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Abstract. In the present paper we extend the study in [3]. Let ¥/(¢&, 5, {) be a harmonic homogeneous
polynomial of degree s=20>4 in three variables &, n, {. Then the bi-symmetric tensor C of bi-degree (s, 5)
satisfying

!/I((le, U>’ <.12W, U>, <J3W, v>)=C(U, T, Uy W, e, W)

identically belongs to the linear space W(3,s) of isometric minimal immersions of the three-sphere into
spheres. The purpose of the present paper is to study such tensors C and to state some related topics.

1. Introduction.

Isometric minimal immersions of spheres into spheres were studied by M. do
Carmo and N. Wallach [1]. They established a theorem which is fundamental in the
study of such immersions. In [1] we can see that such immersions can be regarded as
f: 8™(1)-S""(r) where n and r depend on m and a natural number s which is the
order of the spherical harmonics on S$™(1) inducing f, thus

n=n(m, s)=Q2s+m—1)(s+m—2)!/(si(m—1)!),
r?=(r(m, s))>=m/(s(s+m—1) .

In the present paper the set of such isometric minimal immersions is denoted by
IMI(m, s). From an immersion f € IMI(m, s) we get a set of immersions by the action
of the group of isometries of S"~1(r). This set is called the equivalence class of f and
is denoted by eq(f). There exists a linear space W{(m, s) with a compact convex body
L(m, s) such that to any set eq(f) there corresponds just one point of L(m,s). We
consider only cases m>3, s>4 since W{(m, s) is nothing but one point only if m<3 or
s<4.

We can regard W(m, s) as a linear space of some tensors [2], [4], [6]. Any point
C of W(m, s) is a harmonic bi-symmetric tensor of bi-degree (s, s), namely C is a tensor
of degree 2s on R™*! satisfying the following conditions (i), (ii), (iii). In addition C
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satisfies the condition (iv).

(i) C@q, """, 05 0145 * " Uyg) is symmetric bothinv,, - -, v;and invy 4, =, Uy,

(i) Cw, -, v;w, -, w)y=Cw, -, w;v, -, 1),

Gi) Y Cles,env, -, v3w, -, w)=0,

Giv) Cw,w,v, - -, 030, -, 0)=0.

Here v,, - - -, v,,, v, w are arbitrary vectors of R™*! in which S™(1) is embedded as the
unit sphere and {e,, - -, €,,4 1} is an orthonormal basis of R™*!. (iv) is equivalent to
Cw,v, - -, ;w0 -+, 0)=0.

In §2 various formulas used later are explained. The isometric minimal immersions
considered here are general ones, restricted somewhere only by s=2¢. In §3 we consider
a homogeneous polynomial Y (&, 7, {) and try to find the condition for ¥ to be related
to an element of W(3, s). Thus we find a mapping of V(2, s) into W(3, s), where V (2, s)
is the linear space of harmonic homogeneous polynomials of degree s in three variables.
Here s must be even and this mapping is denoted by J*. In §4 contraction of the elements
of W(3,s) obtained in §3 is discussed. In §5 a mapping I* having almost the same
property as J* is defined and some properties of them are studied. In §6 inner products
are defined for the elements of V(2, s) and those of W(3, s) respectively and their relations
to J* and I* are studied. §7 is devoted to elevation of elements of J*¥(2, s). In §8 some
properties of geodesics of isometric minimal immersions associated with J*¥(2, s) are
studied.

2. Preliminaries.

Let C be a point of L(m, s) and an isometric minimal immersion f,, ; associated
with C be expressed by

IROEDWEON

where u=Y """ e, is the unit vector of R™* ! indicating a point of S™(1) and {&,, - - -, &,}
is a fixed orthonormal basis of R" in which S"~1(r) is embedded with center at the
origin of R”. Then f4 (A=1, - - -, n) are spherical harmonics of degree s and there exists
a set of symmetric harmonic tensors F4 of degree s such that

Fi(u, - -+, u)=f4(u) .

This means that, to an isometric minimal immersion f,, ; there corresponds some set of
n symmetric harmonic tensors {F!, - - -, F"} satisfying

@ Sust)= 3 FAWE,.

Let V(m, s) denote the linear space of symmetric harmonic tensors of degree s on
R™*!. Then dim ¥V(m, s) =n(m, s) is the number already mentioned. Let {H?, -- -, H"}
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be any orthonormal basis of V(m, s). Then there exists an isometric minimal immersions
h,, s such that

(2.2) P )= Y, HAwé,.
A=1
This immersion is called a standard minimal immersion.

REMARK. That {H?, ---, H"} is an orthonormal basis of ¥(m, s) may be inter-
preted as follows, ’

j H4(uw)H®u)dw,,= c518 ,
M

where M is S™(1), dw,, is the volume element of S™(1) and
c=(r(m, 5))*> Vol(S™(1))/n(m, s) .
At the same time H“(u) satisfy

S (HAW) =1,
A=1

when u is any unit vector of R™*1. For the details see, for exaniple, [2] §5.
From tensors F4 and H“ we can construct tensors

YFAQF4A, Y HAQH*.
A A

Here and in the sequel ), is the abbreviation of Y, _,. These tensors are harmonic
bi-symmetric tensors of bi-degree (s, 5). As it is easy to see, these tensors do not change
if f,,.s and h,, ; are replaced by feeq(f,.) and heeq(h, ) respectively. The harmonic
bi-symmetric tensor defined by

(2.3) C=)FA®F4-Y H*® H*
A A
satisfies the isometry condition (iv).

For harmonic bi-symmetric tensors see §2 of [7]. The set of harmonic bi-symmetric
tensors of bi-degree (s, s) is denoted by B(m, s). If s=20, the unit tensor Ue B(m, s) is
defined by

a

(2.4) U; w)= Y, u, v, w)*~2P{v, 0)Pw, w)P,
p=0
where u,=1 and u,, - -, u, satisfy

(=2p+2)(s—2p+Du,_+2p2s+m—2p—1u,=0.

The following relation between U and any standard minimal immersion is often used,
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(2.5) cU=YHA®Q H*,
A
where ¢’ is the number such that
ac' =r?, a=y u,.
p=0

When B is a bi-symmetric tensor of bi-degree (s, 5), B, (v, w) is defined by
(2.6) B, (v,w)=B(v, - -, 0,w, -, w0, ", 0, W, W),

where in the right hand side w appears p times before the semicolon and ¢ times after
the semicolon. If we consider only orthonormal pairs {v, w}, U, ,(v, w) does not depend
on the choice of the pair. Then we can write

2.7 Up.q(v’ w)= Upg -

3. Some elements of (3, s) obtained from a polynomial y/(¢, n, () and J,, J,, J;.

First we define orthogonal transformations J, (A=1, 2, 3). Let us fix an or-
thonormal basis {e,, e,, €3, e,} of R*. For a=(a', a®, a®) € R3, linear transformations
J,=a'J,+aJ,+a%J, are defined by

J.e,=—a'e,+a*e;—a’e,,
Je,=a'e,—a*e,—a3e, ,
J,es=—a'e,—a’e, +a’e,,
Jea=a'es+a’e, +ae; .
I, satisfy JoJy= —JaJy=Jy, Jady = —JJy=Jp, J\Jy= —JyJ, =J3, and o= —1 (A=
1, 2, 3).
Let Y(&, n, {) be a homogeneous polynomial of degree s in three variables &, n, {

and let us suppose that there exists a harmonic bi-symmetric tensor B of bi-degree (s, s)
satisfying

(3’1) ¢(<J1w’ U>, <J2W, U>, <J3W, U>)=B(U; W)
for arbitrary vectors v, w of R*. Here B(v; w) is the abbreviation of B(v, - - -, v; w, - - -, w).
As we have {J;w, v) = —{J,;v, w), s must be even and we put s=20.

From (3.1) we get

oy oy oy

sB(e;, v, - -, 03w, -, W)=a—é<J1W, ei>+‘a—”‘<-’2W, ;) +7‘:‘

This formula is the result of replacing v by v+ te;, t€ R, and differentiating the resulting
formula with respect to ¢ at t=0. Such means are often used hereafter. For the sake of

{Jaw, € .
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convenience we put £=¢&,, n=¢,, {=¢&; and rewrite the above formula as follows,

(3.2) sB(e;, v, - -, v;w, ---,w)=2§;—ll—<hw, e, .
A p)

Then following a similar process we get

o2 |
S(S_ 1)B(eia ejs U, """, U5W, *° ", W)= z —‘/I <‘]lw’ ei><Juw9 ej> .
Au aélaéu
Putting j=i and summing for i=1, 2, 3, 4, we get
02 0? 02
P
o0& on ¢

since we have
Z Iaw, eI w, e =<CJ;w, J W) =0,,{w, w)

and B is harmonic.
On the other hand the tensor Bsatisfying (3.1) satisfies B(w, w, v, - - -, v; v, - -+, v)=0
if 0 >2. Hence we get the following theorem.

THEOREM 3.1. Let Yy (&, n, {) be a homogeneous polynomial of degree s=20>4. The

bi-symmetric tensor B of bi-degree (s, s) satisfying (3.1) is a harmonic one if and only if

Y is a harmonic homogeneous polynomial. Moreover in this case B belongs to the linear
space W(3, s).

This theorem states that there exists a mapping J* of V(2, s) into W(3, s).
DEerFINITION 3.2. J¥*: V(2, 5)- W(3, 5) is the mapping such that

(3.3) Y (1w, 03, {Jow, 03, Jsw, 03)=(TY)(v; w) .

4. Contraction.

DEFINITION 4.1. Let C be an element of W(m, s). There exists an element C! of
W(m, s—1) such that

Clv;w)=Y.Cle;, v, - -, 05w, -, w, e) .

C! is called the contraction (reduction) of C [5].

We consider Ce W(3, s) stated in Theorem 3.1, hence
C(U, W)=|l/(<J1W, U>, <J2Ws U>, <J3W, U>) .

From this we get
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0
sCle;, v, ", 03w, "+, w)=z v {Iw, e .
2 0,
Replacing w by w+ te; and differentiating with respect to ¢, we get
2 0%y
§ C(eiav’ LU W, “"w’ej) Z <J}.W e>< u,,v>+z <J}.ejaei>
ap 08,08, ¢a
and then
2 0%y
s ZC(ei,U,"',U;W,"',W,ei)= Z Z(le,e><./v €l>
i aélaf“ i

Since we have
Z K, ei><Jpva e+ <JMW, e;)<{Jyw, &))=<Jw, Juv> + <J,4Ws Jv) =2y, w>5lu )

we get

Y. Cle,v, - 05w, -, w,e)=0.
i

Thus we have the following theorem.

THEOREM 4.2. Any element of J*V(2, s) vanishes by contraction.

5. The mappings J* and I*.

Let M, : R*— R* be the linear transformation such that M,e;=e; fori=1,2, 3 and
M,e,= —e,. Then I, (A=1, 2, 3) defined by

Il=M4JAM4

Satisfy 1213= _I3IZ=II’ 1311 = —III3=12, 1112= —12]1=I3, I%= - 1, and J),I"=I“IA.
It is easy to prove the following theorem.

THEOREM 5.1. There exists a mapping I* : V(2, s)> W(3, s), s=20 >4, such that
Y(KIyw, vy, {Iw, v), 3w, V3) =(T*Y)(v; W)
holds with every Y e V(2, s) and Iy € W(3, s).

The contraction of I*y also vanishes.

Let I,=J, be the identity transformation and a=(a°, a*, a?, a®) € R* be such that
(@®)? + (a')? +(a®)? +(a®)*=1. Then the sets {I,=a’l,+a'l, +a*I,+a*l,} and {J,=
a®Jy+a'J, +a*J,+a>J,} are subgroups of SO(4), which are denoted by O, and
0,, respectively. We get, in view of J,I,=1,J,,
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(I A w, Lyy> =), Lw, v)={J,w, v>.

This proves that every element of J*V(2, s) is invariant by the action of O; [5]. In such
a way we get the following theorem.

THEOREM 5.2. Every element of J*V(2, 5) (resp. I*V(2, 5)) is invariant by the action
of Oy (resp. Oy).

Clearly the mapping J*¥ is linear. In order to show that J* is an injection, it is
sufficient to prove that the y € V(2, s) satisfying

YT w, 03, {Jpw, v, {J3w, v))=0
identically is nothing but y =0. To prove this, let us take v and w such that, for example,
v=—Ce,+nes—Les+aey w=e;,
where &, n, { are considered to be arbitrary. Then we have
Y((Iw, v, {Jw, v, {J3w, V) =Y(&, 1, {)
and hence Y =0 identically, which proves that J* is an injection.

DEFINITION 5.3. Wj(m, s) is the linear subspace of W(m,s) consisting of all
elements of W(m, s) with vanishing contraction.

Then we get the following theorem.

THEOREM 5.4. J* and I* are injective linear mappings of V(2,s) into Wy(3,s)
respectively.

6. Inner products and :I", I’

Let ¢, and ¢, be elements of V(2, 5), s=20, where

Yi(&y, s, 63)=AM”'A’§;.1 s Y&y, &as 53)'—'311."}"51, &,

DEFINITION 6.1. The inner product {y,, ¥,> of the polynomials y; and ¥, is
defined by

Yy, Y5 =Al'mlsB}.1---As

where B;,...;, =B*"%.

DEFINITION 6.2. Let C, and C, be elements of W(m,s). The inner product
C,, C,> is defined by

<C1’ C2> =Z* Z* Cill"'is’jl"‘fscizl‘“iss.il"‘js ’
i J
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namely
<C1, C2>—— E * E * Cl(eil, c ei.; ejl, tt Ty, eJ')x Cz(el'l, tt ei’; ejl, tt, ej’) N
i

where

m+1 m+1
* __

k k1=1 k,=1

Now we consider the case m=3, s=2¢ and inquire into the relation between
<¢13 ‘/’2) and <C1, C2> when

l/’a(("lwa v>’ <J2W, U>, <J3W, U>)= Ca(v; W) H

where a=1, 2. In order to get the formulas of {y,, ¥,> and {C,, C,) it is desirable to
rewrite the formula written above, namely

l/lﬁln.l'(]hw, vy <Jl’w, V)= C,(v; w)

in a precise form
(S!)_ZZZ'//i""l’<J;.,WQ(1)a vpy) I, Woesy Vpisy) = CalV1, ** 75 U Wy, =, W),
P Q

where each of P and Q is a permutation of 1, - - -, 5. Since Y% is symmetric with
respect to 4,, - - -, 4, the left hand side can be rewritten

(S!)_l%:'/’ﬁ‘ml'(J).,WQu)a vy '<JA,WQ(s), V) .

In order to get <C,, C,), we must replace v, by ¢; and w, by e; where r=1, ---,s.
Now we can find the relation between {C,, C,)> and {y,, ¥, following the method
used in [3] pages 344, 345. Though s is an even number >4, the way of deduction is
similar to the case s=4. Thus we get for each permutation P the number ¢, satisfying

cp=7p¥1,¥2),

where 7, is a number depending only on P. Hence we get
C1, C> =(S!)“(§vp)<!/11, 290

and this proves

(6.1) TNy, J’¢2>=(S!)_1<;yP><lpla ¥,

(6.2) 'Yy, 1‘!//2>=(S!)'1(§7p><'/l1, V2 -
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On the other hand we have {J*y,, I*{/,>=0. The proof is almost the same as that
in the case s=4 (see [3] pages 345, 346).
Thus we get the following theorem.

THEOREM 6.3. Let , and y, be elements of V(2, s). Then we have

TN, J#¢2>=(S!)_1(;VP><¢’1’ V2

Iy, I#'//2>=(S!)—1<Z:VP><‘/’1» V),
<J#l/’1, I#|l’2>=09

where yp is a certain number depending only on a permutation P of 1, - - -, s.

This theorem may be considered as another proof of Theorem 5.4.

COROLLARY 6.4. If Y, - - -, Y, are linearly independent in V(2, s), then Jhy, - - -,
T, Py, - -, I*, are also linearly independent.

7. Elevation.

Let us consider an element C of W(m, s) which satisfies
(71) C(W,U,"',U;W,"‘,W)=0

for any v, we R™*!. Then for any natural number k there exists a sequence a,, a,, * * *, a,
where e=[k/2] such that C,, which is a bi-symmetric tensor of bi-degree (s+k, s+k)
defined by

e

(7.2) Culv; w)= Y, a,{v, w)*~ 7o, v)w, wHPC(v; W) ,

p=0
belongs to W(m, s+k). Since C, must be harmonic, a, are determined by
(7.3) (k—2p+2)k—2p+Da,_; +2pQRs+m+2k—2p—1)=0,

where a, can be chosen arbitrarily.
As it is easy to see, C, satisfies the condition (iv) in §1 and we can state the following
theorem.

THEOREM 7.1. Let C be an element of W(m, s) which satisfies (7.1) and a, (p=0,
1, - -+, [k/2]) be constants determined by (7.3) for a given natural number k. Then
bi-symmetric tensor C, of bi-degree (s+k, s+k) given by (7.2) belongs to W(m, s+k).

DErFINITION 7.2. The tensor C, stated in Theorem 7.1 is called an element elevated
from C.
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If Ce W(3,s) belongs to J*V(2, s) or I*V(2, s), then C satisfies (7.1). Therefore
we have the following.

COROLLARY 7.3. Let C be an element of J*V(2,5) or I'V(2,s) and a, (p=0,
1, -+, [k/2]) be constants determined by (1.3). Then C, given by (7.2) belongs to
W@, s+k).

8. Geodesics.

We consider geodesics in minimal immersions of S* into spheres where the
immersions f; ; are those associated with J*V(2, s) or I*V(2, s5). Thus a geodesic is the
image in f3 ((S3(1)) of a great circle

u(ty=acost+b sint

of S3(1), where {a, b} is an orthonormal set of vectors of R*. As we consider the
geodesic as a curve

X(n= Y X*1eé,
A=1
in R", we can put
XAO=FAu@), -, u(®) .
Since we can follow almost the same way as in [7], we can omit some formulas
stated in [7] though s is now an even number >4. Let us define V,(¢) by

V(=) FiAne,,
A=1
where

Fi()=FAu(®), - -, u(®), w'(t), - - -, u'(1))
is of degree p in u'(?). V() satisfy

dv,
dt

=(s—p)V,+1 —PVyo1,

which is the result of »”(¢f)= —u(¢). Then as it is stated in [7], we have

dx(z)

X =Vo), - =@,

(0
dr?

=—sVo()+s(s—DV,(),
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d>X(t
dt§ ) = (=352 4+25)V () +s(s— D(s—=2)V5(1),
or
deX(t) P
v qgo Tpa¥2dl0);
d2p+ 1X(t)

4
= Z bp,qV2q+1(t) ’
q=0

dt2p+1

where a,, and b, , are some polynomials with respect to s. We define ¥V, (¢) by
Vo) =<V (0, V(1)) = ; F{()F}(1).

Then we get
Var()=Co (u(2), u' (1)) + c'uy,

from (2.3), (2.5), and (2.7) (for the details see [7]).
Because of s=20 we have
dX(1) oot X0 _°5

1
= L G D FSVAD o= 2 beaV e

This shows that d**1X/dt**! is a linear combination of dX/dt, - -+, d*~'X/dr*~*. The
Frenet formula of a geodesic considered as a curve in R" is therefore written

dX - di di,

. 1 . . .
=i, —=kii,, —=—kyi;+k,i;z,
dt 1 dt 12 dt 11 283
di;_, : . di .
‘_?sit_‘___ks-—2ls—2+ks—lls’ “d_ts—=—ks—11s—1 .

First we get from ki, =d>X/dt?
(k)? =52V 0— 25— 1)V, +5*(s—1)2V ;5
and hence
(k)2 =5{c"ug o —2(s—1)c'ug 5+ (s—1)2c'uy , + (s — 1> C, ,(u(®), u'(1)} -

Now let us consider the property of C, (u(), «'(t)) when C belongs to JV(2,s)
or I*V(2, 5). In view of (3.1) and {J,v, v) =0 we have

C,(v,w)=0 if p+qg#s,
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hence
CM(u(t), u'(1)=0 if p+qg#s.

Then, in view of

—dd7 Cp,s —p(u(t)a ul(t)) = (S —p)cp +1,s —p(u(t)a ul(t)) +pC S—p+ l(u(t)3 u’(z))

_pCp - 1,s—p(u(t)’ u’(t)) - (S _p)C S—p— l(u(t)’ u,(t)) =0 ’

we can see that every C, ,(u(?), 4'(?)) is independent of ¢.
This proves that k, does not depend on ¢. Calculation similar to that performed
in [7] results in the following theorem.

THEOREM 8.1. Let I'= f(y) be a geodesic of f;(S*(1)), where f,, are isometric
minimal immersions associated with J*V(2, s) or I*'V(2, 5s) and k,, - - -, k,_, be curvatures
of I" when it is considered as a curve in R". Then the curvatures are constants which depend
on the geodesic.
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