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Abstract. Let ¢ be an irrational number and Ay be the corresponding irrational rotation
C*-algebra. Let K be the C*-algebra of all compact operators on a countably infinite
dimensional Hilbert space H. Let a be an automorphism of As®K with ax=id on
Ko(As@K). If the set of invertible elements in Ay is dense in Ay or a preserves the
canonical dense *-subalgebra F~(A4sQK) of AsRK, then there are an automorphism S of
As and unitary elements w in the double centralizer M(AsQK) of Ay@K and W in B(H)
such that a=Ad(w)-(BRQAA(W)).

§1. Preliminaries.

Let 6 be an irrational number and A, be the corresponding irrational
rotation C*-algebra. Let w and v be unitary elements in A, with wv=
e”%yy which generate A,. Let z be the unique tracial state on A,.
Let K (resp. B(H)) be the C*-algebra of all compact (resp. bounded)
operators on a countably infinite dimensional Hilbert space H. Let
{e;};ez be a completely orthonormal base of H and {e,}:;.» be matrix
units of K with respect to {¢;};c,. Let Tr be the canonical trace on K.
For any C*-algebra A we denote by M(A) the double centralizer (the
multiplier) of A and by A* the unitized C*-algebra of A. We know
M(K)=B(H). Let Aut(A) be the group of all automorphisms of A.
Furthermore we denote by tsr(A) the topological stable rank of A.

§2. Automorphisms of A,QK with the trivial action on K,(4,XK).

By Riedel [6] or Anderson and Paschke [1], we can see that there
is an irrational number 4 such that the set of invertible elements in A,
is dense in A,, i.e. tsr(4,)=1.

LEMMA 1. Let ac Aut(4,QK) with a,=id on K, (ARQK) and let
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tsr(A,)=1. Then for any k< Z there is a partial isometry w, € (A,QK)*
such that

wiw,=1Qe,, ,
wwi =a(1Qe,,) .

PROOF. Since tsr(4,)=1, tsr(4,Q0K)=1 by Rieffel [8, Theorem 3.6].
Thus (A,QK)* has cancellation by Blackadar [2, Proposition 6.5.1]. Since
a,=id on K(A,QRK), [a(1Xe.)]1=[1Re..] in K(A,QK) for any ke Z.
Therefore for any ke Z there is a partial isometry w, € (4,QK)* such
that

wiw,=1Re,, ,
w,wi =a(lQRe,,) - Q.E.D.
Let A be a C*-algebra and B be its C*-subalgebra. For any
a € Aut(A) let a|z be the monomorphism of B into A defined by al|z(x)=

a(x) for any x€ B and let & be the automorphism of M(A) obtained by
extending «. Moreover let

FAQRQK) =3 x,;Qe,; | x,;€ Ay, x,;=0 except for finitely many elements} .

LEMMA 2. Let o be as in Lemma 1. We suppose that for any k€ Z
there is a partial isometry w, € (A, QRQK)* such that

wiw,=1Re,, ,

wwi =a(1Qe,,) .

Then there is a unitary element we M(A,QK) such that Ad(w*)oa|s,ze,
18 an automorphism of A,Xe,. and

(Ad(w*)ca)(1Re,:) =1Re,,
Jor any ke Z.

PROOF. There is a partial isometry w, in (4,®K)" for any ke Z
such that

wiw,=1Qe,,; ,
w,wi =a(1Qe;,)
by the assumptions. Let (x,, H,) be the cyclic representation of A, as-

sociated with z. Since A, is simple, =, is faithful. Thus we can identify
ARQK with 7.(A,) QK. For any >);.;2,R¢,€ HQH and n=m=1,
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(Emdgsme =( 3 ora)mese)|5ee)
=(( 2 wral@e)w,)(S,6/@e)| 5 £,
=((, 2,106 )5 602 5, 8:®e,)
=<| Hi:m&‘@ek Py 65@6,-)
=3 3 @le)ede)
= 3 Jlar

Hence since 3ii—n [|&]I°—0 as m, n—co, {3)4<. w,} is a Cauchy sequence
with respect to the strong topology. Thus we can define w=3,.; w,.
Then we B(H,QH). For any z=3, z,,Qe,;; € F(A,QK)

Eome] = 2ewr)( Eowe)|
=l ( . @on)e]
<ol ||( 2, 1®ew )o|
1ot | . 160w) 5 =20)
=lle] |32 35 @1,@eu|—0

as m, n—c. Hence {3}, s. w,x} i8 a Cauchy sequence with respect to the
norm topology. Thus wxc A,QK for any x € F(4A,QK). Since F(A,QK)
is dense in A,QK with respect to the norm topology, for any zec 4,QK
there is a sequence {x,} in F(4,QK) such that ||z,—x| —0 as n— oo.
Then |lwex—we,||=||w|| |lx—2x,]| —0 as n— . Therefore wxre A,QK for
any r€ A,QK. Similarly we obtain that zw e A, QK for any xe 4,QK.
Hence we M(A,QK). Furthermore we see that

w*w= _%‘,zw;-"w,, =k§‘,z 1Re,,=1R1 ,
d.ke €
ww* = J_%&z’u)ﬂv,’," =1§.za(1®e,,,,) =a(1®1)=1R1

since & is strictly continuous by Busby [8, Proposition 8.8]. Thus w is
a unitary element. And for any ke Z
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w(1Qew)w* =2, w;(1Re)w*
= Zz wiw?w5(1®ekk)w*
=’wk(1®ekk)§az w:‘w/w:
=w,(1Qe ) wi
=a(1Qeu) -
Hence
(Ad(w™) ca)(1Re) =1Rey,
for any ke Z. Furthermore for any x€ A, and ke Z
(Ad(w*) o) (xRey,) = (Ad(w*) e a) (1R e) (Ad(w*) o) (1)
X (Ad(W*)°a)(1®ekk)
= (1Qew) (Ad(w*) @) (xR1)(1&Qew) -

Since
(1e.)(A,QB(H))(1Qe..) = AsR e
for any k€ Z, we obtain that
(Ad(w*)ca)(@xRe) € AsRe,,

for any x € A, and k€ Z. Hence Ad(w*)cx is a monomorphism of A,Xe..
into A,Qe,,. However if we repeat the above discussion, we can see
that a—*cAd(w) is a monomorphism of A,Re,, into A,Ke,, and clearly

(Ad(w*)ea)(a o Ad(w)) = (a e Ad(w))(Ad(w*)oa) =id .

Thus (Ad(w*)ot)|sy@e, 18 an automorphism of A,Xe,, for any ke Z.
Q.E.D.

Now let « € Aut(4,QK). We suppose that « satisfies the following
conditions:
1) a(l®ew)=1Qey,
2)  aluyze € Aut(4,Qe,,) for any keZ.
Then for any k€ Z there is an automorphism g of A, such that for any
r €A,

a(xQe) = Bi(r)Xey;, -
Let V be the unitary element in B(H) defined by
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V5k=5k+1
for any ke Z. Then Ve, V*=e,,,,., for any ke Z.

LEMMA 8. Let ac Aut(4,QK) satisfy the above conditions and Bes
ke Z be as above. Then there are a unitary element we MARXK) and
an automorphism B3 of A, such that for any rc A, and k€ Z

(Ad(w™) o) (*Rew) = B®)Rey, -

PROOF. Let & be the automorphism of M(A4,QK) obtained by ex-
tending a. Let V be as above. Since a(1Qe,,)=1Re,, for any ke Z,

E(1QV)(1Qer) = (1Qe; 1, 1+)A1RV)
for any k€ Z. And for any z € A4,
ad(zQR1A(1RXV)=a(1QV)a@x®1) .
Furthermore

X1 =kezé xXe,;

where the summation is taken with respect to the striet topology.
Hence we have

a(x®1) =kez; Bi(®)Xey,

~

since & is strictly continuous. Thus
(3, B Ren)EI®V) = ARV (S, £:®)®ews)

=2, A1QV)(B(*)Rey)

=2, A1QV)(1Qe1) (Bi(2)Qews)

=21 (16,11, A1RQV)(B(®)Resn)
since

ARV )(1Qew) = (1&Q€4114+)EARV)

for any ke Z. Since &(1®V) is a unitary element, we obtain that

kgzﬁk(x)®ekk =,§z (1Re;+, k+)E(1QV) (B, ()R e )aA(1RQV)* .

Hence for any ke Z
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Bu(®) Qe = (1Qe;)A(1RV) (Bi-1(®) D11 )EARV)* (1&ex)
= (1R EARQV)AQRV ) *(Be-, () Re) AQV)AARV)* (1)
=(1Qe)@1QV)ARV)* (1) (Bi-1(*)Dews)
X (1Qe)1RQV)EARXV)*(1Rew)* .

Since (1®e,,)EARQV)ARXV)*(1Re,) is in B(H)Re,u N M(A,K), we see
that

(1®ekk)&(1®v)(1®v)*(1®ekk) € A,Qe.s

which is a unitary element in A,Qe,,. Hence for any ke Z there is a
unitary element y, € A, such that

Bi(®) = YuBi—1(X)Yi
for any z€ A,. Let g=g, and

YUp—r U1 if k>0
w,=4{1 if k=0
YriYnse o Yo if k<0

Then w, € A, and 8,=Ad(w,)B8 for any k€ Z. Let w=3);.; w,Qe,, Where
the summation is taken with respeect to the strong topology. For any
=Y 0,;,Qe,;; € F(A,QK) and n=m=1,

( i wk®ekk>xH2= x*( En‘. w;@%-;)(lkém%l)g@e,k)azl}

\kj=m [Fl=m

(3106u)(F 24®e.)
=loll |52 35 5usess

—0 as m, m—>oo .

<|lall|

Hence {3 <. w;x} is a Cauchy sequence with respect to the norm to-
pology. Thus wxe A,QK for any xe€ F(A,QK). For any rx€ A,QK
there is a sequence {z,} in F(4,QK) such that |x,—x|—0 as n— co.
Then |jwz—wax,|| < ||[x—2.]| —0 a8 n—c. Hence wzeA,RQK for any
ze A,QK. Similarly zwe A,QK for any ze A,QK. Therefore we
M(A,®K). Furthermore for any x€ A, and ke Z

(Ad(w*)ea)(®Res) = w*a(@@e)w
=w*(Br(x)Rer)w

=w*(w,L@)wi Re ) w
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=w*(w,B@)wi ®ekk)(’% w;Ke;;)

=w*(w,B®) Qe
= (,% w] ®ejj) (w.B(@)Rey)

= B(x)Ress - Q.E.D.

LEMMA 4. Let aeAut(A,y@K); We suppose that there is an auto-
morphism B of A, such that

a(xQe,) = BX) Qe

Jor any x€ A, and k€ Z. Then there is a unitary element We B(H)
such that

a=RRXAdW) .
PROOF. Let & and V be as in Lemma 3. For any ke Z

A(1RXV)a(1Re.,) = (1R 41 1+)EARV)

and for any x€ A,
A(1RV)a(xQR1)=a(xQR@1)a(1KV) .
Thus
c?(l@V)c‘i(% rXey) = cY(,gé Qe )a(1RV) .

Since 3.z 2Qe,, is taken with respect to the striet topology and & is
strictly continuous, we have that

23 AARV )& (xQe) = p a(xRe)A(1RV) .
Hence
> E1BV) (600w =3, (BRRen)a1RV) .
Thus
ARV ) B@)Re;_ 1) = (B(®)Re;,)A(1RV)

for any k€ Z since

AAQV)(1Xew) = (1Qe111+1)AAKV) .
Therefore for any ke Z
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a1QV)1XV)*(B(®)Rew)1RV) = (B(@)Rew)d(1RQV) .
Hence
(1Rew)d(1QV)AQV)* (1Q)e,) (B(2) e
= (B(*)Qeu)(1Re)a(1QV)ARV)*(1Rew) -
Clearly
(1Qe)A1RV)1IRV)*(1Rewn) € M(ARQK) N (B(H.)Xew)
=A,Re .
And since x is an arbitrary element in A4,, we see that
(1®e)d1QV)AQV)*(1Rer) € (AsQew)
for any k€ Z. Hence for any k€ Z there is a A\, € C such that
(1Rew)@(1QV)AQV)* (1Qe) = M1)€ -
Thus we have that
A1RV)ARe;_1 ) =M ARV )(ARe;_; 1)
for any k€ Z since
(1Rew)d(1QV) =a(1QV)(1Re,_14-1) -
Then

a(1®e,) =a(1QVe,)
=a(1QV)(1Qewm)
=MI1QV)(1Rew) € 1IQK .

Similarly for any m, ne€ Z
a(1lRe,.,.)=a(l@®V™e, V™) e 1RK .

Since {1Qe,..| m, n € Z} generate LR K, al,gx is an automorphism of 1R K.
Therefore there is a unitary element We B(H) such that

alex=Ad1QW) .
For any r€ A, and Xe K
a(@E@X)=a(3, (*Re) (1R X))

where the summation is taken with respect to the strict topology in
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M(A,QK). The automorphism & of M(A,QK) is strictly continuous.
Hence

a(e®@X)=2, A(2Qe,) (1R X)
=2, a(@®e) (1R X)
=(2; B2)Re,,) LQW) AKX X)(1QW)*
=(BRAAW))(2RX) .
Thus a(x)=(BRQAd(W))(x) for any zc A,QK. Q.E.D.

THEOREM 5. Let ac Aut(4,QK) with a,=id on K(ARK) and let
tsr(A,)=1. Then there are an automorphism B of A, and unitary
elements we M(A,QK), We B(H) such that

a=Ad(w)°(8RQAAW)) .

PrOOF. This is immediate by Lemmas 1, 2, 3 and 4. Q.E.D.

§3. Automorphisms of A,QK with the trivial action on K (4,QK)
and preserving F'(A,QK).

Let Ay be the dense *-subalgebra of smooth elements of A4, with
respect to the canonical action of the two dimensional torus. Let

F(A,QK)={ 3, ©.,Qe.; € F(ARQK) | z,;€ A7} .

LEMMA 6. Let € Aut(4A,QK) with a,=1id on K (A,QK). We sup-
pose that a(F*(ARK))=F~(A,QK). Then there is a unitary element
w € M(AQRQK) such that
1) (Ad(w*)a)(1Rew) =1Qew,

2) Ad(w*)oals,ee, 8 an automorphism of A,Qey. for any ke Z,
2) (Ad(w*)oa)(F~(A,QK))=F~(A,QK).

Proor. Since a(F*(A,QRK))=F~(A,QK), for any k€ Z there is an
n € N such that 1Re,, and a(l®e,,) are in M, (A7) where M, (A7) is the
n X n-matrix algebra over Ay. By Rieffel [8] A7 has cancellation. Hence
for any ke Z there is a partial isometry w,e€ M,(A7)CF~(A,QK) such
that

Ko o
wiw,=1Re,, ,

w,wr =a(lRey,) .
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And in the same way as in Lemma 2 let w=3,.,.;w,. Then we can
easily obtain 1) and 2). And for any z=3, ;,,Qe,; € FF*(4,QK)

wrw* = (k% w,,)(‘z;, z, Qe Jw*
= (% wtxﬁ@etj)(gz wi)
=§ wtxijw; ®e¢5 € F'*(A,QK) .
Hence we obtain 3). Q.E.D.
Let o€ Aut(4,QK). We suppose that o satisfies the following con-
ditions:
1) a(lQe,) =1Qe,
2) al,ze, i8 an automorphism of A,Qe,, for any ke Z,
3) a(F~(A,RQK))=F~(4,QK).
Let AyQe,.={xRe,, | x € A7}). Then a(AyRe,,)=A7Re,, for any k€ Z

by 2), 8). Hence since A,Re,, is isomorphic to A, for any k€ Z there
is an automorphism g8, of A, such that for any z€ A,

Bk(A;o)=A;° ’
a(xQe) = Bu(@)Rey: -

LEMMA 7. Let o€ Aut(A,QK) satisfy the above conditions. Let Sy,
ke Z be as above. Then there are a unitary element we M(A,QK) and
an automorphism B of A, with B(A7)=A7 such that

(Ad(w*)oa)(@Qer) = B(®)RDew
for any r€ A, and k€ Z and that _
(Ad(w*)oa)(F*(AsQK)) =F~(A,QK) .

PrROOF. Let V be as in Lemma 8. In the same way as in Lemma
3 we obtain that for any ke Z there is a unitary element y, € 4, such
that

Bi(®) =YL (X)Yx

for any x€ A,. Since B,(A7)=A7 for any ke Z, y,A7y: =A7 for any
keZ. Let B, w,(k€Z) and w be as in Lemma 3. By the definition of
w,, wAswi=Ay for any k€ Z. Therefore

Ad(w)(F~(A:QK))=F~(A,QK) .

Hence we obtain the conclusion in the same way as in Lemma 3.
Q.E.D.



IRRATIONAL ROTATION C*-ALGEBRAS 467
Let
F(K)={Z cye;; | ¢;;€C, ¢;;=0 except for finitely many elements}
and let R, be the linear map of F(4,QK) to F(K) defined by
R.(3 %,/Qe;) =3 v(®:5)e:

for any 3 x,,Qe,; € F(A,QK). By Tomiyama [11] R. can be extended to
a bounded linear map of A,QK onto K. We also denote it by R..

LEMMA 8. With the above notations
F~(A,QK)N1QK=1QF(K) .
ProoFr. It is clear that
F*(A,QK)N1QKDOIQF(K) .
We suppose that v € F*(4,QK)N1QK. Then we can write
w=§_;, z, Qe ;=1RX
where 3 z,;,Qe¢,; € F~(4,QK) and X e K. Hence
X= R,(1®X)=§_, 7(%:5)e.5 -
Thus X € F(K). Therefore x<€l1lXF(K). Q.E.D.

THEOREM 9. Let acAut(4,QK) with a,=id on K (AQK). We
suppose that a(F*(A,QK))=F~(AQK). Then there are an automorphism
B of A, with B(A7)=A7 and wunitary elements w e M(A,QK), We B(H)
with WF(K)W*=F(K) such that

a=Ad(w)-(BRQAAW)) .

PrROOF. By Lemmas 6 and 7 we can see that there are an auto-
morphism B of A, with 8(A47)=A7 and a unitary element w e M(ARK)
such that

(Ad(w*)oa)(@@e) = B(X) Qe
for any x € A, and k€ Z and that
(Ad(w*)ea)(F~(A,QK))=F~(A,QK) .

Hence Ad(w*)oa satisfies the assumptions of Lemma 4. Thus there is a
unitary element We B(H) such that
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Ad(w*)ca=LBRQAdW) .

Therefore

a=Ad(w)°(BRQAA(W)) .

Furthermore for any X € F(K), we have that 10X e F~(4,QK). Since
(Ad(w*)ea)(F~(AQK))=F~(4,QK),

(dQAI(W)) (1R X) =(BRQAA(W))(1RX)
=(Ad(w*)a)(1RX) € FF*(A,QK) .

Hence 1QWXW*e F(A,QK)N1RK. Thus 1QWXW*elQRQF(K) by
Lemma 8. Therefore WXW* e F(K).
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