
TOKYO J. MATH.
VOL. 1, No. 1, 1978

Endomorphism Rings of Split $(B,N)$-pairs
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Introduction.

This note concerns a certain property of endomorphism rings of
subgroups of a split $(B, N)$-pair $(G, B, N, R, U)$ of characteristic $p$ and
rank $n$ containing $U$. Let $\mathscr{A}$ be a subgroup of $G$ containing $U$ and $K$

be an arbitrary field. Let Ksy‘ be the group algebra of $\mathscr{A}$ over $K$

and $\overline{U}=\sum_{ueU}u$ . Then we have the following theorem (Theorem 2.4):
Let $E=End_{KX}(K\mathscr{A}\overline{U})$ , then $1$

(i) $E$ is a Frobenius algebra, and
(ii) if $ch(K)\neq p,$ $E$ is also a symmetric algebra.

(i) of the above theorem was announced by the author at The Kyoto
Conference on Permutation Groups with a complicated proof when
$E=End_{KG}(KG\overline{U})$ and $K$ is an algebraically closed field of characteristic $P$

(see [9]). However the author improved the proof as is done in this
note soon after the conference, and he received letters from Professor
James A. Green, who had already got the same simple proof of (i) of
Theorem 2.4 and proved more successful theorems on these kinds of
Frobenius endomorphism rings with his student Ms. Nalsey Tinberg in
their papers [12] [13]. Hence (i) of Theorem 2.4 may be considered as a
generalization of his result.

In \S 1 we show the classification of the subgroups $LY$ which was
announced by the author at The $23rd$ Symposium on Algebra (see [8]),
but the classification of those subgroups had been first shown by T.
Yokonuma in case of Chevalley groups (see [11]).

In \S 2 we construct certain linear maps from $E$ into $K$ by which $E$

is a Frobenius or symmetric algebra, respectively.
The author is very grateful to Professor Yukiyoshi Kawada for

encouraging him to write this note.
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\S 1. Subgroups of a split $(B, N)$-pair $(G, B, N, R, U)$ containing $U$.
Let $(G, B, N, R, U)$ be a split $(B, N)$-pair of characteristic $p$ and

rank $n$ . Let $H=B\cap N$ and $W=N/H$, then from the definitions of
$(B, N)$-pairs and split $(B, N)$-pairs (see [3, Definitions 2.1 and 3.1]) $(W, R)$

is a Coxeter system, and $H$ is a $p^{\prime}$-abelian group and $B=UH\triangleright U$ re-
spectively. In this section we classify all the subgroups of $G$ containing
$U$ (Theorem 1.6).

$whichcorrespondstoR.Letw_{R}beauniquee1ementofmaxima11engthLet\Phi bearootsystemof(W,R)withthebase\Delta=\{\alpha_{1},\alpha_{2|}\alpha_{n}\}$

in $W$ and $R=\{w_{1}, w_{2}, \cdots, w_{n}\}$ . We define the subgroups of $G$ as follows.

$U_{i}=U_{\alpha_{i}}=U\cap^{w_{i}w_{R}}U$ for $\alpha_{i}\in\Delta$ , where $w_{i}w_{RU=w_{i}w_{R}U(w_{i}w_{R})^{-l}}$

$U_{w}^{+}=U\cap^{w^{-1}}U,$ $U_{w}^{-}=U\cap^{w^{-1}w_{R}}U$ for $w\in W$ .
$V=^{w_{R}}U$

$V_{i}=U_{-\alpha_{i}}=^{w_{i}}U_{\alpha_{i}}$ for $\alpha_{i}\in\Delta$ .
$ H_{i}=H\cap\langle U_{i}, V_{i}\rangle$ for $\alpha_{i}e\Delta$ , where $\langle U_{i}, V_{i}\rangle$ is the subgroup of

$G$ generated by $U_{i}$ and $V_{i}$ .
Let $(w_{i})$ be an element of U. V. U. such that $(w_{i})H=w_{i}$ for $all1\leqq i\leqq n$

(see, for example, [2, Lemma 2.2]).
Let $(J, \ovalbox{\tt\small REJECT})$ be a pair such that $J$ is a subset of $R$ and $\ovalbox{\tt\small REJECT}$ is a

subgroup of $H$ containing $H_{i}$ for each $w_{i}\in J$. We shall show that there
exists a certain bijective correspondence between the set of all such
pairs $\ovalbox{\tt\small REJECT}=\{(J, \ovalbox{\tt\small REJECT})\}$ and the set of subgroups of $G$ containing $U$.

LEMMA 1.1. Let $h$ be an element of $H$, then there exists $h_{0}\in H_{i}$ for
each $w_{i}\in R$ such that $(w_{i})h(w_{\mathfrak{i}})^{-1}=hh_{0}$ .

PROOF. This is a straight consequence from the fact that $h^{-}U_{i}hcU_{i}$

and $h^{-}$ $V_{i}h\subset V_{i}$ for all $h\in H$. Q.E.D.

LEMMA 1.2. Let $g_{0}$ be a mapping of $\Phi$ into $t^{w}\langle U_{i}, V_{i}\rangle|w\in W,$ $\alpha_{i}\in\Delta$ }
such that

$g_{0}:\Phi\rightarrow t^{w}\langle U_{i}, V_{i}\rangle|w\in W,$ $\alpha_{i}\in\Delta$}.
$tD$ $tD$

$ w(\alpha_{i})\mapsto w\langle U_{i}, V_{i}\rangle$

Then $g_{0}$ is well-defined and surjective, and $g_{0}(w(\alpha))=^{w}g_{0}(\alpha)$ for all
$\alpha\in\Phi$ and $w\in W$.

PROOF. From the proof of Lemma 1.1, $ w\langle U_{i}, V_{i}\rangle$ is well-defined.
Assume $w(\alpha_{i})=w^{\prime}(\alpha_{\dot{9}})$ where $\alpha_{i},$ $\alpha_{j}\in\Delta$ and $w,$ $w^{\prime}\in W$, then $wU_{i}=^{w^{\prime}}U_{j}$ and
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$ww_{iU_{i}=^{w^{\prime}w_{jU_{j}}}}$ from [6, Theorem 3.6]. Hence $g_{0}$ is well-defined. Q.E.D.

Let $N_{J}$ be the inverse image of $W_{J}$ of the natural mapping
$N\rightarrow W=N/H$. From Lemmas 1.1 and 1.2 and [1, Proposition 5 on p. 16]
we have the following lemma.

LEMMA 1.3. Let $(J, \mathscr{F}f)\in\ovalbox{\tt\small REJECT}$ , and $\tau(w)=(w_{j_{1}})(w_{j_{2}})\cdots(w_{j_{t}})$ where
$w\in W_{J}$ and $w=w_{j_{1}}w_{j_{2}}\cdots w_{j_{t}}$ is a reduced expression of $w$ . Then

(i) $N_{J}b\mathscr{F}\mathscr{F}$ ;
(ii) $T:W_{J}\rightarrow N_{J}/\mathscr{F}\mathscr{F}$ is a well-defined injective $homomo\gamma phism$ ;

$tD$ $tD$

$w$ $\rightarrow\tau(w)\mathscr{F}\mathscr{F}$

(iii) $\vee\ovalbox{\tt\small REJECT}^{\rightarrow}(J, \mathscr{F})=\bigcup_{weW_{J}}\tau(w)\mathscr{F}$ forms a subgroup of $N$;
(iv) $\ovalbox{\tt\small REJECT}^{\rightarrow}(J, \mathscr{F})\triangleright \mathscr{F}\swarrow J$ and $W_{J}\cong\ovalbox{\tt\small REJECT}^{\rightarrow}(J, \mathscr{G})/\mathscr{F}$ .
PROOF.
(i) is clear from Lemma 1.1.
(ii) Let $w_{i},$ $w_{j}\in J$ and $n_{ij}$ be the order of $w_{i}w_{j}$ .
Assume $n_{lj}$ be even. Then since

$ww_{j}=\underline{w_{j}w_{i}w}_{\underline{j}}w_{i}\cdots w_{j}w_{l}\frac{iw_{j}w_{i}w_{j}\cdots w_{i}}{n_{if}}n_{ij}$

we have

$\frac{w_{i}w_{\dot{f}}\cdots w_{i}w_{j}w}{n_{ij}-1}i\frac{i-1w_{\dot{f}}^{-1}\cdots w_{i}^{-\iota}w_{j}^{-1}w}{n_{ij}-1}$

Let $w^{\prime}=w_{i}w_{j}\cdots w_{i}w_{j}w_{i}$ , then $\gamma_{wt\alpha_{j})}=r_{\alpha_{j}}$ where $\gamma_{\alpha}$ means the reflection of
$\overline{n_{ij}-1}$

a root $\alpha\in\Phi$ (see [3, 1.1]). Hence $w^{\prime}(\alpha_{j})=\pm\alpha_{j}$ . From Lemma 1.2 we
have

$(w\underline{)(}w_{j})(\frac{i)(w_{j})\cdots(w_{i}}{n_{if}}\frac{w_{i})^{-1}(w_{j})^{-1}\cdots(w_{i})^{-1}(w}{n_{ij}}j)^{-1}\in H_{i}$

.

Therefore

$(ww_{j})\mathscr{G}=(\frac{i)(w_{j})\cdots\underline{(w_{i})(}}{n_{ij}}\frac{w_{j})(w_{i})\cdots(w_{j})(}{n_{ij}}w_{i})\ovalbox{\tt\small REJECT}$

.

Similarly we have $\underline{(w_{l})(w_{j})\cdots(w_{i})(w_{j})(w}_{i}$) $\ovalbox{\tt\small REJECT}=\underline{(w_{j})(w_{i})\cdots(w_{j}}$) $\mathscr{F}\mathscr{F}$ when
$n_{ij}$ $n_{if}$

$n_{ij}$ is odd. Since $(W_{J}, J)$ is a Coxeter system, $T$ is a well-defined
mapping from [1, Proposition 5, p. 16]. It is clear that $T$ is an injective
homomorphism.
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(iii) is clear from (ii).
(iv) Since $T(W_{J})=\{\tau(w)\mathscr{F}|w\in W_{J}\}$ , (iv) is also clear from (ii). Q.E.D.

LEMMA 1.4. Let $W$ be the Weyl group of a root system $\Phi$ and
$\Delta=\{\alpha_{1}, \cdots, \alpha.\}$ be a base of $\Phi$ . Let $w=r_{\alpha}$, for all $1\leqq i\leqq n,$ $R=\{w_{1}, w_{g}, \cdots, w_{n}\}$

and $w_{R}$ be a unique element of maximal length in $W$ where $r_{\alpha_{i}}$ is the
reflection with respect to $\alpha$ .

(i) Let $w$ be an element of $W$, then there exists $w^{\prime}\in W$ such that
$ww^{\prime}=w_{R}$ and $l(ww^{\prime})=l(w)+l(w^{\prime})$ where $l(w)={\rm Min}\{k|w=w_{j_{1}}\cdots w_{j_{k}}, w_{j_{i}}\in R\}$ .

(ii) Let $w$ be an element of $W$, then $the\gamma e$ exists $w^{\prime}eW$ such that
$w^{\prime}w=w_{R}$ and $l(w^{\prime}w)=l(w^{\prime})+l(w)$ .

PROOF. For any $\alpha\in\Delta$ and $w\in W$,
$w(\alpha)>0$ if and only if $l(ww_{i})=l(w)+1$ and
$w(\alpha)<0$ if and only if $l(ww)=l(w)-1$ (see [10, Appendix]).

Since $w=w_{R}$ if and only if $w(\alpha_{i})<0$ for any $\alpha_{i}\in\Delta,$ $(i)$ and (ii) are clear
from the above fact. Q.E.D.

Let $J\subset R$ and $\Phi_{J}=\Phi\cap\sum_{w_{i}eJ}R\alpha_{i}$ where $R$ is the real number field,
then it is clear that $\Phi_{J}$ is a root system with a base $\Delta_{J}=\{\alpha_{i}|w_{i}\in J\}$ and
the Weyl group $W_{J}$ . Let $\Phi_{w}^{-}=\{\alpha\in\Phi^{+}|w(\alpha)\in\Phi^{-}\}$ where $w\in W,$ $\Phi^{+}$ and
$\Phi^{-}$ are the sets of positive roots and negative roots of $\Phi$ respectively.

Let $\alpha\in\Phi$ , then there exists $w\in W$ and $\alpha_{i}\in\Delta$ such that $\alpha=w(\alpha_{i})$ .
We write $U_{a}=^{w}U_{i}$ , which does not depend on $w$ and $\alpha_{i}$ (see [6, Theorem
3.6]).

LEMMA 1.5. Let $J$ be a subset of $R$ and $w_{J}$ be a unique element of
maximal length in $W_{J}$ . Let $n\in N_{J}$ and $w_{i}eJ$, then

$(w)U_{w_{J}}^{-}n\subset U_{w_{J}}^{-}(w)nU_{w_{J}}^{-}\cup(\bigcup_{*eU_{i}}.U_{w^{1}}^{-}\cdot h_{i}(u)nU_{w_{J}}^{-})$

where $U_{i}^{r}=U_{\ell}-\{1\}$ and $h_{i}$ is the same mapping defined in [3, Lemma
4.4].

PROOF. Let $w=nH$. Suppose $l(w_{i}w)>l(w)$ i.e. $l(w^{-1}w_{i})>l(w^{-1})$ . Since
$U_{w_{J}}^{-}=U_{wi}^{-w_{l}}(U_{w_{J}w_{i}}^{-})$ from [2, Lemma 2.3],

$(w_{i})U_{w_{J}}^{-}n=(w_{i})U_{w_{i}}^{-w_{i}}(U_{w_{j}w_{i}}^{-})n=(w_{i})^{w_{i}}(U_{w_{J}w_{i}}^{-})U_{w_{i}}^{-}n=U_{w_{J}w_{i}}^{-}(w_{i})n’-1U_{w_{i}}^{-}$ .
Since $(\Phi_{J})_{w}^{-}=\Phi_{w}^{-}$ for all $w\in W_{J},$ $\Phi_{w_{j}}^{-}$ is the set of all positive roots in $\Phi_{J}$ .
Hence $U_{w_{J}w_{i}}^{-}\subset U_{w_{j}}^{-}$ and $-1U_{w}^{-}\subset U_{w_{J}}^{-}$ from [4, Proposition 1.4], because $U_{w_{J}}^{-}$

is generated by the subgroups $U_{\beta}$ where $\beta e\Phi_{w_{J}}^{-}$ . Therefore $(w_{i})U_{w_{j}}^{-}n\subset$

$U_{w_{J}}^{-}(w)nU_{w_{J}}^{-}$ .
Assume $l(ww)<l(w)$ . Let $n^{\prime}eN_{J}$ such that $n=(w_{i})n^{\prime}$ . Since
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$U_{w_{j}}^{-}=^{w_{i}}(U_{w_{J}w_{l}}^{-})U_{w_{i}}^{-}$ , we have

$(w)U_{u_{J}}^{-}\prime n=(w)U_{w_{j}}^{-}(w)n^{\prime}=(w_{i})^{w}(U_{w_{J}w_{i}}^{-})U_{w}^{-}(w_{i})n^{\prime}$

$=U_{w_{J}w_{i}}^{-}(w_{\ell})U_{w_{i}}^{-}(w_{i})n^{\prime}cU_{w_{j}}^{-}(w_{i})U_{i}(w_{i})n^{\prime}$ .
Hence

$(w_{i})U_{w_{j}}^{-}ncU_{w_{j}}^{-}(w_{i})^{2}n^{\prime}\cup(UU_{w_{J}}^{-}f_{i}(u)h_{l}(u)(w_{i})g_{i}(u)n^{\prime})ueU_{i}^{\cdot}$

$cU_{w_{J}}^{-}(w_{i})nU_{w_{J}}^{-}\cup(\bigcup_{ueU_{i}}.U_{w_{J}}^{-}h_{i}(u)(w_{\dot{t}})U_{w_{J}}^{-}n^{\prime})$ ,

because $f_{i}(u),$ $g_{i}(u)\in U_{i}cU_{w_{J}}^{-}$ (see [3, Lemma 4.4]). Since $l(w_{i}w^{\prime})>l(w^{\prime})$

where $w^{\prime}=n^{\prime}H$, we have $(w_{i})U_{w_{J}}^{-}n^{\prime}cU_{w_{J}}^{-}(w_{i})n^{\prime}U_{w_{J}}^{-}$ . Therefore

$(w)U_{w_{J}}^{-}n\subset U_{w_{J}}^{-}(w_{l})nU_{w_{J}}^{-}U(\bigcup_{ueU_{i}}.U_{w_{J}}^{-}h_{i}(u)U_{w_{J}}^{-}nU_{w_{J}}^{-})$

$=U_{w_{J}}^{-}(w_{i})nU_{w_{J}}^{-}\cup(\bigcup_{ueU_{i}}.U_{w_{J}}^{-}h_{i}(u)nU_{w_{J}}^{-})$ . Q.E.D.

THEOREM 1.6. (See [8, Theorem 2.6].) Let $LsK(J, \ovalbox{\tt\small REJECT})=U_{\vee}r(J, \mathscr{F}\mathscr{F})U$

where $(J, \ovalbox{\tt\small REJECT})\in\ovalbox{\tt\small REJECT}$ . Then,
(i) $Ls\Psi(J, \ovalbox{\tt\small REJECT})$ is a subgroup of $G$ containing $U$ and $\llcorner\ovalbox{\tt\small REJECT}^{r}(J, \mathscr{G}^{p})\supset$

$\ovalbox{\tt\small REJECT}(J^{\prime}, \ovalbox{\tt\small REJECT}^{\prime})$ if and only if (J. $\ovalbox{\tt\small REJECT}$ ) $\supset(J^{\prime}, \mathscr{G}^{p\prime})$ i.e. $J\supset J^{\prime}$ and $\ovalbox{\tt\small REJECT}\supset \mathscr{F}\mathscr{F}^{\prime}$ ,
where $(J^{\prime}, \mathscr{G}^{p\prime})\in\ovalbox{\tt\small REJECT}$ ;

(ii) if $\ovalbox{\tt\small REJECT}$ is a subgroup of $G$ containing $U$, then there exists a
pair $(J, \ovalbox{\tt\small REJECT})\in\ovalbox{\tt\small REJECT}$ such that $\ovalbox{\tt\small REJECT}=_{L}\ovalbox{\tt\small REJECT}(J, \ovalbox{\tt\small REJECT})$ .

PROOF. (i) Since $\mathscr{A}(J, \ovalbox{\tt\small REJECT})=\bigcup_{weW_{J}}U\tau(w)\ovalbox{\tt\small REJECT} U,$ $\tau(w)\mathscr{A}(J, \ovalbox{\tt\small REJECT})=$

$\ovalbox{\tt\small REJECT}(J, \ovalbox{\tt\small REJECT})$ for any $w\in W_{J}$ from Lemma 1.5. Further from (iii) of
Lemma 1.3 $x^{-1}\in \mathscr{A}(J, \mathscr{G}^{p})$ for each $x\in\ovalbox{\tt\small REJECT}(J, \ovalbox{\tt\small REJECT})$ . Hence $\ovalbox{\tt\small REJECT}(J, \ovalbox{\tt\small REJECT})$ is
a subgroup of $G$ containing $U$.

Assume $\ovalbox{\tt\small REJECT}(J, \ovalbox{\tt\small REJECT})\supset\ovalbox{\tt\small REJECT}(J^{\prime}\mathscr{G}^{p\prime})$ , then we have $cA^{\nearrow}(J$, .$2$)$ \supset \check \parallel \nearrow (J’, $\ovalbox{\tt\small REJECT}^{\prime}$),
because $UnU=Un^{\prime}U$ if and only if $n=n^{\prime}$ for all $n,$ $n^{\prime}\in N$. Hence we
have $\bigcup_{we\iota r_{J}}\tau(w)\ovalbox{\tt\small REJECT}\supset\bigcup_{we_{W_{J}}},\tau(w^{\prime})\ovalbox{\tt\small REJECT}^{\prime}$ . Since $\tau(w)\ovalbox{\tt\small REJECT}\cap H=\emptyset$ for each
$w\in W_{J}-\{1\}$ , we have $\ovalbox{\tt\small REJECT}\supset \mathscr{G}^{p\prime}$ and $J\supset J^{\prime}$ .

(ii) Since $\mathscr{A}\supset U$, there exists a subset $4_{0}^{\nearrow}$ of $N$ such that
$\ovalbox{\tt\small REJECT}=\bigcup_{ne_{-K_{0}}}UnU$. It is clear that $\vee r_{0}=\ovalbox{\tt\small REJECT}\cap N$. $Since_{\iota}srH=H\ovalbox{\tt\small REJECT},$ $\ovalbox{\tt\small REJECT} H$

is a parabolic subgroup of $G$ and there exists $J\subset R$ such shat
$\mathscr{A}H=BW_{J}B$. Since $\mathscr{A}H$ has a $(B_{1}N)$-pair $(\ovalbox{\tt\small REJECT} H, B, \vee r_{0}H, J),$ $\vee r_{0}H/$

$H\cong\infty r_{0}/\vee\ell_{0}^{\nearrow}\cap H\cong W_{J}$ . Let $\ovalbox{\tt\small REJECT}=\vee V_{0}\cap H$. Since $U\supset U_{i}$ and $\mathscr{A}\supset V_{i}$ for
all $w_{i}\in J,$ $\mathscr{A}\supset\langle U_{i}, V_{i}\rangle$ and $-\parallel_{0}^{\wedge}\cap H\supset H_{i}$ . Further $\sim A_{0}^{\prime}=\bigcup_{weW_{J}}\tau(w)\mathscr{G}^{p}$ ,
because

$(w_{i})hUh^{-1}(w_{i})^{-1}cU\cup(\bigcup_{ueU}.Uh_{i}(u)(w_{i})^{-1}U)$ .
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Hence $(J, \ovalbox{\tt\small REJECT})e\ovalbox{\tt\small REJECT}$ and $c\mathscr{A}=\ovalbox{\tt\small REJECT}(J_{1}\ovalbox{\tt\small REJECT})$ . Q.E.D.

THEOREM 1.7. Let $(J, \ovalbox{\tt\small REJECT})\in\ovalbox{\tt\small REJECT}$ and $\mathscr{G}(J, \ovalbox{\tt\small REJECT})=U_{w_{j}}^{-}\Lambda^{\nearrow}(J_{1}\ovalbox{\tt\small REJECT})U_{w_{J}}^{-}$ .
Let $\mathscr{G}=e(J, \mathscr{G}),$ $\mathscr{B}=U_{w_{J}\vee}^{-\mathscr{G},\Lambda}\nearrow=r(J_{1}\mathscr{F})$ and Zf‘ $=U_{w_{J}}^{-}$ . Then

(i) $\vee\varphi$ is a $subg\gamma oup$ of $G$ with a split $(B, N)$-pair $(\mathscr{G},$ $\mathscr{B},$ $uA^{\prime}$ ,
$J,$ $\ovalbox{\tt\small REJECT}^{\prime}$ );

(ii) $\vee e(J, \ovalbox{\tt\small REJECT})=\bigcup_{weW_{J}}U_{w_{J}}^{-}\tau(w)\mathscr{G}U_{w}^{-}$ ;
(iii) $\ovalbox{\tt\small REJECT}(J, \ovalbox{\tt\small REJECT})=\mathscr{G}(J, \ovalbox{\tt\small REJECT})U_{w_{J}}^{+}$ and $\mathscr{G}(J, \mathscr{F}\mathscr{F})\cap U_{w_{J}}^{+}=\{1\}$ .
PROOF. (i) Since $\vee V(J, \mathscr{G})$ is a subgroup of $N$ and $(w_{i})\mathscr{G}(J_{1}\ovalbox{\tt\small REJECT})c$

$\mathscr{G}(J, \ovalbox{\tt\small REJECT})$ for any $w_{i}eJ$ from Lemma 1.5, $\mathscr{G}$ is a subgroup of $G$ . It
can be easily checked according to the definition that $\mathscr{G}$ has a split
$(B, N)$-pair ( $\mathscr{G},$ $\mathscr{G},$ $\vee r,$ $J$, Zf‘).

(ii) Let $w\in W_{J}$ , then from Lemma 1.4 and [2, Lemma 2.3] there
exists $w^{\prime}\in W_{J}$ such that $w_{J}=w^{\prime}w,$ $l(w_{J})=l(w^{\prime})+l(w)$ and $U_{w_{J}}^{-}=$

$U_{w}^{-}(U_{w^{\prime}}^{-})^{r(w)}=(U_{w^{\prime}}^{-})^{\tau(w)}U_{w}^{-}$ where $(U_{w^{\prime}}^{-})^{\tau(w)}=\tau(w)^{-1}U_{w^{\prime}}^{-}\tau(w)$ . Hence

$U_{w_{J}}^{-}\tau(w)\ovalbox{\tt\small REJECT} U_{w_{J}}^{-}=U_{w_{J}}^{-}\tau(w)\mathscr{F}\tau(w)^{-1}U_{w^{\prime}}^{-}\tau(w)U_{w}^{-}$

$=U_{w_{J}}^{-}U_{w^{\prime}}^{-}\tau(w)\ovalbox{\tt\small REJECT} U_{w}^{-}=U_{w_{J}}^{-}\tau(w)\ovalbox{\tt\small REJECT} U_{w}^{-}$ .
(iii) Since $\mathscr{A}(J, \mathscr{F}\mathscr{F})=\bigcup_{wew_{J}}U\tau(w)\ovalbox{\tt\small REJECT} U=\bigcup_{wew_{J}}U_{w_{J}}^{+}U_{w_{J}}^{-}\tau(w)\mathscr{F}U_{w}^{-}$ ,

we have

$\mathscr{A}(J, \ovalbox{\tt\small REJECT})=U_{w_{J}}^{+}\mathscr{G}(J, \ovalbox{\tt\small REJECT})=\mathscr{G}(J, \mathscr{F}\mathscr{F})U_{w_{J}}^{+}$ from (ii). It is clear that
$\vee\not\in(J, \ovalbox{\tt\small REJECT})\cap U_{w_{J}}^{+}=\{1\}$ . Q.E.D.

\S 2. Endomorphism rings of split $(B, N)$-pairs.

Let $(G, B, N, R, U)$ be a split $(B, N)$-pair of characteristic $p$ and
rank $n$ . Let $K$ be an arbitrary field and $KG$ be the group algebra of
$G$ over $K$. If $T$ is a subset of $G$ , we write $\overline{T}=\sum_{teT}t$ in $KG$ . Let $LS\Psi$

be a subgroup of $G$ containing $U$, then there exists a unique pair
$(J, \mathscr{F}\mathscr{F})e\ovalbox{\tt\small REJECT}$ such that $-\Psi=_{L}\ovalbox{\tt\small REJECT}(J, \mathscr{F}\mathscr{F})$ from Theorem 1.6. In this section
we show that the endomorphism ring $E(J, \mathscr{F}\mathscr{F})=End_{Ks},(K\ovalbox{\tt\small REJECT}\overline{U})$ is a
Frobenius algebra and further $E(J, \ovalbox{\tt\small REJECT})$ is a symmetric algebra when
the characteristic of $K$ is not equal to $p$ .

Let $ne\vee r(J, \ovalbox{\tt\small REJECT})$ and $w=n\mathscr{F}\mathscr{F}$ then we $W_{J}$ from (iv) of Lemma
1.3 and the mapping $A_{n}$ also belongs to $E(J, \ovalbox{\tt\small REJECT})$ from [7, \S \S 1, 2] where
$A_{n}(x)=xn\overline{U}_{w}^{-}$ for any $x\in K\ovalbox{\tt\small REJECT}\overline{U}$. It is also clear from [7, \S \S 1, 2] that
$\{A_{n}|ne\ovalbox{\tt\small REJECT}(J, \ovalbox{\tt\small REJECT})\}$ forms a basis for $E(J, \ovalbox{\tt\small REJECT})$ . We write $\ovalbox{\tt\small REJECT}^{\rightarrow}=\vee r(J, \ovalbox{\tt\small REJECT})$ .

The next proposition is a straight consequence of [7, Proposition 2.6].

PROPOSITION 2.1. Let $E(J, \mathscr{F})$ and $\{A_{\iota}|n\in L\parallel^{\nearrow}\}$ be as above. Assume
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$nE\not\geq’=weW_{J}$ , then
(i) $A_{h}A_{n}=A_{nh}$ and $A_{n}A_{h}=A_{hn},$ $ fo\gamma$ all $ h\in$ or and $n\in\leftrightarrow 4^{\nearrow}$ ;
(ii) $A_{(w_{i})}A_{n}=A_{n(w_{i})}$ if $l(ww_{i})>l(w)$ and

$A_{n}A_{(w_{i})}=A_{(w_{i})n}$ if $l(w_{i}w)>l(w)$ ;

(iii) $A_{(w_{i})}A_{n}=|U_{i}|A_{n(w_{i})}+(\sum_{u\in u_{i}\cdot(w_{i})h_{i}tu)(w_{i})}A-1)A_{n}$ if $l(ww_{i})<l(w)$ and

$A_{n}A_{(w_{i})}=|U_{i}|A_{(w_{i})_{l}n}+A_{n}(\sum_{ueU_{i}^{l}}A_{h_{i}(u\rangle})$ if $l(w_{i}w)<l(w)$ .
Let $w_{J}$ be a unique element in $W_{J}$ of maximal length and $\omega_{J}$ be a

fixed element in $\Lambda\nearrow$ such that $\omega_{J}\mathscr{G}=w_{J}$ .
LEMMA 2.2. Let $v$ be a $ linea\gamma$ mapping of $E(J, \mathscr{F}\mathscr{F})$ into $K$ such

that
$\nu:E(J, \ovalbox{\tt\small REJECT})\rightarrow K$, then

$tD$ (1)

$\sum_{ne\infty}c_{n}A_{n}$ $\mapsto C_{\omega_{J}}$

$\nu$ is well-defined and the $ke\gamma nel$ of $\nu$ contains no left $0\gamma\gamma ight$ ideals
different from $ze\gamma 0_{1}$

PROOF. It is clear that $\nu$ is a well-defined non-trivial linear mapping.
When $\sum_{n\in\leftarrow},,$ $c_{n}A_{n}$ is a non-zero element of $E(J, \mathscr{F})$ , let $\mathfrak{h}(\sum_{ne},\nearrow c_{n}A_{n})$

denote the maximal length of $n\ovalbox{\tt\small REJECT}\in W_{J}$ with non-zero $c_{n}$ , i.e.,

$\mathfrak{h}(\sum_{ne_{\vee}r}c_{n}A_{n})={\rm Max}\{l(nH)|n\in_{\infty}r, c_{n}\neq 0\}$ .
Assume that there exists a non-zero left ideal $L$ of $E(J, \mathscr{G})$ in

$Ker\nu$ . Let $x_{0}=\sum_{ne\infty}c_{n}A_{n}$ be a non-zero element in $L$ .
If $\mathfrak{h}(x_{0})=l(w_{J})$ , then there exists $h_{0}\in \mathscr{F}\mathscr{F}$ such that $c_{\omega_{J}h_{0}}\neq 0$ . However

$A_{h_{0}^{-1}}x_{0}=A_{h_{0}^{-1}}(c_{\omega_{J}h_{0}}A_{\omega_{J}h_{0}}+\sum_{\#\neq\omega_{J}h_{0}}c_{n}A_{n})=c_{\omega_{J}h_{0}}A_{\omega_{J}}+\sum_{n\neq\omega_{J}h_{0}}c_{n}A_{nh_{0}^{-1}}\in L$ .

Hence $\nu(A_{h_{0}^{-1}}x_{0})=c_{\omega_{J}h_{0}}\neq 0$ , contrary to our assumption.

If $1\leqq \mathfrak{h}(x_{0})<l(w_{J})$ , then there exists $\omega\in \mathscr{M}^{\nearrow}$ such that $c_{\omega}\neq 0$ and
$l(\omega \mathscr{G})=\mathfrak{h}(x_{0})$ . However there exists an element $w^{\prime}\in W_{J}$ such that
$ww^{\prime}=w_{J}$ and $l(ww^{\prime})=l(w)+l(w^{\prime})$ from Lemma 1.4, where $w=\omega\ovalbox{\tt\small REJECT}$ . Hence
there exists $h^{\prime}\in\ovalbox{\tt\small REJECT}$ such that $\omega(w_{j_{1}})\cdots(w_{j_{t}})h^{\prime}=\omega_{J}$ where $w^{\prime}=w_{j_{1}}\cdots w_{i_{t}}$

is a reduced expression of $w^{\prime}$ , and we have

$A_{()\cdots()h^{\prime}}w_{j_{1}}w_{j_{t}}x_{0}=A_{h^{\prime}}A_{()}w_{j_{t}}A_{(w_{j_{t-1}}})$ $A_{(w_{j_{1}}}$ ) $(c_{\omega}A_{\omega}+\sum_{n\neq\omega}c_{n}A_{n})$

$=c_{\omega}A_{\omega_{J}}+\sum_{n\neq\omega}c_{n}A_{h^{\prime}}A_{()}A_{(w_{j_{t-1}}})$
$A_{(w_{j_{1}}}$ )$A_{n}w_{j_{t}}$
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Hence $\nu(A_{()\cdots(w}w_{j_{1}j_{t})h}x_{0})=c_{\omega}\neq 0$ from Proposition 2.1, and this contradicts
to our assumption.

If $\mathfrak{h}(x_{0})=0$ i.e. $x_{0}=\sum_{hex}c_{h}A_{h}$ , similarly we have $\nu(A_{\omega_{J}}A_{h_{0}^{-1}}x_{0})\neq 0$ for
some $h_{0}e\ovalbox{\tt\small REJECT}$ contrary to the assumption.

Hence there is no non-zero left ideal of $E(J, \ovalbox{\tt\small REJECT})$ in $Ker\nu$. Similarly
we can prove that there is no non-zero right ideal of $E(J, \ovalbox{\tt\small REJECT})$ in $Ker\nu$ .

Q.E.D.

LEMMA 2.3. Assume that the characteristic of $K$ is not equal to
$p$ . Let $a$ be a linear mapping of $E(J, \mathscr{G})$ into $K$ such that

$\sigma:E(J, \ovalbox{\tt\small REJECT})\rightarrow K$ , then
$tD$ (1)

$\sum_{\prime\iota e-f^{-}}c.A_{\hslash}$ $-c_{1}$

$a$ is a well-defined and the $ke\gamma nel$ of $a$ eontains no left $0\gamma\gamma ight$ ideals
different from $ze\gamma 0$ . $Furthe\gamma\sigma(xy-yx)=0$ for all $x,$ $y\in E(J, \ovalbox{\tt\small REJECT})$ .

PROOF. It is clear that $\sigma$ is a well-defined non-trivial linear mapping.
When $\sum_{ne\infty}c_{n}A_{n}$ is a non-zero element in $E(J, \ovalbox{\tt\small REJECT})$ , let $\mathfrak{h}^{\prime}(\sum_{*e.\nearrow}, c_{n}A,)$

denote the minimal length of $n\ovalbox{\tt\small REJECT} eW_{J}$ with non-zero $c_{n}$ , i.e.,

$\mathfrak{h}^{\prime}(\sum_{e\prime}c_{\hslash}A_{n})={\rm Min}\{l(n\ovalbox{\tt\small REJECT})|n\in_{\infty}r, c.\neq 0\}$ .
Let $x_{0}=\sum_{ne_{\vee}r}c_{\hslash}A_{n}eE(J, \ovalbox{\tt\small REJECT})-\{0\}$ , then we can prove that there

exists $a\in E(J, \ovalbox{\tt\small REJECT})$ such that $\sigma(ax_{0})\neq 0$ from the induction of $\mathfrak{h}^{\prime}(x_{0})$ as
follows.

If $\mathfrak{h}^{\prime}(x_{0})\neq 0$ , then there exists $h_{0}\in\ovalbox{\tt\small REJECT}$ such that $c_{h_{0}}\neq 0$ . Hence

$\sigma(A_{h_{0}^{-1}}x_{0})=\sigma(A_{h_{0}^{-1}}(c_{h_{0}}A_{h_{0}}+\sum_{*\neq h_{0}}c_{n}A_{n}))=\sigma(c_{h_{0}}A_{1}+\sum_{\neq h_{0}}c,.A_{nh_{0}^{-1}})=c_{h_{0}}\neq 0$ .
Assume that there exists $a\in E(J, \ovalbox{\tt\small REJECT})$ such that $\sigma(ax_{0}^{\prime})\neq 0$ when $\mathfrak{h}^{\prime}(x_{0}^{\prime})<k$ ,
where $x_{0}^{\prime}\in E(J, \ovalbox{\tt\small REJECT})-\{0\}$ and $k$ is a natural number. Let us take
$x_{0}\in E(J, \ovalbox{\tt\small REJECT})-\{0\}$ such that $\mathfrak{h}^{\prime}(x_{0})=k$ . Then there exists $\omega\in_{\nu}r$ such that
$c_{\omega}\neq 0$ and $l(\omega\ovalbox{\tt\small REJECT})=\mathfrak{h}^{\prime}(x_{0})$ . Let $\omega\ovalbox{\tt\small REJECT}=w_{j_{1}}w_{j_{2}}\cdots w_{i_{k}}$ be a reduced expres-
sion of $\omega \mathscr{G}$ , then $\omega=h(w_{j_{1}})(w_{j_{2}})\cdots(w_{j_{k}})$ for some $he\ovalbox{\tt\small REJECT}$ . Now, since

$A_{tw_{j_{k})}}-1A_{\omega}=|U_{J_{k}}|w_{i_{1}})A_{()h_{j_{k}}tu)(w_{j_{k}}}\prime rj_{k}-1)A_{\omega}$

and $|U_{j_{k}}|\neq 0$, we have $\mathfrak{h}^{\prime}(A_{(w;_{k})}-1x_{0})\leqq k-1$ and there exists $a\in E(J, \mathscr{G}^{p})$

such that $\sigma(aA_{tw_{j_{k})}}-1x_{0})\neq 0$ from the induction. Hence $Ker\sigma$ contains no
left ideals different from zero.

Next we will show that $\sigma(A_{(w)}A_{n})=\sigma(A,A_{(w_{i})})$ for any $w_{i}\in J$ and
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$n\in\vee r$ . In case $l(n\ovalbox{\tt\small REJECT})=1$ we have $n=(w_{j})h$ for some $w_{j}\in J$ and $h\in \mathscr{G}^{p}$ .
If $i\neq j$ , then $a(A_{(w_{i})}A_{n})=0=a(A_{n}A_{(w_{i})})$ . If $i=j$ , then

$a(A_{(w_{l})}A_{(w_{i})}h)$

$=\sigma(|U_{l}|A_{(w_{i})h(w_{i})}+(\sum_{tueU}A_{(w_{i})h_{l}(u)(w)}-1)A_{()h}w)=|U_{\iota}|a(A_{(w_{i})htw_{i})})$

and

$a(A_{(w_{i})h}A_{(w_{i})})=a(A_{h}A_{(w_{i})}A_{(w_{i})})$

$=\sigma(A_{h}(|U_{i}|A_{tw)^{2+}}(\sum_{ueU_{5}^{*}}A_{(w_{i})h_{i}(u)(w_{i})}-1A_{(w_{i})})=|U_{i}|a(A_{(w_{i}h})^{2})$ .
Since the relation $(w_{l})h(w_{i})=1$ is equivalent to $(w_{i})^{2}h=1$ , we have
$a(A_{(w_{i})}A_{n})=a(A_{n}A_{(w_{i})})$ . If $l(nE\mathscr{C}^{p})>1$ , then $\sigma(A_{(w_{i})}A_{n})=0=\sigma(A_{n}A_{(w_{i})})$ .

It is clear that $a(A_{(w_{i})}A_{h})=0=\sigma(A_{h}A_{(w_{i})})$ for any he $\mathscr{G}^{p}$ . Hence we
have $a(A_{(w_{i})}x)=\sigma(xA_{(w_{l})})$ for any $w_{i}\in J$ and $xeE(J,\circ \mathscr{L} )$ . We can easily
show that $\sigma(A_{h}x)=\sigma(xA_{h})$ for any $h\in \mathscr{F}\mathscr{F}$ and $x\in E(J, \ovalbox{\tt\small REJECT})$ . Therefore
we have $a(A_{n}x)=a(xA, )$ for all $ n\in.\Lambda\nearrow$ and $x\in E(J, \ovalbox{\tt\small REJECT})$ . Hence
$a(xy-yx)=0$ for any $x,$ $y\in E(J, \ovalbox{\tt\small REJECT})$ , and $Ker$ $a$ contains no right ideals
different from zero either. Q.E.D.

THEOREM 2.4. Let $K$ be an $arbii\gamma a\gamma y$ field and ($G$ , B. $N,$ $R,$ $U$ ) be a
split $(B, N)- pai\gamma$ of $cha\gamma acteristicp$ and rank $n$ . Let $\ovalbox{\tt\small REJECT}$ be a $subg\gamma oup$

of $G$ containing $U$ and $E=End_{Ks},(K\ovalbox{\tt\small REJECT}\overline{U})$ . Then
(i) $E$ is a Frobenius $algeb\gamma a$ , and
(ii) if $ch(K)\neq p,$ $E$ is also a symmetric $algeb\gamma a$ .
PROOF. (i) and (ii) are clear from Lemmas 2.2 and 2.3 and from

the definitions of those algebras (see [5, Chapter IX]). Q.E.D.

ADDENDUM TO THEOREM 2.4. If $K$ is an $algeb\gamma a\prime ically$ closed field of
$cha\gamma acteristicp$ , then $E=End_{KG}(KG\overline{U})$ is not a $symmet\gamma ic$ algebra in
general.

PROOF. Assume that $E$ is a symmetric algebra, then from [5, Exer-
cise 83.1] $E\pi_{i}/(radE)\pi_{i}\cong l(radE)\pi_{i}$ for any primitive idempotent $\pi_{i}$ in [7,
Theorem 2.11], where $l(radE)=$ {$x\in E|x$ rad $E=0$}. Let $(J, \chi)$ be a pair
in $P$ such that $A(J, \chi)\pi_{i}=A(J, \chi)$ i.e. $l(radE)\pi_{i}=EA(J_{1}\chi)$ , then we have
$E\pi_{i}/(radE)\pi_{i}\cong EA(w_{0}J, w_{0}\chi)$ from [7, Theorem 3.10]. However it is very
easy to give an example of pairs $(J, \chi)$ such that $(J, \chi)\neq(w_{0}J, w_{0}\chi)$ i.e.
$EA(J, \chi)\not\cong EA(w_{0}J, w_{0}\chi)$ . Hence $E$ is not a symmetric algebra in general.

Q.E.D.



148 HIDEKI SAWADA

References

[1] N. BOURBAKI, Groupes et alg\‘ebres de Lie, Ch. 4, 5, 6, Hermann, Paris, 1968.
[2] R. W. CARTER, G. LUSZTIG, Modular representations of finite groups of Lie type, Proc.

London Math. Soc., 32 (1976), 847-384.
[3] C. W. CURTIS, Modular repersentations of finite groups with split $(B,N)$-pairs, Seminar

on Algebraic Groups and Related Finite Groups, Lecture Notes in Math., 131 (B-1)-
(B-89), Springer, 1970.

[4] C. W. CURTIS, R.eduction theorems for characters of finite groups of Lie type, J. Math.
Soc. Japan, 27 (1975), 666-688.

[5] C. W. CURTIS, I. R.EINER, Representation theory of finite groups and associative algebras,
Interscience, New York, 1962.

[6] F. R.ICHEN, Modular representations of split (B,$ N)$-pairs, Trans. Amer. Math. Soc. 14O
(1969), 435-460.

[7] H. SAWADA, A characterization of the modular representations of finite groups with
split (B,$ N)$-pairs, Math. Z., 155 (1977), $\mathfrak{B}-41$ .

[8] H. SAWADA, Modular representations of split (B,$ N)$-pairs, Proeeedings of the 23rd
Symposium on Algebra, (1977), 19-26.

[9] H. SAWADA, Hecke rings over arbitrary fields, to appear in Sfirikaiseki Kenkytijo K\^oky\^u-

roku.
[10] R.. STEINBERG, Lectures on Chevalley groups, Lecture Notes, Yale University, 1967.
[11] T. YOKONUMA, Sur la structure des anneux de Hecke d’un groupe de Chevalley fini, C.R..

Acad. Sci. Paris S\’er. A-B, 264 (1967), 344-347.
[12] J. A. GREEN, On a theorem of H. Sawada, to appear.
[13] N. B. TmBERG, Modular representations of finite groups with unsaturated split (B,$ N)-$

pairs, to appear.

Present Address:
DEPARTMENT or MATHEMATICS
SOPHIA UNIVERSITY
KIOICHO, CHIYODA-KU, TOKYO 102


