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Introduction

Several authors (R. R. Coifman, C. Fefferman, R. A. Hunt, B.
Mukenhoupt and R. L. Wheeden [1], [4], [6]) have shown that if T is the
Hardy-Littlewood maximal operator or a classical singular integral
operator, the weighted norm inequality

SMI Tf(@)|?w (x)dwécsm| £(@)Pw(@)de

is valid if and only if the weight function w satisfies the A, -condition
(see (3) below). Recently, N. Miller [5] showed that the same thing
is also true when 7 is the pseudo-differential operator of order 0. In
this note, we shall show that even when T is the pseudo-differential
operator whose symbol, o(x, &), satisfies the regularity condition on «
weaker than in the symbol of the pseudo-differential operator of order
0, the same thing is also true.

A pseudo-differential operator ¢ with symbol o(z, &), defined initially
on the Schwartz class S (R"), is given by

f—of@=\ ot Ofemae

where f denote the Fourier transform of f defined by

f(s)=§ F@)e=tda .

R®

We shall say that the function o(x, &) e C°(R" X R") is a symbol of
order m if it satisfies

Received March 7, 1983



130 SEI-ICHI NISHIGAKI

o \* i 8 m—|al
() (%) @ 0| sCut+ie)
for all multi-indices @ and 8. A symbol of order —« is the one for
which the above estimate is satisfied for all real number m.

Before we state our result we give some necessary definitions for
symbols.

We call the modulus of continuity every function w: Rt— R* which
is continuous, increasing, concave and such that @(0)=0.

DEFINITION 1. Letting @ be a modulus of continuity, we denote
ox,£e’l, if o, &): R"XR"—C is the continuous function and for all
a € N*, there exists a constant C, for which we have

®  |(F) e o] scatin,
(2) (3 )oe+u, 0-(5) 0@ 9| sCoupa-+igh.

DEFINITION 2. Let 1<p<e. A measurable function f is said to
belong to the weighted L*, L*(R", wdx), with weight function w, if

| JF@Pw@ds <o .
We denote the weighted L? norm by

171w=({, Ir@Pw@dsz)”

For 1<p< e, a positive weight function w is said to be in the class
A,, we A, or w satisfies the A,-condition, if w is locally integrable and
satisfies the condition

(3) su p(lQIS w()d xXIQlS w(x)‘”‘”‘”dx)p—l<°° ,

where the supremum is taken over all cubes Q in R".
Our result is stated as follows:

THEOREM 1. Suppose 1<p<oo. If the modulus of continuity
satisfies the condition jw(2-9)<C, for all je N, every pseudo-differential
operator o with symbol o(x, &) € 3, has a bounded extention to L*(R", wdx)
if and only if we A,.
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To prove this theorem, we first introduce some notations. Let @
denote any cube in R" and write |Q| for the Lebesgue measure of Q.
For a locally integrable function f, let f, denote the mean value of f

over @, that is,

Sfo= S (x)dw

lQlS

We list the several operators we use later:
(i) Maximal function of f:

M w)=syp = |FWldy ,

where the supremum ranges over all cubes @ containing .
(ii) Modified maximal function of f:

M.f@=sup (| Irwrdw)”,

Q|

where the supremum ranges over all cubes @ containing .
(iii) Dyadic maximal function of f:

f*@=sup 5| IF @

where the supremum ranges over all dyadic cubes @ containing x, with
sides parallel to the axes.
(iv) Sharp function of f:

fi@=swp - | IF@—feldy

where the supremum ranges over all cubes @ containing x.
Throughout this note C will denote a constant not necessarily the

same at each occurrence.

§1. Preliminaries.

In this section we shall descrive the known facts as lemmas.

LEMMA 1. Let we A,, then SF(R") is demse in L*(R", wdx), 1 <p<co.
(N. Miller [5], Lemma 2.1)

LEMMA 2. Let o be a pseudo-differential operator with symbol
o(x, £)eX,. Then the following two conditions are equivalent:
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(4) Sle@ir<e,

(5) Jor all p,1<p<eo,0 18 bounded on L*(R").
(R. R. Coifman and Y. Meyer [2], Theorem 9)

DErFINITION 3. (R. R. Coifman and Y. Meyer [2]) We say that
o(x,£)eX, is a reduced symbol if there exist a constant C>0, a fune-

tion ¢ € C°(R") and a sequence m;, j=0, of continuous functions on R"
such that

(6) o(w, =3 m,@)p(@75) ,
where

(1) Imll.<C,

(8) [m(x+y) —m;@)||.<Ca(lyl) ,
(9) ¢ is supported in %gmg,
and

(10) l(aié)“szs(e)lgc for |aj<2n .

LEMMA 3. For every symbol o(x, £) € 3,, we can find a sequence of
reduced symbols o, (x, &), k€ Z", such that

o(, =7, H+3, L+[k)"0uz, )

and

l(%)az'(x, E)l =C,,

T(x, §)=0 f |¢[=1.
(R. R. Coifman and Y. Meyer [2], Proposition 5, p. 46)

LEMMA 4. Suppose 1<p<c. Let ¢be a radial, decreasing, positive
and integrable function. Set ¢.(x)=t"¢(x/t). Then

sup | f+4, ()| SCMf(x) for fe A (R).
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([7], p. 63)

LEMMA 5. Let ¢ be a given function im Definition 3. Then for
t=0, there 18 a constant C,>0 such that the inequality

SRn¢(2—j§)622W'Ed§ § Ctzj(n—t)

holds for all ye R" and every integer j=0.

ly|*

This lemma is easily derived by integration by parts. For the details,
see Lemma 2.9 in [5], where its analogue is found.

LEMMA 6. There is a constant C>0 such that
1 *l5w=Cllflls0 Sfor all feL*(R", wdx)NL'(R").
([5], Lemma 2. See also [3], Theorem 5.)

§2. The main part of the proof of Theorem 1.

In order to prove Theorem 1, we first show the following result
which we state as Theorem 2 and constitutes the main part of the proof
of Theorem 1.

THEOREM 2. Suppose 1<r<oo and let o be a pseudo-differential
operator with symbol o(x, &) € X,. If the modulus of continuity w satisfies
the condition ‘
a1 Fw@2 ) <C for all jeN,
then there i8 a constant C>0 such that the pointwise estimate

(e HHx)=CM,f (") for all x°cR" fe F(R")
holds.

PROOF. The proof is based on the idea of the proof of Theorem
2.8 in [5].

Given z°e R*, we let @ be a cube containing 2°, with center a2’ and
diameter d. Let 0 € Ce(R™) satisfy 0=<6(x)=<1, be 1 when |[x—2'|<2d, and
vanish when |[x—x'|=3d. Then for fe (R

1
Gl Jor@=(@hddz

2
émgqla(ﬁfxac)ldx

+2| [0 —0))@) —lo(@—0)f)leld -
Qe
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We note that the condition (11) implies the condition (4). Letting
@ be the cube centered at 2’, with sides of length 7d parallel to those
of Q, we see that the first term is dominated by

2(g) Joen@rs)” so(gl Jen@ras)”

(by Lemma 2) -

' 1 ’ 1y
=0(ig\ 1 @da)
=CM.f() .
To deal with the second term, we, for simplicity, write f for (1—46)f,
and we assume that f has the support in the set {«: |[x—«'|=2d}.
We begin by decomposing the symbol o(x, &) into the sum of simpler
symbols by making use of Lemma 3. Then we can write

@H@=\_Feow, gewtae
= Snf(e)z'(x, Heide

+§ f(y)s Z (1+lk12)"‘a,,(x, E)esxt(z—y).ededy
R™ R"kcZn
=Tf(x) +ke§zf,n(1 + k™S, f(x) ,
say. T is a pseudo-differential operator whose symbol is z(x, £); the ¢-
support of this symbol is contained in the set {&:|¢]<1}, and z(z, &) has
the property that
0 \* n
l(-é'g) T(x’ 5)‘§Ca, aeN .
Thus we can write
@)=\ swke, 2—vaiy,
where
K, v)=|, 7@, de=rtde .

Note that K(x, y) has the property that



WEIGHTED NORM INEQUALITIES 135

Chn
| K(=, v)| éa———;

for all xe‘}R"
+lyh :

where m is any integer greater than =, and C, is a constant independent
~of . In fact more generally we have

(L s ] =Gl s (&) o)

oY
Carl | () <G, e)e"lde
=C. ,

A

0¢

with C,; independent of x and y. The last inequality is due to the
property of z(x, &) mentioned above. Then because of Lemma 4, we
have

Tr@is| 17w 1K@ o—p)ldy
Cn

A

lf @)
T A Y S Cablf @)

Thus we have
(THH)=CM, f(x°) ,
and hence

(O M@V SCMf @)+ 3 L+ (Suf)'a) -

Therefore our next task is to examine the operator S,. We note
that o,(x, &) satisfies the condition (6) to (10) in Definition 3 with m, ¢
in place of m;, ¢ respectively, where C’s are independent of 4 and also
of 5. Then for every k

S.f(x)= Snn‘f ) S o g m,-k(x)gzik(z—ig)ezmkz—v) tdedy
=3, B (@),

say. We now estimate (S,, F¥=x").

(12) G Vo Bt @) = (Rnf)old
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=_1_|§ %lg (Bouf @) — Bouf (D)2 | da

IQIS ||Ql§ S ,,f(y)gmgzs,,(z-fg).

[mjk(x)ezzt(z—y)-e _mjk(z)eznt(z—y)~e]d$dydz | d:v .

To estimate this quantity, we distinguish two cases:
Case 1. 2id=1. The last quantity is dominated by

25 L | e

=1 Q] ey, 2ot

|| mas@)sn@gesde|dyde
c$ (2 @ o,

p=1 |n+1

IQPl 2pds|y_zlls2p+1d lx y

l S Rn¢k(2" i&)gria—v ede ‘ dy|m *(x)\de

where @, is the cube with center 2’ and with sides parallel to those of
Q and with diameter 2?+2d. The last term is bounded by

CS, dr2r(2rd)-ig-it
S az@a oz Irwidy

(by Lemma 5 with t=n+1, and the condition (7) of mj)
<C@2d)*Mf(x").
Case 2. 2id<1. In this case, (12) is dominated by

14 S [4] S z=" 2"dsw-—§'|52p+1d|f(y)| l SRn¢,,(2‘55)[mjk(x)em(z—y).e

— m’.k(x)ezxi(:—y) -8 + mjk(x)emt(:—y)-e — mjk(z)e2zt(s-;y)-e]d5 dydzdx

si{L{ s | ] se

Q| Je|@| Jei= 2Pd5ty—2’|s2PHld

[62““’“”) & __ e2xi(l"ﬂ) -E]m:k(x)de | ddedm

1 0 —ig).
+IQIS IQIS 5ws.y_g,.szmlf(wlIS""¢"(2 e),

[m () —m j(2)]e*™* ' ¢d 2 | dyd zdx
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=A+B.,
We first estimate A.

asol ol 2 X r@l]f s

Q) 2Pdg|y—2’|S2P+Hld
{Z (wq_zq)s 2m$qe?""("”'”"edt}d$‘ dydz|m,.k(x)|dm
(where z(t)=2z+t(x—2)) | |

sl s | S e

IQI 2pdsﬁy—t'l52p+1dly X

[a@ =yl
0

S 6u(2778) 2mig e -V | dtdydalm s (@)|de .
R™

The integral with respect to ¢ is handled just as in the proof of Lemma
5 with t=n+1/2 and we see that the last member is not greater than

¢ % @ar@dran | @iy

=C@d)*Mf(x°) .

Next we estimate B.

szl s 7w

IQI 2Pdgly—a’|S2P+1d

.. ou(z e g
oeia =% S'f W

¢ (2 gs)ezm(z y). Gds

RT

S I D S R PO T

IQI lQ] @p= ’°+12Msw—z’|52”+1d

| se@gemea;

ady|m ;i (x) —m;(2)|dzda

IA

dy|m ;. (x) —m;(2)|dzda

ay|m () —m;(2)|dzda

=B, + B,
say, where j, is the integer which satisfies 2/d <1=2%"d.
Jo
B=1f Lf$ WLy
Qe @) Qp:lzpdsw—z'lszpﬂdl — vl
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1. ¢k(2"'e)e2"“"”"‘d$ldylm;k(w)—mjk(z)ldzdw

<G, 3 @dr@dod | 1fedy

Q| _
(by Lemma 5 with ¢=n and the condition (8) of m,,,)

=CJ @27 Mf (") .

=1{1f < @D e
BZ_—- TN — et ® [
IQI SQ |Q| sQr=jo+1 |z—y|"+1 lz yl

2Pdgiy—2’|52P+1d
|, 2 emeneag

<C, =§ (@dyEd 2 iod N

(by Lemma 5 with {=n+1 and the condition (8) of m)

dylmjk(x) _mjk(Z)Idde

A r@iay

<C, _2+1(2"d)“‘2 iw(1)Mf (2"
=C, 2"’:M f .
Thus we have ,
B=B,+ B,={C.5,0(277)+C,27}M f(x°) .

Putting two cases together, we have shown that if @ is any cube
containing «° then

(S = f‘; (Ruf)Ha)
={cxs @d+C 3 @dr

+ 3 (Cow @799+ C27) | Mf(a?)
<{C+ Fio@ ) MS ()
<CMf@) (by (11)
<CM.f&) -
We thus find that
(CH¥@)SCM, £@)+ 3, (L + k) "CM, £

=CM,f() .
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Summarizing, we have shown that if @ is any cube containg «°, then

LI [@H@~@pddz
SO+ (A0 +3, (+ [6)[S(L=0) )V
<CM, (@) +CM.(1~0))(a)
<OM,f@) ,

where the constant C is independent of @, f and 2°. When we take
the supremum of the left side over all cubes @ containing x°, we finally
obtain the desired inequality:

(@) <CM,f(x") for all a’cR", fe SP(R" . Q.E.D.

Q|

We shall show the sufficiency of the A,-condition.

THEOREM 3. If 1<p<e and weA, then any pseudo-differential
~operator o with the type in Theorem 2 has a bounded extention to all
of L*(R", wdx).

PrROOF. We prove this in the same way as was used by N. Miller.
If fe ~2(R"), then since gfe L*(R", wdx) N L'(R")

10 F 11500 |l =Cll(f)l5,w
SCIM, fllpw if 1<r<eo
=Clf |5 if 1<r<p<o
(cf. Theorem 2.12 in [5]).
Because of Lemma 1, we can extend o to a bounded operator on
L*(R", wdx). Q.E.D.

§3. The final part of the proof of Theorem 1.

The A,-condition is necessary even for the continuity of the best-
behaved pseudo-differential operators. In fact, the following theorem
due to N. Miller (Theorem 2.2 in [5]) shows:

Suppose w is a nonnegative locally integrable function whose zero-set
has Lebesgue measure 0. If every pseudo-differential operator of order
— oo 18 continuous on L*(R", wdx), then we A,, L<p<oo.

It is obvious that a pseudo-differential operator of order — <« is one
of the pseudo-differential operators considered in Theorem 2 and we find,
by Theorem 2 and the last result, that a weight function w satisfies the
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A,-condition if and only if every pseudo-differential operator of the type
in Theorem 2 is bounded on L?(R*, wdx). This completes the proof of
Theorem 1.
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