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Introduction

We consider the Laplacian

$\Delta.=(\partial/\partial z_{1})^{2}+(\partial/\partial z_{2})^{2}+\cdots+(\partial/\partial z_{d+1})^{2}$

in the complex $d+1$ space $C^{d+1}$ . Let

$M=\{z=(z_{1}, z_{2}, \cdots, z_{d+1})\in C^{d+1};z\neq 0, z^{2}=0\}$

be the complex cone defined by the quadratic equation

$z^{2}=z_{1}^{2}+z_{2}^{2}+\cdots+z_{d+1}^{2}=0$ .
Suppose $\lambda$ is an arbitrary complex number. The first named author

showed in [13] that the entire function $f$ on $C^{d+1}$ satisfying the differential
equation

(0.1) $(\Delta_{z}+\lambda^{2})f=0$

is completely defined by its restriction values on the complex subvariety
$M$. In this sense, we call the cone $M$ a uniqueness set for the differential
operator $\Delta_{z}+\lambda^{2}$ .

We shall show in this paper that this phenomenon occurs locally at
the origin. More precisely, we shall prove a semi-local version using the
Lie ball.

Let $\tilde{B}(\gamma)$ be the Lie ball of radius $r$ with center at the origin in
$C^{d+1}$ (see definition in \S 1). The space of holomorphic functions on $\tilde{B}(r)$

is denoted by $\rho(\tilde{B}(\gamma))$ . We shall denote by $P_{\lambda}(\tilde{B}(r))$ the subspace of
$d(\tilde{B}(\gamma))$ defined by the differential equation (0.1). Remark that $P_{0}(\tilde{B}(r))=$

$P_{\Delta}(\tilde{B}(r))$ in our notation in our previous paper [8], [10], etc., and that
$P_{0}(\tilde{B}(r))$ is the space of harmonic functions on the Lie ball $\tilde{B}(r)$ .

Let us consider the space of functions on $M\cap\tilde{B}(\gamma)$ :
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(0.2) $P(\tilde{B}(r))|_{r}=\{f|_{K\cap B(r)}^{\sim}; fec1(B(r))\}$ .
We may call $g(\tilde{B}(r))|_{r}$ the space of holomorphic functions on the truncated
complex cone $M\cap B(r)$ .

Our main result is that the restriction mapping is a linear topological
isomorphism of $P_{\lambda}(\tilde{B}(r))$ onto $\theta(\tilde{B}(r))|_{r}$ (Theorem 2.4). The global version
in [13] corresponds to the case $ r=\infty$ .

Our method of proof relies heavily on the properties of spherical
harmonics. If $d=1$ , the situation becomes very simple and is studied in
[7].

The first author described in [14] a uniqueness set for more general
linear partial differential operators of the second order with constant
coefficients.

The Fourier-Borel transformation $P_{\lambda}$ has been studied in [2], [6], [10],
[12], [13], etc. We will determine in the last section the inverse image
of $\rho_{\lambda}(\tilde{B}(r))$ by the transformation $P_{\lambda}$ (Theorem 3.1).

\S 1. Preliminaries.

Let $d$ be a positive integer and assume $d\geqq 2$ . $S=S^{d}=\{xeR^{d+1};||x||=1\}$

denotes the unit sphere in $R^{d+1}$ , where $\Vert x\Vert^{2}=x_{1}^{2}+x_{2}^{2}+\cdots+x_{d+1}^{2}$ . $ds$ denotes
the unique $o(d+1)$ invariant measure on $S$ with $\int_{s}lds=1$ , where $0(k)$ is
the orthogonal group of degree $k$ . $\Vert$ $||_{2}$ and 1 $||_{\infty}$ are the $L^{2}$-norm and
sup norm on $S$ respectively. $H_{n,d}$ is the space of spherical harmonics of
degree $n$ in dimension $d+1$ . For spherical harmonics, see M\"uller [11].
For $S_{n}\in H_{n,d},\tilde{S}_{n}$ denotes the unique homogeneous harmonic polynomial of
degree $n$ on $C^{d+1}$ such that $\tilde{S}_{n}|_{s}=S_{n}$ .

The Lie norm $L(z)$ and the dual Lie norm $L^{*}(z)$ on $C^{\delta+1}$ are defined
as follows:

$L(z)=L(x+iy):=[||x||^{2}+||y||^{2}+2\{||x||^{2}\Vert y\Vert^{2}-(x\cdot y)^{2}\}^{1/2}]^{1/2}$ ,

$L^{*}(z)=L^{*}(x+iy):=\sup\{|\xi\cdot z|;L(\xi)\leqq 1\}$

$=(1/\sqrt{2})[||x\Vert^{2}+||y\Vert^{2}+\{(||x||^{2}-||y||^{2})^{2}+4(x\cdot y)^{2}\}^{1/2}]^{1/2}$ ,

where $z,$ $\xi\in C^{d+1}$ , and $z\cdot\xi=z_{1}\xi_{1}+z_{2}\xi_{2}+\cdots+z_{d+1}\xi_{d+1}$ , $x,$ $y\in R^{d+1}$ , (see

Druzkowski [1]). We put

$\tilde{B}(r):=\{zeC^{a+1};L(z)<r\}$ for $ 0<r\leqq\infty$

and
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$\tilde{B}[r]:=\{z\in C^{d+1};L(z)\leqq r\}$ for $ 0\leqq r<\infty$ .
Note that $\tilde{B}[0]$ is $\{0\}$ . Let us denote by $\theta(\tilde{B}(\gamma))$ the space of holomor-
phic functions on $B(r)$ . Then $-\theta(\tilde{B}(\gamma))$ is an FS space. $P(\tilde{B}(\infty))=P(C^{d+1})$

is the space of entire functions on $C^{d+1}$ . Let us define

$P(\tilde{B}[r]):=ind\lim_{r>r}P(\tilde{B}(r’))$ .
Then $P(\tilde{B}[\gamma])$ is a DFS space. For $\lambda\in C$, we put $P_{\lambda}(\tilde{B}(r)):=\{f\in P(\tilde{B}(r))$ ;
$(A_{z}+\lambda^{2})f=0\}$ and $P_{\lambda}(\tilde{B}[r])=\{f\in p(\tilde{B}[r]);(A_{z}+x^{2})f=0\}$ , where $\Delta=(\partial/\partial z_{1})^{2}+$

$(\partial/\partial z_{2})^{2}+\cdots+(\partial/\partial z_{d+1})^{2}$ . $P_{n}(C^{d+1})$ denotes the space of homogeneous poly-
nomials of degree $n$ on $C^{d+1}$ .

For $r>0$ we put

$X_{r,L}:=\{f\in p(C^{d+1});\sup_{zec^{d+1}}|f(z)|\exp(-rL(z))<\infty\}$ .
Then $X_{r,L}$ is a Banach space with respect to the norm

$\Vert f\Vert_{r,L}=\sup_{z\in C^{d+1}}|f(z)|\exp(-rL(z))$ .
Define

$Exp(C^{d+1}:(r:L)):=proj\lim_{>rr}X_{r^{\prime},L}$ for $ 0\leqq r<\infty$ ,

$Exp(C^{d+1}:[r:L]):=ind\lim_{<rr}X_{r^{\prime},L}$ for $ 0<r\leqq\infty$ .
$Exp(C^{d+1}:(r:L))$ is an FS space and $Exp(C^{d+1}:[\gamma;L])$ is a DFS space.
$Exp(C^{d+1})=Exp(C^{d+1}:[\infty:L])$ is called the space of entire functions of
exponential type. $Exp^{\prime}(C^{d+1}:(r:L))$ and $Exp’(C^{d+1}:[\gamma;L])$ denote the spaces
dual to $Exp(C^{d+1}:(r:L))$ and $Exp(C^{d+1}:[\gamma;L])$ respectively.

$\tilde{S}=\{z\in C^{a+1};z_{1}^{2}+z_{2}^{2}+\cdots+z_{d+1}^{2}=1\}$ is the complex sphere. We define
$Exp(\tilde{S}:[r:L]):=Exp(C^{d+1}:[r:L])|_{s}\sim$ and $Exp(\tilde{S}:(r:L)):=Exp(C^{d+1}:(r:L))|_{s}\sim$ .
We write $Exp(\tilde{S}:[\infty:L])=Exp(\tilde{S})$ and $Exp(\tilde{S}:(0:L))=Exp(\tilde{S}:(0))$ . The
topology of $Exp(\tilde{S}:[r:L])$ is defined to be the quotient topology $Exp(C^{d+1}$ :
$[r:L])/\ovalbox{\tt\small REJECT}_{\exp[r:L]}(C^{d+1})$ , where we put $\mathcal{J}_{\exp[r:L]}(C^{d+1})=\{f\in Exp(C^{d+1}:[r:L])$ ;
$f=0$ on $\tilde{S}$}. We also define the topologies of $Exp(\tilde{S}:(r:L)),$ $Exp(\tilde{S})$ and
$Exp(\tilde{S}:(0))$ similarly. $Exp^{\prime}(\tilde{S}:[r:L]),$ $Exp^{\prime}(\tilde{S}:(r:L)),$ $Exp^{\prime}(\tilde{S})$ and $Exp(\tilde{S}:(0))$

denote the spaces dual to $Exp(\tilde{S}:[r:L])$ , $Exp(\tilde{S}:(r:L))$ , $Exp(\tilde{S})$ and
$Exp(\tilde{S}:(0))$ , respectively.

If $f$ is a function or a functional on $S$ , we denote by $S_{n}(f$; $)$ the
n-th spherical harmonic component of $f$:
(1.1) $ S_{n}(f;s)=N(n, d)\langle f, P_{n,d}( . s)\rangle$ for $s\in S$ ,
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where

(1.2) $N(n, d)=\dim H_{n_{l}d}=\frac{(2n+d-1)(n+d-2)!}{n!(d-1)!}$

and $P_{n,d}$ is the Legendre polynomial of degree $n$ and of dimension $d+1$

We put $L_{n}(x)=\Vert x\Vert^{n}P_{n,d}(\alpha\cdot x/\Vert x\Vert)$ for fixed $\alpha\in S$. Then $L_{n}$ is the uniqu $($

homogeneous harmonic polynomial of degree $n$ with the followinl
properties:

$L.(Ax)=L.(x)$ for all $A$ $eO(d+1)$ such that $ A\alpha=\alpha$ .
$L_{n}(\alpha)=1$ .

We see that $S_{n}(f$; $)$ belongs to $H_{n.d}$ for $n=0,1,$ $\cdots$ .
Put $\Lambda_{+}=$ { $(n,$ $k)\in Z_{+}^{2}$ ; $n\equiv k(mod 2)$ and $n\geqq k$}, where $Z_{+}=\{0,1,2, \cdots\}$

For any $F\in\rho(\tilde{B}(r))$ we can determine uniquely $S_{n,k}(F$; $)$ $eH_{k,d}$ for every
$(n, k)\in\Lambda_{+}$ in such a way that

(1.3) $F(z)=\sum_{(n,k)eA+}(\sqrt{z^{2}})^{n-k}\tilde{S}_{n,k}(F;z)$ ,

where $z^{2}=z_{1}^{2}+z_{2}^{2}+\cdots+z_{d+1}^{2}$ , and the right hand side of (1.3) converge
uniformly on every compact set of $\tilde{B}(\gamma)$ . The $S_{n,k}(F$; $)$ is called th
$(n, k)$-component of $F$ (see [8] [9]).

Next we consider a complex cone $M$ as follows:

$M=\{zeC^{d+1}\backslash \{0\};z^{2}=0\}$ .
$M$ is identified with the cotangent bundle of $S$ minus its zero section
$P_{n}(M)$ denotes the restriction to $M$ of $P_{n}(C^{d+1})$ . We put the subset $No$

$M$ as follows:

$N=\{z=x+iyeM;||x||=\Vert y\Vert=1\}$ ,

where $x,$ $y\in R^{d+1}$ . The unit cotangent bundle to $S$ is identified with th
subset $N$ and we have $N\simeq O(d+1)/O(d-1)$ . $dN$ denotes the unique $O(d+1_{J}^{\backslash }$

$invariantmeasunNwith\int_{a\langle\varphi,\psi\rangle_{N}=\int_{N}\varphi(z)nd}N1dN(z)=1.Wedefinetheinnerproduc\frac{reo}{\psi(z)}dN(z)thenorm\Vert\varphi\Vert_{N,2}=\langle\varphi,\varphi\rangle_{N}^{1’ 2}.Iti_{S}knowntha$

for any $f_{n},$ $g_{n}\in H_{n,d}$

(1.4) $\langle f_{n}, g_{n}\rangle_{s}=2^{-2n}\frac{n!N(n,d)\Gamma((d+1)/2)}{\Gamma(n+(d+1)/2)}\langle\tilde{f}_{n}, g_{n}\sim\rangle_{N}$ ,

where
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$\langle f, g\rangle_{s}=\int_{s}f(s)\overline{g(s)}ds$ ,

(see, for example [4] [5] [13]). I $||_{N,\infty}$ denotes the sup norm on $N$.
\S 2. Some properties of $P_{\lambda}(\tilde{B}(\gamma))$ .
THEOREM 2.1. Let $F\in p_{\lambda}(\tilde{B}(r))$ and $S.,k$ be the $(n, k)$-component of $F$.

Then we have

(2.1) $S_{n,k}=(ix/2)^{n-k}\frac{\Gamma(k+(d+1)/2)}{\Gamma\langle(n-k)/2+1)\Gamma((n+k+d+1)/2)}S_{k.k}$

for $(n, k)e\Lambda_{+}$ and

(2.2) $\lim_{n\rightarrow}\sup_{\infty}||S_{n,n}||_{\infty}^{1/}‘‘\leqq 1/r$ .
Conversely, if we are $g\dot{w}$en a sequence of spherical harmonics

$\{S_{n,k}\}_{(n,k)eA+}$ satisfying (2.1) and (2.2) and if we put for $ze\tilde{B}(r)$

(2.3) $F(z)=\sum_{(n,k)eA+}(\sqrt{z^{2}})^{n-k}\tilde{S}_{n,k}(z)$ ,

then the right hand side of (2.3) converges uniformly and absolutely on
every compact set of $\tilde{B}(r)$ and $F$ belongs to $\rho_{\lambda}(\tilde{B}(r))$ . Furthermore we
have

$\tilde{S}_{n,k}(z)=\tilde{S}_{n,k}(F;z)$ for $(n, k)\in\Lambda_{+}$ .
Remark the case $\lambda=0$ is known (see [9]).

PROOF. By [8] Theorem 3.2 we have

(2.4) $\Delta_{\iota}F(z)=\sum_{(n,k)eA+}\Delta_{z}((\sqrt{z^{2}})^{n-k}\tilde{S}_{n,k}(z))$

$=\sum_{(n,k)eA+,n>k}(n-k)(n+k+d-1)\langle\sqrt{z^{2}})^{n-k-2}\tilde{S}_{n,k}(z)$ .
(2.4) gives us, for $0\leqq k\leqq n-2$ with $n\equiv k(mod 2)$ ,

(2.5) $(n-k)(n+k+d-1)S_{n,k}=-x^{2}S_{n-2,k}$ ,

because $F\in p_{\lambda}(\tilde{B}(r))$ and $H_{n,d}\perp H_{m,d}$ if $n\neq m$ . (2.1) follows from (2.5). (2.2)
follows from [8] Theorem 3.2 (3.33), since $\lim\sup_{n\rightarrow\infty}\Vert f_{n}\Vert_{\infty}^{1/n}=\lim\sup_{n\rightarrow\infty}\Vert f_{n}\Vert_{\infty}^{1ln}$

$iff_{n}eH_{n,d}$ .
Conversely, suppose we are given a sequence $\{S_{n,k}\}$ satisfying (2.1)

and (2.2). By (2.2) for any $\epsilon>0$ there exists a constant $C_{\epsilon}$ such that



98 RYOKO WADA AND MITSUO MORIMOTO

(2.6) $\sup_{keZ+}||S_{k,k}||_{\infty}\leqq C_{\iota}(r-\epsilon)^{-k}$ .
By (2.1) and (2.6) we have for $(n, k)e\Lambda_{+}$

(2.7) $\Vert S_{n,k}\Vert_{\infty}=(|x|/2)^{n-k}\frac{\Gamma(k+(d+1)/2)||S_{k.k}||_{\infty}}{\Gamma((n-k)/2+1)\Gamma((n+k+d+1)/2)}$

$\leqq(|\lambda|/2)^{n-k}\frac{C.(r-\epsilon)^{-b}}{\Gamma((n-k)/2+1)}$ .

From (2.7) we can see that $\sum_{k=0}^{\infty}\sum_{l=0}^{\infty}(\sqrt{z^{2}})^{2l}\tilde{S}_{k+2l,k}(z)$ converges uniformly
and absolutely on every compact set of $B(r)$ since the gilov boundary of
$\tilde{B}(\rho)$ is {$\rho e^{i\theta}s;0\leqq\theta<2\pi,$ seS} (see Hua [3]). So the right hand side of
(2.3) converges uniformly and absolutely on every compact set of $\tilde{B}(r)$ .
Therefore $F$ belongs to $P(\tilde{B}(r))$ and $S_{n,k}(s)=S_{n,k}(F;\epsilon)$ for any $seS$. It
is easy to show that $\Delta.F=-x^{2}F$. Q.E.D.

REMARK 2.2. In Theorem 2.1 the condition (2.2) can be replaced by
the following conditions

(2.2’) $\lim_{n\rightarrow}\sup_{\infty}||\tilde{S}_{n.n}||_{N.2}^{1|n}\leqq 2/r$

or
(2.2’ ) $\lim_{n\rightarrow}\sup_{\infty}||\tilde{S}_{n.n}||_{N.\infty}^{1\prime n}\leqq 2/r$ ,

since for any $f_{n}eH_{n,d}$ we have

$\lim_{n\rightarrow}\sup_{\infty}1\tilde{f}_{n}||_{N}^{1ln_{2}}=2\lim_{n\rightarrow}\sup_{\infty}1f_{n}\Vert_{g}^{\iota/n}=2\lim_{n\rightarrow}\sup_{\infty}||f_{n}\Vert_{\infty}^{11*}$

$=\lim_{n\rightarrow}\sup_{\infty}||f_{n}\Vert_{N,\infty}^{1/n}$ ,

by (1.4) and the fact that $\tilde{B}[2]\supset N$.
We recall the definition of the Bessel function of order $\nu$ , $\nu\neq$

$-1,$ $-2,$ $\cdots$ ;

(2.8) $J_{\nu}(t)=(\frac{t}{2})^{\nu}\sum_{k=0}^{\infty}\frac{(-1)^{k}}{k!\Gamma(\nu+k+1)}(\frac{t}{2})^{2k}$ .
COROLLARY 2.3. Let $Fe\rho_{\lambda}(\tilde{B}(r))$ . Then we have for any $ze\tilde{B}(r)$

(2.9) $F(z)=\sum_{n=0}^{\infty}\rho_{0}^{(d-1)/2}\frac{J_{n+td-1)/2}(x\sqrt{z^{2}})}{J_{n+(d-1)/2}(x\rho_{0})}(\sqrt{z^{2}})^{-n-(d-1)/l}\tilde{S}_{n}(F_{\rho_{0}};z)$

for every $\rho_{0}eC$ such that $0<|\rho_{0}|<r$ and $J_{n+(d-1)/l}(x\rho_{0})\neq 0$ for any $neZ_{+}$
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where

(2.10) $S_{n}(F_{\rho_{0}};s)=N(n, d)\int_{s}F(\rho_{0}s^{\prime})P_{n,d}(s’\cdot s)ds^{\prime}$ .

PROOF. We put $S_{n,k}(F;s)=S_{n,k}(s)$ . Then (2.1) gives

(2.11) $F(z)=\sum_{k=0}^{\infty}\sum_{l=0}^{\infty}(\sqrt{z^{2}})^{2l}(\frac{ix}{2})^{2l}\frac{\Gamma(k+(d+1)/2)}{l!\Gamma(k+l+(d+1)/2)}\tilde{S}_{k.k}(z)$ .
By (2.10) and (2.11) and the orthogonality of spherical harmonics we
obtain

(2.12) $S_{k}(F_{\rho_{0}};s)=S_{k,k}(s)\{\sum_{l=0}^{\infty}\rho_{0}^{2l+k}(\frac{i\lambda}{2})^{2l}\frac{\Gamma(k+(d+1)/2)}{l!\Gamma(1+k+(d+1)/2)}\}$

because the right hand side of (2.11) converges uniformly on the sphere
$\rho_{0}S$. (2.8) and (2.12) imply

(2.13) $\tilde{S}_{k,k}(z)=\rho_{0}^{-k}\frac{(\lambda\rho_{0}/2)^{k+(d-1)/2}}{\Gamma(k+(d+1)/2)J_{k+(d-1)/2}\langle\lambda\rho_{0})}\tilde{S}_{k}(F_{\rho_{0}};z)$ .

(2.9) follows from (2.8), (2.11) and (2.13). Q.E.D.

Our main theorem in this section is the following

THEOREM 2.4. (i) The restriction mapping $F\rightarrow F|$. defines the
following bijections:

(2.14) $\alpha_{\lambda}:\rho_{\lambda}(\tilde{B}(r))\rightarrow P(\tilde{B}(r))|_{H}$ for any $xeC$ .
(ii) If $f\in P(\tilde{B}(r))|_{K}$ then $\alpha_{\lambda}^{-1}f$ can be expressed as follows:

(2.15) $\alpha_{\lambda}^{-1}f(z)=\int_{N}f(\rho z’/2)K_{\lambda}(z, \overline{z}’/\rho)dN(z^{\prime})$ for $z\in\tilde{B}(r)$ ,

where $L(z)<\rho<r$ and

(2.16) $K_{\lambda}(z, \xi)=\sum_{n=0}^{\infty}\{N(n, d)\Gamma(n+(d+1)/2)(x\sqrt{z^{2}}/2)^{-n-(d-1)/2}$

$\times J_{n+td-1)/2}(\lambda\sqrt{z^{2}})(z\cdot\xi)^{n}\}$ .
In particular, if $\lambda=0$ we have a $Po\dot{r}sson$’ formula:

(2.17) $\alpha_{0}^{-1}f(z)=\int_{N}f(\rho z^{\prime}/2)\frac{(1+\overline{z}^{\prime}.\cdot(z/\rho))}{(1-\overline{z}’(z/\rho))^{d}}dN(z^{\prime})$ .
(iii) $\alpha_{\lambda}$ is a linear topological isomorphism of $\rho_{\lambda}(\tilde{B}(r))$ onto $\rho(\tilde{B}(r))|_{r}$
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if we equip $\theta(\tilde{B}(r))|_{K}$ with the topology of uniform convergence on $ever\mathfrak{g}$

compact set of $\tilde{B}(r)\cap M$.
We need the following lemma in order to prove the theorem.

LEMMA 2.5. For $Fe\rho(\tilde{B}(r))$ we have for any $zeC^{d+1}$

(2.18) $\tilde{S}_{n,n}(F;z)=N(n, d)\int_{N}F(\rho z^{\prime}/2)(\overline{z}^{\prime}\cdot\frac{z}{\rho})^{n}dN(z^{\prime})$ ,

where $\rho$ is any real number $smh$ that $0<\rho<r$ and the right hand si
of (2.18) is independent of $\rho$ .

PROOF. Since S.,.$(F$; $)$ $eH.,d$ it is valid for any $s\in S$

(2.19) $S_{n,n}(F;s)=N(n, d)\int_{s}S_{n,n}(s^{\prime})P_{n,\delta}(s\cdot s^{\prime})ds’$ .
(2.19) and (1.4) give

(2.20) $S_{n,n}(F;s)=(N(n, d)/2^{n})^{2}\frac{n!\Gamma((d+1)/2)}{\Gamma(n+(d+1)/2)}$

$\times\int_{N}\tilde{S}_{n,n}(F;z)\overline{\tilde{P}_{n.d}(z^{\prime}\cdot s)}dN(z^{\prime})$

$=N(n, d)\int_{N}\tilde{S}_{n,n}(F;z/2)(\overline{z}^{\prime}\cdot s)^{n}dN(z^{\prime})$ ,

since $\tilde{P}_{n.d}(z\cdot s)=\{2^{n}\Gamma(n+(d+1)/2)(z\cdot s)^{n}\}/\{n]N(n, d)\Gamma((d+1)/2)\}$ on $N$. I
$z^{\prime}eN,$ $(\overline{z}^{\prime}\cdot z)^{n}$ is a homogeneous harmonic polynomial of degree $n$ in $q$

Then we have by (2.20)

(2.21) $\tilde{S}_{n,n}(F;z)=N(n, d)\int_{N}\tilde{S}_{n,n}(F;z^{\prime}/2)(\overline{z}^{\prime}\cdot z)^{n}dN(z^{\prime})$

$=N(n, d)\int_{N}\tilde{S}_{n,n}(F;\rho z’/2)(\overline{z}\cdot\frac{z}{\rho})^{n}dN(z’)$ .

(2.18) follows from (2.21) because $\sum_{k=0}^{\infty}\tilde{S}_{k,k}(F;\rho z^{\prime}/2)$ converges to $F(\rho z/4$

on $N$ and $P.(M)\perp P.(M)(n\neq m)$ on N. (2.21) is independent of $\rho$ an
so is (2.18). Q.E.I

PROOF OF THEOREM 2.4. (i) For any $xeC$ it is clear $th_{\iota}^{\prime}$

$\rho_{\lambda}(\tilde{B}(r))|_{r}\subset\rho(\tilde{B}(r))|_{K}$ . Let $Fe\rho_{\lambda}(\tilde{B}(r))$ . Then for any $zeM\cap\tilde{B}(r)v$

have

(2.22) $F(z)=\sum_{n=0}^{\infty}\tilde{S}_{n,n}(F;z)$ .
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By (2.22) we have for any $z^{\prime}\in N$

(2.23) $F(\gamma z^{\prime}/4)=\sum_{n=0}^{\infty}(\gamma/4)^{n}\tilde{S}_{n,n}(F;z^{\prime})$ ,

because $(r/4)N\subset\tilde{B}(r)\cap M$. If $\alpha_{\lambda}(F)=0$ we have $\tilde{S}_{n,n}=0$ on $N$ by (2.23)
and the orthogonality of homogeneous polynomials on $N$. So the spheri-
cal harmonic function $S_{n,n}=0$ by (1.4) and $F=0$ by (2.1). Therefore $\alpha_{\lambda}$

is injective.
Next for $f\in\rho(\tilde{B}(r))$ we define the function $F$ as follows:

$F(z)=\sum_{(n,t)eA+}(\sqrt{z^{2}})^{n-k}\tilde{S}_{n,k}(z)$ ,

where

$\tilde{S}_{n,k}(z)=\frac{\Gamma(k+(d+1)/2)(ix/2)^{n-k}}{\Gamma((n-k)/2+1)\Gamma((n+k+d+1)/2)}\tilde{S}_{k,k}(f;z)$ .

As $f\in \mathcal{O}(\tilde{B}(r))$ , $\lim\sup_{n\rightarrow\infty}\Vert S_{n,n}\Vert_{\infty}^{1/n}=\lim\sup_{n\rightarrow\infty}$ I $ S_{n,n}(f;)\Vert_{\infty}^{1/n}\leqq 1/\gamma$ by [8]
Theorem 3.2. Hence by Theorem 2.1 $F\in P_{\lambda}(\tilde{B}(r))$ and $F|_{r}=f|_{K}$ . There-
fore $\alpha_{\lambda}$ is surjective.

(ii) Suppose $feP(\tilde{B}(r))|_{H}$ . By the proof of surjectivity of $\alpha_{\lambda}$ in (i)

and (2.18) we obtain for $z\in\tilde{B}(r)$

(2.24) $\alpha_{\lambda}^{-1}f(z)=\sum_{k=0}^{\infty}\sum_{l=0}^{\infty}\{(\sqrt{z^{2}})^{2l}(ix/2)^{2l}\frac{\Gamma(k+(d+1)/2)N(k,d)}{l!\Gamma(l+k+(d+1)/2)}$

$\times\int_{N}f(\rho z^{\prime}/2)(\overline{z}^{\prime}\cdot\frac{z}{\rho})^{k}dN(z^{\prime})\}$ .
Now we have

(2.25) $K_{\lambda}(z, \overline{z}^{\prime}/\rho)=\sum_{k=0}^{\infty}\sum_{l=0}^{\infty}(\sqrt{z^{2}})^{2l}(’\dot{\iota}x/2)^{2l}\frac{\Gamma(k+(d+1)/2)N(k,d)(\overline{z}^{\prime}\cdot(z/\rho))^{k}}{l!\Gamma(l+k+(d+1)/2)}$ .

So we have for $z\in\tilde{B}(\rho)$

$\alpha_{\lambda}^{-1}f(z)=\int_{N}f(\rho z^{\prime}/2)K_{\lambda}(z, \overline{z}^{\prime}/\rho)dN(z’)$ ,

since the right hand side of (2.25) converges uniformly and absolutely on
$\tilde{B}[\rho-\epsilon]\times N$ for any $\epsilon>0$ . Hence we get (2.15). In particular, we obtain
(2.17) since $K_{0}(z, \overline{z}^{\prime}/\rho)=\sum_{k=0}^{\infty}N(k, d)(\overline{z}^{\prime}\cdot(z/\rho))^{k}$ and $\sum_{k=0}^{\infty}N(k, d)x^{k}=$

$(1+x)(1-x)^{-d}$ for $x\in C,$ $|x|<1$ (see, for example M\"uller [11] Lemma 3).
(iii) It is clear that $\alpha_{\lambda}$ is continuous. Suppose that $\{f_{n}\}_{n\cdot ez_{+}}\subset$

$P(\tilde{B}(r))|_{K}$ and $f.\rightarrow 0$ in the topology of $\rho(B(r))|_{H}$ . By (2.15) we have
for any $\rho^{\prime}$ with $0<\rho^{\prime}<r$
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(2.26) $\alpha_{\lambda}^{-1}f.(z)=\int_{N}f_{n}(\rho z^{\prime}/2)K_{\lambda}(z, \overline{z}^{\prime}/\rho)dN(z^{\prime})$

if $L(z)\leqq\rho^{\prime}<\rho<r$ . By (2.25), it is true that

(2.27) $L(\iota)\leq\rho\sup_{*’ eN}|K_{\lambda}(z, \overline{z}/\rho)|\leqq\sup_{L\{*)\leq\rho}\{\sum_{n=0}^{\infty}N(n, d)|z\cdot\frac{\overline{z}^{\prime}}{\rho}|^{n}\exp(|\lambda|^{2}L(z)^{2}/4)\}$ .

(2.26) and (2.27) give that for any $\rho^{\prime}$ with $0<\rho^{\prime}<r$

(2.28) $\sup_{L(*)\leqq\rho^{\prime}}|\alpha_{\lambda}^{-1}f_{n}(z)|\leqq$ $sup|f_{*}(\rho z’/2)||K_{\lambda}(z, \overline{z}^{\prime}/\rho)|$

$Ltz)\leq eJ^{\prime}$

$\leqq(\exp\frac{|\lambda|^{l}\rho^{\prime a}}{4})\frac{1+\rho^{\prime}/\rho}{(1-\rho^{\prime}/\rho)^{d}}\sup_{*e(\rho/2)N}|f.(z)|$ .

As $(\rho/2)N$ is the compact set of $\tilde{B}(r)\cap M$ we get from (2.28)

(2.29) $\sup_{L(z)\leqq\rho}|\alpha_{\lambda}^{-1}f_{n}(z)|\rightarrow 0$
$(m\rightarrow\infty)$ .

(2.29) means that $\alpha_{\lambda}^{-1}f_{n}$ converges to $0$ in the topology of $ff_{\lambda}(\tilde{B}(r))$ as
$ m\rightarrow\infty$ . Therefore $\alpha_{\lambda}^{-1}$ is continuous and $\alpha_{\lambda}$ is a linear topological isomor $\cdot$

phism of $\rho_{\lambda}(B(r))$ onto $\rho(\tilde{B}(r))|_{r}$ by (i). Q.E.D.

COROLLARY 2.6. If $F$ belongs to $\rho_{\lambda}(\tilde{B}(\rho))$ for $0<\rho<r$ and $F|_{r}$ belongs
to $ff(\tilde{B}(r))|_{K}$ , then $F$ belongs to $\rho_{\lambda}(\tilde{B}(r))$ .

\S 3. Fourier-Borel transformation.

The Fourier-Borel transformation $P_{\lambda}$ for a functional $TeExp’(C^{a+1}$ :
$(0;L))$ is defined by

(3.1) $ P_{\lambda}T(z)=\langle T_{\xi}, \exp(i\lambda\xi\cdot z)\rangle$ for $zeC^{d+1}$ ,

where $\lambda eC\backslash \{0\}$ is a fixed constant. In this section we will determine the
functional space on $\tilde{S}$ whose image by $P_{\lambda}$ coincides with $\rho_{\lambda}(B(r))$ . Our
main theorem in this section is the following

THEOREM 3.1. The transformation $P_{\lambda}establ\dot{j}shes$ linear topological
isomorphisms

(3.2) $P_{\lambda}:Exp^{\prime}(\tilde{S}:[|\lambda|r/2:L])\rightarrow^{\sim}\rho_{\lambda}(B(r))$ $(0<r\leqq\infty)$ ,

(3.3) $P_{\lambda}:Exp^{\prime}(\tilde{S};(|\lambda|r/2:L))\rightarrow^{\sim}\rho_{\lambda}(B[r])$ $(0\leqq r<\infty)$ .
In particular we have the following:
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(3.4) $P_{\lambda}:Exp’(\tilde{S}:(0))\rightarrow^{\sim}\rho_{\lambda}(\{0\})$ .
We need the following lemma and theorem in order to prove

Theorem 3.1.

LEMMA 3.2. If $S_{n}$ is the n-th spherical harmonic component of $f^{\prime}$ ,
then

(3.5) $f’ eExp(\tilde{S}:[r:L])-\lim_{n\rightarrow}\sup_{\infty}(\Vert S_{n}\Vert_{\infty}/n[)^{1/n}\leqq 1/r$ ,

(3.6) $f^{\prime}eExp^{\prime}(\tilde{S}:(r:L))-\lim_{n\rightarrow}\sup_{\infty}(||S_{n}||_{\infty}/n])^{1/n}<1/r$ ,

(3.7) $ f^{\prime}\in Exp^{\prime}(\tilde{S}:(0))-\lim_{n\rightarrow}\sup_{\infty}(\Vert S_{n}||_{\infty}/n])^{1/n}<\infty$ .

THEOREM 3.3 (Martineau [6]). The transformation $P_{\lambda}$ establishes linear
topological isomorphisms

(3.8) $P_{\lambda}:Exp^{\prime}(C^{d+1}:[r:L])\rightarrow^{\sim}$ er $(\tilde{B}^{*}(r/|\lambda|))$ ,

(3.9) $P_{\lambda}:Exp^{\prime}(C^{i+1}:(r:L))\rightarrow^{\sim}\rho(\tilde{B}^{*}[r/|\lambda|])$ ,

(3.10) $P_{\lambda}:Exp’(C^{d+1};(0:L))\rightarrow^{\sim}P(\{0\})$ ,

where $\tilde{B}^{*}(A)=\{zeC^{d+1};L^{*}(z)<A\}$ and $\tilde{B}^{*}[A]=\{z\in C^{d+1};L^{*}(z)\leqq A\}$ .
Lemma 3.2 can be proved in the same way as in the proof of [10]

Theorem 6.1.

PROOF OF THEOREM 3.1. Let $f^{\prime}$ be in $Exp(\tilde{S}:[|\lambda|r/2:L])$ . For any
$ze\tilde{B}^{*}(r/2)P_{\lambda}f^{\prime}(z)$ is well-defined and $P_{\lambda}f’ e\rho_{\lambda}(\tilde{B}^{*}(r/2))$ because ${\rm Re}|i\lambda\xi\cdot z|\leqq$

$|x||\xi\cdot z|\leqq|\lambda|L(\xi)L^{*}(z)$ . Furthermore $P_{\lambda}f^{\prime}(z)$ is well-defined for $ze\tilde{B}(r)\cap M$

since $L^{*}(z)=L(z)/2$ for $z\in M$. If we put $S_{n}(s)=S_{n}(f^{\prime};s)$ , we have for
$zeM\cap\tilde{B}(r)$

(3.11) $P_{\lambda}f^{\prime}(z)=\sum_{n=0}^{\infty}\int_{sn!}S_{n}(s)^{(ixz}\ovalbox{\tt\small REJECT}^{s)^{n}}s$

because $(s\cdot z)^{n}eH_{n,d}$ if $zeM$. Here we consider the following function:

(3.12) $G(z)=\sum_{n=0}^{\infty}(i\lambda/2)^{n}\frac{\Gamma((d+1)/2)}{\Gamma(n+(d+1)/2)}\tilde{S}_{n}(z)$ for $zeC^{d+1}$ .
By (3.5)
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$\lim_{n\rightarrow}\sup_{\infty}\{\frac{|i\lambda/2|^{n}\Gamma((d+1)/2)}{\Gamma(n+(d+1)/2)}||S_{n}\Vert_{\infty}\}^{1/n}\leqq 1/r$ ,

so $G$ belongs to $\rho_{0}(\tilde{B}(r))$ by (2.1) and (2.2). For $zeM$ and $\alpha eS$ it is
true that

(3.13) $\int_{s}P_{n,d}(\alpha\cdot s)(s\cdot z)^{n}ds=\frac{(z\cdot\alpha)^{n}}{N(n,d)}=\frac{1}{N(n,d)C_{n,n}}\tilde{P}_{n,d}(z\cdot\alpha)$ ,

where $C_{n,n}=2^{n}\Gamma(n+(d+1)/2)/(N(n, d)\Gamma((d+1)/2)n!)$ is the coefficient of the
n-th term of $P_{n,d}$ . Since $\{P_{n,d}$( $\alpha$ . ) $\}_{\alpha eS}$ spans $H_{n,d},$ $(3.11),$ $(3.12)$ and (3.13)
imply

(3.14) $P_{\lambda}f^{\prime}=G$ on $M\cap\tilde{B}(r)$ .
By (3.14) and Corollary 2.6 we can see that $P_{\lambda}f^{\prime}eP_{\lambda}(\tilde{B}(r))$ .

Suppose $P_{\lambda}f’=0$ . Then by (3.12) and (3.14) we have

(3.15) $\sum_{n=0}^{\infty}(i\lambda/2)^{n}\frac{\Gamma((d+1)/2)}{\Gamma(n+(d+1)/2)}\tilde{S}_{n}(z)=0$ on $M\cap\tilde{B}(r)$ .
(3.15) gives $\tilde{S}_{n}=0$ on $N$ since $P.(M)\perp P.(M)$ on $N(n\neq m)$ and $S_{n}=0$ by
(1.4). Therefore $f’=0$ and $P_{\lambda}$ is one-to-one.

For $Fed_{\lambda}(\tilde{B}(r))$ put $ S_{n}(s)=\{\Gamma(n+(d+1)/2)/((i\lambda/2)^{n}\Gamma((d+1)/2))\}\times$

$S_{n,n}(F;s)$ . (2.2) and (3.5) imply that $f’=\sum_{=0}^{\infty}S_{n}$ belongs to $Exp’(\tilde{S}$:
$[|\lambda|r/2:L])$ . By (3.12) and (3.14) we see
(3.16) $P_{\lambda}f^{\prime}(z)=F(z)$ on $M\cap\tilde{B}(r)$ .
From Theorem 2.4 we conclude that $F=P_{\lambda}f^{\prime}$ and $P_{\lambda}$ is surjective.

Suppose $\{f_{*}^{\prime}\}_{neZ+}\subset Exp^{\prime}(\tilde{S}:[|\lambda|r/2:L])$ and $f_{n}\rightarrow 0$ in the topology of
$Exp^{\prime}(\tilde{S}:[|\lambda|r/2:L])(m\rightarrow\infty)$ . $Exp^{\prime}(\tilde{S}:[|\lambda|r/2:L])\subset Exp^{\prime}(C^{d+1}:[|\lambda|r/2:L])$ and
by (3.8), $P_{\lambda}f_{n}^{\prime}$ converges to $0$ on every compact set of $\Xi^{*}(r/2)$ uniformly
when $ m\rightarrow\infty$ . Since $\tilde{B}^{*}(r/2)\cap M=\tilde{B}(r)\cap M,$ $\alpha_{\lambda}(P_{\lambda}f_{n}^{\prime})$ converges to $0$ in the
topology of $\rho(\tilde{B}(r))|_{r}$ . Hence $P_{\lambda}f_{n}^{\prime}\rightarrow 0$ in the topology of $ff_{\lambda}(\tilde{B}(r))$ from
Theorem 2.4 (iii). Therefore $P_{\lambda}$ is a continuous mapping of $Exp^{\prime}(\tilde{S}$ :
$[|\lambda|r/2:L])$ onto $\rho_{\lambda}(\tilde{B}(r))$ . $Exp’(\tilde{S}:[|\lambda|r/2;L])andP_{\lambda}(\tilde{B}(r))$ being FS spaces,
$P_{\lambda}^{-1}$ is also continuous by the closed graph theorem and we obtain (3.2).

By using (3.6), (3.7), (3.9) and (3.10) we can prove (3.3) and (3.4)
similarly. Q.E.D.
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