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Introduction.

Let k be a finite extension of the field of rational numbers Q and p a fixed prime
number. A Galois extension K of k is called a Z ~extension if the Galois group Gal(K/k)
is topologically isomorphic to the additive group Z, of the p-adic integers. Every number
field k has at least one Z,-extension, namely the cyclotomic Z,-extension which is
contained in the field obtained by adjoining all p-power roots of unity to k.

For a Z,-extension

k=kock ck,c--- c:k,,.c K= k,

with Galois groups Gal(k,/k)~ Z/p"Z, let h, be the class number of k, and p* the exact
power of p dividing h,. Then Iwasawa has proved that there exist integers 4, u and v,
depending only on K/k and p, such that e,=An+ up" +v for all sufficiently large n. The
integers A= 4,(K/k), p=u,(K/k) and v=v(K]/k) are called the Iwasawa invariants of K/k
for p. For convenience, the Iwasawa invariants of the cyclotomic Z ,-extension of k for
p will be denoted by 4,(k), pu,(k) and v, (k).

In [6], Greenberg stated the following conjecture concerning the Iwasawa
invariants: ’

“If k is totally real, then both A,(k) and p,(k) vanish.”

It seems quite difficult to decide whether this conjecture is true, even for real quadratic
fields.

Recently in [2], [3], [4] and [5], Fukuda and Komatsu studied Greenberg’s
conjecture in some real quadratic cases. They defined two invariants n, and n, in [4]
(cf. Section 1), and treated the cases where 2 <n, <n, and n, =1 in [3], [4] and the case
where n, =n,=2 in [2], [5] (See Addendum).
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In this paper, we shall make further investigation in the real quadratic case, and
treat mainly the case n,>2 (including the case n, =n,). Let 4, be the p-primary part
of the ideal class group of k, and D, the subgroup of 4, consisting of ideal classes
which contain products of prime ideals of k, lying over p. It should be noted that the
order of D, has a close relation to Greenberg’s conjecture (see [6]). After recalling
the known results in Section 1, we shall give in Section 2 a necessary and sufficient
condition for | D,,|=p|D,| for some m>n>0 (Theorem 1), and using this, give in
Section 3 a sufficient condition for A,(k)=p,(k)=0 (Theorem 2). Further, in Appendix
we treat the case n, =1 and give another proof of a special case of Theorem 1 in [4].

Finally we make the following remark. If k is an arbitrary number field and if p
splits completely in k, then 1,(k)>r,, where r, is the number of complex archimedean
primes of k (see [6]). So, for a prime p, we can find k for which 4,(k) is arbitrarily
large. v

§1. Preliminaries.

Let k be a real quadratic field with class number A4, & (> 1) the fundamental unit
of k, and p an odd prime number which splits in k, namely (p)=pp’ in k where p#p’.
Then we can choose aek such that p*=(x). Fukuda and Komatsu [4] defined n; to
be the maximal integer such that «?~!=1(mod p™ Z,) and n, to be the maximal integer
such that ¢#~!'=1(mod p™Z,). Here, n, is uniquely determined under the condition
n,<n,.

For the cyclotomic Z,-extension

k=kock,ck,c- - ck,c - ckyo=1J k,

with Galois group Gal(k/k)={o, as stated in the introduction, let 4, (=A4,(k)) be
the p-primary part of the ideal class group of k, and D, (= D,(k)) the subgroup of 4,
consisting of ideal classes which contain products of prime ideals of k, lying over p,
and E, (= E,(k)) the unit group of k,. We also denote by p, (resp. p;) the unique prime
ideal of k, lying above p (resp. p’). In this case we have

D,={Cl(p,)>N4, ,

where CI(p,) denotes the ideal class represented by p,. Let B, (= B,(k)) be the subgroup
of A, consisting of ideal classes which are invariant under the action of Gal(k,/k) and
B, (= B.(k)) the subgroup of 4, consisting of ideal classes which contain ideals invariant
under the action of Gal(k,/k). For n>r>0, we put '

BP={acAd,|a"'=1},

where 6,=0". Then we see that
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DnCB;;CBn=B$,O)CB£1)CB£2)C e CBS”:A

and
B;l = iO,n(AO)Dn s

where i, , denotes the induced map by the inclusion of the ideal group of k in the ideal
group of k,. For each m>n>0, we will let N,,, be the norm map from k%, to k, and
N, will also denote the induced maps from 4,, to 4,, from E,, to E,.

The following formulae are well-known and play an important role in the rest of this
paper:

(i) B,/B,~(EoNN, o(kX))/N, o(E,) for all n>0,

n
(i) |B.|=|A,| P for all n>0,
(Eo : Ny o(Ey)

@ii) |B,|=|4olp™ ' foralln>n,—1.
For details refer to the paper of Fukuda and Komatsu [3], [4], Greenberg [6],
and Yokoi [9]. Finally we note that, if £ has only one prime lying over p and if 4, is
trivial, then 4,(k), u,(k) and v,(k) are zero (see [7]).

All the notation defined above will be used in the same meaning throughout this

paper.

§2. Relation between a new invariant and the order of D, .

Throughout this section, we assume that A4, is trivial and that n, >2. In this case
we note that B, = D,. We shall give a necessary and sufficient condition for |D,,|=p| D, |
for some m>n=>0.

Now fix r>0 for a while and put |D,|=p’. Assume that 0<j<n,—2. (If j=n,—1,
then B,=D, for large n>0 from (iii), hence Greenberg’s criterion implies that
Ap(k)=pu,(k)=0 (cf. Appendix).) Then we can choose a,€k, such that p**’ =(a,). We
define a new invariant m,e N for k,/k and p, by

pmr “ (Nr,O(ar)P_ 1— 1) in k.

Since N, o(2,)? " 'e(1+pZ,)", we have r+1<m,. On the other hand, it follows from
(i) that N, o(E,)=E% ~’. Thus there exists ¢,€ E, such that pr*"— 1 (N, o(e)P~1=1),
therefore we can choose «, e k, such that m, <r+n,—j. Hence we see that m, is uniquely
determined under the condition r+1<m,<r+n,—j.

Here we should mention that if we put n,=2 and j=0, then m, is equal to n®
which was defined by Fukuda [2], and that if we put r=0, then j=0, so m, is equal
to n,. Now we prove the following theorem.

THEOREM 1. Let k be a real quadratic field and p an odd prime number which
splits in k. Assume that A, is cyclic for each n>0, that A, is trivial, and that | D, |=p’
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for some r>0. Then
J*1 o
m=r+s < ID,+,|={" yr=s
p? if 0<t<s,
Sfor 1<s<n,—1-—j.

Before proceeding to the proof, we prepare two lemmas. Let k,,  be the completion
of k, at p, and E,_the unit group of k, . We put

U,={u€cE, |u=1(mod p,)}
and
U={ueU,|N,ow)=1(mod p"*"*1)}
for 0 <r<n, respectively.

LEMMA 1. Let k and p be as in Theorem 1. Then we have N, ; (U,+;)=UY for
all n>j.

PROOF. Let &,=N,.;u(6n+;)€Nysjn(Uysj). Then we see that
Noo(6) = Nus ol6ns ) =1 (mod 54371

Hence we have ¢,e U?, 50 N, ;(U,+) < UY for all n>j.
We now consider the composite map ¢ of

Noo:U,—» 1+4p"*'Z, and 1+p"*'Z, > (1+p"*'Z)/(1+p"*'*'Z,).
It is easy to see that ¢ is surjective and its kernel is UY. Therefore we obtain
U JUP=(1+p" ' Z)[(1+p"*I* 1 Z,)~Z|p'Z .

On the other hand, since &, ;/k, is totally ramified at p,, we obtain, by local class field
theory,

Un/Nu+1n(Uns+ )= Gallky,, [ky )~ Z|p'Z .
It follows that N, ;,(U,+; =U?. This completes the proof of Lemma 1. O

Pn+j

LEMMA 2. Let k and p be as in Theorem 1. Assume that A, is cyclic for each n>0
and A, is trivial. If | D, | = p’ for some r >0, then we have A,+,-—B‘ 1 for0<t<n,—1-—j.

ProoF. First, we consider the case t=n,—1—j. We have to show that
A,+,,2 1-j=B%),,_1-; Letg,€E,. Since | D, |=p/, it follows from (ii) that N, oE)=
EZ ™. Thus we have N, o(ef~})=1 (mod p"*"27J), hence

e leUMm 1" I=N, 1 (Upsn—1-)

from Lemma 1. It follows that &, is a local norm from k, ,,,-; —; at p,. Since any place
which does not lie above p is unramified in %, ,,,- - j/k,, the product formula for the
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norm residue symbol and Hasse’s norm theorem imply that ¢, is a global norm from
Ky 4n,—1-j» SO that

Er < Nr+n2- 1 —-j,r(er+nz— 1-j/ ¢
Then by the genus formula for %, ,,_, —;/k,, we obtain

|4, pm 1 ~ipr1

IBs'rz-nz—l-j|= na—1—j x =
p (Er : ErnNr+n2—1—j,r(kr+nz—1—j))

|4, |pm~ 17,

Now we assume that Bﬁ'i,,z_l_ng,”z_l_j. Then there exists a€A, p,—1-;
such that a®~!#1 and a“-~V*=1. It follows from the remark mentioned below that
there exist ue Z,[Gal(k, +,,-,-;/k,)]1™ and ve Z,[Gal(k, ,,, - -j/k,)] such that

n2—1—j_

l+O’,+"'+0’,‘.’ 1‘-=(O',.—1)20+p"2—1_ju.

Hence

g A +a, 4 +alT Y A, (0, — D)o+ 4, ™

Therefore we have
a4t =,

But 4,,,,-1-; is cyclic, so it follows that ae B),,_, _; which is a contradiction.
Next, we assume that 0<t<n, —2—j. Since

X X
ErCNr+n2-—1—j,r( r+n2—1-j)ch+!,r(kr+t ’

the genus formula for k, . ,/k, implies that | B®),|=| 4,|p’. Therefore we can show that
A,.,=B"., by the above argument. This completes the proof of Lemma 2. O

REMARK. Let G be a cyclic group with generator p, and g the order of G. It is
easy to see that, for each positive integer N,

1
l+p+p%+--- +p"=(p—1)2v+?(N+ 1)(Np+2—N),

where

N—-2
v= 3 (N=1=d(p'+p'" 1+ -+p+1).

i=0

In particular, if we put N=p"—1 and g=p’, then we have

r_l 3_ r
1+p+p2+---+p”"1=(p~l)zv+p'<p2 p+ 2‘0).

We let
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p=3 ,B=p2_1 and u=fp—a.

Then it follows that
Bo—){(Bp)” ' +(Bp)” 2o+ +aF "} =p"—-a”=f—a=1 (modp).

Hence we have 7 —a” € Z;, so ue Z,[G]*. Consequently there exist ue Z,[G]* and
ve Z,[G] such that

I+p+p%+ - +p” '=(p—1D%v+pu.

In particular, for each ae 4,, a?*=1 implies that a*'=1.

ProOF oF THEOREM 1. If |D,,,|#|D,| for some n>0, then |D,,,|=p|D,|.
Therefore it is sufficient to prove that

m,>r+t+1 ifand onlyif |D,,,|=|D,]|

for 1<t<n,—1—j.
Assume now that |D,,,|=|D,|=p’ where 1<t<n,—1—j. Then we have
».% =(a, .+, forsomea, ,,€k, ., Leta,=N,,, (%, ), so that p;*»’ = (a,). Thus we obtain

Nr,O(ar"’_ 1)=Nr+t,0(atl"-:t1)e 1 +pr+t+ 1Zp .

Hence m,>r+t+1.
Conversely, we assume that m,>r+t+ 1 where 1 <t<n,—1—j. Let &, be an element
of k, such that p;*” =(a,). We then have N, o(,)? " 1el+p'+'+ 1Z,, hence

-1
af € U£')=Nr+t,r(Ur+t)

from Lemma 1. Therefore it follows that there exists «,,,€k,,, such that a?~!=
N, +1(, +,) from Hasse’s norm theorem and the product formula. Since

Nyt o0y 8 P (0, ) = 0,0 DR )P =D = (1)
we see that
PrE P o) =l
for some ideal q,,, of k,,,. This implies that DF,, = A%;;*. Hence, by Lemma 2
DPL c Al =BT =1

Since D,, has a subgroup which is isomorphic to D, for m>n>0, it follows that
|D,.|=p’=|D,|. This completes the proof of Theorem 1. O
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§3. Application to A-invariants of real quadratic fields.

In this section, we shall apply our result of the previous section to the Iwasawa
A-invariant of k. We first prove the following lemma.

LEMMA 3. Let k and p be as in Theorem 1. If A, is cyclic for all n>0 and D, is
non-trivial for some r >0, then 2,(k)=p,(k)=0.

PrROOF. Since | D, | remains bounded as n— oo from (iii), it suffices to prove that
if |D,|=|D,+|, then [A,|=|A,,| for all sufficiently large n. We now assume that
| A,] <] A,+,| for all sufficiently large n. Since k,,/k, is totally ramified at p,, Ny1 4
A,,,—A, is surjective. Thus Ker(N,,, ,) is non-trivial. Since 4, is cyclic and D, is
non-trivial, this implies that Ker(N,.,,) N D,. is non-trivial. Therefore we have
|D,|<|D,+,|, because N,,;,: D,+,—D, is surjective. This completes the proof of
Lemma 3. O

REMARK. Let K be a finite totally real extension of Q and p an odd prime number
which is totally ramified in K_ /K. If Leopoldt’s conjecture is valid for K, then | B,(K)|
remains bounded as n— oo (see [6]). Hence, in general, it follows from the above proof
that Lemma 3 holds for such a field K under the same assumptions.

From Lemma 3, we have only to consider the case | D,|=1 for some r=>0. Now
we prove the following theorem, which gives a sufficient condition for the Iwasawa
invariants 4,(k) and pu,(k) to vanish in the case n, >2.

THEOREM 2. Let k and p be as in Theorem 1, and k* =k({,) where {, is a primitive
p-throot of unity. Put A, (k*)=A,(k*)— A,((k*)*) where (k*)* is the maximal real subfield
of k*. Assume that

' (1) n2 = 29

(2 4o=1,

B) A, k"M=1,

4) |D,|=1 for some r=0.

.Then m,=r+s if and only if |D,.,|=p and | D, ., ,|=1 for 1 <s<n,—1. In particular,
if m,#r+n,, then A,(k)=p,(k)=0.

ReMARK. In [1], Ferrero and Washington proved that u,(X) always vanishes
when X is abelian over Q.

PrROOF OF THEOREM 2. Let k¥ be the n-th layer of the cyclotomic Z,-extension
k* [k* and A*=A,(k*) as defined in Section 1. Then k¥ is a CM-field, so we can
define (4*)* by the p-primary part of the ideal class group of its maximal real subfield
and (4¥)” by the kernel of the norm map from A* to (4¥)*. Since u,(k*) vanishes,
the assumption (3) implies that (4*)~ is cyclic for n>0 (cf. Cor. 13.29 in [10]). It
follows from the reflection theorem that (4*)* is cyclic, hence so is 4, for n> 0. Therefore
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Theorem 1 says that

p if t=s,

IS = 'D'“l:{l if 0<t<s

for 1 <s<n,—1. We have finished the proof of our theorem. O

REMARK. When n,>3, we can replace the assumption (3) of Theorem 2 by the
following:

(3") Ag is an elementary abelian p-group.
Indeed, under the assumption (2) of Theorem 2, this assumption (3') implies that A4, is
cyclic for n >0 (see [4] or [6]). Hence, applying Theorem 1, we obtain the above result.

By the way, in the proof of Theorem 2, we used the Ferrero-Washington theorem.
But if we replace (3) by (3'), then it follows immediately that A (k)= p,(k)=0 without
using the Ferrero-Washington theorem.

In the above theorem, the assumption (2) implies that | D, |=1, so we can put r=0.
Therefore we obtain the next corollary.

CoroLLARY (Fukuda-Komatsu [4]). Let k, k* and p be as in Theorem 2. Assume that
(1) ny#n, (i.e, 1<n,<n,),
(2) AO = ls
@) 4 (kM=1.
Then we have A,(k)=p,(k)=0.

REMARK. By this corollary, we know that we need not define m, when n,#n,.
However, the invariant m, plays an important role in Theorem 1, and also in Theorem
2 when n;, =n,>2.

Appendix. Another proof of a special case of Theorem 1 in [4].

In this appendix we treat the case n,=1 and give another proof of a special case
of Theorem 1 in [4]. _

Let X be a finite totally real extension of Q and p an odd prime nymber which
splits completely in K. We will denote by K, the n-th layer of the cyclotomic Z, p-extension
K /K, and 4,(K), E,(K) etc., will be as defined in Section 1. When Leopoldt’s conjecture
is valid for K, Greenberg [6] proved the following results:

@iv) B, (K)=D,(K) for all sufficiently large n < A(K)=pu,(K)=0,

(v) |B,(K)| remains bounded as n— oo.

First we consider the case where K has the following property:

(*) For all n>0, every unit of K, which is a p-adic p"-th power for every prime
ideal p of K lying over p, is actually a p"-th power in K.

Here we note that Leopoldt’s conjecture is valid for K which has the property (*).
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In fact, Leopoldt’s conjecture is equivalent to the following statement: For each positive
integer s, there exists a positive integer ¢ such that if a unit ¢ of K is a p-adic p’-th
power for all prime ideals p of K lying over p, then ¢ is a p*-th power in K. We first
prepare the following lemma.

LEMMA 4. Let K and p be as above. Assume that K has the property (*) and
Ao(K)=Do(K). Then we have A,(K)=pu,(K)=0.

PROOF. Let ce B,(K) and a an ideal of K, such that aec. Then we have o ™! =(«)
for some x € K,,, where p denotes a generator of Gal(K,/K). Let e= N, o(), then clearly
g€ Ey(K). Thus ¢ is a p-adic p"-th power for every prime ideal p of K lying over p by
local class field theory. It follows from the property (*) that ¢ is actually a p"-th power
in K, namely e=¢§" for some g,€ Eo(K). Therefore we have N, o(a)=N, o(co), so
N, o(aeo~1)=1. Hilbert’s Theorem 90 implies that

ag, l=pF"1 for some BeK) .
It is easily shown that a(f~!) is a Gal(K,/K)-invariant ideal and a(f~') is contained
in ¢. Thus we have c e B(K), which implies that
B,(K)=B,(K) .
On the other hand, since i, ,(Do(K)) = D,(K), it follows that

B,(K) =1i0,,(Ao(K)D(K) = i (Do(K))D,(K) = D,(K)

for all n>0. Therefore

B,(K)=D,(K) .
Now Lemma 4 follows immediately from (iv). O

Applying the above lemma to real quadratic fields, we obtain the following special
case of Theorem 1 in [4].

PROPOSITION (Special case of Theorem 1 [4]). Let k be a real quadratic field and
P an odd prime number which splits in k. Assume that

1 ny=1,

(2) Ay,=D,.
Then we have 2,(k)=p,(k)=0.

PROOF. By the assumption (1), we have e~ ! #1 (mod p*Z,). It follows from local
class field theory that ¢?~! is not a p-adic (resp. p’-adic) p-th power, hence ¢ is not also
a p-adic (resp. p’-adic) p-th power. This shows that k has the property (*). Lemma 4
then implies that 4,(k) = pu,(k)=0, finishing the proof of our proposition. O
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ADDENDUM. We found out a computational error in Theorem of [5]. For

k= Q(\/ﬁ), we calculated n,, n, and obtained n; =2, n, =3. Hence the lemma in [5]
can not be applied to k= Q(\/ﬁ), so we do not know whether 1;(k)=0 or not. Dr.
T. Fukuda told the author that E, ,(E,)= E,, which is one of assumptions of the lemma
in [5], is sure to hold.
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