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Abstract. Using a “complex Pisot number” A € C with |A| > 1, the numerical expansion Z?iik aj/)J of
a complex number, where each digit a; is chosen from some finite set I" of Z[1], was established recently as an
analogue of B-numeration system Z?i—k bj /ﬁj of areal number, where b; € {0, 1, ..., |B]}.

In this paper, we give a necessary and sufficient condition for a complex number to have eventually or purely
periodic complex Pisot expansion.

1. Introduction
Let B > 1 be a real number. The B-transformation T : [0, 1) — [0, 1) is defined by
Tg(x) =Bx mod 1.
For every x € [0, 1), we define a sequence {a;} > of non-negative integers by

1

aj = |BT] 'x].

We call the sequence {a};>1 the B-expansion of x. It holds that

We say that x has a periodic B-expansion {a;}>1 if there exist p > 1 and M > 1 such that
anyp = ap foralln > M. Especially, if a,+, = ap forall n > 1, then we say that x has a
purely periodic -expansion. We set

Per(B8) = {x € [0, 1) | x has a periodic B-expansion.}
and
Pur(B) = {x € [0, 1) | x has a purely periodic S-expansion.} .

K. Schmidt has shown the following theorem on the periodic S-expansions.
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THEOREM ([8]). Let B > 1 be a Pisot number. Then, x € Per(B) if and only if
xeQ@NIO, 1.

Especially, on the purely periodic B-expansions, S. Ito and H. Rao have shown the fol-
lowing theorem.

THEOREM 1.1 ([3]). LetB > 1 bea Pisot unit. Let p : Q(8) - R?, zo+z18+ -+
20

21
2a-1847 . . Then the following conditions are mutually equivalent.

Zd—1
() x € Pur(B);
2) xeQPB)NI[0,1)and p(x) € }A(, where X is a natural extension of the B-shift.

This statement is slightly modified from the original one; see [3] for details.

The purpose of this paper is to extend the above theorems to the case of complex Pisot
expansions.

In Section 2, we recall definitions of a complex Pisot number and complex Pisot tiles.
The complex Pisot expansion is introduced in Section 3. One of the results established in this
paper is stated as follows.

THEOREM 3.1. Let A be a complex Pisot unit. Assume that the companion matrix of
the minimal polynomial for ) has a complex Pisot numeration set X. Then it holds that

Per(2) = Q) Nge(X \ N),
where ¢, is a canonical linear map: P, — C.

(A definition of the set N can be found in Section 3.)

In order to characterize purely periodic points of complex Pisot expansions, we introduce
the sofic cover of a complex Pisot numeration system and its natural extension X, in Section 4.

By using a construction theorem of Markov partitions for toral automorphisms developed
by [1] and [5, 6], we obtain the other result of this paper:

THEOREM 5.2. The following conditions are mutually equivalent.

(1) z € Pur(r);

2) ze QN qbe(f(;\ \N) and p(2) € )?A, where )A(A is a natural extension of the
Pisot numeration system.

2. Basic concepts

We define a complex counterpart of the so-called 8-expansion.
Let P(X) = x4 — ple_l — -+ — pg—1X — pg4, be an irreducible polynomial, where
pi € Z.
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DEFINITION 2.1. A complex number A is called a complex Pisot number if A is an
algebraic number which is a root of the equation P(X) = 0 and, in addition, roots A =
A, A = A2, A3, ..., Aq of P(X) = O satisfy the inequalities [A| = [A| > 1 > |A;],3 <i <d.
A complex number A is called a complex Pisot unit if X is an complex Pisot number and an
algebraic unit.

For the complex Pisot number A with the minimal polynomial P(X), set

00 ... 0 pg
1 0 ... 0 pg—q
A,=1 01 0 pa-a2
00 ... 1 pp

We call the matrix A; the companion matrix of the minimal polynomial P (X).

We regard A; as a linear transformation on the R?, which maps each x € R? to A;x.
There exist an Aj-invariant expanding eigenspace P, corresponding to XA, and contracting
eigenspace P, corresponding to other complex conjugate roots. Then R? is decomposed as
R? = P, @ P,. Since A is a complex Pisot number, dimP, = 2.

Let 7. ( resp. 7. be the projection from R to the eigenspace P, (resp. P.). Then it is easy to
see that

Ajyome=m,0A), and A)om.=m.0A).
Let us consider the linear action A, on the linear subspace P,. Denote by i the Lebesgue
measure on R?, and by /1, the Lebesgue measure on P,.

DEFINITION 2.2. We say that the companion matrix Aj has a complex Pisot numer-
ation set X = Ujc; X if there exist a finite index set J, a family 7 = {X} ;e of compact

subsets of P,, a set D = {dfj), déj), R dl(]_j)}jej of d-dimensional integral vectors, and a
subset W = {Wl(j), W2(j), R ‘/Vl(jj)}jej of J, such that

. intX; =X;,u.(X;) >0and n.(0X;) =0forall j € J;

2. AXj =) sy, (red + X ) (disjoin) for all j € J;

3. X= Ujej X (disjoint),
where “Ujej X (disjoint)” means that int(X ;) Nint(X ;1) = @if j # j'.

There are many matrices which have complex Pisot numeration sets. We present two
simple examples here.

EXAMPLE 2.1 (Rauzy Fractal [2], [7]). Let A be a complex Pisot number whose min-
imal polynomial is P(X) = X3 + X2 4+ X — 1. We have that A = —0.7718 + 1.1151i, Ap =
—0.7718 — 1.1151i, and A3 = 0.5436.
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The companion matrix A, of A is given by A, = 1 0 -1 and A1, A2, and A3 satisfy
01 -1
[X1] = [X2] > 1 > A3 > 0. The configurations of the roots are illustrated by Figure 1.

In this case, it is known by [2] that there exist a finite index set / = {2 A 3,3 A 1,1 A2},
and a family 7 = {X2,3, X311, X112} of compact subsets of P,, which is given by

Xipz:= lim A;"7 E3 (o) (e3,172);
Xani = lim A", E3 (o) (e2,3 A 1)

Xopn3:= lim A} "n.Ej (o) (e1,2 A 3),
n—o0

(see [2] for the definitions of E; (¢)" and i A j).
We proved that the so-called Tile condition intX; = X; is valid for all j € J. In
particular, 7 satisfies that

Ay Xip2 =me(—e€2 — e3) + Xop3;
A X3a1 = Xia2 U (we(—€2) + Xo43) 5
Ay X3 = X243 U X301,

(see Figure 2).
In other words, a set D = {dl(j), déj), .. ,dl(jj)}jej of d-dimensional integral vectors
and a subset W = {Wl(j), Wz(j), e, Wl(]_j)}jej of J are given by
dl(Mz):—ez—e3; Wl(Mz):Z/\3;
a’" =0; WD =1 A2;
dSM):—ez; W2(3M):2/\3;
d"" =0, WY =2 A3;
ay"™ =0, Wy =3 A1,

Therefore, X = U;c s X; is a complex Pisot numeration set.
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FIGURE 3

EXAMPLE 2.2 ([2]). Let A be a complex Pisot number whose minimal polynomial is
P(X) = X* — X3 + 1. We have that A = 1.0189 + 0.6026i, 1, = 1.0189 — 0.6026i, A3 =
—0.5189 + 0.6666i, and 14 = —0.5189 — 0.6666:i .

0 0 0 -1
. . . 1 00
The companion matrix A, of A is given by A, = 01 0 and A1, A2, A3, and A4
0 0 1 1
satisfy [A1] = [A2] > 1 > |A3] = |A4| > 0. The configurations of the roots are illustrated by

Figure 3.
In this case, it is known by [2] that there exist a finite index set

J={1A2,1A3,1A4,2A3,2 4,34}
and a family 7 = {Xja« | j A k € J} which is given by
Xipo:= lim A "n.E> (0)" (—e3 —e1 —e2, 1 A2);
n—o0
Xip3:= lim A;"w.E>(0)" (es — e —e3,1 A3);
n—o0

Xing:= lim A7"m.Ey (0)" (—e3 —e1, 1 A 4d);
n—o0



522 MASAKI HAMA AND SHUNIJI ITO
Xopn3:= lim A;"7m.Ey(0)" (e4 —e1 —e2 —e3,2 A 3);
n—oo
Xopna = lim A7"m.Ey (0)" (—e3 —e1 —e2,2 A 4);
n—oo

X3p4 := lim A;"neEz ()" (—e3,3 A 4),
n—00

(see [2] for the definitions of E; (¢)" and i A j).
We proved thatint X; = X; for all j € J. In particular, 7 satisfies that

Ay X172 = X2a3 + Te(—2e4 + €1)

Ay Xia3 = Xopd + 7ee3

A Xina= (Xopa + 1o(e3 + e —eq)) U (Xin2 + 7e€3)

A Xoa3 = X3pa + me(e] + €2)

Ay Xona = (X3na + e(—€2 — €4)) U (X123 + e (—€2 — €4))
Ay X3na = Xipa + 1e€3

(see Figure 4).
In other words, a set D = {d{, dé, ., dl]j } jes of d-dimensional integral vectors and a
subset W = {Wl(j), Wz(j), R ‘/Vl(jj)}jej of J are given by
dl(Mz):—Ze4+e1 ; W1(1A2)=2/\3;
d1(1A3) —es: W1(1A3) —ond:
d1(1A4)=e3+e1 —ey; W1(1A4)=2/\4;
d§1A4):e3; W2(1A4):1/\2;
dl(ZM):el +ez; W1(2A3)=3 A4
d1(2A4) =—e)—e4; W1(2A4) =3A4;
déZM) =—e)—e4; WZ(ZM) =1A3;
d1(3A4) =e3; W1(3A4) =1An4;
2
XIAZ
m X2.3
o e
—
2 X34 X173 s -2

FIGURE 4
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Therefore, X = U;cs X; is a complex Pisot numeration set. Especially, we see that 0 € int X.
Hence we have that Q(1) N ¢e (X, \ N) # 9.

3. Complex Pisot expansion
Let Y denote the set U;-V:l 0X j. We define an expanding transformation A:X\Y = X\Y
by
Az=Ajz—md! if zeintX; and A;z € (m.d) + intX )
and define iterations A” of A by
A'@) = HATN@) — med” (= 1)
if
AN@) e int X, and A A" @) € (med M + intxwk(jn,p) .
n—1
Note that the iteration of the map A is well-defined on the set X \ N, where
N = {z € X | there exists n € N such that A () e Y}.

We consider the points in X whose orbits are disjoint from the boundary of any of the sets
{X J };yzl .

Since p(0X;) =0 (j € J) and A is a linear transformation, we can define iterations of
the expanding map A for p.-a.e. z € X.

Thus, for p.-a.e. z € X, we have the infinite sequence d = (d,i({(’),d,g]),...,

jn—])7 .)€ (Zd)N.

n—1

i

DEFINITION 3.1. We call the sequence d the digit sequence of z € X. We obtain the
following formal series

o
_ —n Un=1)
7= E A, nedk)H .
n=1

Therefore, we can define the formal series for u.-a.e. z € X. Moreover, there is a unique
formal series for any given z € X \ N.
Let u; (resp.u>) be an eigenvector corresponding to A (resp. A), i.e.

Ajuy = luj (resp. Ayup = iuz).

Now, we change a basis {u1, u,} of P, to another basis {v{, v2} by the transition matrix



524 MASAKI HAMA AND SHUNIJI ITO

Actually, vi = (u; + u3)/2 and vy = (up — u1)/2i. Then {vy, v,} satisfies that

A)vy =avy + bvy;

A)vo=bv| —avy,

where A = a + bi. Therefore, there exists a linear map ¢, : P, — C satisfying

. ¢e(Apx) = Ape(x) forall x € P, = L(v1, v2);

2. @ge(v) =15

3. ¢e(v2) =1,
where £(v, w) means a linear span of the vectors {v, w}.

Let A be a complex Pisot number. Throughout the remainder of this paper, we assume
that the companion matrix of the minimal polynomial for A has a complex Pisot numeration
set. ‘ ‘

For any z € ¢.(X \ N), we can define the digit sequence d = (d,gé‘)), d,EI“), .,
d,g){’:l), ...). Leta, = ¢e(ned,£){’:1)). Since A, is the companion matrix, ned,g’:l) belongs
to Z[A]. Therefore a, also belongs to Z[A]. We define amap T : ¢.(X \ N) = ¢.(X \ N) by

T(z) =Xz —ay,
and iterations 7" of the map T by setting for z € ¢.(X \ N),
T"(2)=AT""' (@) —an (n 2 1).
Notice that the expanding map 7 and its iterations are well-defined for p.-a.e. 7 € ¢.(X).

DEFINITION 3.2. We define the complex Pisot expansion:

n=1

S

The complex Pisot expansion is well-defined for u.-a.e. z € ¢.(X). The complex Pisot
expansion of any z € ¢.(X \ N) is unique.

DEFINITION 3.3. We say thata complex number z € ¢.(X\N) has a periodic complex
Pisot expansion if there exist integers p, N > 1 such that a,, = a, for every integern > N.
Let us denote by Per(A) the set of points in ¢.(X \ N) which have periodic complex Pisot
expansions.

We say that a complex number z € ¢.(X \ N) has a purely periodic complex Pisot
expansion if there exists an integer p > 1 such that a,4, = a, for every integer n > 1. Let
us denote by Pur(}) the set of points in ¢, (X \ N) which have purely periodic complex Pisot
expansions.

One of our main results is stated as follows.
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THEOREM 3.1. Let A be a complex Pisot unit. Assume that the companion matrix of
the minimal polynomial for X has a complex Pisot numeration set X. Then it holds that

Per(2) = QW) Nge(X \ N).

This is the complex Pisot version of the K. Schmidt’s theorem, and the proof of the
theorem can be given by using essentially the same idea.

To prove Theorem 3.1, we need a few definitions and lemmas.

We designate the conjugate roots of A as follows:

A=AL A=A A3, Ad = A3y vy Mgl A2y = A2s— 1, Al = Adstls - os A = A2spr = Ad »

where\; e C(k=1,...,s)and Ay e R (k=1,...,1).

Also, let uy(resp. uy) be an eigenvector of the matrix A corresponding to the eigenvalue
Ak (resp. ik). Define real vectors {vk}i:q’ by

1. vy—1 = (Wok—1 +u)/2 (k=1,2,...,9).

2. vy = (o —uzp—1)/2i (k=1,2,...,5).

3. vk =Unsqk (k=1,2,...,1).

Note that

N t
R = @L@x-1.v20 P Y ®LW@s). 1
k=1 k=1

Letg: RY — C* x R
1. ¢(L(wok—1,v%) =C (k=1,2,...,5),1.e.,¢d(v2u—1) = ex—1 and ¢ (vr) = ex;.
2. ¢(Lwos) =R (k=1,2,...,1),ie. ¢(V24k) = €254¢.

Actually,
0 ag
1 0 0 ad—1
0 1 0 aq_»
@V, V2, ..., V21, V2, V241, ..., Vq) = o - - : .2
0w
0 0 1 aj

By using the direct sum decomposition (1), we obtain a unique representation of z € R :

N t
2= ) (1021 + V) + ) D5tk V25
k=1 k=1

where {zk}igt c C.
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Let us define maps {¢, }ii‘;’ by
e (2) = Z0k—1V2k—1 + 22k U2k € L(vop—1,26) ((k=2,3,...,5);
* kv € L(vg) (k=2s+1,...,25+1).

Notice that ¢, = @|.(v,,v,)» and

Oe, (2) = Pleeoy_1vyy k=2,3,...,5);
k Sl (k=2s+1,...,25s+1).

LEMMA 3.1. Let ¢, be as above. Then
¢, (A(2)) = Ak ey (2)
fork=2,3,...,8,2s+1,...,25 + 1.

PROOF. This lemma is trivial in the case k € {2s+1, ..., 2s +¢}. We consider the case
ke(2,3,...,s}. Letz = z1vop—1 + 22v2% € L(vox—1, v2k) and Ax = ay + byl (ag, by € R).
It follows that

A(z) = A(z1v2k—1 + 22V2%)

z
= A(v—1, vzk)( l)
2

X
= (avor—1 — vk, bvy_1 —avy) < )

X2
ax by 21
= (V2k—1, V2%) b
x  —ak ) \22
= Ak (V2k—1, V2k) <Z1)
22

=ArZ.
Since A(z) € L(vk—1, V2k), it follows that ¢, (Az) = Akz foreach k € {2,3, ..., s}. O
Since {1, A, A2, ..., A4~ 1} is a basis for the field Q()), we can define a map p : Q1) —
Q’ by

20

i 21
p(zo+ 1A+ zg1A ) =

2d—1
We call the map p the canonical map. It is obvious that for any z € Q(A),
p(Az) = Ap(2) (mod Z9) .

Now we need a lemma.
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LEMMA 3.2. Letz € Q(X) be represented in the form
1 d—1 _
Z:gzpi)»’, pi,qEZ,q>0,
=0

where q is the least integer such that qz € Z[)\]. Let z,, € Q(X) be given by

zn=A"<z—Zj—’;>, 3)

k=1

where {ay}72 | is the complex Pisot expansion of z. Then for every integer n > 0, there exists

a unique element (rl("), AU ra(l")) =r™ e 74 with
1 d
in = — Zrlgn))»_k .
q k=1

PROOF. We prove this lemma by the induction argument.
If n = 0, the lemma is true because {1, A )Fd“} is a basis of the field Q(1).
Assume that the lemma is true when n = j. There exists a unique element r(/) =

P, ..., ri) € Z¢ such that

d
1 )
Zj=— E r,E"))fk.
4 k=1
It follows from the definition that
Jj+1 Z Ak
Zj+1 = A . - | = )»Zj —aj41 .

Since ay belongs to the ring Z[A], zj41 belongs to the field Q(A). Therefore, the lemma
follows from the fact that {1, A=, ..., A~4*1} is a basis for the field Q(1). O

Let z € Q). Since {1, A, ..., A%} is a basis for Q(%), there exists a polynomial
P.(X) = z1 + 22X + -+ z4-1X%7! (z; € Q) satisfying z = P,(1). We define maps
i QM) = Q) (j=1,...,252s+1,...,25s + 1) by

$j(@) = P(Aj),
and define a map
¢: QM) = Q(A3) x QAs) x -+ x QA25—1) X Q(A2541) X Q(A2542) X - -+ X Q(A241)
by
$(z) = (83(2), - -+, $25-1(2), 2541(2), $2542(2), - - -, $2544(2)) -
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PROOF OF THEOREM 3.1. Letz € Q(X) N ¢.(X \ N) be arbitrary. Let z, be as in
Lemma 3.2 and write

d—1
1 .
Z:;Zpik’, pi,-q €2, q>0;
i=0

d
1
{i(Zn)zgi PR =1 =1,...,d).
k=1

Since z € Q(A) N . (X \ N), we have
|zl = 1€1Ga)| = 182(zn)] < [1ge(X)]] < +00
foralln > 1.
Define K and 5 by
K = max{|¢e (we(d ), &, (re, @D | d € D1 < j < d};

= max |r]| <1.
n . dlll

i=3,...,

Then the equation (2) induces the inequalities

d—1 n d—1 n
1 e 1
i (zn)| = |2 (— Yo P =Y @, 1) < =S Ipiln"F + K> nf < 400
4 k=0 [=0 q k=0 k=0
foreveryi =3,...,d.
Since
¢1(zn) P S S AN
Vi=gq : =1 : : : : : “)

Za(zn) atoar o ) @

and [ (ZM)] < ||¢e(X)|] < +00 (1 < i < d), the vectors {V,, | n > 0} have bounded
norms. Since the matrix in (3) is nonsingular, the vectors {r, | n > 0} have bounded norms.
Therefore we have that r,,1,, = r, for some m,n > 1, and hence z,,+, = z,. O

4. Symbolic dynamics of complex Pisot expansions

Let us define a directed graph G = (V, E, i, t) from a complex Pisot numeration system
by
V=J
E={()liev. 1=k=q)

i:E—)V,(i)»—)j;
1 E—V, () w

S e
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Note that the graph G is uniquely determined.

EXAMPLE 4.1 (Rauzy Fractal [7]). The graph of Example 2.1 is given by Figure 5.

()

FIGURE 5

EXAMPLE 4.2 ([2]). The graph of Example 2.2 is given by Figure 6.

()

(+)

FIGURE 6

Let us call a symbolic space right-sided (left-sided) if it is one-sided extending to the
right (left, respectively).

DEFINITION 4.1. Let .Q){ * denote the right-sided symbolic space
jo) 5(i . . Jp—1 .
{(dlgéo)dlgfl))‘jlzjev, t<p 1)2][7 (peN)}

Then we denote by Q; the right-sided symbolic space U.,' cJ .Q{ +,

Let us define

o
s o
Xt = {ZneA 1)

n=1

@ a . ) e 9{*, :
and
o0 . . .
Xt = :ZneA"d,E:':‘) ‘ @dV ) e 9;} :
n=1

It is obvious that X = Ujes X



530 MASAKI HAMA AND SHUNIJI ITO

DEFINITION 4.2. Define ¢ : 2,7 — X} by
o0
(jo) (i) - (n—1)
o((dXa ). )= A"ma V.
n=1

Note that (Q+, o) is a sofic cover of (X, A) and ¢ is a factor map from SAZ;" to X.
PROPOSITION 4.1. (/") = X holds forall j € J.

PROOF. It is easy to see that the set {(p(ﬁ){ +)}j ¢; s the family of the compact sets
and satisfies the set equation stated in Definition 2.2. On the other hand, we see that X j;\N C
(p([}fr) X; C cl(yj\N) andso X; C go([}fr) Therefore, from the uniqueness of attractors
by the graph-directed iterated function system theorem [4], we have w(Q)Ej )) =X;. a

Let Q){ "~ denote the left sided symbolic space

(=3) ;=2 ;G-D Jo . (J-p )
{(...dk{; a2 t(ko) =, t(k_) =jps1(pe N)} .

Let us define a two sided symbolic space 2 by

&, = {(...d;f—ﬂd;{—y. aivagin .. ‘ ji=jev. t@ — iy (p e Z)} .
p

-2
Let us call £2; = U jeJ [}){ the natural extension of .Q;f .

DEFINITION 4.3. Define a set )?{7 C P. by

oo
vi— _ Gn) (-2) ;G-1) ;Go) 7(i1) J—
el _{E A" | (AP Pl ) e @) }
n=0

v/ _ vt _ %i— d
Let X; =X; ' —X; CRY

Since {}A( {Jr}y:] is a complex Pisot numeration set, we have that int XiNintX/ =9 (i #
. o o
Jj). Set X; = Ujej X;.

DEFINITION 4.4. Define ¢ : £, — X, by

P(C..d7Pal 0 alal) )= =3 AtV + 3 AT Y
n=0 n=1
PROPOSITION 4.2. Define a map A on the space X by

A(x) = A(x) — x2) = Ax — d,i({(’) ,
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where x = x] — x» € )A(il (x1 € )A({lJr,xz € )2'{17).

Then it follows that

1. ¢(2,) = X5

2. Aop=¢oo,
where o is the shift transformation on 2.

PROOF. It follows from the definition of the map ¢ that ¢(£2;) = X,. Letd =
(..d V. dPdV ) € £2;. Then we have

—1
. Gn—-1) ¢ Un—1)
A J—n—1 — Jn—1
(p(d) = Z Anﬂ:cdk—n—l + Z A nﬂedkn—] :
n=0 n=1
On the other hand, we have

(@] o
AA((Z)(d)) - _ Z An-‘rlncd]gi;lizl) _ (p(dIE;O)) + ﬂe(d]E;O)) + ZA—n—lned]E’{)i;l)

n=0 n=2
00 . . o0 .
- Z A"+17'rcd]E:’:1) _ ﬂc(d/E(]JO)) + Z A—n+1nedlirjl;:1)
n=0 n=2
00 ) 00 )
__ Z An+l7tcdlgf,':]) + Z Afn+ln,ed]£:;i—]1)
n=—1 n=2

oo . o .
==Y A'med " + 3" AT d
n=0 n=1
e G G0 G ()
=¢(..d a0 aMa P )
=¢(o(@)).

Note that ne(fﬁ) = X. We set

N
there exists 7 € N such that A"~ (,(2)) € U 8Xj} .

N/ = {Z € )?)L
Jj=1

5. Main results

We give below a characterization of purely periodic points of complex Pisot expansions.
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We define a map T ¢()A(A) — ¢()A(A) in the following way. Let x € Xz = d(x) =

(21,225 + s Zss 2oty - -+ Zs4) € 9(X3) € € x RY, and
a0 ... 0 0 ... 0 2 be(d)
0 A ... 0 0 ... 0 2 b, (d)
T@=]0 0 ... Xy 0 ... 0 s | =] ¢e@ |,
0o 0 ... 0 M ... O Zs+1 ey (d)
0 0 ... 0 0 ... X Zs+t be,., (d)

where d = d,g;‘)).
Then we can see that ¢ o A=To ¢, that is, the diagram

A A ~
X)L e X)L

‘| ‘|
R 7 R
P (Xp) —> o (X»)
commutes. Let us define a map ¢ : 2, > C xR by

G G G0 G )
o..d P d " aPaVaP )

00 (jn—l) o0 o0
(be(ﬂe(dk ) ; ;
= | D P (e @ DM = ) ey (e (A )

n=1 n=0 n=0

Set K, = (/NJ(.Q)L). We then obtain the following theorem.

THEOREM 5.1. Let A be a complex Pisot unit. Assume that there is a complex Pisot
numeration set X = Uje] X j.Then the following conditions are mutually equivalent.

(1) z € Pur());

2) z2€QM) Nge(X; \ N') and (z,£(2)) € K.

PROOF. (i) Suppose z = 0.a7---a, € Pur(L), where a; = ¢e(me(d,""))). Since
ai € Z[A), z € QL) N ¢e(X, \ N'). Therefore, we obtain

a4 tapih+a,
AP —1 '

Z =
For k > 3, the k-th coordinate of ¢(z) is given by

ip—1) ip—2) 1 2
oy ey (A7) + G (e @7k + -+ i (e, @IPDADY (L 42 4227 40)
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i 4 (p-2) Up-1)
 Ge (o @NH T e e (o (@) M+ b (e, (@)
B AP —1
= Ck(2) .

Thus we have (z, {(2)) € I%;L.

(i) Suppose thatz € Q(A) Ne(X; \ N') and (z, £(2)) € K;.. Let b be the least integer
such that bz € Z[A]. Set

Ry =1{(z,¢(2) : 2 € b'ZDIN¢e(X5 \ N')} .
Then R is a finite set because q)e()A(U is bounded. Notice that f(z, () = (f"z, g(f(z))).
Since there is a digit d € D such that Tz = ¢,(Az — d”) € b~'Z[A] and T (¢e(X;)) =
(;Se(}A(;L), we obtain that f(Rb) C Ryp. For (z, £(2)) € Ry, there exists a sequence (w, u) € 2
such that ¢ (w, u) = (z, £(2)).
Lety = 7' (z +z0). Then g oo~ (w, u) = (y,9(y)). Therefore (v, ¢(y)) € pe(X)

and f(y, ¢£(y)) = (z,¢(z)). Consequently we can state that T is surjective on Rp. Since A

is an algebraic unit, we know that y € b~'Z[A], and hence (y, £(y)) € Ry. Since 7A1|R;, isa
one-to-one map, there exists an integer n such that

(z.2(2) = T"(2. ¢() = (T"(2), {(T"(2))) -
Thus we obtain that z = 7"z. O
Now we can state the main theorem.

THEOREM 5.2. Let A be a complex Pisot number. Then the following conditions are

mutually equivalent.
(1) z €Pur(r);
(2) z2€ QM) Nge(X5. \ N) and p(2) € X;..

Before proving the main theorem, we shall show the following proposition.
PROPOSITION 5.1. ¢~ '(Ky) = X, holds.

PROOF. Itis clear from (2) that

1 0 0 O 0 0 O

0 ¢ 0 O 0 0 O

0 01 O 0 0 O

0 0 0 1 0 0 O
¢ =i, 02, ...,00) :

0 0 0 O 1 0 O

0 0 0 O 010
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= (V] — V2,03 —iV4,..., 0251 — V2, V2511,..., V).
Therefore, we obtain
- (Jn—1) - (0] ) — @ ) I
-1, —1 Jn— — J—n J—n
¢~ (K)) = {as (Z T dy" W =Y e (@ =Y (@ %)
n=1 n=0 n=0
_ G G0 ;G A
‘d_(...dk_l.dko a0 em}

oo oo
= {Zne(d,ﬁj"l”)r"(vl — i) = ) e (@A (03 —iva) -

n=1 n=0

d=(..d00. a0 ) e g}

o
= A (va)
n=0

(.¢] o
= {Zne(dgi-,")A"(vl — i) = Y ey (dy ) A (03 — ivg) -
n=1 n=0

d=(..d> V. dPal. ) e :}A}

k*ll+1

00
_ Z nd3 (d(j7n+l))An (vd)
n=0
00 00 00
LA = @ = Y Al |
n=1 n=0 n=0

d=(..d>V dMa? . ) e :}A}

=X,

LEMMA 5.1. Letz € Q(A). Then

¢! <§(ZZ)) =p(@2). )

PROOF.  We prove the lemma by steps. If z = 1, then it is trivial.
Next we show that if (4) is true for z, then it is also true for Az. We have

—1 AZ -1 <
¢ <¢(Az))_¢ IA(s“(z)>

= (Mv1 — iv2), A3(v3 — iv4), ..., A2s—1 (Vog—1 — iV2y),

Z
A2s+1V25+15 -+ - 5 A2s+tv25+t) <§(Z))
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=A((vy —ivy), (V3 —iv4),..., (V251 —iV2), V25415 -- -, V2s41) (g(i))

—A0-' [ *
=49 (g(z))

=Ap(2)

=p(rz).
Hence (4) holds for z = Ak ,0 < k < d — 1. Note that both q)_l and ¢ are linear maps.
Therefore (4) holds for all z € Q(A). O

PROOF OF THEOREM 5.2. From Proposition 5.1 and Lemma 5.1, we can show that

(z,2(2) € K; @qs—l( ) cp U(Ky) & p(2) € X

Z
¢(2)

Hence the main theorem follows from Theorem 5.1. a
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