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Introduction

There are many studies on the dynamical properties of one-dimensional
maps. For instance, asymptotic behavior and the existence of invariant
measures were studied in [1],[2] and [3]. In contrast, in the case of
two-dimensional maps the results obtained are not so many. So, it would
be usuful to investigate whether there exist two-dimensional maps which
can be reduced to one-dimensional maps.

In this paper, to clarify how the behavior of not necessarily differen-
tiable two-dimensional maps is related to that of one-dimensional maps,
we investigate the existence of an invariant stable foliation of two-
dimensional maps by using the shadowing lemma.

Let I=[0,1] and f be a map of piecewise C-class from I into
itself; i.e., there is a finite sequence 0=¢,<¢,<---<cy=1 of points in I
such that if I,=[c,, ¢;,,) then the restriction of f to I, is C* and there
exist lim,_,  , ,(d"/dx™)f(x) (n=0,1,2). A sequence of points {x,},20 1S
called an e-pseudo-orbit of f iff |f(x,)—%,s.|<e for n=0. Denote some-
times by I, the interval I, that contains a point . A sequence {x,},zo
is called B-traced by eI iff |[f(&)—=,|<pB and f*¢)el,, for n=0. We
say that (I, f) has the pseudo-orbit-tracing property (abbrev. P.O.T.P) iff
for every 8>0 there exists e=¢(8)>0 such that every &(g)-pseudo-orbit
is g-traced by some point £ I. We claim that our definition of P. 0. T. P
is not the same as in R. Bowen (p. 74, (4)).

Throughout this paper, we denote by f'(z) the right or left differen-
tial coefficient (fi(x) or f’(x), respectively) at a discontinuity point « if
there is no confusion.

For convenience we write
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inf |f(@)|=inf{| f(@)), |f2(z)]} and
@) =TT min{ £ (@D, @) -

Let £>0 and let H: IXR—IXR be a map defined by

H(z, y)=(f(»), £y) .
Then for ¢>0 a perturbation of H can be defined by

H (z, y)=(f(x)+e&(x, y), Ly -+, ¥))

where each ¢;: IXR— R is C*' and ||e,l|$s holds. Here the notation || ||
denotes the C'-norm.
Our purpose is to show the following

THEOREM. Under the above motations, assume that H satisfies the
conditions.
(1) (I, f) has P.O.T.P. and

1

— 1 leo,
Fran <

sup{lim sup 1 log
zel n n
(2) p<inf, |f'(@).
Then there exists 3>0 such that for every L>0 there are &8, L)=e>0
and a map Ps.: IXR—I so that if |e)|=e (¢=1,2) and e P .(IXR),
then for (x,y), (&', ¥') € P5:(8),
(A) |z—o'|=Lly—v'l, _
(B) if <l then \HXz, y)—HM«', y')|—0 exponentially as n— oo.

EXAMPLE. Let f be a piecewise C’-map such that inf ., |f'(z)|>1
and f(I)=I. In this case f satisfies the assumption of the theorem.

§1. Proof of Theorem.
For the proof of our result, we need the following four Lemmas.

LEMMA 1. As before let I, be the finite sequence of subintervals of
I. Then there exists B3>0 such that if for x,yeI and n=0, f*(x) and
f"(y) are contained in the same interval I, and if |f*(x)—f"¥)|<28
holds, then x=y.

PrOOF. Put G=sup,.;|f"(x)]. Then by (1) and (2) we can find 8>0
such that
(8) p>8G-B and
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. 1 1 __3G-8
(4 sup {limsup; log 7 <los 1 i ok

Since f*(x), f*(¥) € 1,,(n=0) by assumption, from the mean value theorem
it follows that

Fr@) = @)=\ @+ @)~ FH@NS W) — f @)
so that |

@) —fr @)= -]

P+ — @ | ot

{fﬂ(y)—f”‘l(x)}S:f"<.>tdt|

Lt @) |

=17 y) — @) [ ()

By (8) and assumption of the Lemma we have

n __ fn n—1 _ fa—-1 N -t . - 2G'B 1
£ = F@IZIF @)= @@L __ggﬁlf’<w>l}’

and by induction on n

@~ F@izly—a [T @) {1"‘_mf2 lcj‘",(gx)l b
=y —a| |(f*) (@)|A" ,

where

A={1—§;’%’%ﬂ-} .

From this inequality together with (4), it follows that |(f")'(x)] X A®— oo
(as m— ). Therefore we obtain x=y.

LEMMA 2. Let ¢>0 and put (..., Y..)=H=, y) for (x, y) € IXR and
n=0. Then the sequence {&. ,},=0 18 an &-pseudo-orbit of f.

Proor. Since z.,=f(®. 1) +&(®% 01, Ye,ns) for n=1, we have
T n— (@ nes) =6(Le n_sy Yen), and so [&, ,— f(&. ._,)|<e (since |lg]Ze).

LEMMA 3. Let B be as in Lemma 1. Then there exists &(B)=e>0
such that every e-pseudo-orbit of f is B-traced by a unique poini £e€ I.



294 MICHIKO YURI

PrOOF. If an s-pseudo-orbit {z. ,}.., is B-traced by two points £ and
¢, then |f"(&)—f(&")<2-B and (&), f*(&") el,, for n=0. Therefore the
conclusion is obtained by Lemma 1.

By Lemmas 2 and 3 there is a unique point ¢eI for (x, y)e IXR.
Hence a map ®;.: IXR—1I is defined by putting

$=¢ﬁ,t(x9 'y) ((xo y) € IX R) .

Note that ®;, is not necessarily continuous. It is easy to see that there
is (@', ¥') e IXR such that f(&)=,.(x', ¥'). Hence we have

P ={(x, y) e IXR: |z, ,— f8)|<B and =z,,€Im for n=0},
Pl f@)={(", ¥) e IXR: |z, ,— f**(8)|<B and ., € I;n+:(8) for n=0}.

LEMMA 4. Let B be as in Lemma 1 and € be as in Lemma 3. Then
H (P ) CPrf(8) for Yéep, (IXR).

Proor. Put z{)==,,,, for n=0. Then {z},., is B-traced by f(¢).
Therefore (z, y)=H.(z, ¥) € P5:(f(&)).

PROOF OF THEOREM. By using (1) and (2) we can find 8>0 such
that (3) and (4) hold; i.e., #>3G-8 and

1 1
su 11m su lo <log A .
up {limsup- log 1| <log
Remark that for every L>0 there is (8, L)=e>0 so that
(5) 1nf |f'(x)|>p+e(1_EL) and
. 1
(6) sup {limsup— log <log B,
up {lim sup - 1o DL ) <8

where

3GR+e(1+L™)
B=11— .
{ inf | f(x)| }
For simplicity we write
X s =% and Ye, k=Y (k=0) .

To get the statement (A), assume there exists k=0 such that for (x, y),
@', ¥') € P5(8)
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|22 — %% > Ly, — vl -
Since ,,,=f(®,)+&(, ¥,) and Y, =2y, +&(,, ¥.), We have

%541 — T 2] Z 1 (00) — F (03) | — l€2(28, i) — €2, i)
glf(wk)"'f(x;)l—(”%” ka‘—w“"l“”sl” ¥ —wil)
> | f (@) — f (22)] —e(Q 4+ L) |2, — ]

> 23] {inf | F/(2)| —(1+ L}
and moreover

L Y41 = Yoord| = Ll (Y. — Y2) + (20, i) — &:(@h, Y)|
< plac, — a3 | + Lie|w, — 2] +€|ye — vil}
<l|e,—xpl{pe+e(1+ L)} .
Hence the above inequalities and (5) imply |2i1—®h+1|> L|¥Yssi— Yisa)- And

by induction we have |¢,—2,|>L-|y,—v.] for n=k. On the other hand,
from the above inequality we have for every n>%k

|2, — 20| = |f (®n_s) — F (@7—s) +&(Xa_sy Yns) —E(Xrsy Yni)|
>|f @) — f(@n )| —Q+L™) - [, — 7
= lxn-——l - x:u—1l ) { If'(w:n—1 + t(xn—l - x;—l))l - 5(1 + L—l)}
. (by some t¢€(0,1))
= Ixn—l - x:z—d] ) { lf’(fn—l(E) + (x:n-q - fn—l(E)) + t(a’n—-l - x;—1))| - 5(1 + L_l)} .
Therefore we have |

lxn—x;l
> [y — &0 [{I (PN — G2 — @) + |2 — @ i) —€(1+ L)}

> s = Bl [ (ST {1_36;,;;5'?(;!1,—1)} :

This inequality follows from the facts that |x,— f"(¢)|<B and |x,—x.|<
2.8 for n=0. By induction we have

[0 =21 > lo—ai] - TLIF (PN -B™™ (n>h) .
Since (z, ¥), (&', ¥') € P51(¢), we have |r,—z.|<28 for n=0. Hence the

last inequality contradicts to (6).  Therefore for (x, ¥), (&', ¥') € P5:(8)
we have
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(7)) |®a—| S LYo~y (n20).
Since x=a, and y=1v, (7) implies the statement (A). Moreover by (7)
we have '

Y= Ynl = Y s — Vo) + € Lrsy Yuor) —Ex(®ns, Yry)l
S NYuo— Yl +l&|l - |2, —x;_xl +|&:l| 1Yo — Ynil
S|Yuor—Ynal - (£ +e(1+ L)}
Zly—v'l{pg+e@+L))* (n=0).

For the case when <1, taking ¢>0 with 1>p¢+e(1+ L), we obtain the
statement (B). The proof of Theorem is completed.
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