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Abstract. Let $\theta$ be an irrational number and $A_{\theta}$ be the corresponding irrational rotation
$C^{*}$-algebra. Let $K$ be the $C^{*}$-algebra of all compact operators on a countably infinite
dimensional Hilbert space $H$. Let $\alpha$ be an automorphism of $A_{\theta}\otimes K$ with $\alpha_{*}=id$ on
$K_{0}(A_{\theta}\otimes K)$ . If the set of invertible elements in $A_{\theta}$ is dense in $A_{\theta}$ or $\alpha$ preserves the
canonical dense $*$-subalgebra $F^{\infty}(A_{\theta}\otimes K)$ of $A_{\theta}\otimes K$ , then there are an automorphism $\beta$ of
$A_{\theta}$ and unitary elements $w$ in the double centralizer $M(A_{\theta}\otimes K)$ of $A_{\theta}\otimes K$ and $W$ in $B(H)$

such that $\alpha=Ad(w)\circ(\beta\otimes Ad(W))$ .

\S 1. Preliminaries.

Let $\theta$ be an irrational number and $A_{\theta}$ be the corresponding irrational
rotation $C^{*}$-algebra. Let $u$ and $v$ be unitary elements in $A_{\theta}$ with $uv=$
$e^{2\pi i\theta}vu$ which generate $A_{\theta}$ . Let $\tau$ be the unique tracial state on $A_{\theta}$ .
Let $K$ (resp. $B(H)$ ) be the $C^{*}$-algebra of all compact (resp. bounded)
operators on a countably infinite dimensional Hilbert space $H$. Let
$\{\epsilon_{j}\}_{jeZ}$ be a completely orthonormal base of $H$ and $\{e_{i\dot{g}}\}_{i,jeZ}$ be matrix
units of $K$ with respect to $\{\epsilon_{j}\}_{jeZ}$ . Let Tr be the canonical trace on $K$.
For any $C^{*}$-algebra $A$ we denote by $M(A)$ the double centralizer (the
multiplier) of $A$ and by $A^{+}$ the unitized $C^{*}$-algebra of $A$ . We know
$M(K)=B(H)$ . Let $Aut(A)$ be the group of all automorphisms of $A$ .
Furthermore we denote by $tsr(A)$ the topological stable rank of $A$ .

\S 2. Automorphisms of $A_{\theta}\otimes K$ with tlle trivial action on $K_{0}(A_{\theta}\otimes K)$ .
By Riedel [6] or Anderson and Paschke [1], we can see that there

is an irrational number $\theta$ such that the set of invertible elements in $A_{\theta}$

is dense in $A_{\theta}$ , i.e. $tsr(A_{\theta})=1$ .
LEMMA 1. Let $\alpha\in Aut(A_{\theta}\otimes K)$ with $\alpha_{*}=id$ on $K_{0}(A_{\theta}\otimes K)$ and let
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$tsr(A_{\theta})=1$ . Then for any $keZ$ there is a partial isometry $w_{k}\in(A_{\theta}\otimes K)^{+}$

such that

$w_{k}^{*}w_{\iota}=1\otimes e_{kk}$ ,
$w_{k}w_{k}^{*}=\alpha(1\otimes e_{kk})$ .

PROOF. Since $tsr(A_{\theta})=1,$ $t8r(A_{\theta}\otimes K)=1$ by Rieffel [8, Theorem 3.6].
Thus $(A_{\theta}\otimes K)^{+}$ has cancellation by Blackadar [2, Proposition 6.5.1]. Since
$\alpha_{*}=id$ on $K_{0}(A_{\theta}\otimes K),$ $[\alpha(1\otimes e_{kk})]=[1\otimes e_{kk}]$ in $K_{0}(A_{\theta}\otimes K)$ for any $keZ$.
Therefore for any $keZ$ there is a partial isometry $w_{k}e(A_{\theta}\otimes K)^{+}$ such
that

$w_{k}^{*}w_{k}=1\otimes e_{kk}$ ,
$w_{k}w_{k}^{*}=\alpha(1\otimes e_{kk})$ . Q.E.D.

Let $A$ be a $C^{*}$-algebra and $B$ be its $C^{*}$-subalgebra. For any
$\alpha\in Aut(A)$ let $\alpha|_{B}$ be the monomorphism of $B$ into $A$ defined by $\alpha|_{B}(x)=$

$\alpha(x)$ for any $xeB$ and let $\tilde{\alpha}$ be the automorphism of $M(A)$ obtained by
extending $\alpha$ . Moreover let

$F(A_{\theta}\otimes K)=$ { $\sum x_{ij}\otimes e_{ij}|x_{ij}eA_{\theta},$ $x_{ij}=0$ except for finitely many elements}.

LEMMA 2. Let $\alpha$ be as in Lemma 1. We suppose that for any $keZ$

there $\dot{r}s$ a partial isometry $w_{k}\in(A_{\theta}\otimes K)^{+}$ such that

$w_{k}^{*}w_{k}=1\otimes e_{kk}$ ,
$w_{k}w_{k}^{*}=\alpha(1\otimes e_{kk})$ .

Then there is a unitary element $w\in M(A_{\theta}\otimes K)$ such that $Ad(w^{*})\circ\alpha|_{A_{\theta^{\Phi\circ}kk}}$

is an automorphism of $A_{\theta}\otimes e_{kk}$ and

$(Ad(w^{*})\circ\alpha)(1\otimes e_{kk})=1\otimes e_{kk}$

for any $k\in Z$.
PROOF. There is a partial isometry $w_{k}$ in $(A_{\theta}\otimes K)^{+}$ for any keZ

such that

$w_{k}^{*}w_{k}=1\otimes e_{kk}$ ,
$w_{k}w_{k}^{*}=\alpha(1\otimes e_{kk})$

by the assumptions. Let $(\pi_{\tau}, H_{\tau})$ be the cyclic representation of $A_{\theta}$ as-
sociated with $\tau$ . Since $A_{\theta}$ is simple, $\pi_{\tau}$ is faithful. Thus we can identify
$A_{\theta}\otimes K$ with $\pi_{\tau}(A_{\theta})\otimes K$. For any $\sum_{jeZ}\xi_{j}\otimes\epsilon_{\dot{f}}eH_{\tau}\otimes H$ and $n\geqq m\geqq 1$ ,
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$\Vert(\sum_{|k|=m}^{n}w_{k})(\sum_{\dot{g}\in Z}\xi_{j}\otimes\epsilon_{j})||^{2}=((\sum_{|k|,|l|=m}^{n}w_{l}^{*}w_{k})(\sum_{\dot{g}eZ}\xi_{j}\otimes\epsilon_{\dot{f}})|\sum_{jeZ}\xi_{j}\otimes\epsilon_{j})$

$=((\sum_{|k|=m}^{n}w_{k}^{*}\alpha(1\otimes e_{kk})w_{k})(\sum_{jeZ}\xi_{j}\otimes\epsilon_{j})|\sum_{jeZ}\xi_{j}\otimes\epsilon_{j})$

$=((\sum_{|k|=m}^{n}1\otimes e_{kk})(\sum_{\dot{g}\in Z}\xi_{j}\otimes\epsilon_{j})|\sum_{j\in Z}\xi_{j}\otimes\epsilon_{\dot{f}})$

$=(\sum_{|k|=m}^{n}\xi_{k}\otimes\epsilon_{k}|\sum_{\dot{g}eZ}\xi_{\dot{f}}\otimes\epsilon_{j})$

$=\sum_{|k|=m}^{n}\sum_{jeZ}(\xi_{k}|\xi_{j})(\epsilon_{k}|\epsilon_{\dot{f}})$

$=\sum_{|k|=m}^{n}||\xi_{k}||^{2}$

Hence since $\sum_{|k|=m}^{n}||\xi_{k}||^{2}\rightarrow 0$ as $m,$ $n\rightarrow\infty,$ $\{\sum_{|k|\leqq n}w_{k}\}$ is a Cauchy sequence
with respect to the strong topology. Thus we can define $w=\sum_{keZ}w_{k}$ .
Then $weB(H_{r}\otimes H)$ . For any $x=\sum x_{ij}\otimes e_{ij}\in F(A_{\theta}\otimes K)$

$\Vert\sum_{|k|=m}^{n}w_{k}x||^{2}=\Vert(\sum_{|\dot{g}|=m}^{n}x^{*}w_{\dot{f}}^{*})(\sum_{|k|=m}^{n}w_{k}x)\Vert$

$=\Vert x^{*(.)X\Vert}\sum_{|k|=n}^{n}1\otimes e_{kk}$

$\leqq||x||\Vert(\sum_{|k|=m}^{n}1\otimes e_{kk})x\Vert$

$=||x||\Vert(\sum_{|k|=m}^{n}1\otimes e_{kk})(\sum_{i,\dot{g}}x_{j}\otimes e_{ij})\Vert$

$=||x||\Vert\sum_{\dot{f}}\sum_{|k|=m}^{n}x_{kj}\otimes e_{kj}\Vert\rightarrow 0$

as $m,$ $ n\rightarrow\infty$ . Hence $\{\sum_{|k|\leqq m}w_{k}x\}$ is a Cauchy sequence with respect to the
norm topology. Thus $wxeA_{\theta}\otimes K$ for any $xeF(A_{\theta}\otimes K)$ . Since $F(A_{\theta}\otimes K)$

is dense in $A_{\theta}\otimes K$ with respect to the norm topology, for any $xeA_{\theta}\otimes K$

there is a sequence $\{x_{n}\}$ in $F(A_{\theta}\otimes K)$ such that $||x_{n}-x||\rightarrow 0$ as $ n\rightarrow\infty$ .
Then $||wx$– $wx_{n}||\leqq||w||||x-x_{n}||\rightarrow 0$ as $ n\rightarrow\infty$ . Therefore $wxeA_{\theta}\otimes K$ for
any $xeA_{\theta}\otimes K$. Similarly we obtain that $xw\in A_{\theta}\otimes K$ for any $xeA_{\theta}\otimes K$.
Hence $w\in M(A_{\theta}\otimes K)$ . Furthermore we see that

$w^{*}w=\sum_{j,keZ}w_{j}^{*}w_{k}=\sum_{keZ}1\otimes e_{kk}=1\otimes 1$ ,

$ww^{*}=\sum_{j,keZ}w_{j}w_{k}^{*}=\sum_{keZ}\alpha(1\otimes e_{kk})=\tilde{\alpha}(1\otimes 1)=1\otimes 1$

since $\tilde{\alpha}$ i8 strictly continuous by Busby [3, Proposition 3.8]. Thus $w$ is
a unitary element. And for any $k\in Z$
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$w(1\otimes e_{kk})w^{*}=\sum_{\dot{g}\in Z}w_{\dot{f}}(1\otimes e_{kk})w^{*}$

$=\sum_{jeZ}w_{j}w_{\dot{f}}^{*}w_{j}(1\otimes e_{kk})w^{*}$

$=w_{k}(1\otimes e_{kk})\sum_{jeZ}w_{\dot{f}}^{*}w_{j}w_{j}^{*}$

$=w_{k}(1\otimes e_{kk})w_{k}^{*}$

$=\alpha(1\otimes e_{kk})$ .
Hence

$(Ad(w^{*})\circ\alpha)(1\otimes e_{kk})=1\otimes e_{kk}$

for any $keZ$. Furthermore for any $x\in A_{\theta}$ and keZ

$(Ad(w^{*})\circ\alpha)(x\otimes e_{kk})=(Ad(w^{*})\circ\alpha)(1\otimes e_{kk})(Ad(w^{*})\circ\tilde{\alpha})(x\otimes 1)$

$\times(Ad(w^{*})\circ\alpha)(1\otimes e_{kk})$

$=(1\otimes e_{kk})(Ad(w^{*})\circ\tilde{\alpha})(x\otimes 1)(1\otimes e_{kk})$ .
Since

$(1\otimes e_{kk})(A_{\theta}\otimes B(H))(1\otimes e_{kk})=A_{\theta}\otimes e_{kk}$

for any $keZ$, we obtain that

$(Ad(w^{*})\circ\alpha)(x\otimes e_{kk})eA_{\theta}\otimes e_{kk}$

for any $x\in A_{\theta}$ and $k\in Z$. Hence $Ad(w^{*})\circ\alpha$ is a monomorphism of $A_{\theta}\otimes e_{kk}$

into $A_{\theta}\otimes e_{kk}$ . However if we repeat the above discussion, we can see
that $\alpha^{-1}\circ Ad(w)$ is a monomorphism of $A_{\theta}\otimes e_{kk}$ into $A_{\theta}\otimes e_{kk}$ and clearly

$(Ad(w^{*})\circ\alpha)(\alpha^{-1}\circ Ad(w))=(\alpha^{-1}\circ Ad(w))(Ad(w^{*})\circ\alpha)=id$ .

Thus $(Ad(w^{*})\circ\alpha)|_{A_{\theta}\otimes\epsilon_{kk}}$ i8 an automorphism of $A_{\theta}\otimes e_{kk}$ for any $k\in Z$.
Q.E.D.

Now let $\alpha\in Aut(A_{\theta}\otimes K)$ . We suppose that $\alpha$ satisfies the following

conditions:
1) $\alpha(1\otimes e_{kk})=1\otimes e_{kk}$ ,
2) $\alpha|_{A_{\theta}@0}kkeAut(A_{\theta}\otimes e_{kk})$ for any $k\in Z$.
Then for any $k\in Z$ there is an automorphism $\beta$ of $A_{\theta}$ such that for any
$x\in A_{\theta}$

$\alpha(x\otimes e_{kk})=\beta_{k}(x)\otimes e_{kk}$ .
Let $V$ be the unitary element in $B(H)$ defined by
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$V\epsilon_{k}=\epsilon_{k+1}$

for any $k\in Z$. Then $Ve_{kk}V^{*}=e_{k+1k+1}$ for any $k\in Z$.
LEMMA 3. Let $\alpha\in Aut(A_{\theta}\otimes K)$ satisfy the above conditions and $\beta_{k}$ ,

$k\in Z$ be as above. Then there are a unitary element $weM(A_{\theta}\otimes K)$ and
an automorphism $\beta$ of $A_{\theta}$ such that for any $x\in A_{\theta}$ and $k\in Z$

$(Ad(w^{*})\circ\alpha)(x\otimes e_{kk})=\beta(x)\otimes e_{kk}$ .
PROOF. Let $\tilde{\alpha}$ be the automorphism of $M(A_{\theta}\otimes K)$ obtained by ex-

tending $\alpha$ . Let $V$ be as above. Since $\alpha(1\otimes e_{kk})=1\otimes e_{kk}$ for any $k\in Z$,

$\tilde{\alpha}(1\otimes V)(1\otimes e_{kk})=(1\otimes e_{k+1k+1})\tilde{\alpha}(1\otimes V)$

for any $keZ$. And for any $x\in A_{\theta}$

$\tilde{\alpha}(x\otimes 1)\tilde{\alpha}(1\otimes V)=\tilde{\alpha}(1\otimes V)\tilde{\alpha}(x\otimes 1)$ .
Furthermore

$x\otimes 1=\sum_{keZ}x\otimes e_{kk}$

where the summation is taken with respect to the strict topology.
Hence we have

$\tilde{\alpha}(x\otimes 1)=\sum_{keZ}\beta_{k}(x)\otimes e_{kk}$

since $\tilde{\alpha}$ is strictly continuous. Thus

$(\sum_{keZ}\beta_{k}(x)\otimes e_{kk})\tilde{\alpha}(1\otimes V)=\tilde{\alpha}(1\otimes V)(\sum_{keZ}\beta_{k}(x)\otimes e_{kk})$

$=\sum_{keZ}\tilde{\alpha}(1\otimes V)(\beta_{k}(x)\otimes e_{kk})$

$=\sum_{keZ}\tilde{\alpha}(1\otimes V)(1\otimes e_{kk})(\beta_{k}(x)\otimes e_{kk})$

$=\sum_{k\in z}(1\otimes e_{k+1k+1})\tilde{\alpha}(1\otimes V)(\beta_{k}(x)\otimes e_{kk})$

since

$\tilde{\alpha}(1\otimes V)(1\otimes e_{kk})=(1\otimes e_{k+1k+1})\tilde{\alpha}(1\otimes V)$

for any $k\in Z$. Since $\tilde{\alpha}(1\otimes V)$ is a unitary element, we obtain that

$\sum_{k\in Z}\beta_{k}(x)\otimes e_{kk}=\sum_{keZ}(1\otimes e_{k+1k+1})\tilde{\alpha}(1\otimes V)(\beta_{k}(x)\otimes e_{kk})\tilde{\alpha}(1\otimes V)^{*}$

Hence for any $k\in Z$
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$\beta_{b}(x)\otimes e_{kk}=(1\otimes e_{bk})\tilde{\alpha}(1\otimes V)(\beta_{k-1}(x)\otimes e_{k-1k-1})\tilde{\alpha}(1\otimes V)^{*}(1\otimes e_{kk})$

$=(1\otimes e_{kk})\tilde{\alpha}(1\otimes V)(1\otimes V)^{*}(\beta_{k-1}(x)\otimes e_{kk})(1\otimes V)\tilde{\alpha}(1\otimes V)^{*}(1\otimes e_{kk})$

$=(1\otimes e_{kk})\tilde{\alpha}(1\otimes V)(1\otimes V)^{*}(1\otimes e_{kk})(\beta_{k-1}(x)\otimes e_{kk})$

$\times(1\otimes e_{kk})(1\otimes V)\tilde{\alpha}(1\otimes V)^{*}(1\otimes e_{kk})^{*}$ .
Since $(1\otimes e_{kk})\tilde{\alpha}(1\otimes V)(1\otimes V)^{*}(1\otimes e_{kk})$ is in $B(H_{f})\otimes e_{kk}\cap M(A_{\theta}\otimes K)$ , we see
that

$(1\otimes e_{kk})\tilde{\alpha}(1\otimes V)(1\otimes V)^{*}(1\otimes e_{kk})\in A_{\theta}\otimes e_{kk}$ ,

which i8 a unitary element in $A_{\theta}\otimes e_{bk}$ . Hence for any $k\in Z$ there is a
unitary element $y_{k}eA_{\theta}$ such that

$\beta_{k}(x)=y_{k}\beta_{h-1}(x)y_{k}^{*}$

for any $xeA_{\theta}$ . Let $\beta=\beta_{0}$ and

$w_{k}=\left\{\begin{array}{ll}y_{l}y_{k-1}\cdots y_{1} & if k>0\\1 & if k=0\\y_{k+1}^{*}y_{k+2}^{*}\cdots y_{0}^{*} & if k<0.\end{array}\right.$

Then $w_{k}eA_{\theta}$ and $\beta_{k}=Ad(w_{k})\circ\beta$ for any $keZ$. Let $w=\sum_{keZ}w_{k}\otimes e_{kk}$ where
the summation is taken with respect to the strong topology. For any
$x=\sum x_{\dot{f}}\otimes e_{i\dot{g}}eF(A_{\theta}\otimes K)$ and $n\geqq m\geqq 1$ ,

$\Vert(\sum_{|k|=n}^{n}w_{k}\otimes e_{kk})x\Vert^{2}=\Vert x^{*(.)()X\Vert}\sum_{|\dot{g}|=n}^{n}w_{j}^{*}\otimes e_{jj}\sum_{|k|=m}^{n}w_{k}\otimes e_{kk}$

$\leqq||x||\Vert(e_{kk}$
,

$=||x||\Vert\sum_{\dot{f}}\sum_{|k|=’*}^{n}x_{bj}\otimes e_{kj}\Vert$

$\rightarrow 0$ $a8$ $m,$ $ n\rightarrow\infty$ .
Hence $\{\sum_{|k|\leqq n}w_{k}x\}$ is a Cauchy sequence with respect to the norm to-
pology. Thus $wxeA_{\theta}\otimes K$ for any $x\in F(A_{\theta}\otimes K)$ . For any $xeA_{\theta}\otimes K$

there is a sequence $\{x_{n}\}$ in $F(A_{\theta}\otimes K)$ such that $||x_{n}-x||\rightarrow 0$ as $ n\rightarrow\infty$ .
Then $||wx-wx_{n}||\leqq||x-x_{n}||\rightarrow 0$ as $ n\rightarrow\infty$ . Hence $wxeA_{\theta}\otimes K$ for any
$x\in A_{\theta}\otimes K$. Similarly $xweA_{\theta}\otimes K$ for any $xeA_{\theta}\otimes K$. Therefore $ w\in$

$M(A_{\theta}\otimes K)$ . Furthermore for any $xeA_{\theta}$ and $keZ$

$(Ad(w^{*})\circ\alpha)(x\otimes e_{kk})=w^{*}\alpha(x\otimes e_{kk})w$

$=w^{*}(\beta_{k}(x)\otimes e_{kk})w$

$=w^{*}(w_{k}\beta(x)w_{k}^{*}\otimes e_{kk})w$
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$=w^{*}(w_{k}\beta(x)w_{k}^{*}\otimes e_{kk})(\sum_{jeZ}w_{\dot{f}}\otimes e_{\dot{g}j})$

$=w^{*}(w_{k}\beta(x)\otimes e_{kk})$

$=(\sum_{jeZ}w_{j}^{*}\otimes e_{jj})(w_{k}\beta(x)\otimes e_{kk})$

$=\beta(x)\otimes e_{kk}$ . Q.E.D.

LEMMA 4. Let $\alpha\in Aut(A_{\theta}\otimes K)$ . We suppose that there is an auto-
morphism $\beta$ of $A_{\theta}$ such that

$\alpha(x\otimes e_{kk})=\beta(x)\otimes e_{kk}$

for any $xeA_{\theta}$ and $k\in Z.$ Then there is a unitary element $WeB(H)$
such that

$\alpha=\beta\otimes Ad(W)$ .
PROOF. Let $\tilde{\alpha}$ and $V$ be as in Lemma 3. For any keZ

$\tilde{\alpha}(1\otimes V)\tilde{\alpha}(1\otimes e_{kk})=(1\otimes e_{k+1k+1})\tilde{\alpha}(1\otimes V)$

and for any $xeA_{\theta}$

$\tilde{\alpha}(1\otimes V)\tilde{\alpha}(x\otimes 1)=\tilde{\alpha}(x\otimes 1)\tilde{\alpha}(1\otimes V)$ .
Thus

$\tilde{\alpha}(1\otimes V)\tilde{\alpha}(\sum_{keZ}x\otimes e_{kk})=\tilde{\alpha}(\sum_{keZ}x\otimes e_{kk})\tilde{\alpha}(1\otimes V)$ .
Since $\sum_{keZ}x\otimes e_{kk}$ is taken with respect to the strict topology and $\tilde{\alpha}$ is
strictly continuous, we have that

$\sum_{keZ}\tilde{\alpha}(1\otimes V)\tilde{\alpha}(x\otimes e_{kk})=\sum_{keZ}\tilde{\alpha}(x\otimes e_{kk})\tilde{\alpha}(1\otimes V)$ .

Hence

$\sum_{keZ}\tilde{\alpha}(1\otimes V)(\beta(x)\otimes e_{kk})=\sum_{keZ}(\beta(x)\otimes e_{kk})\tilde{\alpha}(1\otimes V)$ .
Thus

$\tilde{\alpha}(1\otimes V)(\beta(x)\otimes e_{k-1k-1})=(\beta(x)\otimes e_{kk})\tilde{\alpha}(1\otimes V)$

for any $k\in Z$ since
$\tilde{\alpha}(1\otimes V)(1\otimes e_{kk})=(1\otimes e_{k+1k+1})\tilde{\alpha}(1\otimes V)$ .

Therefore for any $k\in Z$
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$\tilde{\alpha}(1\otimes V)(1\otimes V)^{*}(\beta(x)\otimes e_{kk})(1\otimes V)=(\beta(x)\otimes e_{kk})\tilde{\alpha}(1\otimes V)$ .
Hence

$(1\otimes e_{kk})\tilde{\alpha}(1\otimes V)(1\otimes V)^{*}(1\otimes e_{kk})(\beta(x)\otimes e_{kk})$

$=(\beta(x)\otimes e_{kk})(1\otimes e_{kk})\tilde{\alpha}(1\otimes V)(1\otimes V)^{*}(1\otimes e_{kk})$ .
Clearly

$(1\otimes e_{kk})\tilde{\alpha}(1\otimes V)(1\otimes V)^{*}(1\otimes e_{kk})eM(A_{\theta}\otimes K)\cap(B(H_{\tau})\otimes e_{kk})$

$=A_{\theta}\otimes e_{kk}$ .
And since $x$ is an arbitrary element in $A_{\theta}$ , we see that

$(1\otimes e_{kk})\tilde{\alpha}(1\otimes V)(1\otimes V)^{*}(1\otimes e_{kk})\in(A_{\theta}\otimes e_{kk})^{\prime}$

for any $keZ$. Hence for any keZ there is a $x_{k}eC$ such that

$(1\otimes e_{kk})\tilde{\alpha}(1\otimes V)(1\otimes V)^{*}(1\otimes e_{kk})=x_{k}(1\otimes e_{kk})$ .
Thus we have that

$\tilde{\alpha}(1\otimes V)(1\otimes e_{k-1k-1})=x_{k}(1\otimes V)(1\otimes e_{k-1k-1})$

for any $k\in Z$ since

$(1\otimes e_{kk})\tilde{\alpha}(1\otimes V)=\tilde{\alpha}(1\otimes V)(1\otimes e_{k-1k-1})$ .
Then

$\alpha(1\otimes e_{10})=\alpha(1\otimes Ve_{00})$

$=\tilde{\alpha}(1\otimes V)(1\otimes e_{00})$

$=x_{1}(1\otimes V)(1\otimes e_{00})e1\otimes K$ .
Similarly for any $m,$ $neZ$

$\alpha(1\otimes e_{nn})=\alpha(1\otimes V^{n}e_{00}V^{-n})e1\otimes K$ .
Since $\{1\otimes e_{*n}|m, n\in Z\}$ generate $1\otimes K,$ $\alpha|_{1\emptyset K}$ is an automorphism of $1\otimes K$.
Therefore there is a unitary element $W\in B(H)$ such that

$\alpha|_{1\emptyset K}=Ad(1\otimes W)$ .
For any $xeA_{\theta}$ and $X\in K$

$\alpha(x\otimes X)=\alpha(\sum_{keZ}(x\otimes e_{kk})(1\otimes X))$

where the summation is taken with respect to the strict topology in
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$M(A_{\theta}\otimes K)$ . The automorphism $\tilde{\alpha}$ of $M(A_{\theta}\otimes K)$ is strictly continuous.
Hence

$\alpha(x\otimes X)=\sum_{keZ}\tilde{\alpha}(x\otimes e_{kk})\tilde{\alpha}(1\otimes X)$

$=\sum_{keZ}\alpha(x\otimes e_{kk})\alpha(1\otimes X)$

$=(\sum_{keZ}\beta(x)\otimes e_{kk})(1\otimes W)(1\otimes X)(1\otimes W)^{*}$

$=(\beta\otimes Ad(W))(x\otimes X)$ .
Thus $\alpha(x)=(\beta\otimes Ad(W))(x)$ for any $x\in A_{\theta}\otimes K$. Q.E.D.

THEOREM 5. Let $\alpha\in Aut(A_{\theta}\otimes K)$ with $\alpha_{*}=id$ on $K_{0}(A_{\theta}\otimes K)$ and let
$tsr(A_{\theta})=1$ . Then there are an automorphism $\beta$ of $A_{\theta}$ and unitary
elements $weM(A_{\theta}\otimes K),$ $W\in B(H)$ such that

$\alpha=Ad(w)\circ(\beta\otimes Ad(W))$ .
PROOF. This is immediate by Lemmas 1, 2, 3 and 4. Q.E.D.

\S 3. Automorphisms of $A_{\theta}\otimes K$ with the trivial action on $K_{0}(A_{\theta}\otimes K)$

and preserving $F^{\infty}(A_{\theta}\otimes K)$ .
Let $A_{\theta}^{\infty}$ be the dense $*$-subalgebra of smooth elements of $A_{\theta}$ with

respect to the canonical action of the two dimensional torus. Let

$F^{\infty}(A_{\theta}\otimes K)=\{\sum_{i,j\in Z}x_{ij}\otimes e_{ij}\in F(A_{\theta}\otimes K)|x_{ij}\in A_{\theta}^{\infty}\}$ .

LEMMA 6. Let $\alpha eAut(A_{\theta}\otimes K)$ with $\alpha_{*}=id$ on $K_{0}(A_{\theta}\otimes K)$ . We $\sup-$

pose that $\alpha(F^{\infty}(A_{\theta}\otimes K))=F^{\infty}(A_{\theta}\otimes K)$ . Then there is a unitary element
$w\in M(A_{\theta}\otimes K)$ such that
1) $(Ad(w^{*})\circ\alpha)(1\otimes e_{kk})=1\otimes e_{kk}$ ,
2) $Ad(w^{*})\circ\alpha|_{A_{\theta}\otimes e_{kk}}$ is an automorphism of $A_{\theta}\otimes e_{kk}$ for any $keZ$,
2) $(Ad(w^{*})\circ\alpha)(F^{\infty}(A_{\theta}\otimes K))=F^{\infty}(A_{\theta}\otimes K)$ .

PROOF. Since $\alpha(F^{\infty}(A_{\theta}\otimes K))=F^{\infty}(A_{\theta}\otimes K)$ , for any $k\in Z$ there is an
neN such that $1\otimes e_{kk}$ and $\alpha(1\otimes e_{kk})$ are in $M_{n}(A_{\theta}^{\infty})$ where $M_{n}(A_{\theta}^{\infty})$ is the
$n\times n$-matrix algebra over $A_{\theta}^{\infty}$ . By Rieffel [8] $A_{\theta}^{\infty}$ has cancellation. Hence
for any $k\in Z$ there is a partial isometry $w_{k}\in M_{n}(A_{\theta}^{\infty})\subset F^{\infty}(A_{\theta}\otimes K)$ such
that

$w_{k}^{*}w_{k}=1\otimes e_{kk}$ ,
$w_{k}w_{k}^{*}=\alpha(1\otimes e_{kk})$ .
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And in the same way as in Lemma 2 let $w=\sum_{keZ}w_{k}$ . Then we can
easily obtain 1) and 2). And for any $x=\sum_{l,\dot{g}}x_{ij}\otimes e_{j}eF^{\infty}(A_{\theta}\otimes K)$

$wxw*=(\sum_{keZ}w_{k})(\sum_{i,j}x_{i\dot{g}}\otimes e_{j})w^{*}$

$=(\sum_{j}wx_{i\dot{g}}\otimes e_{ij})(\sum_{keZ}w_{k}^{*})$

$=\sum_{j}wx_{\dot{f}}w_{j}^{*}\otimes e_{j}eF^{\infty}(A_{\theta}\otimes K)$ .
Hence we obtain 3). Q.E.D.

Let $\alpha eAut(A_{\theta}\otimes K)$ . We suppo8e that $\alpha sati8fies$ the following con-
ditions:
1) $a(1\otimes e_{kk})=1\otimes e_{kk}$ ,
2) $\alpha|_{A_{\theta}\Phi_{kk}}$. is an automorphi8m of $A_{\theta}\otimes e_{kk}$ for any $keZ$,
3) $a(F^{\infty}(A_{\theta}\otimes K))=F^{\infty}(A_{\theta}\otimes K)$ .

Let $A_{\theta}^{\infty}\otimes e_{kk}=\{x\otimes e_{kk}|xeA_{\theta}^{\infty}\}$ . Then $\alpha(A_{\theta}^{\infty}\otimes e_{kk})=A_{\theta}^{\infty}\otimes e_{kk}$ for any $keZ$

by 2), 3). Hence 8ince $A_{\theta}\otimes e_{kk}$ is isomorphic to $A_{\theta}$ , for any $keZ$ there
is an automorphism $\beta_{k}$ of $A_{\theta}$ such that for any $xeA_{\theta}$

$\beta_{k}(A_{\theta}^{\infty})=A_{\theta}^{\infty}$ ,
$\alpha(x\otimes e_{kk})=\beta_{k}(x)\otimes e_{kk}$ .

LEMMA 7. Let a $eAut(A_{\theta}\otimes K)$ satisfy the above conditions. Let $\beta_{k}$ ,
$keZ$ be as above. Then there are a unitary element $weM(A_{\theta}\otimes K)$ and
an automorphism $\beta$ of $A_{\theta}$ with $\beta(A_{\theta}^{\infty})=A_{\theta}^{\infty}$ such that

$(Ad(w^{*})\circ a)(x\otimes e_{kk})=\beta(x)\otimes e_{kk}$

for any $xeA_{\theta}$ and $keZ$ and that
$(Ad(w^{*})\circ a)(F^{\infty}(A_{\theta}\otimes K))=F^{\infty}(A_{\theta}\otimes K)$ .

PROOF. Let $V$ be as in Lemma 3. In the same way as in Lemma
3 we obtain that for any $keZ$ there is a unitary element $y_{k}eA_{\theta}$ such
that

$\beta_{k}(x)=y_{k}\beta_{k-1}(x)y_{k}^{*}$

for any $xeA_{\theta}$ . Since $\beta_{k}(A_{\theta}^{\infty})=A_{\theta}^{\infty}$ for any $keZ,$ $y_{k}A_{\theta}^{\infty}y_{k}^{*}=A_{\theta}^{\infty}$ for any
$keZ$. Let $\beta,$ $w_{k}(keZ)$ and $w$ be as in Lemma 3. By the definition of
$w_{k},$

$w_{k}A_{\theta}^{\infty}w_{k}^{*}=A_{\theta}^{\infty}$ for any $keZ$. Therefore
$Ad(w)(F^{\infty}(A_{\theta}\otimes K))=F^{\infty}(A_{\theta}\otimes K)$ .

Hence we obtain the conclusion in the same way as in Lemma 3.
Q.E.D.
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Let

$F(K)=$ {$\sum c_{ij}e_{ij}|c_{j}\in C,$ $c_{ij}=0$ except for finitely many element8}

and let R. be the linear map of $F(A_{\theta}\otimes K)$ to $F(K)$ defined by

$R_{\tau}(\sum x_{j}\otimes e_{ij})=\sum\tau(x_{l\dot{g}})e_{ij}$

for any $\sum x_{lj}\otimes e_{ij}\in F(A_{\theta}\otimes K)$ . By Tomiyama [11] R. can be extended to
a bounded linear map of $A_{\theta}\otimes K$ onto $K$. We also denote it by $R_{\tau}$ .

LEMMA 8. With the above notations
$F^{\infty}(A_{\theta}\otimes K)\cap 1\otimes K=1\otimes F(K)$ .

PROOF. It is clear that

$F^{\infty}(A_{\theta}\otimes K)\cap 1\otimes K\supset 1\otimes F(K)$ .
We suppose that $x\in F^{\infty}(A_{\theta}\otimes K)\cap 1\otimes K$. Then we can write

$x=\sum_{i,\dot{g}}x_{ij}\otimes e_{ij}=1\otimes X$

where $\sum x_{ij}\otimes e_{ij}eF^{\infty}(A_{\theta}\otimes K)$ and $XeK$. Hence

$X=R_{\tau}(1\otimes X)=\sum_{l,j}\tau(x_{lj})e_{ij}$ .
Thus $XeF(K)$ . Therefore $x\in 1\otimes F(K)$ . Q.E.D.

THEOREM 9. Let $aeAut(A_{\theta}\otimes K)$ with $\alpha_{*}=id$ on $K_{0}(A_{\theta}\otimes K)$ . We
suppose that $\alpha(F^{\infty}(A_{\theta}\otimes K))=F^{\infty}(A_{\theta}\otimes K)$ . Then there are an automorphism
$\beta$ of $A_{\theta}$ with $\beta(A_{\theta}^{\infty})=A_{\theta}^{\infty}$ and unitary elements $w\in M(A_{\theta}\otimes K),$ $WeB(H)$

with $WF(K)W^{*}=F(K)$ such that

$\alpha=Ad(w)\circ(\beta\otimes Ad(W))$ .
PROOF. By Lemmas 6 and 7 we can see that there are an auto-

morphism $\beta$ of $A_{\theta}$ with $\beta(A_{\theta}^{\infty})=A_{\theta}^{\infty}$ and a unitary element $w\in M(A_{\theta}\otimes K)$

such that
$(Ad(w^{*})\circ\alpha)(x\otimes e_{kk})=\beta(x)\otimes e_{kk}$

for any $x\in A_{\theta}$ and $keZ$ and that

$(Ad(w^{*})\circ\alpha)(F^{\infty}(A_{\theta}\otimes K))=F^{\infty}(A_{\theta}\otimes K)$ .
Hence $Ad(w^{*})\circ\alpha$ satisfies the assumptions of Lemma 4. Thus there is a
unitary element $WeB(H)$ such that
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$Ad(w^{*})\circ a=\beta\otimes Ad(W)$ .
Therefore

$a=Ad(w)\circ(\beta\otimes Ad(W))$ .
Furthermore for any $XeF(K)$ , we have that $1\otimes XeF^{\infty}(A_{\theta}\otimes K)$ . Since
$(Ad(w^{*})\circ\alpha)(F^{\infty}(A_{\theta}\otimes K))=F^{\infty}(A_{\theta}\otimes K)$ ,

$(id\otimes Ad(W))(1\otimes X)=(\beta\otimes Ad(W))(1\otimes X)$

$=(Ad(w^{*})\circ a)(1\otimes X)\in F^{\infty}(A_{\theta}\otimes K)$ .
Hence $1\otimes WXW^{*}eF^{\infty}(A_{\theta}\otimes K)\cap 1\otimes K$. Thus $1\otimes WXW^{*}e1\otimes F(K)$ by
Lemma 8. Therefore $WXW*\in F(K)$ .
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