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Abstract. We show that the Hecke rings act on the l-adic cohomology groups of suitable
non-singular proiective toroidal compactifications of the higher dimensional modular varieties.
We extend the fixed point theory of Lefschetz to the correspondences for the Hecke rings
on those compactifications. We treat here the Siegel modular case.

Introduction and notations.

Let $g\geqq 1,$ $w\geqq 0,$ $j\geqq 1,$ $k\geqq 1$ , and $N\geqq 3$ be rational integers. Let re
denote a ring. Write
$M_{j.k}(\mathscr{G})=the$ set of $j\times k$ matrices with coefficients in $\mathscr{G};\mathscr{G}^{j}=M_{1,j}(\mathscr{G})$ ;
$1_{k}=thek\times k$ unit matrix $\in M_{k,k}(Z);\langle g\rangle=g\frac{(g+1)}{2};Jff=[0-1]\in M_{2ff,2ff}(Z)$ ;

$\mathfrak{H}_{g}=the$ Siegel upper half plane of degree $g$

$=$ {$Z\in M_{g,g}(C)|Z={}^{t}Z$. ${\rm Im} Z$ is positive definite.};
$Sp(g, Z)=the$ full symplectic modular groupc $M_{2ff,2g}(Z)$ ;
$\Gamma_{g}(N)=\Gamma(N)=the$ principal congruence subgroup of $Sp(g, Z)$ of level $N$;
$GSp^{+}(g, R)=\{\gamma\in GL(2g, R)|{}^{t}\gamma J_{g}\gamma J_{g}^{-1}$ is a scalar matrix whose eigenvalue
is positive.};
$r(\alpha)=the$ eigenvalue of ${}^{t}\alpha J_{g}\alpha J_{g}^{-1}$ for $\alpha\in GSp^{+}(g, R)$ ;
$GSp^{+}(g, Q)=GSp^{+}(g, R)\cap M_{2ff,2ff}(Q);GSp^{+}(g, Z)=GSp^{+}(g, R)\cap M_{2ff2ff}(Z)$ ;
$GSp^{+}(g, R)\ltimes R^{2gw}=the$ semi-direct product of $GSp^{+}(g, R)$ and $R^{2gw}$ with
$R^{2gw}$ normal such that

$(\alpha, m)\cdot(\beta, n)=(\alpha\cdot\beta,$ $ r(\beta)^{-1}m[\beta 0\beta$
. . $.0\beta]+n)$
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for all $m$ and $nGR^{zgw}$ and all $\alpha$ and $\beta\in GSp^{+}(g, R)$ . (In the right side
the products are those for matrices.) We let $GSp^{+}(g, R)\ltimes R^{2gw}$ act on the
complex analytic space $\mathfrak{H}_{g}\times C^{gw}=\{(Z, \xi_{1}, \xi_{2}, \cdots, \xi_{w})|Z\in \mathfrak{H}ff,$ $\xi_{j}\in C^{g}$ for any
$j\in[1, w]\}$ to the left as follows. Write $m=(m_{1}, n_{1}, m_{2}, n_{2}, \cdots, m_{w}, n_{w})\in R^{2gw}$

with $m_{j}eR^{g}$ and $n_{j}eR^{g}$ for any $j\in[1, w]$ , and write $\alpha=\left(\begin{array}{ll}A & B\\C & D\end{array}\right)\in GSp^{+}(g, R)$

partitioned into blocks on dimension $g\times g$ . Then

$(\left(\begin{array}{ll}A & B\\C & D\end{array}\right),$ $(m_{1}, n_{1}, m_{2}, n_{2}, \cdots, m_{w}, n_{w}))(Z, \xi_{1}, \xi_{2}, \cdots, \xi_{w})$

$=((AZ+B)(CZ+D)^{-1},$ $r(\left(\begin{array}{ll}A & B\\C & D\end{array}\right))(\xi_{1}+(m_{1}, n_{1})\left(\begin{array}{l}Z\\1_{l}\end{array}\right))(CZ+D)^{-1}$ ,

$r$ (( $CA$ $D_{\text{ノ}}B$)) $(\xi_{2}+(m_{2}, n_{2})(1_{g}Z|)(CZ+D)^{-1}$ , ,

$\gamma(\left(\begin{array}{ll}A & B\\C & D\end{array}\right))(\xi_{w}+(m_{w}, n_{\tau v})\left(\begin{array}{l}Z\\1_{g}\end{array}\right))(CZ+D)^{-1})$ .

It is well known that any congruence subgroup $\Gamma$ of $Sp(g, Z)$ is com-
mensurable with $\alpha\Gamma^{\prime}\alpha^{-1}$ for any $\alpha\in GSp^{+}(g, Q)$ . In this paper we assume
$\Gamma=\Gamma_{g}(N)$ with $N\geqq 3$ for simplicity though our results hold good for any
congruence subgroup of $Sp(g, Z)$ acting on $\mathfrak{H}_{\sigma}$ with no fixed points. Write
$HR(\Gamma, GSp^{+}(g, Z))=the$ Hecke ring over $Z$ with respect to the group $\Gamma$

and the monoid $GSp^{+}(g, Z)$ , which contains $\Gamma$ . (For the definition of the
Hecke ring, see e.g. Shimura [18].) Let $A_{\Gamma}$ be the universal principally
polarized abelian variety with level $N$ structure over the complex analytic
quotient space $\tau\backslash \mathfrak{H}_{g}$ Let $A_{\Gamma}^{w}$ be the w-fold fibred product of $A_{\Gamma}$ over
the $\tau\backslash \mathfrak{H}_{g}$ , and let $E’:A_{\Gamma}^{w}\rightarrow\Gamma\backslash \mathfrak{H}_{g}$ be the canonical morphism. We may
regard the complex analytic quotient space $(\Gamma\ltimes z^{2gw}\backslash \mathfrak{H}_{g}\times C^{gw})$ as this $A_{\Gamma}^{w}$ .
By the theory of the toroidal compactification (cf. Ash et al. [2], Chai
[4], Namikawa [14], [15]), the $(\Gamma\ltimes Z^{2gw}\backslash \mathfrak{H}_{g}\times C^{gw})$ has a non-singular pro-
jective toroidal compactification. It is not necessarily unique. Write $A_{\Gamma}^{0}$

for the $\Gamma\backslash \mathfrak{H}_{g}$ We consider simultaneous non-singular projective toroidal
compactifications of $A_{\Gamma}^{w}$ and $A_{\Gamma}^{0}$ . Take a regular and projective $Sp(g, Z)-$

admissible family $\Sigma^{(0)}=\{\Sigma_{b}^{(0)}\}_{F_{b};ratlonalcomponents}$ of polyhedral cone decompo-
sitions for the toroidal compactification of $A_{\Gamma}^{0}$ . e.g. Take a suitable re-
finement of the second Voronoi decomposition. Then take its mixed cone
decomposition (cf. Namikawa [14] and [15]). By this we have a regular
and projective $Sp(g, Z)xZ^{2gw}$-admissible family $\Sigma^{(1)}=\{\Sigma_{a}^{(1)}\}_{F_{a}:ratlonalcomponents}$

of polyhedral cone decompositions for the toroidal compactification of $A_{\Gamma}^{w}$ .



HECKE RINGS AND (CO-)HOMOLOGY GROUPS 39

Then we get desired simultaneous compactiPcations $(A_{\Gamma})$ and $(A_{\Gamma}^{0})$ and
a proper canonical morphism $E:(A_{\Gamma})\rightarrow(A_{\Gamma}^{0})$ For simplicity write $M=$

$(A_{\Gamma})^{\sim}$ and $0M=(A_{\Gamma}^{0})$ from now on throughout this paper. Let $l$ be a
prime number. Write
$Z_{0}(M, Z)=the$ group of O-cycles on $M$ with Z-coefficients;
$H_{n}(M, Z)=the$ singular n-th homology group of $M$ with Z-coeffi-
cients;
$H^{n}(M, Q_{l})=the$ n-th l-adic cohomology group of $M$ (cf. Artin et al. [1]
and Deligne [5]);
$H^{n}(0M, (R^{m}E_{*}Q_{\iota})^{\otimes j})=the$ n-th l-adic cohomology group of $0M$ with coef-
ficients in the j-fold tensor product of the m-th l-adic direct image
sheaf $R^{m}E_{*}Q_{l}$ (cf. Artin et al. [1] and Deligne [5]).

To explain our results in this paper we need

THEOREM A (Hatada [8, Theorem 1]). The Hecke ring $HR(\Gamma, GSp^{+}(g, Z))$

acts on $H_{n}(M, Z),$ $i.e.$ , there is a ring homomorphism $ f_{n}:HR(\Gamma, GSp^{+}(g, Z))\rightarrow$

$End_{Z}(H_{n}(M, Z))$ for each integer $n\in[0, g(g+1)+2gw]$ .
Write $\ovalbox{\tt\small REJECT}=\{\Phi\ltimes L|\Phi$ is a subgroup of $GSp^{+}(g, Q)$ which i8 commen-

surable with $Sp(g, Z)$ . $\Phi$ acts on $\mathfrak{H}_{g}$ with no fixed points. $L$ is an
additive subgroup of $Q^{2gw}$ with $(d_{1}Z)^{2gw}\subset L\subset(d_{2}^{1}Z)^{2gw}$ for some positive $d_{1}$

and $d_{2}\in Z$ which may depend on L. $\Phi\ltimes L$ is a subgroup of $GSp^{+}(g, Q)\ltimes$

$Q^{2gw}.\}$ . For simplicity write $\mathfrak{D}=\mathfrak{H}_{g}\times C^{gw}$ . For any group $G\in\ovalbox{\tt\small REJECT}$ we denote
by $(G\backslash \mathfrak{D})^{\sim}$ the toroidal compactification with respect to the above $\Sigma^{(1)}$ in
this paper. Standard facts about the toroidal compactification yield the
following two propositions.

PROPOSITION $B$ (Hatada [8, Proposition 1.1]). Assume $G_{1}\subset G_{2}$ where
$G_{1}$ and $G_{2}\in\ovalbox{\tt\small REJECT}$ Let $\varphi$ denote the canonical holomorphic map: $ G_{1}\backslash \mathfrak{D}\rightarrow$

$G_{2}\backslash \mathfrak{D}$ . Then there exists a unique finite surjective holomorphic map
$\varphi^{\sim}:(G_{1}\backslash \mathfrak{D})^{\sim}\rightarrow(G_{2}\backslash \mathfrak{D})^{\sim}$ whose restriction to $G_{1}\backslash \mathfrak{D}$ is $\varphi$ .

PROPOSITION $C$ (Hatada [8, Proposition 1.2]). Let $G\in\ovalbox{\tt\small REJECT}$ and let
a $eGSp^{+}(g, Q)xQ^{2gw}$ . Let $\overline{a}$ denote the biholomorphic map: $G\backslash \mathfrak{D}\rightarrow aGa^{-\iota}\backslash \mathfrak{D}$

given by $GP$ }$\rightarrow aGa^{-1}(aP)(P\in \mathfrak{D})$ . Then there exists a unique biholomor-
phic map $a^{\sim}:(G\backslash \mathfrak{D})^{\sim}\rightarrow(aGa^{-1}\backslash \mathfrak{D})^{\sim}$ whose restriction to $G\backslash \mathfrak{D}$ is $\overline{a}$ . (Note

that $aGa^{-1}\in\ovalbox{\tt\small REJECT}$ if $G\in \mathscr{G}^{-}$ )

Let $\alpha\in GSp^{+}(g, Z)$ and write $c=r(\alpha)$ . We have $\Gamma\alpha\Gamma=\bigcup_{i=1}^{\mu}\Gamma\alpha_{i}$ (dis-
joint) where $\mu=(\Gamma:\Gamma\cap\alpha^{-1}\Gamma\alpha)$ . Note that $(\alpha_{i}, 0)\in GSp^{+}(g, Q)\ltimes Q^{2gw}$ . Look
at the following commutative diagram.
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(0.1)

Here $\Gamma=\Gamma_{g}(N),$ $\pi=\pi^{(i)}\circ\pi_{i}$ , and the vertical lines denote the canonical
maps given by Proposition B. For each closed point $P\in M$, there exists
a closed point $P^{\prime}\in(\Gamma_{g}(c^{2}N)\ltimes(cZ)^{2gw}\backslash \mathfrak{D})^{\sim}$ such that $\pi(P^{\prime})=P$. We see that
the points (O-cycle) $\sum_{i=1}^{\mu}[\pi]\circ(\alpha_{i}, 0)^{\sim}\circ\pi(P^{\prime})$ are determined only by $P$ and
do not depend on the choice of $P^{\prime}$ with $\pi(P’)=P$ (cf. Hatada [8, \S 2]).
Write $S(\Gamma\alpha\Gamma)_{P}=\bigcup_{=1}^{\mu}[\pi]\circ(\alpha_{i}, 0)^{\sim}\circ\pi_{i}(P’)$ . We define $\mathscr{F}_{r}(\Gamma\alpha\Gamma)$ to be the
subset $\bigcup_{Per}\{P\}\times S(\Gamma\alpha\Gamma)_{P}$ in the product variety $M\times M$. We see that
$\mathscr{F}_{H}(\Gamma\alpha\Gamma)$ is a locally analytic subvariety of the projective variety $M\times M$

and that it is a $\langle g\rangle+gw$ dimensional subscheme of $M\times M$ over $C$.
For an element $\ovalbox{\tt\small REJECT}_{1}=\sum_{j}m_{j}\Gamma\alpha_{j}\Gamma\neq 0$ of $HR(\Gamma, GSp^{+}(g, Z))$ where each

$m_{j}\neq 0\in Z$ and $\Gamma\alpha_{j}\Gamma\neq\Gamma\alpha_{j^{\prime}}\Gamma$ if $j\neq j^{\prime}$ , define $\mathscr{F}_{H}(\mathscr{A}_{1})$ to be $\bigcup_{j}\mathscr{F}_{r}(\Gamma\alpha_{j}\Gamma)$ .
Let $f_{n}(\mathscr{A}_{1})\otimes_{Z}$ id. be the element of $End_{q}(H_{n}(M, Q))$ under the isomorphism
$H_{n}(M,Z)\otimes_{Z}Q\cong H_{n}(M,Q)$ . Write $d=\langle g\rangle+gw=\dim_{c}M$. Let $ D_{n}:H^{2d-n}(M,Q)\rightarrow$

$H_{n}(M, Q)$ denote the Q-linear isomorphism by the Poincar\’e duality for each
$n\in[0,2d]$ . Let $\langle$ , $\rangle_{n}$ denote the Kronecker index: $ H^{n}(M, Q)\times H_{n}(M, Q)\rightarrow$

$Q$ , which is non-degenerate, for each $n\in[0,2d]$ . Let ( $f_{n}(\ovalbox{\tt\small REJECT}_{1})\otimes_{z}$ id.)
denote the transposed map $eEnd_{q}(H^{n}(M, Q))$ with respect to this $\langle$ , $\rangle_{n}$ .
Define Coincidence Number $L_{\kappa}(-\sigma\psi_{1}-I\mathscr{F}_{2})$ on $M$ for elements $\ovalbox{\tt\small REJECT}_{1}$ and
$\ovalbox{\tt\small REJECT}_{2}\in HR(\Gamma, GSp^{+}(g, Z))$ by

$L_{H}(-\sigma r_{1}, \iota sr_{2})=\sum_{n--0}^{2d}(-1)^{n}Tr$ { $D_{n}\circ^{t}(f_{2d-n}(\ovalbox{\tt\small REJECT}_{2}^{\prime})\otimes_{Z}id.)\circ D_{n}^{-1}\circ(f_{n}(\ovalbox{\tt\small REJECT}_{1})\otimes_{Z}$ id.)}.

Our main results in \S 1-\S 3 are the following theorems 1, 2 and 3.

THEOREM 1. There exists a certain natural Z-bilinear map $F_{n}$ :
$HR(\Gamma, GSp^{+}(g, Z))\times HR(\Gamma, GSp^{+}(g, Z))\rightarrow Hom_{z}(H_{n}(M, Z),$ $H_{n}(M\times M, Z))$

for each integer $n\geqq 0$ . (For details see \S 1, Theorem 1.5 and Lemma
1.6.)

Write $\Delta(M)=\{(x, y)\in M\times M|x=y\}$ . Let $\ell;(M\times M, \emptyset)\rightarrow(M\times M$,
$M\times M-\Delta(M))$ be the inclusion map for pairs of topological spaces.
Let $f_{*n}$ denote the induced Z-linear map: $H_{n}(M\times M, Z)\rightarrow H_{n}(M\times M$,
$M\times M-\Delta(M),$ $Z$) for each $n\geqq 0$ . Since $M$ is a complex projective mani-



HECKE RINGS AND (CO-)HOMOLOGY GROUPS 41

fold, it is orientable. Let $s$ be an orientation of $M$. Let $z$ denote the
fundamental class of $M$ attached to $s$ , and let $U$ denote the Thom class
ofMattached to s. $(Hencez\in H_{2d}(M, Z);U\in H^{2d}(M\times M, M\times M-\Delta(M),$ $Z$) $.$ )

One has the isomorphism: $H_{2d}(M\times M, M\times M-\Delta(M),$ $Z$ ) $\cong Z$ given by $\zeta-*$

$\langle U, \zeta\rangle_{2d}$ under the Kronecker index. Define Coincidence Index $I_{M}(\mathscr{A}_{1}, \mathscr{A}_{2})$

on $M$ for elements $\mathscr{A}_{1}$ and $\mathscr{A}_{2}\in HR(\Gamma, GSp^{+}(g, Z))$ to be the integer
corresponding to the class

$f_{*2d}\circ(F_{2d}((\mathscr{A}_{1}, \mathscr{A}_{2}))(z)\in H_{2d}(M\times M, M\times M-\Delta(M),$ $Z$)

under the above isomorphism. In \S 1 we also define Coincidence Class
$\overline{\epsilon}_{M}(\mathscr{A}_{1}, \mathscr{A}_{2})\in H^{2d}(M, Q)$ for elements $\mathscr{A}_{1}$ and $\mathscr{A}_{2}\in HR(\Gamma, GSp^{+}(g, Z))$ .

THEOREM 2. $L_{M}(\mathscr{A}_{1}, \mathscr{A}_{2})=I_{M}(\mathscr{A}_{1}, \mathscr{A}_{2})$ for all $\mathscr{A}_{1}$ and $\mathscr{A}_{2}\in HR(\Gamma$ ,
$GSp^{+}(g, Z))$ . (We call this Coincidence Theorem.)

THEOREM 3. Let $\mathscr{A}_{1}$ and $\ovalbox{\tt\small REJECT}_{2}\in HR(\Gamma, GSp^{+}(g, Z))$ . If $L_{M}(\ovalbox{\tt\small REJECT}_{1}, \mathscr{A}_{2})\neq 0$ ,
then $\mathscr{F}_{M}(\mathscr{A}_{1})\cap \mathscr{F}_{M}(\mathscr{A}_{2})\neq\emptyset$ . (We call this Fixed Point Theorem.)

Let $l$ be a prime number. In \S 4 and \S 5 we show the following
two theorems.

THEOBEM 4. The Hecke ring $HR(\Gamma, GSp^{+}(g, Z))\otimes_{Z}Q_{\iota}$ over $Q_{l}$ acts on
$H^{n}(M, Q_{l})$ as an anti-ring homomorphism, i.e., there exists a natural
anti-ring homomorphism $f^{(n)}$ : $HR(\Gamma, GSp^{+}(g, Z))\otimes_{Z}Q_{\iota}\rightarrow End_{q_{l}}H^{n}(M, Q_{l})$

for each integer $n\geqq 0$ .
THEOREM 5. The Hecke ring $HR(\Gamma, GSp^{+}(g, Z))\otimes_{Z}Q_{l}$ over $Q_{\iota}$ acts

on $H^{n}(0M, (R^{m}E_{*}Q_{l})^{\otimes j})$ as an anti-ring homomorphism, i.e., there exists
a natural anti-ring homomorphism $\mathfrak{f}^{(n,m,j)}$ : $HR(\Gamma, GSp^{+}(g, Z))\otimes_{z}Q_{l}\rightarrow$

$End_{q_{l}}H^{n}(0M, (R^{m}E_{*}Q_{l})^{\otimes j})$ for each integers $n\geqq 0,$ $m\geqq 0$ and $j\geqq 1$ .
This action is compatible with the action in Theorem A through the

comparison theorem of l-adic cohomology: $H^{n}(M, C)\cong H^{n}(M, Q_{l})\otimes_{q_{l}}C$ and
the Kronecker index.

The main results of the present paper were announced in Hatada [9].
The previous title of the present paper was “Correspondences for

Hecke rings and (co-)homology groups on Siegel modular varieties“.

\S 1. Some homomorphisms and coincidence index.

Recall $\Gamma=\Gamma_{g}(N)$ with $N\geqq 3,$ $M=(\Gamma\ltimes Z^{2gw}\backslash \mathfrak{D})^{\sim}$ and $\mathfrak{D}=\mathfrak{H}_{g}\times C^{gw}$ . Let
$\Delta:M\rightarrow M\times M$ denote the diagonal map defined by $\Delta(x)=(x, x)$ for any
$x\in M$. Then $\Delta(M)=Image\Delta$ .
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Now let $\alpha$ and $\beta$ be elements of $GSp^{+}(g, Z)$ . Write $r(\alpha)=c$ and
$r(\beta)=b$ . Let $\Gamma\alpha\Gamma=\bigcup_{i=1}^{\mu}\Gamma\alpha_{i}$ (disjoint) and let $\Gamma\beta\Gamma=\bigcup_{x=1}^{\mu^{\prime}}\Gamma\beta_{x}$ (disjoint).
We define holomorphic maps $K(\alpha_{i})(1\leqq i\leqq\mu)$ and $K(\beta_{x})(1\leqq x\leqq\mu^{\prime})$ by the
compositions of the maps in the following commutative diagrams. Use
the relations of $(\alpha_{i}, 0)^{-1}(\Gamma_{g}(bcN)\ltimes(bcZ)^{2gw})(\alpha_{i}, 0)\supset\Gamma_{g}(bc^{2}N)\ltimes(bcZ)^{2gw}$ and
$(\beta_{x}, 0)^{-1}(\Gamma_{g}(bcN)\ltimes(bcZ)^{2gw})(\beta_{x}, 0)\supset\Gamma_{g}(b^{2}cN)\ltimes(bcZ)^{2gw}$ (cf. Hatada [8, Lemma
2.1]).

(1.1.1)

(1.1.2)

In (1.1.1) and (1.1.2) the vertical lines denote the canonical holomorphic
maps given in Proposition B.

LEMMA 1.1. (i) For each (closed) point $P\in M$ there exists a (closed)
point $P’\in(\Gamma ff(b^{2}c^{2}N)\ltimes(bcZ)^{2gw}\backslash \mathfrak{D})^{\sim}such$ that $\Pi(P’)=P$.

(ii) The O-cycle $\sum_{i=1}^{\mu}K(\alpha_{i})(P’)$ (resp. $\sum_{x=1}^{\mu^{\prime}}K(\beta_{x})(P$‘)) on $M$ is deter-
mined by $P\in M$ and the double coset $\Gamma\alpha\Gamma$ (resp. $\Gamma\beta\Gamma$), and does neither
depend on the choice of $P’\in(\Gamma_{g}(b^{2}c^{2}N)\ltimes(bcZ)^{2gw}\backslash \mathfrak{D})^{\sim}with$ $\Pi(P’)=P$ nor on
representatives $\{\alpha_{i}\}_{i=1}^{\mu}$ (resp. $\{\beta_{x}\}_{x=1}^{\mu^{\prime}}$) for $\Gamma\backslash \Gamma\alpha\Gamma$ (resp. $\Gamma\backslash \Gamma\beta\Gamma$).

The proof of Lemma 1.1 goes in the same way as in Hatada [8, \S 2,
(DEF. 1)]. We may leave it to the reader.
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By Lemma 1.1 we may write

$(\Gamma\alpha\Gamma)(P)=\bigcup_{i=1}^{\mu}K(\alpha_{i})(P’)$ ; $(\Gamma\beta\Gamma)(P)=\bigcup_{x=1}^{\mu^{\prime}}K(\beta_{x})(P’)$

for PeM with $\Pi(P’)=P$. Note that $\mathscr{F}_{M}(\Gamma\alpha\Gamma)=\bigcup_{P\in H}\{P\}\times(\Gamma\alpha\Gamma)(P)$ in
$M\times M$ and that $\mathscr{F}_{M}(\Gamma\beta\Gamma)=\bigcup_{PeM}\{P\}\times(\Gamma\beta\Gamma)(P)$ in $M\times M$. (Here $\mathscr{F}_{M}(\Gamma\alpha\Gamma)$

and $\mathscr{F}_{M}(\Gamma\beta\Gamma)$ denote the subschemes defined in the introduction.)

Now let $\gamma_{1}$ and $\gamma_{2}\in\Gamma$ , let $i\in[1, \mu]$ , and let $x\in[1, \mu^{\prime}]$ . We denote
by $(K(\gamma_{1}\alpha_{i}), K(\gamma_{2}\beta_{x}))$ the holomorphic map defined by the following com-
mutative diagram.

We obtain $K(\gamma_{1}\alpha_{i})=K(\alpha_{i})$ and $K(\gamma_{2}\beta.)=K(\beta_{x})$ since $(\Gamma_{g}(bcN)\ltimes(bcZ)^{2gw})\triangleleft$

$(\Gamma\ltimes Z^{2gw})$ and $(\gamma_{v}, 0)^{\sim}:M=(\Gamma\ltimes Z^{2gw}\backslash \mathfrak{D})\sim’\rightarrow M$ is the identity map for $v=1$

and 2.
Recall the following theorem and proposition.

THEOREM 1.2 (Lojasiewicz [12]). Let $X$ be a compact complex manifold
and let $A$ be an analytic subset of X. Then there exists a finite analytic
(hence $C^{1}-$) triangulation of $|X|$ in which $A$ appears as the support of
a subcomplex. (For details see [12, pp. 463-464].)

PROPOSITION $D$ (Hatada [8, Proposition 1.3]). Let $\mathscr{F}$ denote the set
defined in the introduction. Let $G_{1}$ and $G_{2}\in \mathscr{F}$ Assume

$G_{1}\triangleleft G_{2}\subset Sp(g, Z)\ltimes Z^{2gw}$

Then one obtains:
(i) The canonical morphism $\varphi^{\sim}:(G_{1}\backslash \mathfrak{D})^{\sim}\rightarrow(G_{2}\backslash \mathfrak{D})^{\sim}$ , given by Propo-

sition $B$ , is a Galois covering with the Galois group $G_{2}/G_{1}$ .
(ii) Let $P_{1}$ and $P_{2}$ be (closed) points in $(G_{1}\backslash \mathfrak{D})^{\sim}$ . Then the following

are equivalent.

$\varphi^{\sim}(P_{1})=\varphi^{\wedge}(P_{2})$ – $h^{\sim}(P_{1})=P_{2}$ for some $h\in G_{2}$ .
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Here $h^{\sim}$ denotes the biholomorphic map: $(G_{1}\backslash \mathfrak{D})^{\sim}\rightarrow(G_{1}\backslash \mathfrak{D})^{\sim}$ given by Prop-
osition C.

Setting $X=M$ and $A=the$ branch locus for the $\Pi$ in (1.1.1) and (1.1.2)
we apply Theorem 1.2. Note $A\subset M$. Then we have a $C^{1}$-triangulation
$t:|R|\rightarrow M$ enjoying the condition in Theorem 1.2, where St denotes a
finite ordered simplicial complex. Let 8 (resp. a) be an ordered n-cycle
(resp. n-chain) with Z-coefficients of R. We may write uniquely

$\int$ (resp. $\sigma$) $=\sum_{aflnitesumw\ddagger th}l^{(v)}\langle P_{1}^{(v)}, P_{2}^{(v)}, \cdots, P_{n+1}^{(v)}\rangle$

where $l^{(v)}eZ$ and $P_{j}^{(v)}$ is a vertex of R. Let $\{e_{1}, e_{2}, \cdots, e_{n+1}\}$ be the
standard basis of the $(n+1)$-dimensional Euclidean space $R^{n+1}$ . Write
$\Delta^{n}$ for the n-simplex with the vertices $e_{1},$ $e_{2},$ $\cdots,$ $e_{n}$ and $e_{n+1}$ . Now let
$s^{(v)}$ denote the map: $|\Delta^{n}|\rightarrow|\langle P_{1}^{(v)}, P_{2}^{(v)}, \cdots, P_{n+1}^{(v)}\rangle|$ given by $e_{j}\mapsto P!v$

)$f(j=1,2$ ,
$n+1)$ and extending this linearly to $|\Delta^{n}|$ for each $v$ . For the image

of 3 (resp. a) under these maps, we have a singular n-cycle ($re8p$ . n-chain)
$s(8)$ (resp. $s(\sigma)$) $=.\sum_{v}l^{(v)}t\circ s^{(v)}def$ with Z-coefficients on M. (It is well known
that this correspondence induces an isomorphism: $H_{n}(R, Z)->H_{n}(M, Z).)$

By our choice of a $C^{1}$-triangulation $t:|R|\rightarrow M$, if necessary, by taking
a suitable subdivision of St, for the $\int$ there is a singular n-chain $V$

with Z-coefficients on $(\Gamma_{g}(b^{2}c^{2}N)\ltimes(bcZ)^{2gw}\backslash \mathfrak{D})^{\sim}$ such that (i) $\Pi(V)=$
$s(8)=\sum_{v}l^{(v)}t\circ s^{(v)}$ and (ii) $\partial V_{def}^{--}$.the image of $V$ under the boundary
homomorphism, is written as $\sum_{u1}^{k}=A_{u}-\sum_{u1}^{k}=B_{u}$ for some positive $keZ$
where $(\gamma_{u}m_{u})^{\sim}(A_{u})=B_{u}$ with some $\gamma_{u}\in\Gamma$ and some $m_{u}\in Z^{2gw}$ for each
$u\in[1, k]$ . Here $(\gamma_{u}, m_{u})^{\sim}:(\Gamma_{g}(b^{2}c^{2}N)\ltimes(bcZ)^{2gw}\backslash \mathfrak{D})^{\sim}\rightarrow(\Gamma_{g}(b^{2}c^{2}N)\ltimes(bcZ)^{2gw}\backslash \mathfrak{D})^{\sim}$ .
As a singular n-chain with Z-coefficients on $M\times M$, we may define
$(\Gamma\alpha\Gamma, \Gamma\beta\Gamma)(s(8))$ by

(DEF. (1.2.2)) $(\Gamma\alpha\Gamma, \Gamma\beta\Gamma)(s(\delta))=\sum_{i=1}^{\mu}\sum_{x=1}^{\mu^{\prime}}(K(\alpha_{l}), K(\beta_{x}))(V)$ .
This does neither depend on the choice of representatives $\{\alpha_{i}\}_{i=1}^{\mu}(re8p$ .
$\{\beta_{x}\}_{x=1}^{\mu^{\prime}})$ for $\Gamma\backslash \Gamma\alpha\Gamma$ (resp. $\Gamma\backslash \Gamma\beta\Gamma$) nor on the choice of $V$ enioying (i).
(Take a suitable subdivision of St if necessary.) This proof is similar
to the proof of (DEF. 1) in Hatada [8, \S 2]. We obtain the following
three Lemmas 1.3, 1.4 and 1.6 whose proofs are also similar to those for
Lemmas 2.3, 2.4 and 2.5 in Hatada [8] respectively. We may leave their
proofs to the reader.

LEMMA 1.3. This $(\Gamma\alpha\Gamma, \Gamma\beta\Gamma)(s(\int))$ is a singular n-cycle with Z-
coeficients on $M\times M$.
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(For this proof use the facts that $(\alpha_{i}, 0)\cdot(\gamma_{u}, m_{u})\in(\Gamma\ltimes Z^{2gw})(\alpha_{i^{\prime}}, 0)$

with $ 1\leqq i’\leqq\mu$ , that $(\beta_{x}, 0)\cdot(\gamma_{u}m_{u})\in(\Gamma\ltimes Z^{2gw})(\beta_{x^{\prime}}, 0)$ with $1\leqq x’\leqq\mu’$ , and
that the map: $(i, x)-*(i’, x^{\prime})$ is a permutation of $[1, \mu]\times[1, \mu’]\cap Z\times Z$ for
each $(\gamma_{u}, m_{u}).)$

By the construction, this $(\Gamma\alpha\Gamma, \Gamma\beta\Gamma)(s(8))$ is a singular n-cycle on
$M\times M-\Delta(M)$ if $\mathscr{F}_{H}(\Gamma\alpha\Gamma)\cap \mathscr{F}_{M}(\Gamma\beta\Gamma)=\emptyset$ .

LEMMA 1.4. Let $\sigma$ be an ordered $(n+1)$-chain with Z-coefficients of
$R$ , and let $\partial\sigma$ be its boundary. The singular n-cycle $(\Gamma\alpha\Gamma, \Gamma\beta\Gamma)(s(\partial\sigma))$

is a singular n-boundary with Z-coefficients.
From Lemmas 1.3 and 1.4 we obtain

THEOREM 1.5. (i) The map $s(8)-*(\Gamma\alpha\Gamma, \Gamma\beta\Gamma)(s(8))$ induces a unique
Z-linear $map\in Hom_{Z}(H_{n}(M, Z),$ $H_{n}(M\times M, Z))$ .

(ii) If $ X_{M}(\Gamma\alpha\Gamma)\cap \mathscr{F}_{M}(\Gamma\beta\Gamma)=\emptyset$ , the induced map in this (i) is an
element of $Hom_{Z}(H_{n}(M, Z),$ $H_{n}(M\times M-\Delta(M), Z))$ .

We write $\{\Gamma\alpha\Gamma, \Gamma\beta\Gamma\}_{n}$ for the induced map $\in Hom_{z}(H_{n}(M, Z)$ ,
$H_{n}(M\times M, Z))$ in Theorem 1.5. Here $n\in[0,2d]$ .

LEMMA 1.6. This map $\{\Gamma\alpha\Gamma, \Gamma\beta\Gamma\}_{n}$ does not depend on a way in
choosing a $C^{1}$-triangulation enjoying the conditions in Theorem 1.2 with
respect to $A=the$ branch locus for the $\Pi$ and $X=M$.

Let $n\in[0,2d]$ . Let us consider the map: a pair $(\Gamma\alpha\Gamma, \Gamma\beta\Gamma)$ of
double $cosets-\{\Gamma\alpha\Gamma, \Gamma\beta\Gamma\}_{n}$ . We can extend it Z-bilinearly to $F_{n}$ :
$HR(\Gamma, GSp^{+}(g, Z))\times HR(\Gamma, GSp^{+}(g, Z))\rightarrow Hom_{Z}(H_{n}(M, Z),$ $H_{n}(M\times M, Z))$

uniquely. Namely $F_{n}(\sum_{j}m_{j}\Gamma\alpha_{j}\Gamma, \sum_{k}l_{k}\Gamma\beta_{k}\Gamma)=\sum_{j}\sum_{k}m_{j}l_{k}\{\Gamma\alpha_{j}\Gamma, \Gamma\beta_{k}\Gamma\}_{n}$ .
Theorem 1 in the introduction is proved.

We obtain

THEOREM 1.7. If $\mathscr{F}_{M}(\Gamma\alpha\Gamma)\cap \mathscr{F}_{M}(\Gamma\beta\Gamma)=\emptyset$ for $\alpha$ and $\beta\in GSp^{+}(g, Z)$ ,
then the coincidence index $I_{H}(\Gamma\alpha\Gamma, \Gamma\beta\Gamma)=0$ .

PROOF. If $\mathscr{F}_{H}(\Gamma\alpha\Gamma)\cap \mathscr{F}_{H}(\Gamma\beta\Gamma)=\emptyset$ , the map $\ell_{*2d}\circ\{\Gamma\alpha\Gamma, \Gamma\beta\Gamma\}_{2d}$ splits
as follows by Theorem 1.5:

$H_{2d}(M, Z)\rightarrow H_{2d}(M\times M-\Delta(M), Z)$

$\rightarrow H_{2d}(M\times M-\Delta(M), M\times M-\Delta(M),$ $Z$ ) $=\{O\}$ .
Theorem 1.7 is proved.

We get readily
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COROLLARY 1.8. Let $\mathscr{A}_{1}=\sum_{j}m_{j}\Gamma\alpha_{j}\Gamma$ and $\mathscr{A}_{2}=\sum_{k}l_{k}\Gamma\beta_{k}\Gamma\in HR(\Gamma$ ,
$GSp^{+}(g, Z))$ . If $I_{H}(\mathscr{A}_{1}, \mathscr{A}_{2})\neq 0$ , then $\mathscr{F}_{H}(\ovalbox{\tt\small REJECT}_{1})\cap \mathscr{F}_{r}(\mathfrak{X})\neq\emptyset$ .

Consider $\ell_{*2d}\circ(F_{2d}(\ovalbox{\tt\small REJECT}_{1}, \ovalbox{\tt\small REJECT}_{2})):H_{2d}(M, Z)\rightarrow H_{2d}(M\times M, M\times M-\Delta(M),$ $Z$ )
for $\mathfrak{X}$ and $M_{2}$ of $HR(\Gamma, GSp^{+}(g, Z))$ . Tensoring this with $Q$ over $Z$

we have the Q-linear map $c_{*2d}\circ(F_{2d}(\ovalbox{\tt\small REJECT}_{1}, \mathscr{A}_{2}))\otimes_{Z}$ id. : $H_{2d}(M, Q)\rightarrow H_{2d}(M\times M$,
$M\times M-\Delta(M),$ $Q$) under $H_{2d}(M, Z)\otimes_{Z}Q\cong H_{2d}(M, Q)$ and $H_{2d}(M\times M$,
$MxM-\Delta(M),$ $Z$ ) $\otimes_{z}Q\cong H_{2d}(MxM, M\times M-\Delta(M),$ $Q$). With respect to
the complete duality of the Kronecker index, the transposed map
${}^{t}(c_{*2d}\circ(F_{2d}(\ovalbox{\tt\small REJECT}_{1}, \ovalbox{\tt\small REJECT}_{2}))\otimes_{z}$ id.) is a Q-linear map from $H^{2d}(M\times M,$ $ M\times$

$M-\Delta(M),$ $Q$) to $H^{2d}(M, Q)$ . In the same way we have the Q-linear map
$\ell_{*2d}\otimes_{Z}$ id. : $H_{2d}(M\times M, Q)\rightarrow H_{2d}(M\times M, M\times M-\Delta(M),$ $Q$) and its transposed
map ($f_{*2d}\otimes_{Z}$ id.): $H^{2d}(M\times M, M\times M-\Delta(M),$ $Q$) $\rightarrow H^{2d}(M\times M, Q)$ with respect
to the Kronecker index. Let $U$ be the Thom class of $M$, let $\overline{U}$ denote
the canonical image of $U$ in $H^{2d}(M\times M, M\times M-\Delta(M),$ $Q$), and let $U^{\sim}=$

${}^{t}(\ell_{*2d}\otimes_{z}id.)(\overline{U})$ . Let 2 denote the canonical image of the fundamental
class $z$ of $M$ in $H_{2d}(M, Q)$ .

DEFINITION 1.9. Let $\mathscr{A}_{1}$ and $\mathscr{A}_{2}\in HR(\Gamma, GSp^{+}(g, Z))$ . We define
Coincidence Class $\overline{\epsilon}_{r}(\mathscr{A}_{1}, \mathscr{A}_{2})$ on $M$ of $\mathscr{A}_{1}$ and $\mathscr{A}_{2}$ to be

${}^{t}(c_{*2d}\circ(F_{2d}(\mathscr{A}_{1}, \ovalbox{\tt\small REJECT}_{2}))\otimes_{Z}id.)(\overline{U})$

which is an element of $H^{2d}(M, Q)$ .
In \S 3 we prove

THEOREM 1.10. Notations being as above, we obtain that

$\langle_{H}^{-}(\leftarrow\sigma\psi_{1}\mathscr{A}_{2}),\overline{z}\rangle_{2d}=L_{H}(\ovalbox{\tt\small REJECT}_{1}, \ovalbox{\tt\small REJECT}_{2})$

for all $\mathscr{A}_{1}$ and $\mathscr{A}_{2}$ in $HR(\Gamma, GSp^{+}(g, Z))$ .
Here $\langle$ , $\rangle_{2d}$ denotes the Kronecker index.

REMARK 1.11. Let $\alpha eGSp^{+}(g, Z)$ . Recall $\mathfrak{D}=\mathfrak{H}_{g}\times C^{gw}$ . Set $X=the$
complex analytic quotient space $((\Gamma\ltimes Z^{2gw})\cap((\alpha, 0)^{-1}(\Gamma\ltimes Z^{2gw})(\alpha, 0)))\backslash \mathfrak{D}$ .
Let $v_{1}$ : $X\rightarrow(\Gamma\ltimes Z^{2gw}\backslash \mathfrak{D})$ and $v_{2}$ : $X\rightarrow((\alpha, 0)^{-1}(\Gamma\ltimes Z^{2gw})(\alpha, 0)\backslash \mathfrak{D})$ be the
canonical maps. Let $[(\alpha, 0)]$ be the map : $((\alpha, 0)^{-1}(\Gamma\ltimes Z^{2gw})(\alpha, 0)\backslash \mathfrak{D})\rightarrow$

$(\Gamma\ltimes Z^{2gw}\backslash \mathfrak{D})$ induced from the map $(\alpha, 0)$ : $\mathfrak{D}\rightarrow \mathfrak{D}$ . Write $v_{3}=[(\alpha, 0)]\circ v_{2}$ .
Consider the graph of $v_{3}\circ^{t}v_{1}$ , for which we write $GR(v_{3^{\circ^{t}}}v_{1})$ , in the
product $(\Gamma\ltimes Z^{2gw}\backslash \mathfrak{D})\times(\Gamma\ltimes Z^{2gw}\backslash \mathfrak{D})$ . Then the $\mathscr{F}_{H}(\Gamma\alpha\Gamma)$ coincides with
the closure of $GR(v_{3}\circ^{t}v_{1})$ in MxM with respect to the usual complex
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topology and also with respect to the Zariski topology.

\S 2. Some lemmas.

We need the following three lemmas. We use the K\"unneth formula
for $H_{j}(M\times M, Q)$ .

LEMMA 2.1. (Vick [21, p. 151, (5.21)]). Let $k\in[0,2d]\cap Z$ and let
$\langle$ , $\rangle_{k}$ denote the Kronecker index. Then

$\langle x, \zeta\rangle_{k}=(-1)^{2d(2d-k)}\langle U^{\sim}, D_{2d-k}(x)\otimes_{Q}\zeta\rangle_{2d}$

for all $x\in H^{k}(M, Q)$ and all $\zeta\in H_{k}(M, Q)$ . (For the definition of $D_{2d-k}$

see the introduction.)

Recall that $\Delta$ is the diagonal map: $M\rightarrow M\times M$. Let $\Delta_{*k}$ : $ H_{k}(M, Z)\rightarrow$

$H_{k}(M\times M, Z)$ be the linear map induced from the map $\Delta$ for each
$k\in[0,2d]\cap Z$. Select a homogeneous basis $\{x_{\Leftrightarrow}\}_{a}$ for $\oplus_{q=0}^{2d}H^{q}(M, Q)$ . De-
note by $\{a_{a}\}_{a}$ the basis of $\oplus_{q=0}^{2l}H_{q}(M, Q)$ dual to $\{x_{a}\}_{\Leftrightarrow}$ under the Kronecker
index. Define another basis $\{x_{l}^{\prime}\}_{\Leftrightarrow}$ for $\oplus_{q=0}^{2d}H^{q}(M, Q)$ by $D_{(\dim a_{\delta})}(x_{l}^{\prime})=a_{a}$

for every , and let $\{$ $\}_{a}$ be the basis for $\oplus_{q=0}^{2d}H_{q}(M, Q)$ dual to $\{x_{l}\}_{\Leftrightarrow}$

under the Kronecker index.

LEMMA 2.2 (Vick [21, p. 186, Lemma 6.11]). One has

$(\Delta_{*2d}\otimes_{Z}id.)(\overline{z})=\sum_{\sim=1}^{\rho}(-1)^{(dlma_{a})(dlma_{l}^{\prime})}(a_{a}\otimes_{Q}a_{t}^{\prime})$

$w^{t}\iota ere\rho=\dim_{q}\oplus_{q=0}^{2}H_{q}(M, Q)$ and ( $\Delta_{*2d}\otimes_{Z}$ id.): $H_{2d}(M, Q)\rightarrow H_{2d}(M\times M, Q)$ .

Let $k\in[0,2d]\cap Z$. By the Kunneth theorem we have the following
split exact sequence.

$\{O\}\rightarrow\bigoplus_{p+q=k}H_{p}(M, Z)\otimes_{Z}H_{q}(M, Z)\rightarrow H_{k}(M\times M, Z)$

$\rightarrow\bigoplus_{p+q=k-1}Tor(H_{p}(M, Z),$
$H_{q}(M, Z))\rightarrow\{0\}$ .

Let $\mathscr{A}_{1}$ and $\ovalbox{\tt\small REJECT}_{2}\in HR(\Gamma, GSp^{+}(g, Z))$ . Let $f_{n}$ be the homomorphism in
Theorem A for ne $[0,2d]$ . Then we see that $\sum_{p+q=k}(f_{p}(\mathscr{A}_{1})\otimes_{Z}f_{q}(\mathscr{A}_{2}))$

(resp. the pair of $f_{p}(\mathscr{A}_{1})$ and $f_{q}(\mathscr{A}_{2})$ ) induces a unique (canonical) endo-
morphism of $\oplus_{p+q=k}H_{p}(M, Z)\otimes_{Z}H_{q}(M, Z)$ (resp. $Tor(H_{p}(M,$ $Z),$ $H_{q}(M,$ $Z))$).

From these we obtain the endomorphism $[\ovalbox{\tt\small REJECT}_{1}, \mathscr{A}_{2}]_{k}$ of $H_{k}(M\times M, Z)$ given
by:
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(2.3.1)

$H_{k}(M\times M, Z)\cong(\bigoplus_{p+q=k}H_{p}(M, Z)\otimes {}_{z}H_{q}(M, Z))\bigoplus_{z}(\bigoplus_{p+q=k-1}Tor(H_{p}(M, Z),$ $H_{q}(M, Z)))$

$\downarrow[X_{1}, \ovalbox{\tt\small REJECT}_{2}]_{k}$ $0$ $\downarrow\sum_{p+q=k}(f_{p}(\ovalbox{\tt\small REJECT}_{1})\otimes zf_{q}(.X_{2}))$ $\downarrow\sum_{p+q=k-1}(f_{p}(\ovalbox{\tt\small REJECT}_{1}),f_{q}(\ovalbox{\tt\small REJECT}_{2}))$

$H_{k}(M\times M, Z)\cong(\bigoplus_{p+q=k}H_{p}(M, Z)\otimes_{Z}H_{q}(M, Z))\bigoplus_{Z}(\bigoplus_{p+q=k-1}Tor(H_{p}(M, Z),$ $H_{q}(M, Z)))$

Let $F_{k}$ be the map defined in \S 1. From our construction of $F_{k}( , )$ and
$[, ]_{k}$ we obtain

(2.3.2) $F_{k}(\mathscr{A}_{1}, \mathscr{A}_{2})=[\mathscr{A}_{1}, \mathscr{A}_{2}]_{k}\circ\Delta_{*k}$ for each $ke[0,2d]$ .
To an endomorphism $\omega\in End_{Z}H_{n}(M, Z)$ , write $\omega\otimes_{Z}$ id. 6 $End_{q}H_{n}(M, Q)$

for the induced map from $\omega$ by $H_{n}(M, Z)\otimes_{Z}Q\cong H_{n}(M, Q)$ . Let ${}^{t}(\omega\otimes_{z}id.)$

$(\in End_{q}H^{n}(M, Q))$ denote its transposed endomorphism with respect to
the Kronecker index for $M$. Let $\{f_{n}\}_{n=0}^{2d}$ be the homomorphisms in
Theorem A.

LEMMA 2.3. Let $\alpha$ and $\beta\in GSp^{+}(g, Z)$ . Write $\rho=\dim_{q}\oplus_{n=0}^{2i}H_{n}(M, Q)$ ,
$[\Gamma\alpha\Gamma]_{n}=f_{n}(\Gamma\alpha\Gamma)$ and $[\Gamma\beta\Gamma]_{n}=f_{n}(\Gamma\beta\Gamma)$ for simplicity. Then we obtain

$\sum_{\sim=1}^{\rho}(-1)^{(dlmx_{\sim}^{\prime})}($(( $[\Gamma\alpha\Gamma]_{(2d-(dlmxi))}\otimes_{Z}$ id.) $\circ D_{(2d-(dlmx_{l}^{\prime}))}$

$\circ^{t}([\Gamma\beta\Gamma\rfloor_{(\dim x_{l}^{\prime})}\otimes_{z}id.))(x^{\prime}.)\otimes_{Q}a^{\prime}.)$

$=\sum_{\sim=1}^{\rho}(-1)^{(\dim a_{\sim}^{\prime})}([\Gamma\alpha\Gamma, \Gamma\beta\Gamma]_{2d}\otimes_{z}id.)(a,\otimes_{Q}a.)$ .
PROOF. We can write

${}^{t}([\Gamma\alpha\Gamma]_{(\dim x.)}\otimes_{Z}id.)(x.)=\sum_{u--1}^{\rho}\alpha_{u}x_{u}$ and

${}^{t}([\Gamma\beta\Gamma]_{(\dim x^{\prime})}\otimes_{Z}id.)(x_{l}^{\prime})=\sum_{u=1}^{\rho}\beta_{u}x_{u}$

with some rational coefficients $\{\alpha_{\iota u}\}_{1\leq\sim\leqq\rho,1\leqq u\leqq\rho}$ and $\{\beta_{au}\}_{1\leqq\sim\xi\rho,1\leq u\leqq\rho}$ . We can
also write

$([\Gamma\beta\Gamma]_{(dlma_{l}^{\prime})}\otimes_{z}id.)(a_{\sim}^{\prime})=\sum_{u=1}^{\rho}x_{u}.a_{u}^{\prime}$ and

$([\Gamma\alpha\Gamma]_{(dlma_{\iota})}\otimes_{z}id.)(a,)=\sum_{u=1}^{\rho}x_{u}^{\prime},a_{u}$

with some rational coefficients $\{\lambda_{ua}\}_{1\leqq u\leqq\rho,1\leqq\Leftrightarrow\leqq\rho}$ and $\{x_{u}^{\prime}.\}_{1\leqq u\leqq\rho,1\leqq\cdot\leqq\rho}$ . Notice
that $\alpha_{au}=\beta_{\Leftrightarrow u}=0$ if dim $x_{\iota}\neq\dim x_{u}$ viz. dim $x_{l}^{\prime}\neq\dim x_{u}^{\prime}$ ; and that $\lambda_{u\sim}=\lambda_{u\sim}^{\prime}=0$

if dim $a^{\prime}.\neq\dim a_{u}^{\prime}$ viz. dim $a_{b}\neq\dim a_{u}$ . Let $i$ and $j\in[1, \rho]\cap Z$ with dim $x_{i}=$
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$\dim x_{j}^{\prime}$ viz. $\dim x_{i}=\dim x_{\dot{f}}$ . Then note that $\dim a_{j}^{\prime}=\dim x_{\dot{f}}^{\prime}=\dim x_{i}^{\prime}$ and
dim $a_{j}=\dim x_{j}=\dim x_{l}$ . Let $\langle, \rangle$ denote the Kronecker index for $M$.
We have

$\beta_{ij}=\langle\sum_{u=1}^{\rho}\beta_{iu}x_{u}^{\prime},$ $ a_{\dot{f}}^{\prime}\rangle$

$=\langle{}^{t}([\Gamma\beta\Gamma]_{(dlmx_{i}^{\prime})}\otimes_{z}id.)(x_{i}), a_{j}^{\prime}\rangle=\langle x_{i}^{\prime}, ([\Gamma\beta\Gamma]_{(\dim x_{i}^{\prime})}\otimes_{Z}id.)(a_{;}^{\prime})\rangle$

$=\langle x_{i}^{\prime},\sum_{u=1}^{\rho}x_{uj}a_{u}^{\prime}\rangle=x_{ij}$ ;

$\alpha_{ij}=\langle\sum_{u=1}^{\rho}\alpha_{iu}x_{u},$ $ a_{j}\rangle$

$=\langle{}^{t}([\Gamma\alpha\Gamma]_{(dlmx_{i})}\otimes_{Z}id.)(x_{i}), a_{j}\rangle=\langle x_{i}, ([\Gamma\alpha\Gamma]_{(dlma_{j)}}\otimes_{Z}id.)(a_{;})\rangle$

$=\langle x_{i},$ $\sum_{u=1}^{\rho}x_{u_{\dot{f}}}a_{u}\rangle=x_{ij}^{\prime}$ .

Hence we have:

$([\Gamma\beta\Gamma]_{(d{\rm Im} a_{j}^{\prime})}\otimes_{Z}id.)(a_{j}^{\prime})=\sum_{u=1}^{\rho}\beta_{u\dot{g}}a_{u}^{\prime}$ and

$([\Gamma\alpha\Gamma]_{(dlma_{i})}\otimes_{Z}id.)(a_{i})=\sum_{u=1}^{\rho}\alpha_{ui}a_{u}$ .
We expand the element

$\mathfrak{X}_{def}=.([\Gamma\alpha\Gamma]_{(2d-(dlmx_{t}^{\prime}))}\otimes_{Z}id.)\circ D_{(2d-(\dim x_{\sim}^{\prime}))}\circ^{t}([\Gamma\beta\Gamma]_{(dlmx_{\sim}^{\prime})}\otimes_{z}id.)(x_{\sim}^{\prime})$

in terms of the basis $\{a.\}_{a=1}^{\rho}$ . Then

(its coefficient at $a_{j}$) $=\langle x_{j}, \mathfrak{X}\rangle$

$=\langle{}^{t}([\Gamma\alpha\Gamma]_{(2d-(dlmx^{\prime}.))}\otimes_{z}id.)(x_{j}), D_{(2d-(dlmx^{\prime}.))}\circ^{t}([\Gamma\beta\Gamma]_{(dlmx^{\prime}.)}\otimes_{z}id.)(x^{\prime}.)\rangle$

$=\langle jll,(2d-(\dim x^{\prime}.))(\sum_{u=1}^{\rho}\beta_{u}x_{u}^{\prime})\rangle=\langle\sum_{l=1}^{\rho}\alpha_{jl}x_{\iota},\sum_{u=1}^{\rho}\beta_{u}a_{u\rangle}$

$=\sum_{u=1}^{\rho}\alpha_{\dot{g}u}\beta_{u}$ .

We have:

the left side of the equation in Lemma 2.3

$=\sum_{\iota=1}^{\rho}(-1)^{(dlmx^{\prime}.)}(\sum_{\dot{g}=1}^{\rho}(\sum_{u=1}^{\rho}\alpha_{ju}\beta_{u})a_{j})\otimes_{Q}a_{l}^{\prime}$

$=\sum_{=1\dot{f}}^{\rho}\sum_{=1}^{\rho}\sum_{u=1}^{\rho}(-1)^{(dlma_{l}^{\prime})}\alpha_{ju}\beta_{u}a_{j}\otimes_{Q}a_{l}^{\prime}$
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since dim $x_{l}^{\prime}=\dim a^{\prime}.$ , and

the right side of the equation in Lemma 2.3

$=\sum_{=1}^{\rho}(-1)^{(dlma_{\sim}^{\prime})}(([\Gamma\alpha\Gamma]_{(11ma.)}\otimes_{z}id.)(a.)\otimes_{Q}([\Gamma\beta\Gamma]_{(\dim a^{\prime}.)}\otimes_{Z}id.)(a^{\prime}.))$

$=\sum_{=1}^{\rho}(-1)^{(djma_{l}^{\prime})(()\otimes_{Q}(\sum_{k=1}^{o}\beta_{k}.a_{k}^{\prime}))}\sum_{l=1}^{\prime\prime}\alpha_{l}.a_{l}$

$=\sum_{=1}^{\rho}\sum_{l=1}^{\rho}\sum_{k=\iota}^{\rho}(-1)^{tdlma^{\prime})+(dma_{k}^{\prime})+(dlma_{k}^{\prime})}\alpha_{l\iota}\beta_{k}.a_{l}\otimes_{Q}a_{k}^{\prime}$

$=\sum_{=\iota}^{\rho}\sum_{l=1}^{o}\sum_{k=1}^{o}(-1)^{(\dim a_{k}^{\prime})}\alpha_{l}.\beta_{k}.a_{l}\otimes_{Q}a_{k}^{\prime}$

8ince $\beta_{k}.=0$ if $\dim a^{\prime}.\neq\dim a_{k}^{\prime}$ . Lemma 2.3 is proved. (We have given
this proof by extending the method of Vick [21, p. 185, Lemma 6.10] to
the case of our operators for the Hecke rings.)

\S 3. Coincidence Theorem, Fixed Point Theorem and proofs.

Let $\mathscr{A}_{1}=\sum_{j}m_{j}\Gamma\alpha_{j}\Gamma$ and $\mathscr{A}_{2}=\sum_{k}l_{k}\Gamma\beta_{k}\Gamma\in HR(\Gamma, GSp^{+}(g, Z))$ . Recall
$M=(\Gamma\ltimes Z^{2gw}\backslash \mathfrak{D})^{\sim}$ . We define $\hat{L}_{K}(\ovalbox{\tt\small REJECT}_{1}, \mathscr{A}_{2})$ by

$\hat{L}_{r}(\ovalbox{\tt\small REJECT}_{1}, \mathscr{A}_{2})=\sum_{n=0}^{2^{\prime}}(-1)^{n}Tr$ { $D_{n}^{-1}\circ(f_{n}(\ovalbox{\tt\small REJECT}_{1})\otimes_{Z}id.)\circ D_{n}\circ^{t}(f_{2d-n}(\ovalbox{\tt\small REJECT}_{2})\otimes_{Z}$ id.)}.

Recall the definition of $L_{r}(\ovalbox{\tt\small REJECT}_{1}, \mathscr{A}_{2})$ given in the introduction. By the
elementary matrix theory we have

$L_{H}(\mathscr{A}_{1}, \mathscr{A}_{2})=(-1)^{2d}\hat{L}_{M}(\mathscr{A}_{1}, \mathscr{A}_{2})=\hat{L}_{K}(\ovalbox{\tt\small REJECT}_{1}, \ovalbox{\tt\small REJECT}_{2})$ .
PROOF OF THEOREM 1.10. Write $\langle, \rangle$ for the Kronecker index $\langle$ , $\rangle_{2d}$

on $M$. By the bilinearity of $L_{H}(, )$ and $\langle H(, ), \overline{z}\rangle$ it is $8ufficient$ to show
that $\langle\vee^{\wedge}--\Pi(\Gamma\alpha\Gamma, \Gamma\beta\Gamma), \overline{z}\rangle=L_{H}(\Gamma\alpha\Gamma, \Gamma\beta\Gamma)$ for any $\alpha$ and $\beta\in GSp^{+}(g, Z)$ .
Write $[\Gamma\alpha\Gamma]_{n}=f_{n}(\Gamma\alpha\Gamma)$ and $[\Gamma\beta\Gamma]_{n}=f_{n}(\Gamma\beta\Gamma)$ for short. We have:

$\hat{L}_{H}(\Gamma\alpha\Gamma, \Gamma\beta\Gamma)=\sum_{=1}^{\rho}(-1)^{(1.mx^{\prime}.)}\langle D_{(2-(1mx^{\prime}.))}^{-1}\circ([\Gamma\alpha\Gamma]_{(2d-(n\iota}dIx^{\prime}.))\otimes_{z}$ id.)

$\circ D_{(2d-(\dim x^{\prime}))}\circ^{t}([\Gamma\beta\Gamma]_{(dlmx)}\sim\otimes_{Z}id.)(x^{\prime}.),$ $ a_{\sim}^{\prime}\rangle$

$=\sum_{=1}^{\rho}(-1)^{(dlmx^{\prime}}\cdot)\langle U^{\sim},$ ( $[\Gamma\alpha\Gamma]_{(2d-(dlmx_{l}^{\prime}))}\otimes_{z}$ id.) $\circ D_{(2d-(dlmx^{\prime}))}$

$\circ^{t}([\Gamma\beta\Gamma]_{(dlmx^{\prime}.)}\otimes_{z}id.)(x^{\prime}.)\otimes_{Q}a^{\prime}.\rangle$ by Lemma 2.1 ,

$=\sum_{=\iota}^{\rho}(-1)^{(dlma^{\prime})}\langle U^{\sim}, ([\Gamma\alpha\Gamma, \Gamma\beta\Gamma]_{2d}\otimes_{z}id.)(a.\otimes_{Q}a^{\prime}.)\rangle$

by Lemma 2.3,
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(Here use $(-1)^{(\dim a_{l}^{\prime})}=(-1)^{(\dim a_{b})(dlma_{l}^{\prime})}$ since $(\dim a_{\Leftrightarrow})+(\dim a_{l}^{\prime})=2d.$ )

$=\langle U^{\sim}, ([\Gamma\alpha\Gamma, \Gamma\beta\Gamma]_{2d}\otimes_{Z}id.)\circ(\Delta_{*2d}\otimes_{Z}id.)(\overline{z})\rangle$ by Lemma 2.2,
$=\langle U^{\sim}, (\{\Gamma\alpha\Gamma, \Gamma\beta\Gamma\}_{2d}\otimes_{Z}id.)(\overline{z})\rangle$ by (2.3.2),

where $\{\Gamma\alpha\Gamma, \Gamma\beta\Gamma\}_{2d}\otimes_{Z}$ id. : $H_{2d}(M, Z)\otimes_{z}Q\cong H_{2d}(M, Q)\rightarrow H_{2d}(M\times M, Z)\otimes_{Z}$

$Q\cong H_{2d}(M\times M, Q)$ . Hence

$\hat{L}_{H}(\Gamma\alpha\Gamma, \Gamma\beta\Gamma)=\langle{}^{t}(c_{*2d}\otimes_{Z}id.)(\overline{U}), (\{\Gamma\alpha\Gamma, \Gamma\beta\Gamma\}_{2d}\otimes_{Z}id.)(\overline{z})\rangle$

$=\langle{}^{t}((\ell_{*2d}\otimes_{Z}id.)\circ(\{\Gamma\alpha\Gamma, \Gamma\beta\Gamma\}_{2d}\otimes_{Z}id.))(\overline{U}), \overline{z}\rangle$

$=\langle{}^{t}((C_{*2d}\circ(F_{2d}(\Gamma\alpha\Gamma, \Gamma\beta\Gamma)))\otimes_{Z}id.)(\overline{U}), \overline{z}\rangle$

$=\langle\overline{\epsilon}_{H}(\Gamma\alpha\Gamma, \Gamma\beta\Gamma), \overline{z}\rangle$

by Definition 1.9. Theorem 1.10 is proved.
Now we give proofs of Theorems 2 and 3 in the introduction.

PROOF OF THEOREM 2. By the bilinearity of the Coincidence Index
and the Coincidence Number it is sufficient to prove it in the case
of $Ls\Psi_{1}=\Gamma\alpha\Gamma$ and $\mathfrak{X}=\Gamma\beta\Gamma$ for any $\alpha$ and $\beta\in GSp^{+}(g, Z)$ . Recall
$I_{H}(\Gamma\alpha\Gamma, \Gamma\beta\Gamma)=\langle U, c_{*.,d}\circ\{\Gamma\alpha\Gamma, \Gamma\beta\Gamma\}_{2d}(z)\rangle_{2d}$ . Tensoring theve elements
with $Q$ over $Z$ we have:

$I_{H}(\Gamma\alpha\Gamma, \Gamma\beta\Gamma)$

$=\langle\overline{U}, (c_{*2d}\otimes_{Z} id.)\circ(\{\Gamma\alpha\Gamma, \Gamma\beta\Gamma\}_{2d}\otimes_{Z} id.)(\overline{z})\rangle_{2d}$

$=\langle\overline{U}, ((c_{*2d^{O}}(F_{2d}(\Gamma\alpha\Gamma, \Gamma\beta\Gamma)))\otimes_{z} id.)(\overline{z})\rangle_{2d}$

$=\langle{}^{t}((c_{*2d}\circ(F_{2d}(\Gamma\alpha\Gamma, \Gamma\beta\Gamma)))\otimes_{z} id.)(\overline{U}), \overline{z}\rangle_{2d}$

$=\langle\simeq-\sim\Pi(\Gamma\alpha\Gamma, \Gamma\beta\Gamma), \overline{z}\rangle_{2d}$

by Definition 1.9. Now Theorem 2 is derived from Theorem 1.10.

PROOF OF THEOREM 3. It is a consequence of Corollary 1.8 and
Theorem 2.

\S 4. On l-adic cohomology groups, I.

Let $X$ and $Y$ be schemes which are separated and of finite type
over an algebraically closed field $\ovalbox{\tt\small REJECT}^{\prime}$ (e.g. $\overline{Q},$ $C$), let $l$ be a prime number
with $l\neq Characteristic$ of $\ovalbox{\tt\small REJECT}^{\prime}$ let $u:X\rightarrow Y$ be a finite morphism, and
let $H_{c}^{n}(X, Q_{\iota})$ and $H_{c}^{n}(Y, Q_{l})$ be the l-adic cohomology groups of $X$

and $Y$ with compact support respectively where $n(\geqq 0)\in Z$ (cf. Artin
et al. [1], Carter [3], Deligne [5], Hartshorne [6] and Srinivasan [20]).
Then it is well known that $u$ induces functorially a canonical map
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$u^{*}\in Hom_{q_{l}}(H_{0}^{n}(Y, Q_{l})\rightarrow H_{\iota}^{n}(X, Q_{l}))$ for each $n(\geqq 0)\in Z$. In this section we
prove Theorem 4 in the introduction. Recall $M=(\Gamma\ltimes Z^{2gw}\backslash \mathfrak{D})^{\sim}$ where
$\Gamma=\Gamma_{g}(N)$ . Since $M$ is a non-singular complex projective variety, one
has $H^{n}(M, C)\cong H^{n}(M, Q_{l})\otimes_{q_{l}}C$ by the comparison theorem of the l-adic
cohomology theory. One has the non-degenerate bilinear forms of the
Kronecker index $H^{n}(M, C)\times H_{n}(M, C)\rightarrow C(ne[0,2d])$ . The anti-ring homo-
morphisms $\{f^{\{n)}\}_{n\geq 0}$ in Theorem 4 are compatible with the homomorphisms
$\{f_{n}\}_{n\geqq 0}$ in Theorem A and these bilinear forms of the Kronecker index.

We need:

LEMMA 4.1 (Artin et al. [1]; also cf. Carter [3; p. 203] and Srinivasan
[20, p. 53]). Suppose that $\mathcal{G}$ is a finite group of automorphisms of $X$

such that a strict quotient $\mathcal{G}\backslash X$ exists. Then

$H_{e}^{n}(\mathcal{G}\backslash X, Q_{l})\cong H_{c}^{n}(X, Q_{l})^{e}$ for each $n(\geqq 0)\in Z$ .
For the definition of “strict quotient” see e.g. Carter [3, p. 13].
Under the condition of Proposition $D$ in \S 1 we see that $(G_{2}\backslash \mathfrak{D})^{\sim}$ i8

a strict quotient $\mathcal{G}\backslash (G_{1}\backslash \mathfrak{D})^{\sim}$ where $\mathcal{G}=G_{2}/G_{1}$ .
PROOF OF THEOREM 4. Recall $\Gamma=\Gamma_{g}(N)$ and $\mathfrak{D}=\mathfrak{H}_{g}\times C^{gw}$ . Let $\alpha\in$

$GSp^{+}(g, Z)$ . Write $c=r(\alpha)$ and $\Gamma\alpha\Gamma=\bigcup_{i=1}^{\mu}\Gamma\alpha_{i}$ (disjoint). See the com-
mutative diagram (0.1) in the introduction. We use the same notations
given in (0.1). Notice that those $\pi_{i},$

$\pi^{(i)},$ $\pi,$ $(\alpha_{i}, 0)^{\sim}$ and $[\pi]$ are all finite
morphisms. Let us fix $n\in Z$ with $0\leqq n\leqq 2d=2\langle g\rangle+2gw$ arbitrarily.
Consider the element:

$Y_{def}--.\sum_{i=1}^{\mu}\pi_{i}^{*}\circ(\alpha_{i}, 0)^{\sim*}\circ[\pi]^{*}eHom_{q_{l}}(H^{n}(M, Q_{l}),$ $H^{n}((\Gamma_{g}(c^{2}N)\ltimes(cZ)^{2gw}\backslash \mathfrak{D})^{\sim}, Q_{l}))$ .
Choose $\gamma_{i}\in\Gamma$ for each $i\in[1, \mu]$ arbitrarily. Then we obtain:

$(\gamma_{i}\alpha_{i}, 0)^{\sim*}\circ[\pi]^{*}=([\pi]\circ(\gamma_{i}0)^{\sim}\circ(\alpha_{l}, 0)^{\sim})^{*}=([\pi]\circ(\alpha_{i}, 0)^{\sim})^{*}=(\alpha_{i\prime}0)^{\sim*}\circ[\pi]^{*}$

since we have id. $\circ[\pi]=[\pi]\circ(\gamma_{i}, 0)^{\sim}$ (cf. the diagram in front of (2.3) in
Hatada [8]). Hence the above $Y$ does not depend on the choice of rep-
resentatives $\{\alpha_{i}\}_{l=1}^{\mu}$ for $\Gamma\backslash \Gamma\alpha\Gamma$ .

Now we show:

(4.2) $(\gamma, m)^{\sim*}\circ Y=Y$ for all $(\gamma m)e\Gamma\ltimes Z^{2g\prime t}$ .

Let $(\gamma, m)\in\Gamma\ltimes Z^{2gw}$ . We have a pelmutation $(_{\Gamma\alpha_{1}\gamma\Gamma\alpha_{2}\gamma}^{\Gamma\alpha_{1}\Gamma\alpha_{2}}\ldots\Gamma\alpha_{\mu)}\Gamma\alpha_{\mu}\gamma$ of
$\Gamma\backslash \Gamma\alpha\Gamma$ , which gives the permutation $\langle\gamma\rangle$ of the numbers $\{1, 2, \cdots, \mu\}$
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with $\Gamma\alpha_{i}\gamma=\Gamma\alpha_{\langle\gamma\rangle(i)}(1\leqq i\leqq\mu)$ . Write $\alpha_{l}\cdot\gamma=\gamma_{i}^{\prime}\cdot\alpha_{\langle\gamma\rangle(i)}$ with some $\gamma_{i}^{\prime}\in\Gamma$ for
each $i\in[1, \mu]$ . Then we obtain:

$(\alpha_{i}, 0)\cdot(\gamma, m)=(\gamma_{i}^{\prime}, x_{i})\cdot(\alpha_{\langle\gamma\rangle(i)}, 0)$ with some $x_{i}\in Z^{2gw}$

in $GSp^{+}(g, Q)\ltimes Q^{2gw}$ for each $i\in[1, \mu]$ . Hence we have

$(\alpha_{i}, 0)^{\sim}\circ(\gamma, m)^{\sim}=(\gamma_{i}^{\prime}, x_{i})^{\sim}\circ(\alpha_{\langle\gamma\rangle(t)}, 0)^{\sim}$

Now let $ie[1, \mu]$ be fixed arbitrarily and write $h=\langle\gamma\rangle^{-1}(i)$ . Then

$(\alpha_{h}, 0)\cdot(\gamma, m)=(\gamma_{h}^{\prime}, x_{h})\cdot(\alpha_{i}, 0)$ .
Look at the following commutative diagrams.

$\langle(c^{rn\backslash \mathfrak{D})^{-}(\Gamma_{g}(dN)\ltimes(cZ)^{2gv}\backslash \mathfrak{D})^{-}}\underline{(r.-)\cdot}\rightarrow((\alpha_{\hslash\prime}0)(\Gamma_{g}(dN)\ltimes(cZ)\eta(a_{h\prime}0)^{-\iota}\backslash \mathfrak{D})^{\sim}(\alpha_{h\prime}0)$

$((a_{l},0)^{-\iota}(\Gamma_{1}(cN)\ltimes(cZ)\eta(\alpha_{h}, 0)\backslash \mathfrak{D})^{\sim^{\underline{1a_{b}.0)}}}(\Gamma_{\iota}(cN)\ltimes(\iota Z)^{Zgv}\backslash \mathfrak{D})^{\sim}\downarrow l\iota.\downarrow l$

$\downarrow\triangleright]$

$M=(\Gamma\ltimes Z^{gr}\backslash \mathfrak{D})^{\sim}$

$(\tau_{\iota(oN)\ltimes(oZ)\eta_{\mathfrak{D})^{\sim}((\alpha,0)(\Gamma_{g}(c^{1}N)\ltimes(oZ)^{gv})(a.0)^{-1}\backslash \mathfrak{D})^{\sim}(\Gamma\backslash \mathfrak{D})^{\sim}}}\underline{(\alpha,0)}\underline{(rl\cdot\cdot\iota)\cdot}$

$((\alpha,0)^{-\iota}(\Gamma_{g}tcN)\ltimes(oZ)\eta(a,0)\backslash \mathfrak{D})^{\sim}(\Gamma_{g}(cN)\ltimes(cZ)^{gv}\backslash \mathfrak{D})^{\sim}(\Gamma_{g}(cN)\ltimes(cZ)^{g}\backslash \mathfrak{D})^{\sim}\downarrow l\sim\downarrow q\downarrow\underline{(\alpha,0)}\underline{(r1,\sim\iota^{1}}’$.
$M=(\Gamma\ltimes Z^{it}’\backslash \mathfrak{D})^{\sim}M=(\Gamma\ltimes Z’ w\backslash \mathfrak{D})^{\sim}\downarrow_{\underline{1d}}[r]\downarrow[r]$

Here we have written $\Gamma’=(\gamma_{h}^{\prime}, x_{h})\cdot(\alpha_{l}, 0)(\Gamma_{g}(c^{2}N)\ltimes(cZ)^{2gw})(\alpha_{i}, 0)^{-1}\cdot(\gamma_{h}^{\prime}, x_{h})^{-1}=$

$(\alpha_{h}, 0)(\Gamma_{g}(c^{2}N)\ltimes(cZ)^{2gw})(\alpha_{h}, 0)^{-1}$ . All the horizontal lines denote the iso-
morphisms given by Proposition C. All the vertical lines denote the
canonical morphisms given by Proposition B. Use the relation of
$(\alpha_{h}, 0)^{\sim}\circ(\gamma, m)^{\sim}=(\gamma_{h}^{\prime}, x_{h})^{\sim}\circ(\alpha_{i}, 0)^{\sim}$ in the above diagrams. We obtain:

$(\gamma, m)^{\sim*}\circ\pi_{h}^{\star}\circ(\alpha_{h}, 0)^{\sim*}\circ[\pi]^{*}$

$=([\pi]\circ(\alpha_{h}, 0)^{\sim}\circ\pi_{k^{O}}(\gamma, m)^{\sim})^{*}=([\pi]\circ p\circ(\alpha_{h}, 0)^{\sim}\circ(\gamma, m)^{\sim})^{*}$

$=([\pi]\circ p\circ(\gamma_{h}^{\prime}, x_{h})^{\sim}\circ(\alpha_{i}, 0)^{\sim})^{*}=([\pi]\circ(\alpha_{i}, 0)^{\sim}\circ\pi_{l})^{*}$

$=\pi_{i}^{*}\circ(\alpha_{i}, 0)^{\sim*}\circ[\pi]^{*}$

Since $h=\langle\gamma\rangle^{-1}(i)$ and $\langle\gamma\rangle$ is a permutation, (4.2) is ploved. Then by
Lemma 4.1,

$Y_{def}--.\sum_{i=1}^{\mu}\pi_{i}^{*}\circ(\alpha_{i}, 0)^{\sim*}\circ[\pi]^{*}$
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is regarded as an element of $End_{q_{l}}(H^{n}(M, Q_{\iota}))$ . Namely there exists a
unique element, for which we write $f^{(n)}(\Gamma\alpha\Gamma)$ , of $End_{q_{l}}(H^{n}(M, Q_{l}))$ such
that $Y=\pi^{*}\circ f^{(n)}(\Gamma\alpha\Gamma)$ where $\pi=\pi^{(l)}\circ\pi_{i}$ .
(4.3) DEFINITION OF $f^{(n)}$ . We have got $f^{(n)}(\Gamma\alpha\Gamma)$ for each double coset
$\Gamma\alpha\Gamma$ with $\alpha eGSp^{+}(g, Z)$ in the above. Extend this $f^{(n)}$ to the whole
of $HR(\Gamma, GSp^{+}(g, Z))\otimes_{z}Q_{\iota}$ uniquely as a $Q_{l}$-linear map.

Next we show:

(4.4) $f^{(n)}(\Gamma\beta\Gamma\cdot\Gamma\alpha\Gamma)=f^{(n)}(\Gamma\alpha\Gamma)\circ f^{(n)}(\Gamma\beta\Gamma)$

for all $\alpha$ and $\beta\in GSp^{+}(g, Z)$ .
Here . denotes the multiplication in the Hecke ling, and $\circ$ denotes the
composition of two endomorphisms. Write $\Gamma\alpha\Gamma=\bigcup_{i=1}^{\mu}\Gamma\alpha_{i}$ (disjoint) and
$\Gamma\beta\Gamma=U_{x=1}^{\mu^{\prime}}\Gamma\beta_{x}$ (disjoint). Write $c=r(\alpha)$ and $b=r(\beta)$ . Look at the follow-
ing commutative diaglams.

(4.5)

Here we set $r_{0}=r_{4}\circ r_{3ir}\circ r_{2ix}\circ r_{1i}$ .
(4.6)

$(\Gamma.(bcN)\ltimes(bcZ) \backslash \mathfrak{D})^{\sim}$

$((\beta_{\iota}, 0)^{-1}(\Gamma_{g}(bcN)\ltimes(bcZ)^{2g})(\beta_{*}, 0)\backslash \mathfrak{D})^{\sim}(\Gamma_{g}(bcN)\ltimes(bcZ)^{2q}\backslash \mathfrak{D})^{\sim}\downarrow s_{1}.\underline{(\beta_{l\prime}0)^{\sim}}$

$((\beta_{*}, 0)^{-1}(\Gamma_{i}(bN)\ltimes(bZ)^{g})(\beta., 0)\backslash \mathfrak{D})^{\sim}(\Gamma_{g}(bN)\ltimes(bZ)^{2g}\backslash \mathfrak{D})^{\sim}I^{s_{l}},\underline{\langle\beta_{l},0)^{\sim}}\downarrow u_{1}$

$\downarrow s_{5}$. $\downarrow u$,
$M=(\Gamma\ltimes Z^{2g}\backslash \mathfrak{D})^{\sim}$ $M=(\Gamma\ltimes Z \backslash \mathfrak{D})^{\sim}$

In the commutative diagrams (4.5) and (4.6), all the vertical lines denote
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the canonical morphisms given by Proposition $B$ ; all the horizontal lines
denote the isomolphisms given by Proposition C. They are all finite
morphisms. Notice that $s_{3}\circ s_{2x}=s_{bx}\circ s_{4x}$ .

Recall the definition of the multiplication $\Gamma\beta\Gamma\cdot\Gamma\alpha\Gamma$ in $HR(\Gamma,$ $GSp^{+}$

$(g, Z))$ given in Shimura [18, p. 52, (3.1.1)]. Namely $\Gamma\beta\Gamma\cdot\Gamma\alpha\Gamma=$

$\sum m(\Gamma\beta\Gamma\cdot\Gamma\alpha\Gamma;W)W$ where the sum is extended over all $ W=\Gamma\theta\Gamma\subset\Gamma\beta\Gamma\alpha\Gamma$ ,
and $m(\Gamma\beta\Gamma\cdot\Gamma\alpha\Gamma;W)=.thedef$ number of $(x, i)$ such that $\Gamma\beta_{x}\alpha_{l}=\Gamma\theta$ (for a
fixed $\theta$). This $m(\Gamma\beta\Gamma\cdot\Gamma\alpha\Gamma;W)$ depends only on $\Gamma\beta\Gamma,$

$\Gamma\alpha\Gamma$ and $W$, and
not on the choice of representatives $\{\alpha_{i}\}_{i=1}^{\mu},$ $\{\beta_{x}\}_{=1}^{\mu^{\prime}}$ and $\theta$ .

Using the notations used in the above commutative diagrams (4.5)

and (4.6) we obtain:

$r_{0}^{*}\circ f^{(n)}(\Gamma\beta\Gamma\cdot\Gamma\alpha\Gamma)$

$=\sum_{i=1}^{\mu}\sum_{x=1}^{\mu^{\prime}}r_{1i2ix}^{**}\circ’\circ(\alpha_{l}, 0)*_{\circ(\beta_{x},0)}*\circ u_{1}^{*}\circ u_{2}^{*}$ by (4.3)

$=\sum_{i=1}^{\mu}\sum_{x=1}^{\mu^{\prime}}i_{1i}^{*}\circ(\alpha_{i}, 0)^{\sim*}\circ s_{1x}^{\star}\circ(\beta_{x}, 0)*\circ u_{1}^{*}\circ u_{2}^{*}$

$=\sum_{i=1}^{\mu}r_{1i}^{*}\circ(\alpha_{i}, 0)*\circ s_{1x}^{*}\circ s_{4r}^{*}\circ s_{b}^{*}\circ f^{(n)}(\Gamma\beta\Gamma)$ by Lemma 4.1 and (4.2)

$=\sum_{i=1}^{\mu}t_{1i}^{*}\circ(\alpha_{i}, 0)*_{\circ s_{1x}^{*}\circ s_{2x}^{*}\circ s^{*}\circ f^{(n)}(\Gamma\beta\Gamma)}$ since $s_{3}\circ s_{2x}=s_{bx}\circ s_{4x}$

$=\sum_{i=1}^{\mu}r_{1l}^{*}\circ 2ix^{\circ}*\circ\iota_{t}^{\circ(\alpha_{i},0)\circ s_{1}^{*}\circ f^{(n)}(\Gamma\beta\Gamma)}*\sim*$

$=r_{0}^{*}\circ f^{1n)}(\Gamma\alpha\Gamma)\circ f^{(n)}(\Gamma\beta\Gamma)$ by Lemma 4.1 and (4.2).

Thus we obtain (4.4) using Lemma 4.1. Theorem 4 is proved.
Now we show

PROPOSITION 4.7 (Lemma 1 in Hatada [9]). There is a ring homo-
morphism $h_{0}:HR(\Gamma, GSp^{+}(g, Z))\rightarrow End_{Z}Z_{0}(M, Z)$ . Under the notations in
(0.1) in the introduction, it is given by

$(h_{0}(\Gamma\alpha\Gamma))(Q)=\sum_{i=1}^{\mu}[\pi]\circ(\alpha_{i}, 0)^{\sim}\circ\pi_{i}(Q^{\prime})$

where $Q$ is a closed point of $M;Q^{\prime}$ is a closed point of (domain of
$\pi^{(l)}\circ\pi_{i})$ such that $Q=\pi^{(t)}\circ\pi_{i}(Q^{\prime});\alpha\in GSp^{+}(g, Z)$ and $\Gamma\alpha\Gamma=\bigcup_{i=1}^{\mu}\Gamma\alpha_{i}$ (dis-

joint).

PROOF. Our ploof is similar to the above one of (4.4). We give it
fol the convenience of the reader. Let $Q$ be a closed point of $M$. Let
$\alpha$ and $\beta\in GSp^{+}(g, Z)$ with $r(\alpha)=c$ and $r(\beta)=b$ . Use the commutative
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diagrams (4.5) and (4.6). Let $Q$
’ be a clo8ed point of $(\Gamma_{g}(b^{2}c^{2}N)\ltimes$

$(bcZ)^{2gw}\backslash \mathfrak{D})^{\sim}$ . Then
$(h_{0}(\Gamma\beta\Gamma\cdot\Gamma\alpha\Gamma))(Q)$

$=\sum_{l=1}^{\mu}\sum_{x=1}^{\mu^{\prime}}u_{2}\circ u_{1}\circ(\beta ae, 0)^{\sim}\circ(\alpha_{i}, 0)^{\sim}\circ r_{2ix}\circ r_{1}(Q’)$

$=\sum_{=1}^{\mu}\sum_{x=1}^{\mu^{\prime}}u_{2}\circ u_{1}\circ(\beta_{x}, 0)^{\sim}\circ s_{1x}\circ(\alpha_{i}, 0)^{\sim}\circ r_{1}(Q^{\prime\prime})$

$=\sum_{i=1}^{\mu}\sum_{x=1}^{\mu^{\prime}}u_{l}\circ(\beta_{x}, 0)^{\sim}\circ s_{4x}\circ s_{Ix}\circ(\alpha_{i}, 0)^{\sim}\circ r_{1i}(Q^{\prime})$

$=\sum_{-,-1}^{\mu}h_{0}(\Gamma\beta\Gamma)\circ s_{fg}\circ s_{4x}\circ s_{1ae}\circ(\alpha_{i}, 0)^{\sim}\circ r_{1i}(Q)$

$=\sum_{=1}^{\mu}h_{0}(\Gamma\beta\Gamma)\circ s_{\epsilon}\circ s_{2\approx}\circ s_{1\$}\circ(\alpha_{i}, 0)^{\sim}\circ r_{1i}(Q^{\prime})$

$=\sum_{i=1}^{\mu}h_{0}(\Gamma\beta\Gamma)\circ s_{8}\circ(\alpha, 0)^{\sim}\circ r_{3ix}\circ r_{2ix}\circ r_{1}(Q^{\prime})$

$=(h_{0}(\Gamma\beta\Gamma)\circ h_{0}(\Gamma\alpha\Gamma))(Q)$ . Q.E.D.

\S 5. On l-adic cohomology groups, II.

Let $X$ and $Y$ be schemes as ale defined in \S 4. Let $u:X\rightarrow Y$ be a
$morphi8m$ . Let $\mathscr{G}$ (resp. $\mathscr{G}$ ) be an abelian sheaf on $Y$ (resp. $X$) with
lespect to the \’etale topology. We denote by $u^{*}\mathscr{L}(re8p. R^{n}u_{*}\mathscr{L})$ the
inverse image 8heaf of $\mathscr{G}$ on $X$ (lesp. the m-th direct image sheaf of
.9“’ on Y). Then one has an induced canonical homomorphi8m of abelian
groups $u^{*}:$ $H^{n}(Y, \mathscr{G})\rightarrow H^{n}(X, u^{*}\mathscr{G})$ for each $n\geqq 0$ (cf. Artin et al. [1],
Deligne [5], Srinivasan [20]).

Let $m$ and $n$ denote non-negative integer8. In this section all our
compactifications of the analytic quotient spaces are the toroidal com-
pactifications with respect to the $\Sigma^{\{1)}$ and $\Sigma^{(0)}$ given in the intloduction.
Then we have a proper canonical morphi8m $ E:M=(\Gamma\ltimes Z^{2gw}\backslash \mathfrak{H}_{g}\times C^{gw})^{\sim}\rightarrow$

$0M=(\Gamma\backslash \mathfrak{H}_{g})^{\sim}$ . More generally let $\Phi\ltimes L\in \mathscr{G}^{-}$ where $\mathscr{G}^{-}$ is the set given
in the introduction. Then we have a proper canonical molphi8m
$g;(\Phi\ltimes L\backslash \mathfrak{H}_{\iota}\times C^{gw})^{\sim}\rightarrow(\Phi\backslash \mathfrak{H}_{\iota})^{\sim}$ . Let $l$ be a prime number. Write $\mathscr{L}_{k}=$

$Z/(l^{k})$ which is a constant sheaf on $(\Phi\ltimes L\backslash \mathfrak{H}_{g}\times C^{gw})^{\sim}$ with respect to the
\’etale topology. One has

$(pr_{k\rightarrow+\infty}oj-\lim H^{n}((\Phi\backslash \mathfrak{H}_{g})_{et}^{\sim}’, R^{n}g_{*}\mathscr{L}_{k}))\otimes_{z_{l}}Q_{l}=H^{n}((\Phi\backslash \mathfrak{H}_{g})^{\sim}, R^{n}g_{*}Q_{l})$ .
Recall $E:M\rightarrow 0M$. We show

THEOREM 5.1. The Hecke ring $HR(\Gamma, GSp^{+}(g, Z))\otimes_{Z}Q_{l}$ over $Q_{l}$ acts
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naturally on $H^{n}(0M, R^{m}E_{*}Q_{l})$ , i.e. there exists an anti-ring homomorphism
$f^{(n,m)}$ : $HR(\Gamma, GSp^{+}(g, Z))\otimes_{Z}Q_{l}\rightarrow End_{q_{l}}(H^{n}(0M, R^{m}E_{*}Q_{\iota}))$ for each pair, $m$

and $n$ , of non-negative integers.

PROOF. Let $\alpha\in GSp^{+}(g, Z)$ . Write $c=r(\alpha)$ and $\Gamma\alpha\Gamma=\bigcup_{i=1}^{\mu}\Gamma\alpha_{i}$ (dis-
ioint). See the diagram (0.1) in the introduction. We denote by $[\pi]$ ,
$(\alpha_{i}, 0)^{\sim},$

$\pi_{i},$
$\pi^{(l)}$ and $\pi$ the morphisms given in (0.1) for an arbitrarily

fixed integer $w\geqq 0$ . They are finite morphisms. In the case of $w=0$

write $0[\pi],$ $\alpha_{l}^{\sim},$ $0\pi_{i},$
$0\pi^{(i)}$ and $ 0\pi$ for the molphisms $[\pi],$ $(\alpha_{i}, 0)^{\sim},$

$\pi_{i},$
$\pi^{(t)}$ and

$\pi$ respectively. Fol short write $\psi(\alpha_{i})$ fol $0[\pi]\circ\alpha_{i0}^{\sim}\circ\pi_{i}$ now. Consider the
commutative diagram:

$(\Gamma_{\iota}(cN)\ltimes(cZ)^{g}\backslash \mathfrak{D})^{\sim}M\underline{[\pi]\circ(a,0)^{\sim}\circ\pi}$

(5.1.1)
$\downarrow E_{1}$

$\downarrow B$

$(\Gamma_{g}(cN)\backslash \mathfrak{H}_{g})^{\sim}0M\underline{f(a)}$

Here $E_{1}$ denotes the canonical proper morphism. First we show

(5.1.2) Let $m$ be fixed albitrarily. We have a natulal $Q_{l}$-linear map

$\varphi_{i,n}\circ\psi(\alpha_{i})_{n}^{*}$ : $H^{n}(oM, R^{m}E_{*}Q_{l})\rightarrow H^{n}((\Gamma_{g}(c^{2}N)\backslash \mathfrak{H}_{g})^{\sim}, R^{m}E_{1*}Q_{l})$

for each $n\geqq 0$ .
PROOF OF (5.1.2). From (5.1.1) we have a natural homomorphism of

abelian sheaves: $\psi(\alpha_{i})^{*}R^{m}E_{*}Z_{k}\rightarrow R^{m}E_{1*}([\pi]\circ(\alpha_{i}, 0)^{\sim}\circ\pi_{i})^{*}\mathscr{L}_{k}$ . Then we have
a $Q_{l}$-linear map $\varphi_{i,n}$ : $H^{n}((\Gamma_{g}(c^{2}N)\backslash \mathfrak{H}_{g})^{\sim}, \psi(\alpha_{i})^{*}R^{m}E_{*}Q_{l})\rightarrow H^{n}((\Gamma_{\sigma}(c^{2}N)\backslash \mathfrak{H}_{g})^{\sim}$ ,
$R^{m}E_{1*}Q_{l})$ taking projective limits as $ k\rightarrow+\infty$ and tensoring them with
$Q_{l}$ over $Z_{l}$ . ‘On the othel hand we have the canonical $Q_{l}$-linenr map
$\psi(\alpha_{i})_{n}^{*}:$ $H^{n}(oM, R^{m}E_{*}Q_{l})\rightarrow H^{n}((\Gamma_{\iota}(c^{2}N)\backslash \mathfrak{H}_{g})^{\sim}, \psi(\alpha_{i})^{*}R^{m}E_{*}Q_{l})$ . $(5.1.2)$ is proved.

(5.1.3) Consider $\sum_{i=1}^{\mu}\varphi_{i,n}\circ\psi(\alpha_{l})_{n}^{*}$ which is an element of $Hom_{q_{l}}(H^{n}(0M$,
$R^{m}E_{*}Q_{l}),$ $H^{n}((\Gamma_{g}(c^{2}N)\backslash \mathfrak{H}_{g})^{\sim}, R^{m}E_{1*}Q_{l}))$ . This does not depend on the choice
of representatives $\{\alpha_{i}\}_{i=1}^{\mu}$ for $\Gamma\backslash \Gamma\alpha\Gamma$ . Hence we write $\psi(\Gamma\alpha\Gamma)_{n}^{*}=$

$\sum_{i=1}^{\mu}\varphi_{l,n}\circ\psi(\alpha_{l})_{n}^{*}$ .
PROOF OF (5.1.3). Let $\gamma_{i}\in\Gamma$ . Replace $\alpha_{i}$ by $\gamma_{l}\alpha_{l}$ in (0.1). Then

$0[\pi]\circ(\gamma_{i}\alpha_{i})^{\sim}\circ 0i0$

ing commutative diagram.) (5.1.3) is proved.

$(\Gamma_{g}(cN)\backslash \mathfrak{H}_{\iota})^{\sim}\rightarrow^{\gamma\sim}(\Gamma_{g}(cN)\backslash \mathfrak{H}_{g})^{\sim}$
$(\gamma\in\Gamma)$

$001^{0}[\pi]\downarrow 0[\pi]\underline{id.}$
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Let $\mathscr{L}_{k}=Z/(l^{k})$ be the \’etale sheaf on $M$. Let $ E_{2}:(\Gamma_{g}(c^{2}N)\ltimes Z^{2}\iota w\backslash \mathfrak{D})^{\sim}\rightarrow$

$(\Gamma_{g}(c^{2}N)\backslash \mathfrak{H}_{g})^{\sim}$ denote the canonical proper morphism. Apply the Base
Change Theorem (cf. Artin et al. [1, Expose XII]) to the following com-
mutative diagram.

We obtain $0\pi^{*}R^{m}E_{*}\mathscr{L}_{k}\cong R^{n}E_{2*}\pi*\mathscr{L}_{k}$ . By our choice of the toloidal
compactifications, $R^{n}E_{2*}\mathscr{L}_{k}\cong R^{m}E_{1*}\mathscr{L}_{k}$ . Taking plojective limits and
tensoring them with $Q_{\iota}$ over $Z_{\iota}$ we have $ H^{n}((\Gamma_{g}(c^{2}N)\backslash \mathfrak{H}_{g})^{\sim}, 0\pi^{*}R^{n}E_{*}Q_{l})\cong$

$H^{n}((\Gamma_{g}(c^{2}N)\backslash \mathfrak{H}_{g})^{\sim},R^{n}E_{2*}Q_{l})\cong H^{n}((\Gamma_{g}(c^{2}N)\backslash \mathfrak{H}_{g})^{\sim},R^{n*}E_{1*}Q_{l})$ fiom $H^{n}((\Gamma_{g}(c^{2}N)\backslash \mathfrak{H}_{g})^{\sim}$ ,
$0\pi^{*}R^{n}E_{*}\mathscr{L}_{k})\cong H^{n}((\Gamma_{g}(c^{2}N)\backslash \mathfrak{H}_{g})^{\sim}, R^{\tau n}E_{2*}\pi_{\Leftrightarrow}^{\wedge}*\mathscr{G}_{k})$ . We u8e the lesults on the
trace in Artin et al. [1, Expose XVII, \S 6] and Sliniva8an [20, p. 53].
Recall that $0M$ is a 8trict quotient of $(\Gamma_{g}(c^{2}N)\backslash \mathfrak{H}_{g})^{\sim}$ by the group
$\mathcal{G}=\Gamma ff(N)/\Gamma_{g}(c^{2}N)$ . Write $\Xi_{k}=_{0}\pi^{*}R^{m}E_{*}Z_{k}$ , which is an \’etale sheaf on
$(\Gamma ff(c^{2}N)\backslash \mathfrak{H}_{g})^{\sim}$ . Then $0\pi_{*}\Xi_{k}$ is an \’etale sheaf on $0M$. By the action of $\mathcal{G}$

on $(\Gamma_{g}(c^{2}N)\backslash \mathfrak{H}ff)^{\sim},$ $\mathcal{G}$ operates on the sheaves $\Xi_{k}$ and $0\pi_{*}\Xi_{k}$ . From the
method of the proof of Srinivasan [20, p. 53, (5.10)] one obtains:

(5.1.4) $H^{n}(0M, R^{n}E_{*}Q_{\iota})\cong H^{n}((\Gamma_{g}(c^{2}N)\backslash \mathfrak{H}_{g})^{\sim}, 0\pi^{*}R^{\hslash}E_{*}Q_{l})^{y}$

$\cong H^{n}((\Gamma_{g}(c^{2}N)\backslash \mathfrak{H}_{g})^{\sim}, R^{n}E_{1*}Q_{l})^{g}$

for each pair, $m$ and $n$ , of non-negative integels.
(5.1.4) is a generalization of Lemma 4.1. Now we show:

(5.1.5) $\psi(\Gamma\alpha\Gamma)_{n}^{*}(\chi)\in H^{n}((\Gamma_{\iota}(c^{2}N)\backslash \mathfrak{H}_{g})^{\sim}, R^{m}E_{1*}Q_{\iota})^{\prime}$’

for all $\chi\in H^{n}(0M, R^{n}E_{*}Q_{\iota})$ .
PROOF OF (5.1.5). Let $\gamma\in\Gamma$ . Let $\gamma^{\sim*}$ denote the endomorphism of

$H^{n}((\Gamma ff(c^{2}N)\backslash \mathfrak{H}_{g})^{\sim}, R^{n}E_{1*}Q_{l})$ . We use the notations in our ploof of (4.2)
in \S 4. Recall $\Gamma\alpha\Gamma=\bigcup_{i=1}^{\mu}\Gamma\alpha_{i}$ and that $\langle\gamma\rangle$ denotes the pelmutation of
$\{1, 2, \cdots, \mu\}$ . Write $h=\langle\gamma\rangle^{-1}(i)$ for an integer-valued variable $i\in[1, \mu]$ .
Namely $\Gamma\alpha_{h}\gamma=\Gamma\alpha_{i}$ . We have

$ 0[\pi]\circ\alpha_{h}^{\sim_{o_{0}}}\pi_{h}\circ\gamma^{\sim}=_{0}[\pi]\circ p\circ\alpha_{h}^{\sim}\circ\gamma^{\sim}\sim$

$=_{0}[\pi]\circ\gamma_{h}\circ\alpha_{\langle\gamma\rangle(h)^{\circ}0}^{\sim}\pi_{\langle\gamma\rangle(h)}$ where $\gamma_{\iota}^{\prime}e\Gamma$

$=_{0}[\pi]\circ\alpha_{i0}^{\sim}\circ\pi_{i}$ since $0[\pi]\circ\gamma_{h}^{\prime\sim}=_{0}[\pi]$ .
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We have also $\gamma^{\sim*}\circ\varphi_{h,n}\circ(0[\pi]\circ\alpha_{h0}^{\sim}\circ\pi_{h})^{*}=\varphi_{\langle\gamma\rangle(h),n}\circ(0[\pi]\circ\alpha^{\sim_{\circ_{0}}}\pi_{h}\circ\gamma^{\sim})^{*}$ . Hence

$\gamma^{\sim*}\circ\psi(\Gamma\alpha\Gamma)_{n}^{*}(\chi)=\sum_{h=1}^{\mu}\varphi_{\langle r\rangle(h),n}\circ(0[\pi]\circ\alpha^{\sim}\circ\pi_{h}\circ\gamma^{\sim})^{*}(\chi)$

$=\sum_{=1}^{\mu}\varphi_{i,n}\circ(0[\pi]\circ\alpha_{i^{\circ}0}^{\sim}\pi_{i})^{*}(\chi)$

$=\psi(\Gamma\alpha\Gamma)_{n}^{*}(\chi)$ .
(5.1.5) is proved.

From (5.1.4) and (5.1.5) we can define $\uparrow^{(n.m)}(\Gamma\alpha\Gamma)$ uniquely by

$\uparrow^{(n.m)}(\Gamma\alpha\Gamma)=\Theta\in EndH^{n}(M, R^{m}E_{*}Q_{l})$ with $0\pi^{*}\circ\Theta=\psi(\Gamma\alpha\Gamma)_{n}^{*}$

As a $Q_{l}$-linear map we can extend the domain of $\uparrow(n,m)$ to the whole of
$HR(\Gamma, GSp^{+}(g, Z))\otimes_{Z}Q_{\iota}$ uniquely. We can prove the following (5.1.6) by
the same way as in the proof of (4.4).

(5.1.6) $f^{(n,m)}(\Gamma\beta\Gamma\cdot\Gamma\alpha\Gamma)=\uparrow^{(n.m)}(\Gamma\alpha\Gamma)\circ f^{(n,m)}(\Gamma\beta\Gamma)$

for all $\alpha$ and $\beta\in GSp^{+}(g, Z)$ .
Theolem 5.1 is proved.

In the same way we obtain Theorem 5 in the introduction. We
may leave the proof to the leader.

REMARK 5.2. Theolems 4 and 5 in the introduction also hold true
for the natulal Siegel modulal schemes over $\overline{Q}$ and $\overline{F}_{p}$ with $pfN$ instead
of those schemes over $C$. Here $\Gamma=\Gamma_{g}(N)\subset Sp(g, Z)$ and $l\neq p$ .

REMARK 5.3. Let $\alpha$ and $\beta\in GSp^{+}(g, Z)$ . Under the conditions in
this section we obtain the following equivalence.

$\mathscr{F}_{0^{K}}(\Gamma\alpha\Gamma)\cap \mathscr{F}_{0^{K}}(\Gamma\beta\Gamma)\neq\emptyset$ – $\mathscr{F}_{H}(\Gamma\alpha\Gamma)\cap \mathscr{F}_{H}(\Gamma\beta\Gamma)\neq\emptyset$ .
REMARK 5.4. Assume $g=1$ and $N=5$ . Then $\Gamma=\Gamma(5)$ , and the genus

of the curve $oM=(\Gamma\backslash \mathfrak{H}_{1})^{\sim}$ is $0$ . Let $\alpha$ be any element of $GSp^{+}(1, Z)$ .
Wlite $\alpha^{f}=r(\alpha)\alpha^{-1}$ now. Then

$L_{0^{H}}(\Gamma\alpha\Gamma, \Gamma 1_{2}\Gamma)=Tr(f_{0}(\Gamma\alpha\Gamma)\otimes_{z}id.)+Tr$( $f_{0}(\Gamma\alpha^{t}\Gamma)\otimes_{Z}$ id.)

by Hatada [8, Theorem 4],
$=\#(\Gamma\backslash \Gamma\alpha\Gamma)+\#(\Gamma\backslash \Gamma\alpha^{p}\Gamma)\geqq 2>0$ .

From Theorem 3 we get $\mathscr{F}_{0^{M}}(\Gamma\alpha\Gamma)\cap \mathscr{F}_{0^{H}}(\Gamma 1_{2}\Gamma)\neq\emptyset$ . For $M=(\Gamma\ltimes Z^{2w}\backslash $

$\mathfrak{H}_{1}\times C^{w})^{\sim}$ with any integel $w\geqq 0$ , we have $\mathscr{F}_{M}(\Gamma\alpha\Gamma)\cap \mathscr{F}_{H}(\Gamma 1_{2}\Gamma)\neq\emptyset$ .
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In the following Remarks 5.5 and 5.6 assume $g=1$ and $N=6$ , and
write $\Gamma=\Gamma(6),$ $0M=(\Gamma\backslash \mathfrak{H}_{1})^{\sim}$ and $M=(\Gamma\ltimes Z^{2w}\backslash \mathfrak{H}_{1}\times C^{w})^{\sim}$ for any integer
$w\geqq 0$ . Then note that the genus of the curve $0M$ is 1. Hence the space
$S_{2}(\Gamma)$ of cusp forms of weight 2 with respect to $\Gamma$ is one dimensional
over $C$. It is spanned by

$C(z)=(q\prod_{n=1}^{\infty}(1-q^{n})^{24})^{1/6}$ whele $q=\exp(2\pi\sqrt{-1}z)$

over $C$ (see e.g. Shimura [18, p. 50].)

REMARK 5.5. Set $\beta=\left(\begin{array}{ll}5 & 3\\8 & 5\end{array}\right)\in GSp^{+}(1, Z)$ . Then $\Gamma\beta\Gamma=\Gamma\beta$ We vee
that $\beta$ transfolms any cusp $P$ of $0M$ to anothel cusp $\neq P$ of $0M$ and that $\gamma\beta$

is not an elliptic element for any $\gamma e$ F. $(Tr(\gamma\beta)\equiv 4(mod 6)\not\equiv 0, \pm 1(mod 6).)$

Hence $\mathscr{F}_{0^{H}}(\Gamma\beta\Gamma)\cap \mathscr{F}_{0^{X}}(\Gamma 1_{2}\Gamma)=\emptyset$ and $\mathscr{F}_{r}(\Gamma\beta\Gamma)\cap \mathscr{F}_{r}(\Gamma 1_{2}\Gamma)=\emptyset$ . Flom
Theorem 3 we get

$L_{r}(\Gamma\beta\Gamma, \Gamma 1_{2}\Gamma)=0$ .
Since $\#(\Gamma\backslash \Gamma\beta\Gamma)=\#(\Gamma\backslash \Gamma\beta^{\iota}\Gamma)=1$ where $\beta^{:}=r(\beta)\beta^{-1}=\beta^{-1}$ , we have

$L_{0^{r}}(\Gamma\beta\Gamma, \Gamma 1_{2}\Gamma)=1-Tr(f_{1}(\Gamma\beta\Gamma)\otimes_{Z}id.)+1=0$

using Hatada [8, Theorem 4]. By the Hodge decomposition, $ H^{1}(0M, C)\cong$

$S_{2}(\Gamma)\oplus\overline{S_{2}(\Gamma)}$. Note that $C(z)^{6}$ is a cusp folm on $Sp(1, Z)$ and that
$\{xeC|{\rm Re} x=1, |x|=1\}=\{1\}$ . Hence we get the functional equation

$C((5z+3)/(8z+5))(8z+5)^{-2}=C(z)$

which we can prove by the other method using the tlansfolmation
formula of the Dedekind $\eta$ function.

REMARK 5.6. Recall $\Gamma=\Gamma(6)$ . Let $p\geqq 5$ be a prime number. Write
$T’(p)de=_{r}.\{$

Then $w$

$\left(\begin{array}{ll}a & b\\c & d\end{array}\right)\in GSp^{+}(1, Z)|ad-bc=p.a-1\equiv b\equiv c\equiv 0(mod 6).\}$ and $\alpha=\left(\begin{array}{ll}1 & O\\0p & \end{array}\right)$ .
$e$ have $T’(p)=\Gamma\alpha\Gamma=\bigcup_{j=1}^{p+1}\Gamma\beta_{j}$ (disjoint) $=\bigcup_{j=1}^{p+1}\beta_{\dot{f}}^{\prime}\Gamma$ (disjoint) with

some $\{\beta_{j}\}_{\dot{g}=1}^{p+1}$ and $\{\beta_{j}^{\prime}\}_{j=1}^{p+1}$ in $T’(p)$ . Let $\lambda_{p}$ be the eigenvalue of the Hecke
operator $[T’(p)]_{2}$ , corresponding to $T’(p)$ , acting on $S_{2}(\Gamma)$ . Namely
$(C|[T’(p)]_{2})(z)=x_{p}C(z)$ . It is well known that $|x_{p}|\leqq 2\sqrt{p}$ . Let $f$ be the
involution of $GSp^{+}(1, Z)$ given by $x\mapsto\gamma(x)x^{-1}$ . Note $\Gamma^{\ell}=\Gamma$ . We have
$T’(p)=\bigcup_{\dot{g}=1}^{p+1}\Gamma\beta_{\dot{f}}^{\prime c}$ (disjoint). Compute $L_{0^{H}}(\Gamma\alpha\Gamma, \Gamma 1_{2}\Gamma)$ using Hatada [8,
Theorem 4] and the isomorphism $H^{1}(0M, C)\cong S_{2}(\Gamma)\oplus\overline{S_{2}(\Gamma)}$ .
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$L_{0^{K}}(\Gamma\alpha\Gamma, \Gamma 1_{2}\Gamma)=(p+1)-Tr(f_{1}(\Gamma\alpha\Gamma)\otimes_{Z}id.)+(p+1)$

$=2(p+1-{\rm Re} x_{p})\neq 0$

since $|p+1-{\rm Re} x_{p}|\geqq p+1-|x_{p}|\geqq p+1-2\sqrt{p}=(\sqrt{p}-1)^{2}>0$ . Then from
Theorem 3 we get

$\mathscr{F}_{\mu}(\Gamma\alpha\Gamma, \Gamma 1_{2}\Gamma)\neq\emptyset$ .
Hence we have $\mathscr{F}_{H}(\Gamma\alpha\Gamma, \Gamma 1_{2}\Gamma)\neq\emptyset$ .
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