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Defining Ideals of Complete Intersection
Monoid Rings
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In this note, we will extend Delorme’s result about monomial curves [1] to
Z"-graded rings. To do this, we will define an ideal I(}) associated with a submodule
V of ZN. It is generated by polynomials associated with vectors of ¥ (see §1). And we
have various examples of such ideals, e.g., defining ideals of monomial curves, that
of Z"-graded ring, and an ideal generated by 2 x2 minors of a matrix. In general,
htI(V)=rank V, I(V) is not necessarily prime, and we will give a condition that I(}V)
is prime (Proposition 1.3).

In section 2, we will give the condition that 7(¥) is a complete intersection ideal when
V is contained in the kernel of a map Z?— Z1 consisting of positive integers (Theorem
2.4). And we give a proof of the Delorme’s result that any complete intersection monomial
curve in A" is induced by a complete intersection monomial curve in 4"~ (Corollary
2.5). We also show that if rank V<N —1 and if I(V) is a complete intersection, it is
generated by a part of a minimal generating system of a complete intersection
homogeneous ideal of height N—1 of the form I(V’) (Theorem 2.10).

1. Definitions and preliminaries.

Let A=k[X,, - - -, Xy] be a polynominal ring over a field k. For ve Z", we denote
the i-th entry of v by ¢,(v), and put '

Fu@)= TT x7
ai(v)>0

F.@o)= 1 X;=©

a:i(v)<0
Fv)=F_(v)—F,.(v).

(If 6,(v) <O for all i, we put F,(v)=1. And if ¢,(v) >0 for all i, we put F_(v)=1.) For
a submodule V of rank r of Z¥ with 0 <r <N, we define an ideal I(V) of 4 generated
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by F(v) for all ve V. Note that V is torsion-free of rank r hence isomorphic to Z’.
Let B=k[X{!, ---, X§!]and V={(v,, - - -, v,) (this means that V is generated by

vy, * ", v,). We claim that an ideal I(V)B=I(V)®B in B is generated by F(v;) for

1 <j<r. For, since any vector in V is a linear combination of v;, it is sufficient to prove

F(dw)e(F(w)),  F(wy+wy)e(F(w,), F(w,)).
The first assertion is clear. And
1—F_(wy+wy) 1F,(w;+w,)
=1—F_(w) 7 'Fy(W)F_(wy) "' Fy(wy)
=(1—F_(w) 'F (W) +F_(w) 'Fo(w))(1 = F_(w;) "' F (W)
&(F(w,), F(w,)) .

Hence the second assertion is proved. And we notice that, if F(v,), - - -, F(v,) generate
Iv), vy, - -+, v, generate V.

Next, we have rankCoker(V —s Z¥)=r'=N—r. Hence it is of the form Z~ ‘T
where T is a torsion module. Then we have the following commutative diagram,;

0O—sV—2Z¥N . Z"®dT—0

I I

00—V —s2Z¥ —» Z°" —0,

where V’'=Ker¢.
Let ¢ =(n,,) and p a homomorphism from B to k[¢t{?, - - -, '] which sends X; to
[ [ ¢ for each i. Then F(v) is contained in Kerp for any ve V. For,
p(F@)=p(F-()(1 —F_(v)"'F,(v)))
=p(F_())p(1 -] X7'®))=0.

We can regard B as a group algebra k[Z"]. Then I(V)B is the kernel of the group
algebra homomorphism B—k[Z"/V], which is induced from the group homomorphism
ZN-2ZN/V. Since dimk[Z¥/V]=rank Z¥/V=N—r, we have htI(V)B=r. Hence

PROPOSITION 1.1. LetV < ZN be asubmodule of rankr,0<r<N. ThenhtI(V)=r.
For later use, we prove a lemma;

LeMMA 1.2. Let V < Z¥ a submodule of rank r where 0<r<N. If IV)+(X,) is
a proper ideal in A, it is of height r+1.

PrROOF. Since I(V)Bn A=I(V) and since X, is a unit in B, X, is not a zero
divisor on A4/I(V). Hence the assertion is clear. : Q.E.D.

By the definition of I(V), we have
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PROPOSITION 1.3. Let V be a submodule of Z¥ of rank r. Then I(V) is prime if and
only if there is a surjective homomorphism ¢ : Z¥N—ZN~" with V=Ker¢.

2. Complete intersection ideals.

For ¢ =(m;)eHom(Z", ZY"), we say that ¢ is positive if m;;>0 for any i, j and
Y m;;>0 for each j. For ve Z¥, we say that v is usual if there are i, i’ with ¢;(v)>0
and o (v) <0.

In this section, we assume that V is contained in Ker¢ where ¢: Z¥—>2Z" "is a
positive homomorphism. Then I(¥V) is a homogeneous ideal in a positively multigraded
ring A=k[X,, - - -, Xy]. And there is a minimal generating system of I(¥) consisting of
polynomials of the form F(v) where v is a usual vector.

We say that the signatures of z and z' (z,z'€Z) are the same if zz’>0. For
vy, -, v,€ V, we consider the condition

(*) for any s (2<s<]/), for any numbers i,, - - -, i; and j,, - - -, J,, there exists m such
that the signatures of o;,(v; ) are the same for /=1, ---,s.

PROPOSITION 2.1. Let V be a submodule of Z~ of rank r and assume that there are
vy, * **, 0, € Vsuch that I(V) is generated by F(v,), - - -, F(v,). Thenvy, - - -, v, satisfy (*).

Proor. We fix s. By renumbering, if necessary, we may assume i;=j,=/ for
I=1, ---,s. Assume that for any m (1 <m<s), there exist i,, i,, such that o; (v,)>0,
o (V) <0. Then F(v,) is contained in the ideal (X, X; ). Consider the ideal
J=IV)+(X,, - - -, X,). By Lemma 1.2, we have ht(Z(V)+(X,))=r+ 1. Since J contains
it, we have htJ>r+1.

On the other hand, F(v,) is contained in the ideal (X,, - - -, X;) for any m. Hence
uw(J)<r+s—s=r. This contradicts htJ>r+1. Q.E.D.

In section 1, we proved that in a Laurent polynomial ring, F(v, +v,) is contained
in the ideal generated by F(v,) and F(v,). But in a polynomial ring, it is not always
contained in (F(v,), F(v,)). In [2], the following lemma is proved.

LemMma 2.2 ([2, Lemma 1.2]). Letv,v,,v,€V.
(1) For any de Z, F(dv) is contained in the ideal (F(v)).
(2) F(v,+v,)e(F(vy), F(vy)), if there is no pair (i, i") such that

o,(v))<0, 0,(v,)>0, andthat o;(v,)>0, 0;(v;)<0.

PROPOSITION 2.3. Assume vy, - -, v,€ V satisfy (*) and let V' ={v,, - - -, v;). Then
I(V") is generated by (F(v))); < j<i-

PrROOF. We prove the assertion by induction on /. It is obvious if 7=1. Assume
I>1. Let J=(F(v))), < ;<;- For w=) djv;e V, we claim that F(w) is contained in J. By
induction hypothesis, if some d;=0, F(w) is contained in J. So, assume d;#0 for all j.
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If necessary, replace v; by —v;, then we may assume d;>0 for all j.

If F(w) is contained in the ideal (F(v;), F(w—d;v;)) for some j, it is contained in J
by induction hypothesis. Hence we also assume F(w) is not contained in (F(v)),
F(w—djv))) for any j.

Since F(w) ¢ (F(vy), F(w—d,v,)), there are i,, i, such that

0;,(v1)>0, 0,,(v,) <0,
a‘l(w-‘dlvl)<0, o‘,z(w—dlvl)>0‘

Say i, =1, i, =2. Since a,(w—d,v,)>0, there is j such that g,(v;)>0. For, w—d,v, =
dzvz"" tet +d,v, and dj>0. Say]=2.
Since F(w) ¢ (F(vy), F(w—d,v,)), there is i such that

0','(02)<0, O'i(w—dzvz)>0 .

If i=1, v,, v, do not satisfy (*), a contradiction. Hence i>2. Say i=3. As the same
argument as before, there is j#2 such that g3(v;)>0. If j=1, v,, v; do not satisfy (),
a contradiction. Hence j> 2. Say j=3.

Repeating this process / times, we have

O'i(v‘)>0, a(+1(v()<0, for i=1, tecy, I-1.

Then, since F(w)¢(F(v), F(w—d,v))), there is j#! such that o,(v;)>0. Then vy, - - -,
do not satisfy (*), a contradiction. Q.E.D.

From Proposition 2.1 and Proposition 2.3, we have

THEOREM 2.4. I(V) is a complete intersection if and only if there exist vy, - - -, v,
satisfying (») which generate V.

In the case of rank V=N—1, we have

COROLLARY 2.5 (Delorme [1, Lemma 6]). A complete intersection monomial

curve is obtained from unimodular vectors of less length than N, which define complete
intersection monomial curves, respectively.

We will give a proof: Assume V=Keru where u=(n,, : - -, ny) is a unimodular
vector of length N whose entries are positive integers. Then I(V) is the defining ideal
of a monomial curve. Since rank ¥=N—1, for each i, there is v with ¢,(v)<0 and
0;-(v) >0 if i#i’. Hence I(V) contains polynomials of the form X; *®—J],., X&®.
Then, if I(V) is a complete intersection, its generating system must contain a polynomial
of the form X7'— X7". Hence we may assume o,(v,)= —a,, 6,(v,)=a, and o;-(v,)=0
otherwise.

Now let d be the g.cd. of n,,n,. Then a,=d 'n, and a,=d " 'n,. Put v'=
(d, ns, - - -, ny) be a positive unimodular vector of length N—1 and V'=Keru'. And
consider a map ¢: Z¥—-2Z"~! which sends e, to a,e,, e, to a,e, and ¢; to e;,_, for
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i>3. Then ¢(V)=V' and ¢(v,), - - -, ¢(vy_,) satisfy (x). Hence I(V') is a complete
intersection by Theorem 2.4. Therefore an ideal I(¥) is obtained from unimodular
vectors ' and (d " !n,, d " !n,), which define complete intersection monomial curves,
respectively. Q.E.D.

Now we investigate the case r<N—1.

LEMMA 2.6. Let v, -+, v,€ ZN be usual vectors satisfying () and assume N > 3.
If I<N—1, there are i, i’ with ¢;(v;)o;(v;) 20 for any j.

ProOOF. We prove the lemma by induction on N. If N=3, we have /=1 and the
assertion is clear. In general, we assume that ¢, (v,)>0 and oy (v,) <0. For each j, let
v; be the image of v; by the map Z¥ —Z"~! which sends ¢; to ¢; (i=1, - - -, N—1) and
ey to e;. Then v}, - - -, v] satisfy (). Hence, by the induction hypothesis, there are i, i’
with ¢,(v))0; (v)) 20 for j>2. And g;(v))0; (v;) 20 for j>2.

Ifi=1and g, (v,) >0, then 7, (v,)0,-(v;) >0 and the assertion is proved. If i=1 and
g;-(v,) <0, then oy(v,)0, (v1)>0. And o,(v)oy(v;) =0 for j=2, since v,, - - -, v, satisfy
(*). Thus oy(vj)o;(v;) 20 for j>2, and we obtain the result.

If i,i’>1 and o,(v,)0;-(v,)=>0, the assertion is clear. Assume o,(v;)>0 and
6;-(v,) <0. Then o, (v))a;-(v;) >0 for j > 2 since v,, v, satisfy () and o,(v,) >0, 0 (v,) <O0.
Thus o,(v;))0;(v))=0 for any j, since o;(v))o;(v))=0 for j=>2. This completes the
proof. Q.E.D.

PROPOSITION 2.7. Let vy, -+, v,€ Z"N be usual vectors satisfying (»). If r<N—1,
there are usual vectors v,,,, -+, vy, €Z" such that v, - - -, vy_, satisfy (»).

Proor. By Lemma 2.6, there are i, i’ with o,(v;)0,-(v;) =0 for any j. We choose a
vector v,,, with 6;(v,,,)6,(v,+,)<0 and 6;(v,,,)=0 if i”+#i,i’. Then vy, - -, 0,4+,
satisfy (x). We can repeat this process N—r—1 times. Q.E.D.

LEMMA 2.8. Let ve Z" be a usual vector with ,(v)=0 if i>s. Then there are a
positive surjective homomorphism . Z¥N -ZN~1 with Yy (v)=0 and Y (e;)=¢;_, if i>s.

ProOF. Let d be the g.c.d. of 6,(v), - - -, 0,(v). Since v is usual, there is a positive
matrix MeGL,(2Z) with M(d 'v)=e,. Then M induces a positive surjective
homomorphism f: Z*—»2Z*~! with f(v)=0:

-1
0—z® bz b -1,

| [

0—sZ- -2 28 257 0.

Now ¢y = p 0 satisfies the condition of the lemma. Q.E.D.
0 Ey_,
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PROPOSITION 2,9. Let vy, ---,v,€Z" be usual vectors satisfying (») and V=
{vy, "+, v,). Then rank V=r and V is contained in the kernel of a positive surjective
homomorphism.

Proor. We will prove the assertion by induction on r. It is clear, if r=1. Assume
r>1. Since vy, * -+, v, satisfy (), there is some j such that for each j’'#j, we have
o;(vj)oy(v;) =0, for i, i' with g;(v;)o;(v;)#0. Say j=1 and assume o;(v,)#0 if i<s
and 6;(v,)=0 if i>s. Note s<N. Applying Lemma 2.8 to v,, there is y: ZN->Z¥"1 a
positive surjective homomorphism with ¥ (v,)=0 and y(e)=e;_, if i>s. Then
Y (v,y), - - -, ¥ (v,) satisfy (x), hence by induction hypothesis, they form a space of rank
r—1 and contained in the kernel of a positive surjective homomorphism y: Z¥N 1> 2Z""

If dyv;+---+d,v,=0, then d,y(v,)+ - - +dY(v,)=0 and d,="---=d,=0, hence
d,=0. Thus rank¥V=r. And V is contained in the kernel of a positive surjective
homomorphism . Q.E.D.

From Proposition 2.7 and Proposition 2.9, we obtain

THEOREM 2.10. Let V be a submodule of ZN of rank r with r < N—1. Assume that
V is contained in the kernel of a positive surjective homomorphism. If I(V) is a complete
intersection and generated by F(v,), - - -, F(v,), there are F(v, ), - - -, F(vy_,) such that
F(v;)’s generate a complete intersection ideal of the form I(V") of height N— 1, which is
homogeneous in the positive graded ring A.

Hence if I(V) is a complete intersection, it is generated by a part of a minimal
generating system of a complete intersection homogeneous ideal of height N—1.

Finally, we remark that we cannot take ¥V’ so that I(¥’) is prime even if I(V) is
prime.
0 211
8 0 2 3
and '(—1, —1, —2, 4), hence I(V) is prime and is a complete intersection.

To extend I(V) to a complete intersection of height 3, we must choose a vector of
the form *(—a, b, 0, 0) with a>0, »>0 by Theorem 2.4. But it is never prime for
any a, b, since the cokernel of the injection V'+<{w) to Z* has a torsion.

For example, let V= Ker( ) Then V is generated by ‘(—1, —2, 4, 0)
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