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Introduction.

First we fix notations and review known results following [3].
Put E=R"*! and E=C"*! (n>2). We put z-w=z,w;+2,Wy+ - - - +Z,4 Wy 1
for zeE and weE, ||z|2=z-Z, and z%>=z-z. We denote by

L@)=/lzI* +/lz]* =]z
the Lie norm of z. We have |z?|<|z||> <L(z)? for zeE. Let r>0. We denote by
Biry={zeE; Lz)<r}

the open Lie ball of radius r, or the classical domain of type 4 (see [1]). B[r]=
{zeE; L(z)<r} is called the closed Lie ball of radius r.
Let AeC. The complex variety

S,={zeE; z2=1%}

is called the complex sphere of radius 4. We also call it the complex light cone if 1=0.
Suppose 0 <|A|<r and put

S:.,=88,n Br)={zeS;; L(z)=r}, (D
z,,={e®z;0€R, ze§,,} . (2)

S,.and Z,, are real analytic manifolds, dimgS, ,=2n—1, and dimg X, , =2n.

If |A] tends to r, then S,, reduces to S,={lx; xeE, x2=1} the n-dimensional
sphere of radius A and X, reduces to Z,={e"x; 0eR, x€S,} the Lie sphere of radius
r (see [2]). Note that dimgS,;=#» and dimgX,;,=n+1.

Let O(B(r)) be the space of holomorphic functions on B(r) and O(B[r]) the space
of germs of holomorphic functions on B[r]. We endow O(B(r)) with the topology of
uniform convergence on compact sets and ¢(B[r]) with the locally convex inductive
limit topology:
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O(B[r])=ind lim{O(B(r"); r' >r} .
It is known that X, is the Shilov boundary of B[r] and we have the Cauchy-Hua integral
formula for G e O(B(r)):
G(z)=s. J H/(z, w)Gw)dw, zeB({r), €))
ZV’

where

1
H(z,wy=H,(z/r,w/r) and H(z,w)= (=22 v+ Z 22T 2 4)

is the Cauchy-Hua kernel, and s.| 5" -dw is the symbolic integral form (10) on Z,.
Note that H,(z, w) is defined on the domain
Q,={(z, weExE; L) Lw)<r?}, (5)

and holomorphic in z, and satisfies H,(z, w)=H/w, z).

Let 0,(B(r) = {G € O(B(r)); A,G(z)=0} be the space of complex harmonic functions
on B(r), where A,=02/0z?+0%/0z3+ - - - +0%/0z2, , is the complex Laplacian. If Ge
0,(B(r)), then we have the (classical) Poisson integral formula

G(z)=s.f K.z, x)G(x)dx, zeB(r),

where

X _x 4K B 1—z%w? 6
Az, w=K(z/r,w/r) an 1z, w)= (1_22.w+22w2)(n+1)/2 ©)

is the (classical) Poisson kernel, and S-Is,' - -dx is the symbolic integral form (17) on
S,. Note that K,(z, w) is defined on Q,, holomorphic and complex harmonic in z, and
satisfies K, (z, w)=K,(w, 2).

We define the (generalized) Poisson kernel K (z, w) in Lemma 2. The kernel
K (z, w) is also defined on ©,, holomorphic and complex harmonic in z, and satisfies
K; (z, w)=K; (W, z). For Ge O A(B(r)) we have the (generalized) Poisson integral formula

G(z)=s. J K, (2, w)G(w)dw , zeB(r),

~

sA,r

where s.fgl T -dw denotes the symbolic integral form (16) on S, , (see Theorem 3 for
the precise statement).

Because the degenerated case =0 was treated in [4], we suppose, in this paper,
0<|A|<r and consider the function

K}.,r(z9 W)
1—(z/2(w/4)%

H, (z, w)= (M
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Then the function H, (z, w) is defined on the domain
Q.. ={zweExE; |z22||w?|<|1|* Lz)L(w)<r?}
and holomorphic in z, and satisfies H, ,(z, w)=H, ,(w, z). Consider the open subset
B(, r)={zeB(r); |z%|<|AI*}

of B(r). Note that B(A, r) tends to B(r) as | 4| tends to . We denote by O(B(4, r)) the
space of holomorphic functions on B(4, r) endowed with the topology of uniform
convergence on compact sets. For GeO(B(A,r)) we shall prove the (generalized)
Cauchy-Hua integral formula

G(@)=s. | H,(z,w)Gw)dw, zeB@,r), ®)
2/‘\.,7‘
where s.jz“ -+ -dw is the symbolic integral form (9) on X, , (see Theorem 6).
In the last §5, we shall calculate the Cauchy-Hua kernel H, ,(z, w) and the Poisson
kernel K (z, w) in one-dimensional case.

1. Symbolic integral form on %, ,.

Let 0<|A|<r. We put
B[4, r]1={zeE; |2?|<|A?, L) <r}

and denote by O(B[A, r]) the space of germs of holomorphic functions on B[4, r]
equipped with the locally convex inductive limit topology. The set B(4, r) is balanced;
that is, if ze B(A, r) and teC, || <1, then we have tze B(4, r).

Let Fe O(B[A, r]) and G(z)e O(B(4, r)). Because B(4, r) is balanced, we can expand
F and G in homogeneous polynomials:

F(2)= Y Fiz), G@@)= Y G2,
j=0 j=o0
where the convergence is in respective topology. Take #>1 sufficiently close to 1 such

that F(¢z) and G(t™'z) are defined on X, ,. Then by the orthogonality of exponential
functions on [0, 27], we have

f F(t2)G(¢t™'2)dz = Y Fi(tz) Y. Gt 'z2)dz
San $1,0=0 k=0
1 2n © O . .
= do Y. Fi(tez') Y, Gyt~ 'e™z)dz’
2n Jo §,,i=0 k=0

2n .
=Zk 31; J eik=0940 f Fi(tz))G(t ™ '2")dz’
Js 0 .

sA.,r
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=) F{(z))G,(z")dz’,
j= 0 §A,r

where dz and dz’ denote the normalized invariant measure on X, and that on S, ,.
Therefore, for Fe O(B[A, r]) and Ge O(B(4, r)) the integral

J F(t2)G(t ™ '2)dz
Zar

is defined for ¢>1 sufficiently close to 1 and independent of ¢. Define the symbolic
integral form on X, , by

s. J F(2)G(z)dz= J F(t2)G(t ™ '2)dz , )
Z,{ r 2/1 r
where 7> 1 is sufficiently close to 1. Note that

s. f F(2)G(z)dz = f F(2)G(2)dz
Za,r

Za,r

if both F and G belong to O(B[A, r]).

The symbolic integral form s. | 5. er)G(z)d'z is a separately continuous sesquilinear
form on O(B[A, r]) x O(B(2, r)). ’

Similarly, when A=r, we can define the symbolic integral formula

s. f F(2)G(z)dz (10)
Zr

for Fe O(B[r]) and G e O(B(r)).
REeEMARK. If we consider
B0, r)={ze8o; L) <r} =8,
Z,,={zeSq; Lz)=r}=§,,,
then the results of this section still hold (see [4]).

2. Symbolic integral form on S, .
We denote by ?"(E) the space of k-homogeneous polynomials on E and by 2Z4E)
the space of k-homogeneous harmonic polynomials on E:
PM(E)={Fe P"E); A,F=0} .
Put N(k, n)=dim24E). It is known that
k+n—1)k+n—-2)!

Mk, n)= Ki(n—1)!

=0k" Y. (11
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Let P,,(t) be the Legendre polynomial of degree k and of dimension n+1, and
P, .(z, w) the extended Legendre polynomial defined by

Py oz w=(/ 22w )P(_\/Zz: '

), z,wek .

w
/\p2

It is known (see [5] or [3]) that

| P, (z, W) | <L@Lw),  z,wek. (12)
We have the following reproducing formula for F, e ZE):
N ~ . -
Fo)="%" j Bz OFx)dx, zek. (13)
¥ S,

For | 1| <r we put

A2 r?
Lk,}.,r':l’lIZkPk,n(_;— (l—r—l—+'7|7>> ,  A#0,

r2k

Lk,O,r = -—2—k ’Yk,n ’

where 7, , is the principal coefficient of the Legendre polynomial P, ,(¢):

1 Tk+(n+1)2) 2¢

Ten= Nen)  [(n+1)2) k! (14)
Note that L, ,, is continuous at A=0 and that
| lim L, ;,=r%.
[A]=r
It is known (see [5] or [3]) that
27 ey <L an <r2k, (15)

R. Wada [6] generalized (13) as follows:
TueorREM 1. (i) If k+#j, then F,e PXE) and F;e P{E) are orthogonal:

f F(W)F;(w)dw=0 .

-~

s).,r
(i) Let er@{‘(ﬁ). Then we have the reproducing formula:
N(k, n)
k,Ar JSa,

For Fe 0(B[r]) and G e 0(B(r)) the integral

Fi(2)= P, (z, WF (w)dw , zekE.
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j F(t2)G(t~ 'z)dz

sﬁ.,r
is defined for 1> 1 sufficiently close to 1 and independent of ¢. In fact, we have

e}

f F(t2)G(t ™ '2)dz = f Fi(tz) ¥, Gt~ '2)dz
§;.,r k=0

§.,J=0

= i J Fj(2)G(2)dz
=0 Js,,

because of Theorem 1 (i).
Therefore, we can define the symbolic integral form on S, , by

s. J F(2)G(z)dz = f F(t2)G(t™ 'z)dz (16)

S/'\,r SA,r

for Fe 0 (B[r])and G e 0 (B(r)), where ¢ > 1 is sufficiently close to 1. Note that we have
s. J F(z)G(2)dz=s. J F()G(z)dz
Zar §;.,r

for Fe O (B[r]) and Ge O(B(r)).

The symbolic integral form s.fz F(z)G(z)dz is a separately continuous sesqui-
linear form on O,(B[r]) x OA(B(r)).

Similarly, when A=r, we can define the symbolic integral form

s. J F(x)G(x)dx 17

for Fe 0,(B[r]) and G e O(B(r)).

3. Integral representation of complex harmonic functions on B(r).

LEMMA 2. Define the (generalized) Poisson kernel K, (z, w) by

Koz, W)= i N(k, n)Py (z, w) '

k=0 Lk,l,r

(18)

Then K, ,(z,w) is defined on R,, K, (z, w)=K, (w, z), and holomorphic and complex
harmonic in z:

AK; (z, w)=0.
Proor. Because of (11), (12), (14) and (15) we have
l Nk, n)P, (z, w) - Ck"“L(z)"L(w)" .

= 2k
Ly, r
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Therefore, the convergence being uniform on compact sets in Q,, K ,(z, w) is holomorphic
in z there. The summands are Hermitian symmetric and complex harmonic in z, so is

K, (z,w). (q.e.d.)
RemMARrRk. If A=0, then we have
Ko.y(z, W)= kio Nk, m)2¥(z - ) =%§((ZZ—})))—
if L(z)L(w)<1 and z?w?=0 (see [7] and [4]). Letting A —»r we have
K.z, w) = Kz, ),
where K,(z, w) is the classical Poisson kernel defined by (6).

THEOREM 3. Let 0<|A|<r. For Ge O (B(r)) we have the (generalized) Poisson
integral formula:

G(z)=s. J K, (z, Gw)dw,  zeB(r). (19)

~

Sﬁ,,r

PrOOF. Let G e 0,(B(r)) and G(z)=z;’°=0 G;(z) be the expansion in homogeneous
polynomials. Then Gje,@Af(E) and we have, for t>1,

Z Py (2, tw)G,(t ™ 'w)dw

§/’L,r j=0

J ﬁk.n(za tw)G(t ™ tw)dw=
§2.,r

~ . L
= P, (2, WG (w)dw =——22"_ G (2) .
J;A i k(2> W)G(W)dw Nk, n) 2) |
Let z € B(r). Then the funcion w+ K, ,(z, w) is complex harmonic in a neighborhood
of B[r]. So the symbolic integral form in (19) is well-defined. We have ‘

G(Z')zki0 G2)= i Nk, n) s.j

k=0 k,Ar

P, (z, w)G(w)dw

~

s/l,r'

=s. f i Nk, n) P, (z, w)\G(w)dw =s. f K, (z, wGw)dw  (q.e.d.)
Sark

=0 Ly, Sin

COROLLARY 4. Let Fe0,(B[r]) be given. Then

.AF: GHS.J F(w)G(w)dw

~

SA.,r

is a continuous linear functional on O (B(r)).
Conversely, let A€ O\(B(r)) be given. We define the Poisson transform #, ,A of A by

(2, )W) =LA, K; (2, W)) .
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Then P, A€ 0,(B[r]) and we have

{A4,G)=s. f (2., NW)G(w)dw , GeO,(B(r)).

~

s/l,r

Then Poisson transformation 2, : O5\(B(r)) > OA(B[r]) is a topological antilinear iso-

morphism.

REMARK. The corresponding result with A=0 can be found in [4].

4. Integral representation of holomorphic functions on B(4, r).

Let 0<|A|<r and Ge O(B(4, r)). Expand G in homogeneous polynomials:
Gz)= Y, G2), zeB@4,r),
k=0

where G,e2%E) and the convergence is uniform on compact sets in B(4,r). It is
well-known that a k-homogeneous polynomial G, can be expanded as follows:

[k/2] .
Gl(2)= 'ZO (z 2) Gk,k— 2(2), zek s

where G, ,_ € 24~ 2(E).
Theorem 1 implies
[k/2

-~ . o~ ] ’ .
J; (w2 Py _ 21.0(2, W)G(w)dw = .ﬁ (W2) Py _ 21.n(Z W) VZO (w2 G- 20(W)dw
sA,r =

sA,r

=4 |4l Jl Fk — 212, W)Gk.k - 2,(w)div
SA r

| |41 Lk =2LA,r

G, .
Nk —21, n) k.k 21(2)

Therefore, we have
tk/2]

G(2)= IZ,O (z z)le,k ~242)
_ k21 (z2)N(k —2l,n)

(w 2)11‘5 %~ 20,n(25 W)Gk(W)dw
i=o |4 |41Lk -2LAr JS8;,

= J‘ H;_’,'k(z, W)Gk(W)dw N
Sar
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where we put

ki21 1 N(k—2l,n)
xlZ, W)=
Hard ZMWLHW

(@2) 092 Py 1.4z, W) - (20)

The polynomial H,, ,(z, w) is the reproducing kernel for 24E) with respect to the
bilinear form j’éa o -dw. H,,,(z, w) is a homogeneous polynomial of degree k with
respect to z and with respect to w. We have

H,, (z,w)=H,,,(w,2).

REMARK (see [1]). Because lim,_,,L;_,,;,=r**"*, we have

[k/2]

p%AM%LZMkﬂWWM%y#M

1 n+1

= Nk, n+2)P, , , W
r2* 2k+n+1 ( Wien+2(2, W)

. n+1
" 2k+n+1

By the orthogonality of exponential functions on [0, 27], we have, for G; € PIE),

0, J#k,
H,, 2z, WG(w),  j=k.

N(ka n+ 2)ﬁk,n+ 2(2/7", W/r) .

J H; (2, e®W)G;(e*w)d 0= {
Therefore, for Ge O(B(4, r)) we have

S. H, , (z, w)\Gw)dw = N H, .z, W)Gk(w)div= Gi(2) .

E}.,r s/‘\.,r

This means that the kernel H, , ,(z, w) gives the projection of O(B(4, r)) onto 2*(E).
LEMMA 5. Define the (generalized) Cauchy-Hua kernel H, (z, w) by

H, (z,w)= Y H,,(z,w).
k=0

Then we have

K/’L,r(z’ W)

H, (z, w)= 1—(z/| AD2W/| A]?

H, (z, w) is defined on the domain
Q,,={(zweExE;|2?|w?|<|A1*% L)Lw)<r?}

and holomorphic in z, and satisfies H, (z, w)=H, (W, z).
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PrROOF. We have
» W21 1 Nk-—2ln)

K=01=0 |A1* Ly_34,

2 1 N(m,n)

620 1A Lo,

(z2)w2) i N(m,n) =
|A¥ m=o L.,
K, {2z, w)

=@ AN AD

The second statement is clear by Lemma 2. (g.e.d.)

H,; (z,w)= (z®)(w?) Fk —21.4(2, W)

(2 (W) Py nlz, W)

{
W MS

P, .z, w)

{
I

THEOREM 6. Let0<|A|<r. If G e O(B(2, r)), then we have the following (generalized)

Cauchy-Hua integral formula:

G@)=s.| H,(z,w)Gw)dw, zeB(,r).

x}.,r

1)

PrOOF. Let ze B(A, r). By Lemma 5, the function w— H, (z, w) is a holomorphic
function in a neighborhood of B[4, r]. Therefore, the symbolic integral form in (21) is

well-defined. We have

6@~ 3. G2

0

= Z Hl,k(z, w)G(w)dw

k=0

S-J ( Y H, iz, W))G(W)dw
Sar k=0

=Ss. H, (z, w)G(w)dw .

El,r
ReEMARK. Tending 4 —r, we have
HA,r(Z’ W) - Hr(z’ W) H
where H,(z, w) is the Canchy-Hua kernel given by (4). In fact, we have

> 1 n+1 ~
H(z, w)= Nk, n+2)P, , 2z, w
(z W) k;() r2k 2k+ n + 1 ( ) k, +2( )

by the Gegenbauer generating formula (see [3]).

(g.e.d.)
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COROLLARY 7. Let Fe O(B[A, r]) be given. Then

Tp: GHS.J Fw)G(w)dw

2}.,7‘
is a continuous linear functional on O(B(A, r)).

Conversely, let Te O'(B(4, r)) be given. If we define the Cauchy-Hua transform €, ,T
of T by

(€1, T)w)=<T, Hy [z, w)) .
Then €,,T e O(B[4, r]) and we have

(T, G>=s. j (%, TYWGw)dw,  Ge OB, ).

El,r

The Cauchy-Hua transformation 6, : O'(B(A, r)) » O(B[A, r]) is a topological antilinear
isomorphism.

ReMARk. The following restriction mapping is a linear topological isomorphism.
OuB(r) = Ox(B(A, 1))
where

OB, )= {Fe O(B(2,1); A.Fz)=0} .

5. One dimensional case.

We consider the case of n=1. We put
{1=z,+iz,, (a=zy—iz,.

It is convenient to use the coordinate system {=({,, {,)€ C? instead of the coordinate
system z=(z,, z,)€ C?, for z{ +2z3={,{, and L(z)=max(|{, ], |, ).
Let 0<|A|<r. The (complex 2-dimensional) Lie ball is given by

Br)={(1, {)eCH 1L I<r, 1L l<r}

Then the (complex 1-dimensional) complex sphere is given by
Si={1, {)eCx {1, =4%) .
The boundary of the set
S:0 B ={((1,{)eCH L= 1L 1<, | Ll <1}
is given by
S1r={C0 {o) (1L =27 max(({y |, 1L D=7} .

Consider
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Z={1, {51818 |=141%, max(1¢, |, 1, N=r}.
%, 1s the Shilov boundary of the domain

B2, ) ={(C1, L 16l I<IAP [ Ly <r, 1l <1}

REMARK. The real sphere (real dim=1) is the circle given by

limS,,=S,={(, {2); {ila=r3 max({, |, 1L )=7}

A—or
={(re®®, re”); 0eR} .
The Lie sphere (real dim=2)

limzl,r=2r={(Cls CZ)’ |C1 |=r, |C2 |=r}={(rewa rei¢); 0’ ¢GR}

A—r

is the Shilov boundary of the Lie ball B@r).
If F and G belong to O(B[A, r]), the integral on X, , has the following form: (we
put dy =d{,/2nil,), d{, =d(,/(2mil5).)

j F(Z,y, )Gy, Cz)d'(C)=%(JJ F(¢1, LG (1, £2)dE L,
Zan lEal=r 12l = 1212

+ ” F(y, ()G, ¢2)d'cldzz) .
[al=1412r, | 2| =r

If F, and G, are k-homogeneous polynomials

k

k
F(&,, C2)=IZ al.k—z(i(i‘_l > Gy, C2)=’§0 bt,k—zCiC’z‘—l s

then we have
f F{(c—l,c_z)Gk(cl,cz)dtc)=§a—,;br.k_,f LG .
z).,r ’ Ei,r

By the orthogonality of éxponential functions, terms vanish unless /=/’. Therefore,
we have

/1 2k A 2k—41 2k— 4l
f Flly, LG, cz)d(o—za,k B ((l—'> +(L) )
Zl,r

2 r [4]

Put

i 0181 (m2L2)*
o (AP0 AP~ +(r/| AN

Then we have the reproducing formula:

H, rk("ls N2, 1, £3)=
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G(ny, n2)= H;, (11,12, 841, £2)G(C4, Cz)d(C)

EA,V

for a k-homogeneous polynomial G,.
Let Fe O(B[A, r]) and Ge O(B(4, r)). We expand them into the Taylor series at (0, 0):

Fluld= 5 aplits,  GEul)= Y b,.lHs.
p.q=0 p.q=0

Then we can find ¢>1 sufficiently close to 1 such that the series

Fly, 0= a, ()Pl

p.q=0

G(t™ 'y, 7o) = Z byt )P M)

p,q=0

converge uniformly on X, ,. With this # we have

f F(tl, t0,)G(™ ¢y, t71)d(©)
Za,r

= L@ )L, Z by TP ETI)TAQ)

SarPd
Z :;bp,,q,(tZ)P(tZ;)Q(f P (™ 1E,)7d ()
=Y a;bp,qwlwucszto
paJs; ,

) e (5))
— Pq Pll Zq+ 2p .
Z 2 (( r ’ r
For Fe O(B[4, r]) and Ge O(B(4, r)), the symbolic integral form on X, , is given by
S-j F(ly, £)G(, Cz)d'(C)=f F(t4, 10)G(t™ Ly, t71¢5)d(0)
zl,r EA,r
where > 1 is sufficiently close to 1.

Let Fi(¢y, {)=a li+ b5 and Gy, {;)=aj{{+b]{{ be homogeneous harmonic
polynomials. We have the orthogonality relation:

J Fll1, 0G0 =0,  j#k.
Za,r

If j=k=>1, then we have
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f Fly, ()G, cz)d'(o=f @l 5+ b Nail b + bt 50
Zar Za.r

= j @ean| £y 1%+ @byl ML + il *CE+ bybiIC, 1PHdI0)
zl,r
. =, /1 2k r 2k /1 2k
~@acs b 5 () + (5)):

1181 )+ m2L2 )
(2120 /| A +( Al

and K, o(11, 12, {1, {3)=1. Then we have a reproducing formula

Put

K, kmy,m2, &y ()=

Gn1,n2)= Kk M2, §4, )Gy, Cz)d.(C)

zﬂ.,r

for a k-homogeneous harmonic polynomial G,.
If G is a complex harmonic function on B(r), then we can expand it as follows:

61 1)= 3 Gl L) =GO.0+ T (@li+bl.

Therefore, we have

G4, '12)=S-j K; . (M1 M2, 845 )G (s Cz)d.(‘:) .

xl,r

Define the (generalized) Poisson kernel by

K; . (n1,1m2, 81, 80)= kgo K i, m2, 81, 82 (22)

IAIZk r 2k Ill 2k r2k
— ) +—) |z
2 ((lll) ( r ) ) 2

(22) converges uniformly for |n,{,|<r? and |n,{,|<r?. Therefore, the function
K; ,(ny, 12, {4, {5) is defined on the domain

Because

Q,={(n1, N2 {1, £2); Im:&y |<r?, |112C2|<r2}

and is holomorphic and complex harmonic in (1) there.
We have the reproducing formula:
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G(ny, ’12)=S-j K, (ni,n2, C1, £2)G(C s Cz)d(C) s (1, ﬂz)eg(r)

Za,r

for G e O,(B(r)).

REMARK. We have

ai_rfl K, .ny, 1, {1, () =Kn1, 12, £, C5)

IS S S b/ 9t Yl
L—nly/r? 1=ny0,/r? (1 =n/r?)1—=n5L,/r?)
Put
(1.8)020,)"
H, (1112, L1, £)= - 23
a1 M2, $1, £5) I’Z’q %((M|2/r)zpr2qv+r2p(|,1]2/,.)24) (23)
Because
L Mlz Zpr2q+r2p MIZ - >|,1|2(p+q)
2 r r - ’
we have
q p
IH}.,r(nl’ N2, Cla CZ) ' < Z |nllgi ||2|IJ'-7+22C¢12l
p-q

Therefore, the right-hand side of (23) converges uniformly on compact sets of the domain

Q;={(n1, 12 ¢4, {,)eC% In,(4 |<| A3, |771CZ|<H~|2}

and hence, holomorphic in (1,, 1,) there. We shall see that the function is holomorphic
in (14, n1,) in a larger domain.

REMARK. We have

A—r

‘ 7 (.7 \P
limH}.,r(nls ’12’ Cla C2)=Hr(n19 '72’ Cl, CZ)= Z (’71(12) (:’22C2)
' P repP q
_ 1
(1 =118y /r>)1=n585/r?)

This is the (1-dimensional) Cauchy-Hua kernel of O(B(r)) with respect to the Lie sphere X,.
Recall

| & 18 M2
Hardltss 1120 &1, C2)= 1220 (A 12X A1/ * 4 (/| A%
— th/2) (’71']2@)’

1=0 | A4

K/l,r,k—zl(nla 12,1, C2)
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Changing the order of summation we get

H)..r(rlls '12: Cla CZ)=kZO Hl.r,k(nls '129 Cla CZ)

— o K2 ('71”2C1Cz)l
k=01=0 | A]*

i z rllnzc CZ) K)..r,m(rll’ M2, Cla CZ)

I=0m=0 HI‘”
(’71’72‘:1_(;)1
|l|4l

Kz M1 M2, $os Cz)
1—nn.{, Cz/l’”

The (generalized) Cauchy-Hua kernel H, (1,, 112, {;, {;) is holomorphic in (,, 1,)
in the domain

-Qi,rz{('h, N2, $15 £2); |’71’12C1C2|<|}~|4, In,yl<r?, |'12€2|<"2} .

We have the reproducing formula

Kl,r.k—Zl(nl; N2, {1, 82)

Il
I

K, (n1,n2, {4, {2)

1

G(rll.’ "2)=S'J Hﬂ..r(”l’ N2, Cl’ CZ)G(CI’ CZ)d(C) ] (711, rIZ)EB‘(A’ r)
z

for Ge O(B(A, r)).

References

[ 1] L.K.Hua, Harmonic Analysis of Functions of Several Complex Variables in Classical Domains, Moscow
(1959, in Russian); Transl. Math. Monographs 6 (1963), Amer. Math. Soc.

[2] M. MoriMoTO, Analytic functionals on the Lie sphere, Tokyo J. Math. 3 (1980), 1-35.

[3] M. MorMOTO, Analytic Functionals on the Sphere, Transl. Math. Monographs 178 (1998), Amer.
Math. Soc.

[4] M. MormMoTo and K. Fuita, Analytic functionals and entire functionals on the complex light cone,
Hiroshima Math. J. 25 (1995), 493-512.

[5] C. MULLER, Spherical Harmonics, Lecture Notes in Math. 17 (1966), Springer.

[6] R.Wapa, Holomorphic functions on the complex sphere, Tokyo J. Math. 11 (1988), 205-218.

[7] R. Wapa and M. MORIMOTO, A uniqueness set for the differential operator A, + A2, Tokyo J. Math.
10 (1987), 93-105.

Present Address:

DIVISION OF NATURAL SCIENCES, INTERNATIONAL CHRISTIAN UNIVERSITY,
MiTAKA, Tokyo, 181-8585 JAPAN.

e-mail: mitsuo@icu.ac.jp



