv B_{p-2}(\frac{1}{6})$ $(mod p)$ .
PROOF. Let $p\equiv s(mod 3),$ $p\equiv t(mod 6)$ , with $s=1$ or 2 and $t=10l$

5. Moreover if $t=1$ then $s=1$ , and if $t=5$ then $s=2$ . E. Lehme]
proved in [1] (1938):

$\sum_{\dot{g}=1}^{[p\prime 3]}(p-3j)^{p-3}\equiv\frac{3^{p-\$}}{p-2}\{\frac{p-2}{3}pB_{p-3}-B_{p-2}(\frac{s}{3})\}$ $(mod p^{2})$

and

$\sum_{\dot{g}=1}^{[p(6]}(p-6j)^{p-3}\equiv\frac{6^{p-8}}{p-2}\{\frac{p-2}{6}pB_{p-3}-B_{p-2}(\frac{t}{6})\}$ $(mod p^{2})$ .
But

$(p-3j)^{p-3}\equiv\frac{1}{(p-3j)^{z}}\equiv\frac{1}{(3j)^{2}}$ $(mod p)$ .
Since $p$ does not divide the denominator of $B_{p-3}$ then

$\frac{1}{3^{2}}\sum_{\dot{g}=1}^{[p\{\$]}\frac{1}{j^{2}}\equiv\frac{1}{2\times 3^{2}}B_{p-2}(\frac{s}{3})$ $(mod p)$ .
Similarly

$\frac{1}{6}\sum_{g=1}^{[pl0]}\frac{1}{j^{2}}\equiv\frac{1}{2\times 6^{2}}B_{p-2}(\frac{t}{6})$ $(mod p)$ .
By Schwindt’s lemma [4] (1933)
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5 $\sum_{j=1}^{[p/3]}\frac{1}{j^{2}}\equiv\sum_{\dot{g}\Rightarrow 1}^{[p^{\prime}0]}\frac{1}{j^{2}}$ $(mod p)$ ,

then

5 $B_{p-2}(\frac{s}{3})\equiv B_{p-2}(\frac{t}{6})$ $(mod p)$ .

If $t=1$ then $s=1$ and the lemma is proved. If $t=5$ then $s=2$ . By the
functional equation for the Bernoulli polynomials:

5$B_{p-2}(\frac{1}{3})=-5B_{p-2}(\frac{2}{3})\equiv-5B_{p-I}(\frac{5}{6})=B_{p-2}(\frac{1}{6})$ $(mod p)$ .
Q.E.D.

With the above congruence, we are able to obtain a new congruence
for Bernoulli numbers:

LEMMA 2. If $p>3$ then

$\sum_{\dot{g}=0}^{p-2}(-1)^{j}(j+1)3^{j}(2^{j+1}-5)B_{j}\equiv 0$ $(mod p)$ .
PROOF. We have

$B_{p-2}(\frac{1}{3})=\sum_{\dot{g}=0}^{p-l}\left(\begin{array}{l}p-2\\j\end{array}\right)(\frac{1}{3})^{p-2-j}B_{j}\equiv\sum_{g=0}^{p-2}(-1)^{j}(j+1)3^{j+J}B_{j}$ $(mod p)$ ,

because

$\left(\begin{array}{l}p-2\\j\end{array}\right)=\frac{(p-2)(p-3)\cdot.\cdot.\cdot.(p-j-1)}{1\times 2\times\times j}\equiv(-1)^{\dot{g}}(j+1)$ $(mod p)$

and

$\frac{1}{3^{p-2-j}}\equiv 3^{j+1}$ $(mod p)$ .
Similarly

$B_{p-2}(\frac{1}{6})=\sum_{J=0}^{p-2}\left(\begin{array}{ll}p & -2\\ & j\end{array}\right)(\frac{1}{6})^{p-2-j}B_{j}\equiv\sum_{\dot{g}=0}^{p-2}(-1)^{j}(j+1)6^{j+1}B_{j}$ $(mod p)$ .
By Lemma 1,

5 $\sum_{j=0}^{p-2}(-1)^{j}(j+1)3^{j+1}B_{j}\equiv\sum_{\dot{g}=0}^{p-2}(-1)^{j}(j+1)6^{j+1}B_{j}$ $(mod p)$ ,
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hence

$\sum_{j=0}^{p-2}(-1)^{j}(j+1)3^{j}(2^{j+1}-5)B_{j}\equiv 0$ $(mod p)$ .
Q.E. $D$

We shall also require:

LEMMA 3. If $B_{p-(2’\iota+1)}\equiv 0(mod p)$ where $1\leqq n\leqq(p-3)/2$ , then

$\sum_{\dot{g}=1}^{[p(3]}\frac{1}{j^{2n+1}}\equiv 0$ $(mod p)$

and

$\sum_{\dot{g}=1}^{[p\mathfrak{l}6]}\frac{1}{j^{2r+1}}\equiv 0$ $(mod p)$ .

PROOF. According to E. Lehmer’s congruence, we have

$\sum_{\dot{g}=1}^{[p/3]}\frac{1}{j^{2n+1}}\equiv\sum_{\dot{g}=1}^{[p\prime 3]}j^{p-2n-2}\equiv\frac{1}{p-2n-1}\{B_{p-2n-1}(\frac{s}{3})-B_{p-2\sim-1}\}$ $(mod p)$ ,

since

$B_{p-2n-3}(\frac{s}{3})=\sum_{i=0}^{p-2n-2}\left(\begin{array}{l}p-2n-2\\i\end{array}\right)(\frac{s}{3})^{p-2\#-t-:}B$

is p-integral, by the Von Staudt and Clausen’s theorem. By hypothesif

$B_{p-(2\hslash+1)}\equiv 0(mod p)$ , hence

$\sum_{\dot{s}=1}^{[p/\$]}\frac{1}{j^{s\sim+1}}\equiv\frac{1}{(p-2n-1)}B_{p-2\prime\cdot-1}(\frac{s}{3})\equiv\frac{(1-3^{p-2n-2})B_{\iota-z\cdot-1}}{(p-2n-l)\times 2\times 3^{p-2n-}}I\equiv 0$ $(mod p)$ .
Similarly, we prove the other congruence. Q.E. $D$

\S 2. The Criteria.

We prove:

PROPOSITION 1. If the first case of FLT fails for the exponent $p$,

then:

(1) $B_{p-2}(\frac{1}{3})\equiv 0$ $(mod p)$ , $B_{p-2}(\frac{1}{6})\equiv 0$ $(mod p)$

(2) $2\sum_{g=1}^{[p\prime 3]}j^{p-3}\equiv B_{p-2}(\frac{s}{3})$ $(mod p^{2})$
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and

2 $\sum_{j=1}^{[p/6]}j^{p-3}\equiv B_{p-2}(\frac{t}{6})$ $(mod p^{2})$ ,

where $s=1$ or 2, $t=1$ or 5 and $p\equiv s(mod 3),$ $p\equiv t(mod 6)$ .
PROOF.
(1) We have

$(p-3j)^{p-3}=(3j-p)^{p-3}\equiv(3j)^{p-3}-(p-3)p(3j)^{p-4}$

$\equiv(3j)^{p-3}+3p(3j)^{p-}$ $(mod p^{2})$ .
Also

$\frac{1}{2-p}\equiv\frac{1}{2}+\frac{p}{4}$ $(mod p^{2})$ .

By Lehmer’s congruence, we have

$\sum_{j=1}^{[p\prime 3]}(p-3j)^{p-8}\equiv\frac{3^{p-3}}{p-2}\{\frac{p-2}{3}pB_{p-3}-B_{p-2}(\frac{s}{3})\}\equiv\frac{3^{p-3}}{2-p}B_{p-2}(\frac{s}{3})$ $(mod p^{2})$ ,

because, by Gennocchi’s theorem $B_{p-3}\equiv 0(mod p)$ since the first case fails
for $p$ . Hence

$3^{p-3}\sum_{j=1}^{[pl3]}j^{p-3}+3^{p-3}p\sum_{j=1}^{[pf3]}j^{p-4}\equiv\frac{3^{p-3}}{2}B_{p-2}(\frac{s}{3})+\frac{3^{p-3}}{4}pB_{p-2}(\frac{s}{3})$ $(mod p^{2})$ .
By Vandiver’s criterion (1925), we have:

$\sum_{g=1}^{[p/3]}j^{p-3}\equiv\sum_{g=1}^{[p/fl]}\frac{1}{j^{2}}\equiv 0$ $(mod p)$ .

Hence

$B_{p-2}(\frac{s}{3})\equiv 0$ $(mod p)$ .
Since $s=1$ or 2, by the functional equation for the Bernoulli poly-

nomial, we have $B_{p-2}(1/3)\equiv 0(mod p)$ in all cases. By Lemma 1

$B_{p-2}(\frac{1}{6})\equiv 0$ $(mod p)$ .
(2) We use again Lehmer’s formula. Noting that

$B_{p-}(\frac{s}{3})=\sum_{\dot{g}=0}^{p-}\left(\begin{array}{l}p-4\\j\end{array}\right)(\frac{s}{3})^{p-4-j}B_{\dot{f}}$
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is p-integral then

$\sum_{\dot{g}=1}^{[pl\$]}j^{p-}\equiv\frac{1}{p-3}\{B_{p-3}(\frac{s}{3})-B_{p-3}\}$ $(mod p)$ .

Since $B_{p-3}\equiv 0(mod p)$ then

$\sum_{\dot{g}=1}^{[p(3]}j^{p-4}\equiv-\frac{1}{3}B_{p-\S(\frac{s}{3})=-\frac{(1-3^{p-})B_{p-3}}{2\times 3^{p-3}}\equiv 0}$ $(mod p)$ .
Therefore, from part 1 and a previous congruence, we have:

2 $\sum_{g=1}^{[p13]}j^{p-3}\equiv B_{p-2}(\frac{s}{3})$ $(mod p^{2})$ .

In the same way, we show that

2 $\sum_{\dot{g}=1}^{[p/6]}j^{p-3}\equiv B_{p-2}(\frac{t}{6})$ $(mod p^{2})$ .

Finally, we prove:

PROPOSITION 2. If the first case of FLT fails for the exponent $p$

then:

$\sum_{\dot{g}=1}^{[p/\$]}\frac{1}{j^{r}}\equiv 0$ $(mod p)$

and

$\sum_{g=1}^{[plff]}\frac{1}{j^{r}}\equiv 0$ $(mod p)$

for $r=1,3,5,7,9$ .
PROOF. In 1905 Lerch [2] proved that if $p>3$ then

$-\frac{2}{3}\sum_{j=1}^{[p/\theta]}\frac{1}{j}\equiv q_{p}(3)$ \langle $mod p$)

where

$q_{p}(3)=\frac{3^{p-1}-1}{p}$ .

By Mirimanoff’s theorem (1910) if the first case fails for $p$ thel
$q_{p}(3)\equiv 0(mod p)$ . Hence $\sum_{\dot{g}=1}^{[p/3]}(1/j)\equiv 0(mod p)$ . In 1938, E. Lehme]
proved that necessarily $\sum_{j=1}^{[p\prime 0]}(1/j)\equiv 0(mod p)$ .
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Kummer and Mirimanoff proved that if the first case fails for $p$

then

$B_{p-3}\equiv 0(mod p),$ $B_{p-5}\equiv 0(mod p),$ $B_{p-7}\equiv 0(mod p)$ and $B_{p-9}\equiv 0(mod p)$ .
By Lemma 3, we deduce that $\sum_{\dot{g}=1}^{[p/3]}(1/j^{r})\equiv 0(mod p)$ and $\sum r_{--1}/6l(1/j^{r})\equiv 0$

$(mod p)$ , for $j=3,5,7,9$ . Q.E.D.
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