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Introduction.

In $[17, 18]$ , N. Wiener established the generalized harmonic analysis (GHA) in
order to give an account of phenomena which cannot be described by the classical
harmonic analysis. Especially, his GHA was motivated by even earlier investigations
in the theory of Brownian motion, in order to study the functions with continuous
spectra. And, he studied the uniformly almost periodic functions in the sense of H.

Bohr from the point ofview ofthe GHA (cf. S. Koizumi [7, 8] and P. Masani [9-11]).

S. Koizumi [4] introduced the generalized Hilbert transform (GHT) of $g\in L_{c}^{2}(R)$ ,

i.e. $g$ such that $g(x)/(x+i)\in L^{2}(R)$ , by

$\tilde{g}(x)=\lim_{\epsilon\rightarrow 0}\frac{x+i}{\pi}\int_{0<\epsilon\leq|x-t|}\frac{g(t)}{t+i}\frac{dt}{x-t}$ .

And, in $[5, 6]$ , he constructed the theory of the spectral analysis of the GHT by using
Wiener’s generalized Fourier transform (GFT)

$s(u;g)=1.i.m$ .$\frac{1}{\sqrt{2\pi}}A\rightarrow\infty[\int_{1}^{A}+\int_{-A}^{-1}]g(t)\frac{e^{-iut}}{-it}dt$

$+\frac{1}{\sqrt{2\pi}}\int_{-1}^{1}g(t)\frac{e^{-iut}-1}{-it}dt$
$(g\in L_{c}^{2}(R))$ ,

where “l.i.$m$ . means the limit in $L^{2}(R)$ . Then he proved the following fundamental
Wiener’s GFT relation between any $g\in L_{c}^{2}(R)$ and its GHT $\tilde{g}$ :
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$s(u+\epsilon;\tilde{g})-s(u-\epsilon;\tilde{g})=\left\{\begin{array}{ll}(-isgnu)\{s(u+\epsilon;g)-s(u-\epsilon;g)\} & (|u|>\epsilon)\\i\{s(u+\epsilon;g)-s(u-\epsilon;g)\}+2r_{1}^{g}(u+\epsilon)+2r_{2}^{9}(u+\epsilon) & (|u|\leq\epsilon),\end{array}\right.$

where

$r_{1}^{g}(u)=1.i.m$ .$\frac{1}{\sqrt{2\pi}}B\rightarrow\infty\int_{-B}^{B}\frac{g(s)}{s+i}\frac{e^{-ius}-1}{-is}\&$

and

$r_{2}^{g}(u)=1.i.m$ .$\frac{1}{\sqrt{2\pi}}B\rightarrow\infty\int_{-B}^{B}\frac{g(s)}{s+i}e^{-ius}ds$ .

Along the same line, the author ([13, 16]) extended Koizumi’s theory of the spectral
analysis of the GHT to the $R^{2}$ case. Then, since the spectra of the GHT appear at the
origin and along the coordinate axes, we were compelled to treat the complicated
calculation.

On the other hand, P. Masani [10] pointed out that Wiener’s GHA can be
assimilated in a widened form of functional analysis (Masani’s GHA) in which he
defined the GFT

$\alpha(u;g)=1.i.m$ .$\frac{1}{\sqrt{2\pi}}A\rightarrow\infty\int_{-A}^{A}g(t)l_{O}(t)e^{-iut}dt$ $(g\in L_{c}^{2}(R))$ ,

where

$l_{0}(t)=\frac{i}{\sqrt{\pi}}\frac{1}{t+i}$ .

Here, the above two GFT’s have the same contents essentially. Recently, we have known
that Masani’s GFT matches well the GHT (cf. K. Matsuoka [14, 15]).

In the $R^{2}$ case, another remarkable circumstance occurs. This is the manner of
limit. For some reasons, in the previous paper (K. Anzai, S. Koizumi and K. Matsuoka
[1]), we studied the restricted limit as follows: The limit

$\lim_{s,r\rightarrow\infty}\frac{1}{4ST}\int_{-T}^{T}\int_{-s}^{s}|f(s, t)|^{2}dsdt$

exists and has the same limit whenever $S$ and $T$ tend to infinity in such a way thal
$S=CT$ for every positive constant $C$ . As for the spherical limit and the independenl
limit, see N. Wiener-A. C. Berry [17] and T. Kawata [2] respectively.

In this paper, therefore, under the restricted limit, we will reconstruct the theor)
of the spectral analysis of the GHT by using Masani’s GFT instead of Wiener’s GFT
As a result, we can easily deal with the spectra of the GHT at the origin and along $th\epsilon$

coordinate axes.
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\S 1. Masani’s generalized harmonic analysis (GHA).

Throughout this paper, all functions we consider will be complex valued and
measurable on $R$ or $R^{2}$ .

First, we list the notation, which will be used in what follows (see K. Matsuoka
[12-16]):

(a) $L_{c}^{2}(R^{2})=\{f\in L_{1oc}^{2}(R^{2}):\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}|f(x_{1}, x_{2})|^{2}dc(x_{1}, x_{2})$

$=\frac{1}{\pi^{2}}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}\frac{|f(x_{1},x_{2})|^{2}}{(1+x_{1}^{2})(1+x_{2}^{2})}dx_{1}dx_{2}<\infty\}$ :

(b) [Masani’s generalized Fourier transform (GFT)]

$\alpha(u, v;f)=1.i.m$ .$\frac{1}{2\pi}A\rightarrow\infty\int_{-A}^{A}\int_{-A}^{A}f(s, t)l_{O}(s)l_{o}(t)e^{-i\langle us+vt)}dsdt$ $(f\in L_{c}^{2}(R^{2}))$ ,

where

$l_{O}(x)=\frac{i}{\sqrt{\pi}}\frac{1}{x+i}$
$(x\in R)$

and the notation l.i.m. means the limit in $L^{2}(R^{2})$ ;
(c) $\Delta_{\epsilon}\alpha(u;g)=\alpha(u+\epsilon;g)-\alpha(u-\epsilon;g)$ ,

$\Delta_{\epsilon}^{+}\alpha(u;g)=\alpha(u+\epsilon;g)+\alpha(u-\epsilon;g)$ ,

$\Delta_{\epsilon}^{\langle 1)}\alpha(u, v;f)=\alpha(u+\epsilon, v;f)-\alpha(u-\epsilon, v;f)$ ,

$\Delta_{\epsilon}^{\langle 1)+}\alpha(u, v;f)=\alpha(u+\epsilon, v;f)+\alpha(u-\epsilon, v;f)$ ,

$\Delta_{\eta}^{\langle 2)}\alpha(u, v;f)=\alpha(u, v+\eta;f)-\alpha(u, v-\eta;f)$ ,

$\Delta_{\eta}^{(2)+}\alpha(u, v;f)=\alpha(u, v+\eta;f)+\alpha(u, v-\eta;f)$ ,

$\Delta_{\epsilon,\eta}=\Delta_{\epsilon,\eta}^{--}=\Delta_{\epsilon}^{(1)}\Delta_{\eta}^{\langle 2)}$ ,

$\Delta_{\epsilon,\eta}^{+-}=\Delta_{\epsilon}^{\langle 1)+}\Delta_{\eta}^{\langle 2)}$ ,

$\Delta_{\epsilon,\eta}^{-+}=\Delta_{\epsilon}^{\langle 1)}\Delta_{\eta}^{\langle 2)+}$ ,

$\Delta_{\epsilon,\eta}^{++}=\Delta_{\epsilon}^{\langle 1)+}\Delta_{\eta}^{(2)+};$

(d) The notations ‘
$\mathscr{B}_{1}-\lim_{S,T\rightarrow\infty}$ and ‘

$\mathscr{B}_{2}-\lim_{\epsilon,\eta\rightarrow+0}$ mean that in each of them
a limit exists and has the same limit whenever $S$ and $T$ tend to infinity or $\epsilon$

and $\eta$ tend to zero in such a way that $S=CT$ or $\eta=C\epsilon$ for every positive
constant $C$, respectively;
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(e) $W^{2}(R^{2})=\{f\in L_{1oc}^{2}(R^{2})$ : $\sup_{s,r>0}\frac{1}{4ST}\int_{-T_{\backslash }}^{T}\int_{-s}^{s}|f(s, t)|^{2}dsdt<\infty\}$ ;

(f) $\theta^{\prime 2}(R^{2})=\{f\in W^{2}(R^{2});a_{1}-\lim_{s,r\rightarrow\infty}\frac{1}{4ST}\int_{-T}^{T}\int_{-s}^{s}|f(s, t)|^{2}\& dtexists\}$ :

(g) $S(R^{2})=$ {$f\in W^{2}(R^{2})$ : $\phi(x_{1},$ $x_{2};f)$ exists for all $(x_{1},$ $x_{2})\in R^{2}$ },

where

$\phi(x_{1}, x_{2};f)=9_{1}-\lim_{s,r\rightarrow\infty}\frac{1}{4ST}\int_{-T}^{T}\int_{-s}^{s}f(x_{1}+s, x_{2}+t)\overline{f(s,t)}dsdt$ ,

which is called the covariance function of $f$;
(h) $S^{\prime}(R^{2})=$ {$f\in S(R^{2}):\phi(x_{1},$ $x_{2};f)$ is continuous on $R^{2}$ }.

Similarly, the $R$ case is defined.
Note that

(1.1) $L_{1oc}^{2}\supset L_{c}^{2}\supset W^{2}\supset\nu^{-2}\supset S\supset S^{\prime}$

on $R$ or $R^{2}$ (see N. Wiener [18] and K. Matsuoka [12]). Also,

(1.2) $\Delta_{\epsilon.\eta}\alpha(u, v;f^{-})=1.i.m$ .$\frac{1}{2\pi}A\rightarrow\infty\int_{-A}^{A}\int_{-A}^{A}f(s, t)l_{0}(s)l_{0}(t)$

$t-2i\sin\epsilon sX-2i\sin\eta t)e^{-i\langle us+vt)}dsdt$ $(f\in L_{c}^{2}(R^{2}))$ .
Next, we state the $R^{2}$ case of Wiener’s identity which is fundamental in Masani’s

GHA (as for the $R$ case, see P. Masani [10]).

THEOREM 1.1 (K. Matsuoka [15]). If $f\in W^{2}(R^{2})$, then

(1.3) $a_{1}-\lim_{s,r\rightarrow\infty}\frac{1}{4ST}\int_{-T}^{T}\int_{-s}^{s}|f(s, t)|^{2}$dsdt

$=\mathscr{B}_{2}-\lim_{\epsilon,\eta\rightarrow+0}\frac{1}{16\epsilon\eta}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}|\Delta_{\epsilon,\eta}\alpha(u, v;f^{\neg})|^{2}dudv$ ,

in the sense that ifeither side of$(1.3)$ exists, the other side exists andassumes the same value.
$PR\infty F$ . It follows from (1.2), the Plancherel theorem and (3.10), (3.11) of

K. Matsuoka [12] that

(1.4) $\mathscr{B}_{2}-\lim_{\epsilon,\eta\rightarrow+0}\frac{1}{16\epsilon\eta}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}|\Delta_{\epsilon,\eta}\alpha(u, v;f)|^{2}dudv$

$=\mathscr{B}_{2}-\lim_{\epsilon,\eta\rightarrow+0}\frac{1}{\pi^{2}\epsilon\eta}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}|f(s, t)|^{2}\frac{\sin^{2}\epsilon s}{1+s^{2}}\frac{\sin^{2}\eta t}{1+t^{2}}$ dsdt
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$=\mathscr{B}_{2}-\lim_{\epsilon,\eta\rightarrow+0}\frac{1}{\pi^{2}\epsilon\eta}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}|f(s, t)|^{2}\frac{\sin^{2}\epsilon s}{s^{2}}\frac{\sin^{2}\eta t}{t^{2}}dsdt$

$-\mathcal{R}_{2}-\lim_{\epsilon,\eta\rightarrow+0}\frac{\epsilon}{\pi^{2}\eta}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}\frac{|f(s,t)|^{2}}{1+s^{2}}(\frac{\sin\epsilon s}{\epsilon s})^{2}\frac{\sin^{2}\eta t}{t^{2}}dsdt$

$-\mathscr{B}_{2}-\lim_{\epsilon,\eta\rightarrow+0}\frac{\eta}{\pi^{2}\epsilon}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}\frac{|f(s,t)|^{2}}{1+t^{2}}\frac{\sin^{2}\epsilon s}{s^{2}}(\frac{\sin\eta t}{\eta t})^{2}dsdt$

$+\mathcal{R}_{2}-\lim_{\epsilon,\eta\rightarrow+0}\frac{\epsilon\eta}{\pi^{2}}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}\frac{|f(s,t)|^{2}}{(1+s^{2}X1+t^{2})}(\frac{\sin\epsilon s}{\epsilon s})^{2}(\frac{\sin\eta t}{\eta t})^{2}\& dt$

$=\mathcal{R}_{2}-\lim_{\epsilon,\eta\rightarrow+O}\frac{1}{\pi^{2}\epsilon\eta}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}|f(s, t)|^{2}\frac{\sin^{2}\epsilon s}{s^{2}}\frac{\sin^{2}\eta t}{t^{2}}dsdt$ .

Thus, applying Theorem 4 of K. Anzai, S. Koizumi and K. Matsuoka [1] or Theorem
2’ of K. Matsuoka [12] (or Theorem 6 of T. Kawata [3]), we have (1.3). $\blacksquare$

In the remains of this section, we shall give the following theorem connecting the
covariance function to Masani’s GFT (as for the $R$ case, $see$ P. Masani [10]).

THEOREM 1.2. If $f\in S(R^{2})$ , then

(1.5) $\phi(x_{1}, x_{2};f)$

$=\mathscr{B}_{2}-\lim_{e,\eta\rightarrow+O}\frac{1}{16\epsilon\eta}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}e^{i(ux_{1}+vx_{2})}|\Delta_{\epsilon,\eta}\alpha(u, v;f)|^{2}dudv$ $((x_{1}, x_{2})\in R^{2})$ .

$p_{R\infty F}$ . By (1.4),

(1.6) $\mathscr{B}_{2}-\lim_{\epsilon,\eta\rightarrow+0}\frac{1}{\pi^{2}\epsilon\eta}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}|f(s, t)|^{2}\frac{\sin^{2}\epsilon s}{1+s^{2}}\frac{\sin^{2}\eta t}{1+t^{2}}dsdt$

$=\mathscr{B}_{2}-\lim_{\epsilon,\eta\rightarrow+0}\frac{1}{\pi^{2}\epsilon\eta}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}|f(s, t)|^{2}\frac{\sin^{2}\epsilon s}{s^{2}}\frac{\sin^{2}\eta t}{t^{2}}dsdt$ .

Therefore, it follows from Lemma 5of K. Matsuoka [12] that

(1.7) $\mathscr{B}_{2}-\lim_{\epsilon,\eta\rightarrow+0}\frac{1}{16\epsilon\eta}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}|\Delta_{\epsilon,\eta}\alpha_{x_{1},x_{2}}(u, v;f)$

$-e^{i(ux_{1}+vs_{2})}\Delta_{\epsilon,\eta}\alpha(u, v;f)|^{2}dudv=0$ ,

where

$\alpha_{x_{1},x_{2}}(u, v;f)=1.i.m.\frac{1}{2\pi}A\rightarrow\infty\int_{-A}^{A}\int_{-A}^{A}f(x_{1}+s, x_{2}+t)l_{0}(s)l_{0}(t)e^{-i\langle us+vt)}dsdt$ .
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Thus, applying the same argument as in the proof of Theorem 6 of K. Matsuoka [12],
we obtain (1.5) by Theorem 1.1 and (1.7). $\blacksquare$

\S 2. The spectral analysis of the generalized Hilbert transform (GHT).

In $[5, 6]$ , S. Koizumi established the spectral relation between a given function
on $R$ and its GHT by using Wiener’s GHA. Also, the $R^{2}$ case was investigated by
K. Matsuoka $[14, 17]$ .

In this section, using Masani’s GHA, we shall prove the main theorems in [13,
16] (cf. K. Matsuoka [14, 15]).

In a way similar to [4], we introduce the GHT defined on $R^{2}$ as follows:

(2.1) $(H^{\langle 1)}fKx_{1}, x_{2})=\lim_{e_{1}\rightarrow 0}\frac{x_{1}+i}{\pi}\int_{0<\epsilon_{1}\leq|x_{1}-s|}\frac{f(s,x_{2})}{s+i}\frac{ds}{x_{1}-s}$ $(f\in L_{c}^{2}(R^{2}))$ ,

(2.2) $(H^{(2)}fXx_{1}, x_{2})=\lim_{e_{2}\rightarrow 0}\frac{x_{2}+i}{\pi}\int_{0<\epsilon_{2}\leq|x_{2}-t|}\frac{f(x_{1},t)}{t+i}\frac{dt}{x_{2}-t}$ $(f\in L_{c}^{2}(R^{2}))$ ,

(2.3) $(Hf)(x_{1}, x_{2})=(H^{\{2)}H^{(1)}fKx_{1}, x_{2})=(H^{\langle 1)}H^{\{2)}f)(x_{1}, x_{2})$

$=\lim_{\epsilon_{1},\epsilon_{2}\rightarrow 0}\frac{(x_{1}+\iota)(x_{2}+\iota)}{\pi^{2}}\int\int_{0<\epsilon_{1}\leq|x_{1}-s|}\frac{f(s,t)}{(s+iXt+i)}\frac{dsdt}{(x_{1}-sXx_{2}-t)}$ $(f\in L_{c}^{2}(R^{2}))$ .

Now, we remark that whenever $f\in W^{2}(R^{2})$, by (1.1), the GHT’s $H^{\langle 1)}f,$ $H^{(2)}f,$ $Hf$

are defined, and the GFT’s of these are also defined. On the other hand, it is to be
noted that there exists $f\in W^{2}(R^{2})$ such that $Hf\not\in W^{2}(R^{2})$ . For example, letting
$f(x_{1}, x_{2})=\chi_{\langle 0,\infty)}(x_{1})\chi_{\langle O,\infty)}(x_{2})$ , where $\chi_{(O,\infty)}$ is the characteristic function of the interval
$(0, \infty)$ , we get the required function

$(Hf\times x_{1}, x_{2})=(\frac{1}{\pi}$ log $|x_{1}|-\frac{i}{2})(\frac{1}{\pi}$ log $|x_{2}|-\frac{i}{2})$ .

Therefore, in order to apply Theorem 1.1 to GHT, moreover, we introduce the following
subclasses of $W^{2}(R^{2})$ :

(2.4) $W_{H^{(1)}}^{2}(R^{2})=\{f\in W^{2}(R^{2}) : H^{\langle 1)}f\in W^{2}(R^{2})\}$ ,

(2.5) $W_{H^{(2)}}^{2}(R^{2})=\{f\in W^{2}(R^{2}):H^{\langle 2)}f\in W^{2}(R^{2})\}$ ,

(2.6) $W_{H}^{2}(R^{2})=\{f\in W^{2}(R^{2}) : H^{\{1)}f, H^{\langle 2)}f, Hf\in W^{2}(R^{2})\}$ .

First, we state the theorem conceming the mean total power of the GHT.

THEOREM 2.1. Suppose $f\in W^{2}(R^{2}),$ $Hf\in W^{2}(R^{2})$, and there exist the constants
$K_{1}^{--},$ $K_{1}^{+-},$ $K_{2}^{--},$ $K_{2}^{-+},$ $K_{3}^{--},$ $K_{3}^{+-},$ $K_{3}^{-+},$ $K_{3}^{++}$ such that
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(2.7) $K_{1}^{\pm-}=\mathscr{B}_{2}-\lim_{\epsilon,\eta\rightarrow+0}\frac{1}{16\epsilon\eta}\int_{-\infty}^{\infty}\int_{-\epsilon}^{\epsilon}|\Delta_{\epsilon,\eta}^{\pm-}\alpha(u, v;f)|^{2}dudv$ ,

(2.8) $K_{2}^{-\pm}=\mathscr{B}_{2}-\lim_{\epsilon,\eta\rightarrow+0}\frac{1}{16\epsilon\eta}\int_{-\eta}^{\eta}\int_{-\infty}^{\infty}|\Delta_{\epsilon,\eta}^{-\pm}\alpha(u, v;f)|^{2}dudv$ ,

(2.9) $K_{3}^{\pm\pm}=\mathscr{B}_{2}-\lim_{\epsilon,\eta\rightarrow+0}\frac{1}{16\epsilon\eta}\int_{-\eta}^{\eta}\int_{-\epsilon}^{\epsilon}|\Delta_{\epsilon,\eta}^{\pm\pm}\alpha(u, v;f)|^{2}dudv$ .

Then $Hf\in W^{2}(R^{2})$ and

(2.10) $\mathscr{B}_{1}-\lim_{s,r\rightarrow\infty}\frac{1}{4ST}\int_{-T}^{T}\int_{-s}^{S}|(Hf)(s, t)|^{2}$dsdt

$=\mathcal{R}_{1}-\lim_{s,r\rightarrow\infty}\frac{1}{4ST}\int_{-T}^{T}\int_{-s}^{s}|f(s, t)|^{2}dsdt$

$-(K_{1}^{--}+K_{2}^{--}-K_{3}^{--})+(K_{1}^{+-}-K_{3}^{+-})+(K_{2}^{-+}-K_{3}^{-+})+K_{3}^{++}$

Before proving Theorem 2.1, we mention the following: By the multiplier prop-
erty of the ordinal Hilbert transform, we have Masani’s GFT relations between any
$f\in L_{c}^{2}(R^{2})$ and its GHT’s:

(2.11) $\alpha(u, v;H^{\langle 1)}f)=$ ( $-i$ sgn $u$)$\alpha(u, v;f)$ ,

(2.12) $\alpha(u, v;H^{\langle 2)}f)=$ (-isgn $v$)$\alpha(u, v;f)$

and

(2.13) $\alpha(u, v;Hf)=$ ( $-i$ sgn $uX-i$ sgn $v$)$\alpha(u, v;f)$ .

Therefore, it follows from $(2.11)-(2.13)$ that for any $\epsilon,$ $\eta>0$ ,

(2.14) $\Delta_{\epsilon,\eta}\alpha(u, v;H^{\langle 1)}f)=\{\{-isgnu)\Delta_{\epsilon,\eta}\alpha(u,v;f)-\iota)\Delta_{\epsilon,\eta}^{+-}\alpha(u,v;f)$ $((\left|\begin{array}{l}u\\u\end{array}\right|\leq\epsilon)$

,

(2.15) $\Delta_{\epsilon,\eta}\alpha(u, v;H^{\langle 2)}f)=\{_{(-\iota)\Delta_{\epsilon,\eta}^{-+}\alpha(u,v;f)}^{(-isgnv)\Delta_{\epsilon,\eta}\alpha(u,v;f)}$ $((\left|\begin{array}{l}v\\v\end{array}\right|\leq\eta)$

and

(2.16) $\Delta_{\epsilon,\eta}\alpha(u, v;Hf)=\left\{\begin{array}{ll}( -i sgn u)( -i sgn v) \Delta_{\epsilon,\eta}\alpha(u, v;f) & (|u|>\epsilon, |v|>\eta)\\(-\iota)( -i sgn v) \Delta_{\epsilon,\eta}^{+-}\alpha(u, v;f) & (|u|\leq\epsilon, |v|>\eta)\\( -i sgn u)(-\iota)\Delta_{\epsilon,\eta}^{-+}\alpha(u, v;f) & (|u|>\epsilon, |v|\leq\eta)\\(-\iota)^{2}\Delta_{\epsilon_{t}\eta}^{++}\alpha(u, v;f) & (|u|\leq\epsilon, |v|\leq\eta),\end{array}\right.$

respectively.

PROOF OF THEOREM 2.1. Using (2.16), we have
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$\mathscr{B}_{2}-\lim_{\epsilon.\eta\rightarrow+0}\frac{1}{16\epsilon\eta}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}|\Delta_{\epsilon.\eta}\alpha(u,$ $v;HfJ|^{2}$dudv

$=\mathscr{B}_{2}-\lim_{\epsilon,\eta\rightarrow+0}\frac{1}{16\epsilon\eta}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}|\Delta_{e.\eta}\alpha(u, v;f)|^{2}dudv$

$-(K_{1}^{--}+K_{2}^{--}-K_{3}^{--})+(K_{1}^{+-}-K_{3}^{+-})+(K_{2}^{-+}-K_{3}^{-+})+K_{3}^{++}$

Thus, by Theorem 1.1, (2.10) is proved. $\blacksquare$

From Theorem 2.1, in result, we obtain the following corollaries.

COROLLARY 2.2 (K. Matsuoka [15]). Suppose $f\in W_{H^{(1)}}^{2}(R^{2})\cap W^{2}(R^{2})$, and it
satisfies that

(M) $9_{2}-\lim_{\epsilon,\eta\rightarrow+0}\frac{1}{8\epsilon\eta}\int_{-\infty}^{\infty}\int_{-\epsilon}^{\epsilon}|\Delta_{\epsilon,\eta}\alpha(u, v;f)|^{2}dudv=0$

and that
(M) there exists a function $k_{1}^{f}(x_{2})\in\nu^{\prime 2}(R^{2})$ such that

(2.17) $\mathscr{B}_{2}-\lim_{\epsilon,\eta\rightarrow+O}\frac{1}{8\epsilon\eta}\int_{-\infty}^{\infty}\int_{-\epsilon}^{e}|\frac{1}{i}\Delta_{\epsilon,\eta}^{+-}\alpha(u, v:f)-\sqrt{2}\Delta_{\eta}\alpha(v;k_{1}^{f})|^{2}dudv=0$ .

Then $H^{(1)}f\in\Psi^{2}(R^{2})$ and

(2.18) $\mathscr{B}_{1}-\lim_{s.r\rightarrow\infty}\frac{1}{4ST}\int_{-T}^{T}\int_{-s}^{S}|(H^{\{1)}fKs, t)|^{2}$dsdt

$=\Omega_{1^{-}}\lim_{s.r\rightarrow\infty}\frac{1}{4ST}\int;_{T}\int_{-s}^{S}|f(s, t)|^{2}dsdt+\lim_{T\rightarrow\infty}\frac{1}{2T}\int_{-T}^{T}|k_{1}^{f}(i)|^{2}dt$ .

COROLLARY 2.2’ (K. Matsuoka [15]). Suppose $f\in W_{H^{(2)}}^{2}(R^{2})\cap\Psi^{2}(R^{2})$, and it
satisfies that

(M3) $g_{2^{-\lim_{\epsilon,\eta\rightarrow+0}\frac{1}{8\epsilon\eta}}}\int_{-\eta}^{\eta}\int_{-\infty}^{\infty}|\Delta_{\epsilon,\eta}\alpha(u, v;f)|^{2}dudv=0$

and that
(M), there exists a function $k_{2}^{f}(x_{1})\in r^{2}(R)$ such that

(2.19) $\Omega_{2^{-}}\lim_{\epsilon,\eta\rightarrow+0}\frac{1}{8\epsilon\eta}\int_{-\eta}^{\eta}\int_{-\infty}^{\infty}|\frac{1}{i}\Delta_{e.\eta}^{-+}\alpha(u, v;f)-\sqrt{2}\Delta_{\epsilon}\alpha(u;k_{2}^{f})|^{2}dudv=0$ .

Then $H^{(2)}f\in W^{2}(R^{2})$ and
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(2.20) $\mathscr{B}_{1}-\lim_{s,\tau\rightarrow\infty}\frac{1}{4ST}\int_{-T}^{T}\int_{-s}^{s}|(H^{\langle 2)}f)(s, t)|^{2}$dsdt

$=\mathscr{B}_{1}-\lim_{s,\tau\rightarrow\infty}\frac{1}{4ST}\int_{-T}^{T}\int_{-s}^{S}|f(s, t)|^{2}dsdt+\lim_{s\rightarrow\infty}\frac{1}{2S}\int_{-s}^{S}|k_{2}^{f}(s)|^{2}ds$ .

COROLLARY 2.3 (K. Matsuoka [15]). Suppose $f\in W_{H}^{2}(R^{2})\cap\Psi^{2}(R^{2})$, and it
satisfies $(M_{1}),$ $(M_{2})_{\#^{2}},$ $(M_{3}),$ $(M_{4})_{\Psi^{2}}$ and, in addition, that

(M) $\mathscr{B}_{2}-\lim_{\epsilon,\eta\rightarrow+0}\frac{1}{4\epsilon\eta}\int_{-\eta}^{\eta}\int_{-\epsilon}^{\epsilon}|\Delta_{\epsilon.\eta}^{+-}\alpha(u, v;f)|^{2}dudv=0$ ,

(M) $\mathscr{B}_{2}-\lim_{e,\eta\rightarrow+0}\frac{1}{4\epsilon\eta}\int_{-\eta}^{\eta}\int_{-\epsilon}^{\epsilon}|\Delta_{\epsilon,\eta}^{-+}\alpha(u, v;f)|^{2}dudv=0$

and
(M) there exists a constant $k_{3}^{f}$ such that

$\mathscr{B}_{2}-\lim_{\epsilon,\eta\rightarrow+O}\frac{1}{4\epsilon\eta}\int_{-\eta}^{\eta}\int_{-\epsilon}^{\epsilon}|(\frac{1}{i})^{2}\Delta_{e.\eta}^{++}\alpha(u, v;f)-2k_{3}^{f}|^{2}dudv=0$ .

Then $Hf\in W^{2}(R^{2})$ and

(2.21) $\mathscr{B}_{1}-\lim_{s,\tau\rightarrow\infty}\frac{1}{4ST}\int_{-T}^{T}\int_{-s}^{s}|(HfXs, t)|^{2}$dsdt

$=\mathscr{B}_{1}-\lim_{s,r\rightarrow\infty}\frac{1}{4ST}\int_{-T}^{T}\int_{-s}^{s}|f(s, t)|^{2}$dsdt

$+\lim_{T\rightarrow\infty}\frac{1}{2T}\int_{-T}^{T}|k_{1}^{f}(t)|^{2}dt+\lim_{s\rightarrow\infty}\frac{1}{2S}\int_{-s}^{s}|k_{2}^{f}(s)|^{2}ds+|k_{3}^{f}|^{2}$

Next, we show the theorems concerning the covariance function of the GHT.

THEOREM 2.4. Suppose $f\in W_{H^{(1)}}^{2}(R^{2})\cap S(R^{2})$ , and it satisfies $(M_{1})$ and that

(M) there exists a function $k_{1}^{f}(x_{2})\in S(R)$ such that (2.17) holds.

Then $H^{\langle 1)}f\in S(R^{2})$ and

(2.22) $\phi(x_{1}, x_{2};H^{(1)}f)=\phi(x_{1}, x_{2};f)+\phi(x_{2};k_{1}^{f})$ .

THEOREM 2.4’. Suppose $f\in W_{H^{(2)}}^{2}(R^{2})\cap S(R^{2})$ , and it satisfies $(M_{3})$ and that

(M) there exists a function $k_{2}^{f}(x_{1})\in S(R)$ such that (2.19) holds.

Then $H^{\langle 2)}f\in S(R^{2})$ and

(2.23) $\phi(x_{1}, x_{2};H^{(2)}f)=\phi(x_{1}, x_{2};f)+\phi(x_{1};k_{2}^{f})$ .
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THEOREM 2.5. Suppose $f\in W_{H}^{2}(R^{2})\cap S(R^{2})$ , and it satisfies $(M_{1}),$ $(M_{2})_{S},$ $(M_{3})$

(M) and $(M_{5})-(M_{7})$ . Then $Hf\in S(R^{2})$ and

(2.24) $\phi(x_{1}, x_{2};Hf)=\phi(x_{1}, x_{2};f)+\phi(x_{2};k_{1}^{f})+\phi(x_{1};k^{\int_{2}})+|k_{3}^{f}|^{2}$

Applying the same argument as in the proof of Theorem 2.1, we prove Theorem
2.4-2.5 by Theorem 1.2.

Furthermore, by Theorems 2.4-2.5, the results conceming the GHT of function
in the class $S^{\prime}(R^{2})$ follow.

THEOREM 2.6. Suppose $f\in W_{H^{\{1)}}^{2}(R^{2})\cap S^{\prime}(R^{2})$ , and it satisfies $(M_{1})$ and that

(M) there exists a function $k_{1}^{f}(x_{2})\in S^{\prime}(R)$ such that (2.17) holds.

Then $H^{\langle 1)}f\in S^{\prime}(R^{2})$ and (2.22) holds.

THEOREM 2.6’. Suppose $f\in W_{H^{(2)}}^{2}(R^{2})\cap S^{\prime}(R^{2})$ , and it satisfies $(M_{3})$ and that

(M) $thereexistsafunctionk_{2}^{f}(x_{1})\in S^{\prime}(R)suchthat(2.19)$ holds.

Then $H^{\langle 2)}f\in S^{\prime}(R^{2})$ and (2.23) holds.

THEOREM 2.7. Suppose $f\in W_{H}^{2}(R^{2})\cap S^{\prime}(R^{2})$ , and it satisfies $(M_{1}),$ $(M_{2})_{S^{\prime}},$ $(M_{3})$

(M) and $(M_{5})-(M_{7})$ . Then $Hf\in S^{\prime}(R^{2})$ and (2.24) holds.
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