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Introduction

There are many studies on the dynamical properties of one-dimensional
maps. For instance, asymptotic behavior and the existence of invariant
measures were studied in [1], [2] and [3]. In contrast, in the case of
two-dimensional maps the results obtained are not so many. So, it would
be usuful to investigate whether there exist two-dimensional maps which
can be reduced to one-dimensional maps.

In this paper, to clarify how the behavior of not necessarily differen-
tiable two-dimensional maps is related to that of one-dimensional maps,
we investigate the existence of an invariant stable foliation of two-
dimensional maps by using the shadowing lemma.

Let $I=[0,1]$ and $f$ be a map of piecewise $c_{-}^{2}class$ from $I$ into
itself; $i.e.$ , there is a finite sequence $0=c_{0}<c_{1}<\cdots<c_{N}=1$ of points in $I$

such that if $I_{i}=[c_{i}, c_{l+1}$) then the restriction of $f$ to $I_{\ell}$ is $C^{2}$ and there
exist $\lim_{x\rightarrow c_{i+1}-0}(d^{n}/dx^{n})f(x)(n=0,1,2)$ . A sequence of points $\{x_{n}\}_{n\geq 0}$ is
called an $\epsilon$-pseudo-orbit of $f$ iff $|f(x_{n})-x_{n+1}|<\epsilon$ for $n\geqq 0$ . Denote some-
times by $I_{x}$ the interval $I_{i}$ that contains a point $x$ . A sequence $\{x_{n}\}_{n\geq 0}$

is called $\beta$-traced by $\xi\in I$ iff $|f^{n}(\xi)-x_{n}|<\beta$ and $f^{n}(\xi)\in I_{x_{f}}$ for $n\geqq 0$ . We
say that (I, f) has the pseudo-orbit-tracing property (abbrev. P.0.T.P) iff
for every $\beta>0$ there exists $\epsilon=\epsilon(\beta)>0$ such that every $\epsilon(\beta)$-pseudo-orbit
is $\beta$-traced by some point $\xi\in I$. We claim that our definition of P. $0$ . T. $P$

is not the same as in R. Bowen (p. 74, (4)).
Throughout this paper, we denote by $f’(x)$ the right or left differen-

tial coefficient ( $f_{+}^{\prime}(x)$ or $f_{-}(x)$ , respectively) at a discontinuity point $x$ if
there is no confusion.

For convenience we write
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$\inf_{I}|f^{\prime}(x)|=\inf_{xeI}\{|f_{+}(x)|, |f_{-}^{\prime}(x)|\}$ and

$|(f^{n^{\prime}})(x)|=\prod_{k=l}^{n-1}\min\{|f_{+}(f^{k}(x))|, |f_{-}^{\prime}(f^{k}(x))|\}$ .
Let $\mu>0$ and let $H:I\times R\rightarrow I\times R$ be a map defined by

$H(x. y)=(f(x), \mu y)$ .
Then for $\epsilon>0$ a perturbation of $H$ can be defined by

$H_{\epsilon}(x, y)=(f(x)+\epsilon_{1}(x, y),$ $\mu y+\epsilon_{2}(x, y))$

where each $\epsilon:I\times R\rightarrow R$ is $C^{1}$ and $||\epsilon_{i}\Vert\leqq\epsilon$ holds. Here the notation $||$ $||$

denotes the C’-norm.
Our purpose is to show the following

THEOREM. Under the above notations, assume that $H$ satisfies the
conditions.

(1) (I, f) has P.O.T.P. and

$a_{eeI}\{\lim_{n}\sup\frac{1}{n}$ log $\frac{1}{|(f^{n})(x)|}\}<0$ ,

(2) $\mu<\inf aeeI|f^{\prime}(x)|$ .
Then there exists $\beta>0$ such that for every $L>0$ there are $\epsilon(\beta, L)\equiv\epsilon>0$

and a map $\varphi_{\beta,\epsilon}:I\times R\rightarrow I$ so that if $||\epsilon_{i}||\leqq\epsilon(i=1,2)$ and $\xi\in\varphi,,\epsilon(I\times R)$ ,
then for $(x, y),$ $(x^{\prime}, y^{\prime})\in\varphi_{\beta,\epsilon}^{-1}(\xi)$ ,

(A) $|x-x’|\leqq L|y-y’|$ ,
(B) if $\mu<1$ then $|H^{n}(x, y)-H_{*}^{n}(x^{\prime}, y^{\prime})|\rightarrow 0$ exponentially as $ n\rightarrow\infty$ .
EXAMPLE. Let $f$ be a piecewise $C^{2}$-map such that $\inf_{g\in I}|f’(x)|>1$

and $f(I_{i})=I$. In this case $f$ satisfies the assumption of the theorem.

\S 1. Proof of Theorem.

For the proof of our result, we need the following four Lemmas.

LEMMA 1. As before let $I_{n}$ be the finite sequence of subintervals of
I. Then there exists $\beta>0$ such that if for $x,$ $y\in I$ and $n\geqq 0,$ $f^{n}(x)$ and
$f^{n}(y)$ are contained in the same interval $I_{k_{r}}$ and if $|f^{n}(x)-f^{n}(y)|<2\beta$

holds, then $x=y$ .
$PR\infty F$ . Put $G=\sup_{xeI}|f’(x)|$ . Then by (1) and (2) we can find $\beta>0$

such that
(3) $\mu>3G\cdot\beta$ and
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(4) $\sup_{ref}\{\lim_{u}\sup\frac{1}{n}\log\frac{1}{|(f^{n})^{\prime}(x)|}\}<\log\{1-\frac{3G\cdot\beta}{\inf_{xeI}\rceil f^{\prime}(x)|}\}$
.

Since $f^{n}(x),$ $f^{n}(y)\in I_{k_{f}}(n\geqq 0)$ by assumption, from the mean value theorem
it follows that

$f^{n}(y)-f^{n}(x)=\int_{0}^{1}f’(f^{n-1}(x)+t(f^{n-1}(y)-f^{n-q}(x)))(f^{n-1}(y)-f^{n-1}(x))dt$ ,

so that

$|f^{n}(y)-f^{n}(x)|=|f^{n-1}(y)-f^{n-1}(x)|\cdot|f’(f^{n-1}(x))+\{f^{n-1}(y)-f^{n-1}(x)\}\int_{0}^{1}f’(\cdot)tdt|$

$=|f^{n-1}(y)-f^{n-1}(x)|\cdot|f’(f^{n-1}(x)\}|\cdot\{1+\frac{\{f^{n-1}(y)-f^{n-1}(x)\}\int_{0}^{1}f’(\cdot)tdt}{f’(f^{n-1}(x))}|\cdot$

By (3) and assumption of the Lemma we have

$|f^{n}(y)-f^{n}(x)|\geqq|f^{n-1}(y)-f^{n-1}(x)|\cdot|f’(f^{n-1}(x))|\cdot\{1-\frac{2G\cdot\beta}{\inf_{xeI}|f’(x)|}\}$
,

and by induction on $n$

$|f^{n}(y)-f^{n}(x)|\geqq|y-x|\prod_{k=0}^{n-1}|\beta^{t}(f^{k}(x))|\{1-\frac{2G\cdot\beta}{\inf_{xeI}|f^{\prime}(x)|}\}^{n}$

$\geqq|y-x||(f^{n})^{\prime}(x)|A^{n}$ ,

where

$A=\{1-\frac{3G\cdot\beta}{\inf_{x\in I}|f^{\prime}(x)|}\}$

From this inequality together with (4), it follows that $|(f^{n})^{\prime}(x)|\times A^{n}\rightarrow\infty$

(as $ n\rightarrow\infty$ ). Therefore we obtain $x=y$ .
LEMMA 2. Let $\epsilon>0$ and put $(x_{\epsilon,n}, y_{\epsilon,n})=H_{\epsilon}^{n}(x, y)$ for $(x, y)\in I\times R$ and

$n\geqq 0$ . Then the sequence $\{x_{e,n}\}_{n\geqq 0}$ is an e-pseudo-orbit of $f$.

PROOF. Since $x_{\epsilon,n}=f(x_{e,n-1})+\epsilon_{1}(x_{e,n-1}, y_{\epsilon,n-1})$ for $n\geqq 1$ , we have
$x_{\epsilon,n}-f(x_{e,n-1})=e_{1}(x_{\epsilon,n-1}, y_{\epsilon,n-1})$ , and so $|x_{\epsilon,n}-f(x_{\epsilon,n-1})|\leqq\epsilon$ (since $\Vert e_{1}\Vert\leqq\epsilon$).

LEMMA 3. Let $\beta$ be as in Lemma 1. Then there exists $\epsilon(\beta)\equiv\epsilon>0$

such that every e-pseudo-orbit of $f$ is $\beta$-traced by a unique point $\xi\in I$.
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PROOF. If an $\epsilon$-pseudo-orbit $\{x.,n\}_{R\geq 0}$ is $\beta$-traced by two points $\xi$ and
$\xi^{\prime}$ , then $|f^{n}(\xi)-f^{n}(\xi^{\prime})|<2\cdot\beta$ and $f^{n}(\xi),$ $f^{n}(\xi^{\prime})\in I_{r}$. for $n\geqq 0$. Therefore the
conclusion is obtained by Lemma 1.

By Lemmas 2 and 3 there is a unique point $\xi e$ $I$ for $(x, y)eI\times R$.
Hence a map $\varphi,.e:I\times R\rightarrow I$ is defined by putting

$\xi=\varphi,..(x, y)$ $((x, y)\in I\times R)$ .
Note that $\varphi,.$ . is not necessarily continuous. It is easy to see that there
is $(x^{\prime}, y^{\prime})eI\times R$ such that $f(\xi)=\varphi,..(x^{\prime}, y^{\prime})$ . Hence we have

$\varphi\overline,,1l(\xi)=$ { $(x,$ $ y)\in I\times R:|x.,n-f^{n}(\xi)|<\beta$ and $x_{\epsilon,n}eI_{f(\epsilon)}$ for $n\geqq 0$} ,
$\varphi_{\beta}^{-1}.(f(\xi))=$ { $(x^{\prime},$ $ y^{\prime})eI\times R:|x_{n}^{\prime}-f^{n+1}(\xi)|<\beta$ and $x_{n}^{\prime}\in I_{f^{*+1}}(\xi)$ for $n\geqq 0$}.

LEMMA 4. Let $\beta$ be as in Lemma 1 and $\epsilon$ be as in Lemma 3. Then

$H_{l}(\varphi^{-1},.(\xi))\subset\varphi_{l,*}^{-1}(f(\xi))$ for $\forall_{\xi\in\varphi_{l,\epsilon}(I\times R)}$

PROOF. Put $x_{n}^{(1)}=x_{e,n+1}$ for $n\geqq 0$ . Then $\{x_{e.n}^{(1)}\}_{n\geq 0}$ is $\beta$-traced by $f(\xi)$ .
Therefore $(x_{\epsilon,0}^{(1)}, y_{\epsilon.0}^{(1)})=H_{*}(x, y)e\varphi_{\beta,*}^{-1}(f(\xi))$ .

$PR\infty F$ OF THEOREM. By using (1) and (2) we can find $\beta>0$ such
that (3) and (4) hold; i.e., $\mu>3G\cdot\beta$ and

$\sup_{l\in I}\{\lim_{n}\sup\frac{1}{n}$ log $\frac{1}{|(f^{n})^{\prime}(x)|}\}<\log A$ .
Remark that for every $L>0$ there is $e(\beta, L)=e>0$ so that

(5) $a_{eeI}|f^{\prime}(x)|>\mu+e\frac{(1+L)^{2}}{L}$ and

(6) $a_{eeI}\{\lim_{n}\sup\frac{1}{n}$ log $\frac{1}{|(f^{n})^{\prime}(x)|}\}<\log B$ ,

where

$B=\{1-\frac{3G\beta+\epsilon(1+L^{-1})}{a_{eeI}|f’(x)|}\}$ .

For simplicity we write

$x_{\epsilon,k}=x_{k}$ and $y_{e,k}=y_{k}$ $(k\geqq 0)$ .
To get the statement (A), assume there exists $k\geqq 0$ such that for $(x, y)$ ,
$(x, y^{\prime})\in\varphi_{\beta.\epsilon}^{-1}(\xi)$
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$|x_{k}-x_{k}^{\prime}|>L|y_{k}-y_{k}^{\prime}|$ .
Since $x_{n+1}=f(x_{n})+\epsilon_{1}(x_{n}, y_{n})$ and $y_{n+1}=\mu y_{n}+\epsilon_{2}(x_{n}, y_{n})$ , we have

$|x_{k+1}-x_{k+1}^{\prime}|\geqq|f(x_{k})-f(x_{k})|-|e_{1}(x_{k}, y_{k})-\epsilon_{1}(x_{k}^{\prime}, y_{k}^{\prime})|$

$\geqq|f(x_{k})-f(x_{k}^{\prime})|-$ ( $\Vert e_{1}\Vert|x_{k}-x_{k}^{\prime}|+||e_{1}\Vert$ I $y_{h}-y_{k}^{\prime}|$ )
$>|f(x_{k})-f(x_{k}^{\prime})|-e(1+L^{-1})|x_{k}-x_{k}^{\prime}|$

$>|x_{k}-x_{k}^{\prime}|\{\inf_{xeI}|f’(x)|-\epsilon(1+L^{-1})\}$

and moreover
$L\cdot|y_{k+1}-y_{k+1}^{\prime}|=L|\mu(y_{k}-y_{k}^{\prime})+\epsilon_{2}(x_{k}, y_{k})-\epsilon_{2}(x_{k}^{\prime}, y_{k}^{\prime})|$

$<\mu|x_{k}-x_{k}^{\prime}|+L\{\epsilon|x_{k}-x_{k}^{\prime}|+e|y_{k}-y_{k}^{\prime}|\}$

$<|x_{k}-x_{k}^{\prime}|\{\mu+\epsilon(1+L)\}$ .
Hence the above inequalities and (5) imply $|x_{k+1}-x_{k+1}|>L|y_{k+1}-y_{k+1}^{\prime}|$ . And
by induction we have $|x_{n}-x_{n}^{\prime}|>L\cdot|y_{n}-y_{n}^{\prime}|$ for $n\geqq k$ . On the other hand,
from the above inequality we have for every $n>k$

$|x_{n}-x_{n}^{\prime}|=|f(x_{n-1})-f(x_{n-1})+\epsilon_{1}(x_{n-1}, y_{n-1})-\epsilon_{1}(x_{n-1}^{\prime}, y_{n-1}^{\prime})|$

$>|f(x_{n-1})-f(x_{n-1})|-e(1+L^{-1})\cdot|x_{n-1}-x_{n-1}^{\prime}|$

$=|x_{n-1}-x_{n-1}^{\prime}|\cdot\{|f’(x_{n-1}^{\prime}+t(x_{n-1}-x_{n-1}^{\prime}))|-\epsilon(1+L^{-1})\}$

(by some $t\in(0,1)$)
$=|x_{n-1}-x_{n-1}|\cdot\{|f’(f^{n-1}(\xi)+(x_{n-1}^{\prime}-f^{n-1}(\xi))+t(x_{n-1}-x_{n-1}))|-e(1+L^{-1})\}$ .

Therefore we have

$|x_{n}-x_{n}^{\prime}|$

$>|x_{n-1}-x_{n-1}^{\prime}|\{|f’(f^{n-1}(\xi))|-G(|x_{n-1}^{\prime}-f^{n-1}(\xi)|+|x_{n-1}-x_{n-1}^{\prime}|)-e(1+L^{-1})\}$

$>|x_{n-1}-x_{n-1}^{\prime}|\cdot|f’(f^{n-1}(\xi))|\cdot\{1-\frac{3G\beta+\epsilon(1+L^{-1})}{\inf_{xeI}|f(x)|}\}$ .

This inequality follows from the facts that $|x_{n}^{\prime}-f^{n}(\xi)|<\beta$ and $|x_{n}-x_{n}^{\prime}|<$

$ 2\cdot\beta$ for $n\geqq 0$ . By induction we have

$|x_{n}-x_{n}^{\prime}|>|x_{k}-x_{k}^{\prime}|\cdot\prod_{j=k}^{n-1}|f^{\prime}(f^{j}(\xi))|\cdot B^{n-k}$ $(n>k)$ .
Since $(x, y),$ $(x^{\prime}, y)\in\varphi_{\beta,\epsilon}^{-1}(\xi)$ , we have $|x_{n}-x_{n}^{\prime}|<2\beta$ for $n\geqq 0$ . Hence the
last inequality contradicts to (6). Therefore for $(x, y),$ $(x^{\prime}, y)\in\varphi_{\beta,\epsilon}^{-1}(\xi)$

we have
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(7) $|x_{n}-x_{n}|\leqq L\cdot|y_{n}-y_{n}^{\prime}|$ $(n\geqq 0)$.
Since $x=x_{0}$ and $y=y_{0},$ (7) implies the statement (A). Moreover by (7)
we have

$|y_{n}-y_{n}^{\prime}|=|\mu(y_{n-1}-y_{n-1})+e_{2}\langle x_{n-1},$ $y_{n-1}$) $-\epsilon_{2}(x_{n-1}^{\prime}, y_{n-1})|$

$\leqq\mu\cdot|y_{n- 1}-y_{n- 1}^{\prime}|+||\epsilon_{2}\Vert\cdot|x_{n-1}-x_{n-1}]+\Vert\epsilon_{2}||\cdot|y_{n-1}-y_{n-1}^{\prime}|$

$\leqq|y_{n-1}-y_{\acute{n}-1}|\cdot\{\mu+\epsilon(1+L)\}$

$\leqq|y-y^{\prime}|\{\mu+\epsilon(1+L)\}^{n}$ $(n\geqq 0)$ .
For the case when $\mu<1$ , taking $e>0$ with $1>\mu+e(1+L)$ , we obtain the
statement (B). The proof of Theorem is completed.
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