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The Existence of Periodic Orbits on the Sphere
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Introduction

In the theory of dynamical systems, there remains the open problem,
so called Seifert Conjecture: Has any sufficiently smooth flow on S*® a
periodic orbit? This conjecture is based on Seifert’s paper [11] which
proved the followmg theorem.

THEOREM 1. Let x=(x, x,), y=(¥,, ¥.) be points of R and consider
the following equation in R*

(1) T=Yi U= —x 1=1,2.

This system has S*={(z, y) € Rz i+x;+yi+yi=1} as an tnvariant set, so
we can consider the flow on S® induced by (1). Then any flow C° near
the above flow on S® has at least ome periodic orbit.

The system (1) is the Hamiltonian system with Hamiltonian
(2) Hiz, v)=—Wi+1) + @t+ad ,

which describes the harmonic oscilaters.
More strongly, (2) is derived from the Lagrangian system

d
(3) FTREY ‘( ) 7, ( ); =
where

— 1 .9 .2 — 1 2 2
(4) T—E-(xl—i-xz) and U—E(ml—i-xz) ,

with y,=0T/0%)=4, (i=1, 2).
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For a Lagrangian system, Seifert also obtained the following result
[10].

THEOREM 2. Let G be an open subset of R" and consider a Lagrangian

system of n degrees of freedom

d o T—Uy=_2 .
5 ——— —| — T | 1—1; ; =1’2’...,
(5) dt ox, ) ax,( )i @ "

where m=(x1’ Lgy *°y a71;) €G and
(6) T=“j€_‘_,1a,,-(m)a':,d:,- ,  ay: G—— R; C>-function

and (a,;(x)) 18 symmetric and positive definite for all reG, and
(7) U:. G— R; C>-function .

Assume that, for some ec R, the set W={x € G; U(x)<e} is homeomor-
phic to the n-disk D*. Then there exists at least one periodic solution
of () with total energy T+ U=e.

[10] originally treated C“-case, but it is not essential (See [9]). His
periodic solution is a so called brake orbit [9], which stops at the boundary
oW={U=e¢}. [4], [16] prove Theorem 2 under the assumption that W is
any smooth compact manifold with boundary.

In a footnote of [10], Seifert stated that:

(8) In the situation of Theorem 2, there may be » periodic orbits.

In this note, we give two theorems, stated in §1, one of which
generalizes Theorem 1 and another one answers the question (8) for special
type of Lagrangians including (4). See also [15]. Both of them give
periodic orbit(s) on an odd dimensional sphere.

§1. Statements of the theorems.

First we generalize Theorem 1. Let g, 1=1,2, ---, n, be arbitrary
positive numbers. We consider the following equation in R**,

(9) =Yy, Yi=—px; 1=1,2, -2, n.

This defines the dynamical system on S*~!, which is derived from the
tangent vector field

. n a a
(10) ‘2;1 F‘t( yta_x‘ xrézl':) .
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In this case, there are at least » periodic orbits on S**-',
' Then we have

THEOREM 3. In the above situation, any flow on S** generated a
tangent vector field C' mear (10) has at least one periodic orbit.

F. Fuller [2] treated the case g, =g,=---=p,=1, when all solutions
are periodic. |

The system (9) is considered as a Hamiltonian system with Hamil-
tonian H,=(1/2) 32, p(xi+v%). So the ellipsoid H;'(e), e>0, is of course
an invariant set, but in Theorem 8, we take another invariant set S*-,

A. Weinstein [18] considered the Hamiltonian system with Hamiltonian
H=H,+[higher order] and proved that for sufficiently small ¢>0, there
exist at least n periodic solutions on H '(¢?). More general perturbation
theory of Hamiltonian systems is given in [14].

J. Moser [5] generalized Weinstein’s result replacing Hamiltonian
systems with systems having an integral. The proof of Theorem 3 is
based on the result of Moser.

Now we consider the Lagrangian system of n degrees of freedom (5)
with T=T(x, ) and U= U(x) as (6) and (7).

DEFINITION. This Lagrangian system is called rotationally symmetric
if for all ReO(n), x and &, we have

(11) U(Rx)=Ux) ,
(12) T(Rx, R)=T(x, &) .

For example, T=(1/2)|%#|* and U depends only on [x|, or ‘

T=L (4 + radlU), ) and U=—(1—ai=a)",

which describes a spherical pendulum.
Then we have

THEOREM 4. We consider a Lagrangian system (5) and assume that
the system s rotationally symmetric and for some ec R, which s a
regular value of U, W={x; U(x)<e} 1s homeomorphic to the n-disk. Then
any Lagrangian system C® mear the above system has at least n periodic
solutions with total energy e.

The meaning of “C? near” is clarified in the proof, §4.
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§2. The proof of Theorem 3.
The proof of Theorem 3 is based on the following Moser’s result [6].

PROPOSITION 1. Let f=f(z),z€ R*™, be a C' function defined on a
netghborhood of the origin z=0 in R™ satisfying

(13) f0)=0, f(0)=C
where C i3 defined by

[ 0 £ 1
_u 0 0
0 p
(14) C= —p. O
0 0 4,
\ —ta 0]

where p,, i=1, ---, n, are arbitrary positive numbers.
Consider the following autonomous equation

(15) 2=f(z) .

If there exists an imtegral G=G(z) for the equation (15) defined on
a nmetghborhood of z=0 satisfying

(16) G0)=0, G,(00=0 and G,(0): positive definite ,

then there exists >0 such that for any €€(0,0), the integral surface
G7(e?) contains at least one periodic orbit.

We define a domain 2=2, , by
17) 2,,={(z, ¢) e R" X R; |z| <7, |e] <04},

where |z|*=2z}+.-: 42,2, and denote by B, the Banach space of all real
valued bounded continuous functions defined on 2,, with the norm

(18) - ulo,s s =supf{lu(z, €)l; (2, €) € 2,,} .

Also let B, be the Banach space of all C' functions in 8, which have
bounded derivatives with the norm

(19) luil,r,a‘:Max{luh.r,h luslo.r,a: |ucl0,r,a} .
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We put
(20) f(z,€)=¢c""f(ez) for e&#0,
f(z,0)=Cz
and
(21) p(z, &)=f(z,€)—Cz .

Then we have the following.

LEMMA 1. In Proposition 1, we assume that G(z)=|z|* and there
exists a constant L=1 such that for any small >0, we have

(22) |Dls,2,e, = Le, .
Then the 6 in Proposition 1 depends only on C and L.

The proof of this lemma is obtained by a similar fashion as Moser’s
proof, modifying slightly to suit our situations. So we omit the proof.

PROOF OF THEOREM 3. Let ¥ be the set of all C' tangent wvector
field on S=8*-! and ge%. ¢ is the restriction to S of a C*' mapping §
from an open neighborhood of S into R*. For w€.S, we denote by ¢'(w)
the restriction of g'(w): R»—R™ to T,ScR™, which is independent of
the extension §. Also |¢'(w)| denotes the operator norm.

We put {¢f, =Max{Max,,.s lg(w)|, Max,.s|g'(w)]}, then (%,{ |)is a Banach
space.

Put p(z)=|2’¢(z/|z]) and f(z)=Cz+p(z). p(0) should be regarded as
0 automatically and hereafter such a remark shall be omitted. p=p()
is of C* class on |z|<c and

9'(2) h=|2["{3(w, h)q(w)+7'(w)-(h—(w, h)w)}

where w=z/|z| and h € R*™. Since h—(w, h)w is the orthogonal projection
of h onto T,S, we have

|9’ (2) b = [2]*(8|g(w)| +|g"(w)DIA] ,

hence [p'(2)|=4[z[*(ql..
Now we consider any vector field ¢e% with |¢,=1. In this case

p(2, &) =&'p(e2)
=(sgn g)e*p(sgne-z) ,
50 p,=&p'(sgne-2) and p,=2le|p(sgne-z).
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Thus we have |p|,,.=<16¢, for small &>0.

f(z) satisfies the condition in Proposition 1 and we can take G(z)=|z|*
as an integral. Thus, by Proposition 1 and Lemma 1, there exists >0,
depending only on C, such that for any 0<e<d, the integral surface
G~'(¢*) contains a periodic orbit.

The vector field on S corresponding to the vector field on G-'(¢*) by
the transformation

w=¢"'2 (weS, zeG(e))

is e'f(ew)=¢"Y(Cew+&q(w))=Cw-+e*q(w). This vector field on S has a
periodic orbit and & is independent of qe€{qe€ZX; |q|,=1}, hence any C*
vector field belonging to the d°-neighborhood of C in the Banach space ¥
has a periodic orbit.

This completes the proof of Theorem 3.

§3. Mini-max principle with involution.

The 7 solutions of Theorem 4 are obtained as critical points of a
function which is invariant under an involution reflecting the reversibility
of the system. '

Let X be a Hausdorff space and &: X— X be a continuous involution,
that is, gog=id. We denote by (S*x X), the orbit space of S*x X under
the involution (, )~ (—¢, &x). For an invariant subset Ac X, we define
the equivariant (co)homology groups by HI(X, A)=H,(S*X X)), (S°X A)p)
and H}(X, A)=H*((S*X X)g, (S*xA);). The coefficient field Z, is always
understood. _

Then we have the following equivariant version of Mini-Max Principle

[5].

LEMMA 2. Let A be a complete Hilbert manifold and f: A—[0, ) a
smooth function satisfying the condition (C) of Palais-Smale. Assume
that there is a smooth tnvolution &: A— A satisfying

(i) foe=f,

(i) & is 1sometric,

(iii) for small €>0, A° 18 a deformation retract of A* and the homotopy

using there 18 equivariant (A*= f7[0, a)),
(iv) if dfN)=0 and f(\)=e, then EnF\.
Then the equivariant version of pairwise subordinated homology classes
[6] give critical points of f. That is, if there exist be H, (4, A*) and
6, +-,0,€ H(A—A°) with deg 6,>0 and (G,U---UBO,)Nb+~0, then there
exist at least r+1 critical points with f=e. (In counting critical



PERIODIC ORBITS 365
points, we tdentify N and &\).

PROOF. We put 4= (S~ x 4)r and define F: 4]0, =) by FC, AM=FE, N),
Where [, 7] is the element of A4 represented by (£, ). Define

(23) c=inbf Max f(z]),

where |z|=U,Imo, if 2=3,0. As in [5], since be H,(, &), where
A*=(S*x A%);, we have c=e.
First we claim that

(24) ¢ is a critical value of f.

Let ¢,: 4—4,0=s<o, be the deformation generated by —grad f
and put

K,={n€4; f(\)=¢ and df(\)=0}.
In the proof of 2.1.2. in [5], the following fact is given.

(25) Let U be an open neighborhood of K,(c=0) and p>0 be sufficiently
small. Then for every \ e A°*?, there exists a neighborhood U, of
N and s;=0 such that ¢,U;c UU A~ for s=s;(4°~ =0, ¢)).

Now by (i) and (ii), we can define ¢,: 4— 4 by &,[¢, M]=[, 6.0\)]. To
prove (24), we assume c¢ is not a critical value, that is K,= Q.

By the definition of ¢, there is a chain z € b such that |z]c 4°**, where
©>0 is in (25) when we take U=Q.

For any [{, A] € |2], #(S=x U,) is an open neighborhood of [{, A], where
m: 8 X A— 4 is the projection, and @,(x(S=x U,))U 4°~ for s=s; by (25).

Since [z| is compact, ¢,.(|z])c4°~ for some s'>0, but g@,(2)€b.

This contradiction gives (24).

Now 6 € H*(A— A%, deg 6>0, and let a=60Nb be the nonzero element
of H,(A, A%). This cap product can be taken by (iii) as in [5].

Let ¢’ be the critical value defined by (23) replacing b with a. Then
we have e<c¢’<c¢ as in [5].

Finally we give

(26) if ¢’=c, then there exist infinitely many critical points in f-(¢).
To prove (26), assume that there are only finite critical points
Ny Ngy * 00y Ags 57\51, *t % $>"j

in the level f=c (df(\)=0 implies df(&x)=0 and \;#&n; by (iv)).
We can choose contractible neighborhoods U; of \; in A—A° so that
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v, ---, U;eU0, -+, U, are all disjoint.

Put U= UL, (U;UeU;) and W==n(S*x U). Then WasS>Xx (U,U---U
U,), hence H?=%(W)=0.

For p>0 in (25), there is zeb such that [zjcA°t?., As in the proof
of (24), we have §,(|z])c WU A*~ for some s'=0. This derives a contra-
diction, as in the proof of 2.1.10 in [5], proving (26).

These arguments yield the lemma as in [5]. Q.E.D.

Using Lemma 2, we have

LEMMA 3. Let V be an open subset of a Riemannian manifold such
that for any x and y in V, there exists the unique shortest geodesic whose
length equals to d(x, y), the Riemannian distance, and f(x, y)=d(=z, y)* 18
smooth in x and y. Then for any compact submanifold N in V, there
exist at least dim N+1 nonconstant geodesics starting from and ending
at N orthogonally.

In [3], the same result, replacing V by the Euclidian space with
complete Riemannian metric, is given. Theorem 1 in [3] is based on [8],
but Lemma 2 in this note also give the theorem.

PROOF OF LEMMA 3. We apply Lemma 2 for A=NXN, f=f(x, ¥)
and &(x, ¥)=(y, x). Critical points of f with f>0 gives the desired geo-
desics.

The assumptions (i), (i) and (iv) are easily seen. As in the proof of
Theorem 8.48 in [12], the following estimate gives (iii).

(27) For some >0, f(x, y)<=2| grad f(x, y)|°, if x,ye N and f(x, y)<e.

This is given since grad f(x, y) has order d(x, y) and N is compact.
Therefore Theorem 2 in [3] and the naturality of the (co)homology theory
give the lemma. Q.E.D.

§4. Proof of Theorem 4.

Consider the system written in Theorem 4. By (11), U= U(x) can be
written as U(x)= U,(jz]) for some smooth function U,=U,(r), and since
WesD", U, satisfies

(28) U@()<e for 0=r<r, Ulr,)=e¢ and
Ui(r)>0 for some 7r,>0.

Therefore there are >0 and >0 with
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(29) U,=e—20 on [0, r,—p], U=e+20 on [r,+p, ro+20] and
Ul =20/r, on [r,—2p, r,+2p0].

Put W'={z e R"; |x|<7,+20} and denote by B*(W’, R’) the set of C*-
functions u: W' — R/ with

(30) lullu=Max {sup [D*u(z)|} <o .

For notations used in this section, see [1].
Then there is a neighborhood % of U in BY(W’, R) such that for any
U in %, e is a regular value of {7 and there is a smooth function

B: aW"’"(l'—p/'rov 1+0/r)

such that W={xe W’; U(x)<e} is written as {abe W'; b€ oW and 0=<a<
B(b)}. Furthermore the mapping U2 from % into C'(@W, R) is conti-
nuous. This is given by the implicit function theorem: applied to the
function F=F(U, b, a)=e— U(ab), which is C* by Theorem 10.8 in [1].
W is also diffeomorphic to the n-disk D=.

The system (5) is characterized by the functions U(z) and a(x), 1<
1S5S, We put Z=(U, a,;), then ZeB(W’, R+t =82,

“C® near” in Theorem 4 means “near with respect to the norm of
%2,’

For sufﬁc1ent1y small neighborhood %7 of Z in %%, Z=(T, &,;)ew”
implies Ue 2z and (&,;) is positive definite.

For beoW={x; |v|=7) and Ze %, let &(Z, b, t) be the solution of

(5), the system which is given by replacing Z with Z in (5), with
o(Z, b, 0)=B®)b and %q)(z, b, 0)=0.
Since the system corresponding to Z is rotationally symmetrie, &(Z, b, t)
can be written as
(31) ?(Z, b, t)=h(t)b, 0<t<K,, for some K,>0,
where A=h(t) is a smooth function with

(32) r0)=1, k0)=0, Hh(0)<O0,
Et)<0 for 0<t<K, and A(K)=0.

The solution &(Z, b, t) is a geodesic w.r.t. the metric
(33) ds*=(e— U(x))@, (x)dxdex; ,
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after a time change.
The following fact is obtained by the standard way.

(34) There are r,>0 and a neighborhood %7 ,C %  of Z in B* such that
for any Ze %, the set V={x € R"; |x|<2r,} has the property of V
in Lemma 38 w.r.t. the metric (33).

We take K,, 0<K,<K,, so that h(K))=r,. Let S, be thg length of
the curve &(Z,b,t), 0t<K,, w.r.t. 33) for Z and, for Ze¢ %%, and
beaW, let t,=t,(Z, b) be the time satisfying

[the length of the curve &(Z,b,t), 0<t<t, w.r.t. (33)]=S..

Then ¢,(Z, b)=K, for all bcdW. And put QZ b)=0(Z, b, t(Z, b)). We
claim

(35) There is a neighborhood %#,C % of Z in B* such that for any
Ze w, QZ -) is an embedding from aW into V.

This is also given by the implicit function theorem.

The image of the embedding N={Q(Z, b); bec W} is a compact sub-
manifold of V with dimension n—1. So, by Lemma 8, there exist n
geodesics w.r.t. the metric (83), starting from and ending at N orthog-
onally.

This proves the Theorem as [10] or [4]. ' Q.E.D.
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