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1. Introduction and notations.

In [2] Bazylewicz considered arithmetic entire functions of exponential type in
C™ (ie. f(N™) < O, O, is the set of algebraic integers.). In this paper we generalize
Bazylewicz’s result to holomorphic functions of exponential type in the product of half
planes using the theory of analytic functionals with non-compact carrier. We adhere
the following notations. /V is the set of integers greater than 1. Let K be a number field
over Q with degree [K: Q]=d=r+2s. LetK® (1<i<r) be real conjugate fields and
Kr*D=Ke*s*t) (1 <j<s) be complex conjugate fields of K. We put d=d if K< R,
0=d/2 if K¢ R. For an algebraic integer «, we put |a|=max|a;| (where a,’s are
conjugates of a over Q). @, denotes the ring of algebraic integers and Oy is the ring of
algebraic integers in K. For p(z)=) a,z"€ K[z], we put pY(2) =) a¥’z"e KY[z], where
ay) are conjugates of a,. ©(F) denotes the transfinite diameter of compact set F in C.
For the details of transfinite diameter, we refer the reader to [1]. Fis complex conjugate
of F < C. C—F is the complement of F in C. S® denotes closure of S. H,(z)=sup;.,
Re{z, {> is the supporting function of L in C™, where {z,{>=z,{;+ - +z,{, for z=
21 sz =y, -+, L) e C™. Ly=pr;(L) is i-th projection of set L in C™.

Following Theorem 1 is our main result. '

THEOREM 1. There exists a finite set 3 of O (direct product of 0 ,) having following
property: Suppose that 0<k’<1 and f(z) satisfies
(@) f(2) is holomorphic in [[]-,{z: Rez;<—k'},

i=1
(i) For any ¢>0 and ¢ >0, there exists C,, >0 such that

| f(DI<C, exp(H (D) +elz])  (Rez;<—k'—¢),

where L is a closed convex set contained in

H {¢;eC:|Im{;|<b;<n, Re{;>a;},
i=1
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(i) f((=MN)"™) = Ok,

(iv) limsup

[mi] =0

log| f(—n)|<c  (c is a positive constant) ,

where |n||=n,+ - +n,, n=(n,, ---,n,)eN™
If texp(—L))<—c(6—1) (1<i<m), then f(z)=) Py(zy, """, 2zn)b*, where P,e
K[ zy, - 5 zpd, b=(by, - *, by) €3 such that logb,e — L, (i=1, - - -, m).

2. Transformations of analytic functionals with non-compact carriers.

Let L be a closed convex set in C™ bounded in imaginary direction. We define the
test function space Q(L ; k') as follows:
Q(L; k)= limind Qy(L,; k' +¢),

e>0,e'>0

Qu(L,; k'+e&)={feH(L)n C(LY: ?“,? | fQexp((k'+&){)| <o},
where L, is the e-neighbourhood of L, H (L,) and C(L?) denote the space of holomorphic
functions in L, (interior of L,) and the space of continuous functions in L? (closure of
L,) respectively. Q’(L : k’) denotes the dual space of Q(L : k"). An element of Q'(L : k')
is called an analytic functional with carrier L and of type k’. Now we define Fourier-Borel
transform T'(z) of Te Q'(L: k') as follows:

T(2)=(T, exp({z, D)) -
The following Paley-Wiener type theorem characterizes Fourier-Borel transform of
Q'(L: k).
THEOREM 2. ([4]) Let TeQ'(L: k’). Then T(z) is a holomorphic function in
D=]]i.,{z:€eC: Rez;< —k'} and satisfies the following estimate: for any ¢>0, &'>0,
there exists C, , >0 such that

(*) | T(2)|<C, exp(HL(2)+elz])  (Rez;<—k'—¢).

Conversely, if a holomorphic function f(z) in D satisfies (), then f(2) is a Fourier-Borel
transform of some Te Q' (L: k’).

To define Avanissian-Gay transform, we put following assumptions (1) and (2):
(1) 0<k’'<l,
2 pril) < {{;eC: |Im{;|<b;<m, Re(;=a;} (i=1, - - -, m) for some b; and a;.
Avannisian-Gay transform G,(w) of Te Q' (L: k’) is defined as follows:

G =Ty, [T A= wiexp @)™,



ARITHMETIC HOLOMORPHIC FUNCTIONS 149

where w=(wy, -, wp) e[|, (C—exp(— L)% .
Avannisian-Gay transform has the following properties.

ProposITION 1 ([3], [4]).
(@) Gr(w) is holomorphic in [ [I=, (C—exp(—Ly)").

(ll) GT(W)=(_ 1)m Z T(—nla N3, "7, _nm)wl—mw;nz' : 'w;”m
neN™
where n=(ny, - * -, n,)e N™.
(iii) For any ¢>0 and &' >0, there exists C,, >0 such that | Gy(W)|<C, . |wy | 7% "% -
| Wi | ™% 7 (b +e<|argw;|<m, 1<i<m).
(iv) (Inversion formula)

T(Z)=(27Ci)—mf GT(wl’ Wy, *° %, "Vm)"vi—zr_1 °e 'wr;zm_ldwldWZ. : .dwm ’
r
where I'=I"y x - - - xI',,, I';(1 <i<m) is the positively oriented boundary of sector with
vertex 0 surrounding exp(— L))"

3. Proof of Theorem 1.

In this section, we will prove Theorem 1 using analytic functionals with non-compact
carrier. Following Proposition 2 is essential in our discussion.

PROPOSITION 2 ([2]). Let S;;(1<i<m) be compact sets in C and t, ;=1(S, ;) are
their transfinite diameters. Suppose that S; ; satisfies the following conditions:
@) Si,j=§i,j(1 <j<r) (ie. Si; < R), Sij1r=S8i,+j+s 15j<9),
() JI- w;<1(<i<m).
We assume that g(2)=Y, _\.a’z ™" is holomorphic in [ ], (C—S, ), where ai”s are
algebraic integers in K. Then there exist polynomials P(zy, z,, - - -, z,,), Qi(z;) satisfying
the following conditions:
(1) Q.(z;) are monic (coefficient of highest degree term is unit),
(2) degziP(zl’ Z2, "7 Zm)<degQi(Zi)s
(3) g(j)(z)=P(j)(le Z25 "7 7 Zm)/H:n: 1 ng)(zi)'

ProOOF OF THEOREM 1. By Theorem 2, there exists TeQ'(L: k") such that
f(2)=T(2). We put g(w)=G(w). By (ii) in Proposition 1 we have g(w)=(—1)") ,cnm
f(—n)w™" Now we put

gPW)=(=D" 3, f(—mPw™"  (1<j<d).

neN™

Each g"”(w) is holomorphic in []{_ , {| w;|>€}. Since g(w) is Avanissian-Gay transform
of T, g(w) and g(w)=Y, _ymf(—n)w ™" are holomorphic in [ ]2, (C—S), [ [~ , (C—-S))
respectively. Here S;=exp(— L;)*. We define
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S.,=|5; if K=KO
{w;|w;|<e}, other case.

Then g\ and S ; satisfy all assumptions in Proposition 2. So we have
GT(W)=g(W)=P(W1, Wi, °°°, wm)/ H Qi(wi) s
i=1

where P and Q,’s are polynomials satisfying the conditions in Proposition 2. By inversion
formula (iv) in Proposition 1 and the residue theorem, we obtain

f(z)=(2m-)-mf G WYWH =2 - - w=om= . dw, - - dw,,

r

=(21'Ci)—mJ. P(wls T Wm)/ﬁ Qi(wi)wl_zr-1 o 'w;zm_ldwl' * 'dWm
r i=1

= ) Py(2)b* . q.e.d.

b;:algebraic integer
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