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Introduction.

Several studies have already been conducted on the mixed problems for hyperbolic
equations in domains with corners. K. Asano [1] considered the mixed problem for
the wave equation
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where b and c are real constants.
Assuming the following condition for (0.1),
< <
©2) {|b|=c, |bIs1
(b, 9#(-1,1),(1,1),

he showed the next result.

THEOREM A (K. Asano). Let ue H,((0, T) x (RY)?) be the solution of the problem
(0.1). Then, there exists a positive constant K independent of u such that the following
energy inequality holds: for any t (0<t<T)
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In the result of K. Asano, the boundary conditions are homogeneous boundary
conditions and the estimates for the boundary values of u were not obtained.

We extend his result to the mixed problem with inhomogeneous boundary
conditions B, [«] |x=0 =g(t, y) and B,[u] | y=0="H(t, x) on the boundaries x=0 and y=0,
respectively and obtain the good energy inequality with the boundary estimate.
Moreover, the condition (0.2) is extended to the following condition for complex
constants b and c:

|14+c|—|1—c|>2|b].

§1. Statement of the problem and the result.

First, we introduce the notations.
R" (C") : n-dimensional real (complex) Euclidian space,
R", : the set {(x,y) | x>0, yeR""'},
[,] : the inner product in C",

o (oo
(u, V)= J u-vdxdy,

Jo

{u,v)= u-vdy,
JO

u, vH)= u-ﬁdx

o
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F = f e Cu(x)dx ,
-
Ax, I +6 = ﬁ(x)((i 2 + H 2):‘:0/2)'9;(35) )
Hm, L(R})?]: the space of functions which are obtained by the completion of

CZL(RY)*] with the norm [|u|l,, . c-
We consider the following problem

[ L[u]=f(t, %, »)

w0, X, ) =uolx, ), (0, X, Y)=us(x, )
(1.1) By[4]|zm0=9(t, )

| By[ul|y=0=h(t, %)

| (¢, %, y) e (RL?

2

dtdx ,

2
dxdy ,

where b and ¢ are complex constants.
Now, we assume the following condition instead of (0.2):

(1.2) [14+c|—|1—c|>2|b].
If we put c=a+if with real constants « and B, the condition (1.2) is represented by

the following conditions:

.29 {|b|<1, >0

(1=157)a®~|51*82>|bI*(1—|b|?).
Then, we have the following result.

THEOREM B. Assume the condition (1.2). Let u be the solution of the problem (1.1)
which belongs to o, ,[(R%)*]. Then, there exist positive constants C and p, such that
the following energy inequality holds:

1 o) \?2
13) N2+ il 3+ D F e <<A*7'1*/2(_) “>>
j=0 dy 1-jut

1 1
= C{III u(0) f,,,+7 IANE, e+ <g>3,u,t+7<</1i,’ﬁh>>3,u,:}

Jor any t>0 and any pz u,.
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REMARK 1. In the assumption (0.2) in [1], b and ¢ were assumed real constants
and were not dealt with in the case where they are complex constants. The reason for
it is, we think perhaps, that the proof is complicated. But in our method, we can deal
with the problem (1.1) where b and ¢ are assumed complex constants.

REMARK 2. For the problem (0.1) with homogeneous boundary conditions, the
assumption (1.2) is replaced by the following conditions:

(1.2%) [ 1+c|—=|1—c|22|b| and (5], )#(1,1).

The assumption (0.2) is included in this assumption (1.2”). Therefore, for the problem
(0.1) with the assumption (1.2”) where b and ¢ are complex constants, we can obtain
the same result in [1] (i.e. Theorem A) by our method.

§2. A systematization of the mixed problem (1.1).

In this section, we transform the mixed problem (1.1) to the mixed problem for a
first order symmetric hyperbolic system which has positive boundary condition and
non-negative boundary condition on the boundary x=0 and y=0 respectively, by
reformulating the methods used in [4]. By this transformation, we can easily obtain.
the energy inequality.

We set
Ul U— U,
U, 2(u,+u,)
2.1 U= =
@D U, u,
U, u

Here, according to ranges of the values of ¢, z and z* are defined by the following
relations, respectively: for ¢ with Re ¢>0 and c#1

1—c¢
2.2a = / , *—z,
( ) z 1+¢ Z=z

and for c=1, z is a complex constant such that

(2.2b) |z2P<1—|b|?=c%—|b|?, 2#0 and z*=0.

Then we have the following

PROPOSITION 2.1. The mixed problem (1.1) is transformed into the following
problem:
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(MU,=AU,+ BU,+ EU+F(t, x, y)
U(Os X, y)= Uo(x9 y)

(2.3) 1 PU |,=0=G(t,)
QU |,=o=H(t, x)
(2, x, ) e(R})?
where
1 0 -1 0
1 1
M= A= s
1+]z|? ’ ‘ 1—|z)?
0 1 0 1
0010
00z 0
B=l1 200] °
0001

E is a 4 x4 constant matrix ,

P=(1, —z*, —(142*2)b,0), 0=(0,0,1,0),

F='(f,zf,0,0), G=—(1+z*2)g, H=h
and there exist a positive constant C such that

{[AU,U]gC[U,U] ~for all UeKer P

249 .
[BU, U]=0 forall UeKerQ.
ProoF. By simple calculations, we have (2.3). Furthermore it follows easily
[BU, U]=0 forall UeKerQ.

Thus, it is sufficient for us to prove the first inequality of (2.4).
Let UeKer P. Then, we have

2
(2.5) Ul=z*U2+(1+z*z)bU3=z*Uz+-l—£- Us,.
C

We set I=[AU, U] for UeKer P. Then, we have
(2.6) I={—~U, P+|U, 12+ (1 —|zP)| Us > +| U, |?} .
By (2.5), we get
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2

2b

2.7 U P=|z*U,+—U
@7 Ul 2+ Us

b z*|/|b 4|5 |?
<z U, P+aX20 g, [NIB L gy HBE e
S+e| S+e| | 1+¢]

2|b| ) 21z*|%|b|  4b|?
Sllz*P+——)|U 2+( + U,|?.
—(' | [1+c| U2 11+c| |1+c|2' 3|

By (2.6) and (2.7), we have

Ig(l—lz*P—L”')lelz

[1+4c]|
+(1—|z|2—2|z*|24b|— Lk )IU 2+ U,
[1+c| |1+c|?) 3 L
We set
2| b
Ky=1—|zxp— 221
[14+c|
21z*12|b| 4|b|?
Ky=1—|zp— 22 PIbl_ 4bP
[1+c] REAE

By (1.2), (2.2a) and (2.2b), we obtain respectively, for ¢ with Re ¢>0 and c#1

26| 1

= l+c|—|1—c|—-2|b])>0,
T+c] |1+c|(l |—I |—21b])

K,=1—|z]*-

2_2|Z|2|b|_ 4/b|?
[14¢c|l |14c|?

45| ( 2|b|)
=1- —z1{ 1+
[1+c|? 2] I1+c|

2|b|) 1
={1+ 1+c|—|1—c|—2|b))>0,
( T+c] |l+c|(l [—I |—215])

Ky=1—|z|

and for c=1
K,=1—|b|>0,
Ky=1—|z|2—|b|>>0.
Thus, in both cases, there is a positive constant C such that

(2.8) IZC|U?=C[U, U]. Q.E.D.
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§3. Boundary estimates.

In this section, we prepare some propositions to estimate the boundary value on
y=0. ‘
We consider the first order symmetric hyperbolic system

3.1) U,=AU,+BU,+EU+F(,x,y), (tx y)e(R%)?

where U='(U,, U,, - - -, U,), A and B are m x m constant Hermite matrices, det(4.B) #0,
E is a m x m constant matrix and F=*(Fy, F,, - - -, F,,).

PrOPOSITION 3.1 ([3: p. 197, Lemma 4.1]). Let Ue s, [(R%)] be the solution
of the problem (3.1). Then there exist positive constants C and p, such that

1 1
(3.2) KAZWPUDE 4 S C{Tl— N3, . +7|H (]

1 1
+ 11Ul %,u,:+—u— <U>3,u,:+’7 IF] 5,,,,:}

for any te R and any u=p,.

Now, for the solution ue #,, ,[(R%)*] of the problem (1.1), we set

U, u—u,+u,
‘U, utu.+u,

(3.3) U=|U; |= U —u,—u,
U, —u,—u,+u,
Us u

which belongs to #; ,[(R%})*]. Then, we have

PROPOSITION 3.2. Let U be given by (3.3). Then, it satisfies the following first order
partial differential equation system

3.9 U,=AU,+BU,+EU+F(t, x, y)
where
-1 /0 1 : 0
( 1 0 1 oi |
A= —1 , B 1o 1! |,
| |
1 : 1
o |! %}

E is a 5 x5 constant matrix and
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(3-5) F=t(.faf’f9 —fao)
ProoF. By simple calculations, we can get easily this propostion. Q.E.D.

PROPOSITION 3.3. Let ue #, ,[(R%)?] be the solution of the problem (1.1). Then,
there exist some positive constants C and p, such that the following inequality holds for
any te R and any p2 p,

1
(3.6) A:.2UY3 ., =C {—;III vl 5.,.+%III uo)li3,

1 1
+—M—<U>3,,,,t+ 1ol 3,,‘,,+‘7 IF 3,u,,}

where U and F are the same ones which are defined by (3.3) and (3.5), respectively.

PrROOF. By Proposition 3.1 and Propositon 3.2, we can get easily Proposition
3.3. Q.E.D.

§4. The proof of Theorem B.

In this section, we will prove Theorem B.
We consider U which is defined by (2.1) for the solution ue J# 2..[(R%})?] of the
problem (1.1). By Proposition 2.1, we have

4.1) Edt—(Me"“U, e MlU)= —2u(Me™"U, e *U)
+(e " "MU, e ™U)+(e ™U,e "MU)
= —2u(Me U, e~*U)
+(e "(AU,+BU,+ EU+F), e "U)
+( ™ "U, e "™ (AU, + BU,+ EU+ F))
< —C,ule ™U, e““U)+&(e““F, e ™F)
u

—(Ade ™ U, e "UY—{Be U, e U

where C; and C, are some positive constants.
Now, we set
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1 —z* —(1+4z*2b O
~ 0o o 0 0
P_oo 0 0
. 0 0 0 0
4.2 ]
4.2 0 000
~ [0 0 0 0O
Q'0010
0 00O

Then, we have
 PU-PU)|;-0=0, QU—-QU),-0=0.

Thus, by using G and H which are defined in (2.3), we have
@.3) {(EJ—FU)LC:OGKerP, £U—Q~U)|,=oeKerQ

PU|,-0=%G,0,0,0), QU|,-,="0,0, H,0).

Then, by (2.4) and (4.3), we obtain
4.9 (Ae™™U, e MUy ={ Ae "I —P)U, e *(I— P)U>
+2Re(de U, e *G)Y—(Ae "G, e *G)
=Cie™ U, e Uy — C4(e"“(7, e "G,

where C, and C, are positive constants and

4.5) G=%G,0,0,0).
Similarly, we obtain
(4.6) : {Be™™U, e MUY =«(Be *(I—Q)U, e "I—Q)UY

+2Re{Be MU, e "HY—(Be "H ,e "I
2> —ouA;2e U, AL e Uy

Cs _ ——
——2KAL2e A, AL2e M HY ,
u
where J is a sufficiently small positive constant, C5 is a positive constant and

4.7 H='0,0,H,0).
Thus, by (4.1), (4.4) and (4.6), we get

(4.8) . —gt—(Me““‘U, e~ "U)
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_C ple~"U, e~ MUY+ -2 (e~ MF, e~ 4 F)
u
—Ca(e MU, e~ MUY+ uq A5 L2e MU, A; e MUY
+Cyle ™G, e"“‘ﬁ)+75((A},‘/ﬁe““I7, AM2emmfTy

LeMMA 4.1. Let ue ¥, [(R%)] be the solution of the problem (1.1). Then, there
exist some positive constants C and u, such that the following inequality holds for any
te R, and for any u= pu,

(4'9) |||llu(t)"|o u+#"/‘l‘u"0 ", t+ </‘l'u>0 n, t+”'<<A -1/2#u>>0 .t
S C{O)I F, u+ plltaell 3, e+ plls |3 e+ pll a3, e} -
PROOF.

(4.10) —%(e""u(t), e~ Mu(f) = — 2u(e ~"u, e Mu)+ 2 Re(e " *u,, e *u)

C
— Ceule ™" u, e ™u)+—_ (e "u,, e "u,),
u

where C¢ and C, are positive constants. Therefore, we get

(4.11) lpd)1 3, + Copllpull 3,4, = NO) 1,4 + Cralle)1 3, -

Also, we have

t
4.12) T =j e " uu, e " pupdt
0

t
=—pn -[ {(e™"u,, e” " uu)+(e™*uu, e "u,)}dt
o

= CSI‘{"I“‘” 3,;4.: + ||u |l (2).u,:}
where Cg is a positive constant. Similarly, we have
) d e < Cop(lpuull 3, e+ Ny 13, ,,0)
s e Z pkAL P pudy

where C, is a positive constant.
By (4.11), (4.12) and (4.13), we obtain Lemma 4.1. Q.E.D.

(4.13) {

ReMArk 3. The analogous result to Lemma 4.1 is obtained in [2].

By (4.8), Proposition 3.3 and Lemma 4.1, we obtain Theorem B. Q.E.D.
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