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Abstract. In this paper, one uses a discrete representation to characterize two singular integral kernel spaces
with two others simple Banach, and to improve a Meyer’s result: David and Journé’s T (1) theorem under a weaker
kernel condition.

1. Introduction.

According to L. Schwartz’s kernel theorem, a linear continuous mapping 7' : D — D’ cor-
responds to a kernel distribution K (x, y) inthe sense that (T f, g) = [[ K (x, y)g(x) f (y)dxdy.
The Calder6n-Zygmund school pays attention to the kernel K (x, y), which satisfies the fol-
lowing pointwise conditions:

C
(1.1) IK(x, )| < ———
lx —y

"

Clx =x'|Y

(12) K@) — K@D +1KG0) = KO, 20 = w500

« 1
VOo<y <1, Ix—x’,ls—z—lx—yl.

And the folly.owing weak boundedness condition:

/ K(x, »)g(x) f (»)dxdy

< CIQIUI flico + 121" f lo) (1 glloo + 11" 119 lloo)
for the arbitrary ball Q, and f(x), g(x) € C3(Q).
One denotes K(x,y) € S, orT € OpS,,. If T € OpS,,, and T can extend to a bounded
operator on L2, onecallsthat T € O pF,. Then celebrated David and Journé’s T (1) Theorem
(cf. [2]) can be written as follows.

(1.3)
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THEOREM 1. Suppose that T € OpS,. Then the operator T extends to a bounded
operator on L? if and only if

14) T(1) e BMO, T'(1) € BMO.

The kernel conditions were further weakened by Meyer (cf. [3]), who replaced the point-
wise estimates (1.1) and (1.2) by the integral estimates:

(1.5) sup / (K&, )|+ K@y, x)Ddy = C.
r>0 Jr<|x—y|<2r
(1.6) sup [ (UK (e +u,y +v) = K(x, )]
r>0 2kr<|x—y|<2ktir
lul+lv|=<r

+K(y+u,x+v)—K(y,x)|}dy < e(k),
where k = 1,2, 3, - - -, and £(k) satisfy:

(1.7) st(k) < 00.
k=1

The purpose of this paper is to use a wavelets representation characterize OpS,, and
OpF,, with two others Banach spaces, and to prove the T (1) theorem under Condition (2.7),
which is weaker than (1.7).

2. Wavelets basis and main theorems.

Denotes ¢(x) be the father of Daubechies wavelets, denotes ¥ (x) be the mother of
Daubechies, and denotes 2O (x) = p(x), PV (x) = Y(x). VA = (e, j, k), € € {0, 1}",
j € Z,k € Z", ¥x € R", denotes @ (x) = [[; 2@ (x;), drlx) = ®0(x) =
272 TTE. @€ (2/x; — k;), denotes A = {(¢, j, k), e € {0,1}* \ {0}, j € Z,k € Z"},
then {®,(x)},.; becomes an unconditional basis for most of function spaces. One hopes
that {cib;‘(x)cb;v(y)}(ML,)(E AixA can analyse a usual operator. In fact, Meyer has analysed
OpM, = {T € OpF,, T(1) = T*(1) = 0} with this basis, but if 7(1) # O or T*(1) # 0, the
matrix under the basis {®; (x)P;/( y)}(l MyeAx A does not give a useful information for an op-
erator. Here one uses a basis related to the Beylkin, Coifman and Rokhlin (B-C-R) algorithm,
cf.[1]1. Let A = {A = (e,¢, j, k,I), 6,8 € {0,1}*, |e| + |&'| #0,j € Z,k,] € Z"}, for all
Ae Alet dy(x,y) = <1>§€,f,)(x, y) =2/"®®2ix — k)®©)(2/y — 1), one denotes:

2.1 a, = afskel) = /f K(x, J’)‘P’J(e:,)(x, y)dxdy .
The B-C-R algorithm says that:
2.2) Kx, y) =) ardi(x,).

AeA
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In fact, {®, (x, y)}rea is an orthonormal basis in L2(R" x R"). For T € OopS,, (2.1)
can be defined, then (2.2) is true in the sense of distribution. Hence {a; },c4 becomes a new
representation for operator 7.

Let p(x) € CT'([—M, M), ¥(x) € Cy' ([—M, M]), one presents the following defini-
tion:

DEFINITION 1. T € OpNS,, if

CM}/ ! .
2.3 VA= (g,¢,j,kl)eA.
@3) < g e.€', kD) €

Then one has the following theorems:

THEOREM 2. T € OpS, & T € OpNS,,.

For j € Z,k € Z", denote Q(j, k) = f‘=1[ki2"f, (ki + 1)27/1; denote 2 be the set of
all the dyadic cube. For A = (¢, j, k) € A, let
(2.4) o =af, = Zajek",) and By = B5; = Zaﬁoks},
let

C*=sup |10I7" D 27,2, CP=sup Q7' D 2718517,
ocs 0(jcQ ocs? 0(j.kcQ

one presents the following definition:

DEFINITION 2. T € OpNF,,ifT € OpNS, and T satisfies the following condition:
(2.5) C* 4+ CP < 400.

Then one has:

THEOREM 3. T € OpF, & T € OpNF,.

In fact, the conditions (1.1) and (1.2) can be weakened. One denotes:
2.6) A(R) = sup Y 16aG 1+ 1an
&', j.k joR~ I<lk—1|<2R
THEOREM 4. If T satisfies the conditions (1 3) (1.4) and the followmg condition:

Q2.7 - Z RY2A(R) < o0,
R=2

then T is continuous from L? to L.

When one proves this theorem, one can choose the Haar wavelets. If one chooses the
Haar wavelets, then the Condition (2.7) is a slightly weaker than the following condition:

(2.8) Yk ek) < 0.
k=1

Hence one has improved the Meyer’s result.
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Vx € R, let ®©@(x) = x(x) denote the characteristic function of interval
[0,1) and @D (x) = h(x) = x(2x) — xx +1). Then {S)(x)) ;1yei is a Haar
wavelets basis. Ve € {0, 1}" \ {0}, let i, be the smallest index i such that &; # 0, let
PO (x) = _I'[,;'f”e @D (xi)x (2xi,) TTic144, PE(xi), let O, = {x = (x1,--+ , %), Xi €
277k, 27 (ki + 1)), if i #ig;xi € 277k, 27 (ki +1/2)),if i =i}, letXe = (x1,- -, Xn)
where x; = 0, if i # i.; x; = 1,if i = i, then one has:

THEOREM 5. A(R) <3e(R-1).

PROOF. If ¢ # O, then one has:

Y laiEl= 3 on

12R-1<|k—]|<2R 12R-1<|k—]|<2R

/ K(x, )@©2/x—k)®€) 2/ y —Ddxdy|.

Here one uses the Haar basis, then one has:

(e,8")
) A

[:2R—1 <|k—]|<2R

[2R-1<|k—]|<2R

< Z 2Jjn

f (K(x,y) — K@x +271 5%, yNP©@ 2/ x — k)

x ¢V 2y — l)dxdy‘

s > o [[ ke - Ke+ 2 a N80 @ - )
[2R-1<|k—]|<2R

x | @@ 27y — I)|dxdy

<sup sup IK(x,y) — K(x + 277/, y)|dy

ik xeQs, f2R-2-is|x—y|52R+'—j

< sup (1K@, y) — K(x+2"1 %, y))dy.

xeERn LR—Z—jflx_y|52R+l—j

One decomposes the integral for y into three parts: 2R=2-J < |x — y| < 2R-1=J]
2R-1-j < |x = y| < 2R~V and 2R/ < |x — y| < 2R*+1=J  According to the definition of
£(R), one has: Y ,r—13_j <2k |a5f,f,) | < 3g(R—1). Similarly, one can obtain other estimates
and end the proof of Theorem 5.

In the following section, one proves some important lemmas; in the Section 4, one proves
Theorem 2; and in the last section, one proves the first Theorem 4, and ends with the proof of
Theorem 3.

3. Some important lemmas.

Denotes B(xop, R) a ball with the centre xo and the radius R. Ve € {0, 1}* \ {0}, Vu(x),
let Iep(x) = [Z5 l(x1, - Xolqrigs V1o Xltvigr - -+ » Xn)dY1, let pj i (x) € 'NI%®,vje(x) €
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I*°, Suppv; x(x) C B(0, M) and Ivj(x) € 1°°, Supp I,v; x(x) C B(0, M), one denotes
Kuv(x,y) =242 1ji(2x — k)vjx(2/y — k). Then one has:

LEMMA 1. Vf(x) e Cé(B(xo, R)), g(x) € I°*®*(B(x9, R)), one has:

1/:/ Kyv(x, y)g(X)f(y)dxdyI < CR" (I flloo + Rl f'lloo) 1 gllco -

PROOF. Let [a] denote the integer part of a. Then one has:

‘ f Ku,v(xa)’)g(x)f()’)dXd)’I
B ’ f/ 22w a@x — k)@ y — k)g(x)f(y)dxdy’
J.k

= // Z Z 2/ k@ x — K Iv; k2 y — k) lg()ll £ () |dxdy

j=—llog, R} k

* ‘ ff D D2 uik@x =@y - k)g(x)f(y)dxdy‘

j>—log; Rl "k
=hL+1.
As for I, one has:
h<sC Y 2"IflleollglooR? < CR| flioollglloo-
J=—Illog, R]
As for I, one has:

/ / o 2V Du@x Ui )@y — B g() £ ()dxdy

Jj>—[logy R] &

L <

<C > 27 sup [ 27lusu@lx — IR ool gles
Jj>—[log; R]

< CR™f loollglloc -
This ends the proof of Lemma 1.
~ LEMMA 2. (i) IfT satisfies the weak boundedness condition (1.3), then one has:
3.1 Iaf,f;)l <C, V(é&,jk,)eA and |k—1<8"M".
(ii) If T satisfies the condition (1.2), then one has:

(e,8") ¢ ' _ nagn
(3.2) Iaj,k,l | < A k=1’ V(e,e',j,k,1)e A and |k—1]>8"M".

PROOF. Because that (3.1) is evident, one proves (3.2). For ¢ € {0, 1}" \ {0}, one has
[ &©2Jx — k)dx = 0, hence one has:

afi) =2 [[ &) - K@k @O @5 - e @Ty ~ Daxdy.
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Using the condition (1.2), one gets:

2 'lk . ’ .
Iaﬁekel)l < Czlnf jx — - y|n+|y |¢(8)(21x — k)| |¢(8 )(ij _ l)ldxdy )

Since that Supp ®©(x) c [-M, M]" and |k — I| > 8"M™", then one has: |x — y| ~
2~J|k —I|. So one gets:

c2%n . : o
it = A+ [k — I+ f (27 — kI 6O Q) x — ] 192y - Dldxdy

C
< .
= A+ =1ty

If ¢ = 0, then &’ # 0, one uses the same reason, one gets the estimation fore = 0. O

LEMMA 3. The following two conditions are equivalent:

(3.3) DY a5, ¥/ x —k) € BMO.
(e.j.k)eA
(3.4) C®=sup |QI7" D 271a5,* < +oo.
Qe QjkCQ

One can find the proof of this Lemma in Chapter 5 of tome 1 in [4].
The following important lemma is famous in the proof of the famous 7 (1) theorem:

LEMMA 4. If {a;j,k}(e,j,k)eﬁ satisfies the condition (3.3), then Kg;(x,y) =
X ek 2n 'aj’ktb(e) 2Ix — k)@ (2/y — k) defines an operator T®, which is continuous
from L? to L2.

One can find the proof of this Lemma in Chapter 8 of tome 2 in [4].

Let Y " {la(k, )| + |la(l, k)|} < M, then one has the following Schur Lemma:

LEMMA 5.

2
<MY lak)®.
k

PROOF. Infact,onehas: 3,13, atk,Dak)|?> < 3 ;{3 lak,Dllak)|*> X, latk, D]}
Then one applys the condition: Y, {la(k, )| + |a(l, k)|} < M,, one gets the conclusion of
this Lemma. [

Finally, one presents another important Lemma. Let {ak i}«k.))ez"xz"> {Pk,1}k,)eznx 2"
be two series of numbers such that: ay ; satisfies the following condition: ax; = 0, if |k — | >
2R, dyakg = 0,Vk € Z%, Y {lax| + larkl} < A(R); and by satisfies the following
condition: ) _,{|bk,| + |bi x|} < B(R). Let @(x) € [*°, and Supp P,(x) C B(0, M), Pp(x) €
Co (B(0, M)), then one has the following lemma:
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LEMMA 6.

t/Zak 16k Pa(x — 1) Y b b Py (2 x — I')dx
k'l

k k

1/2 172
< C2/U~DHRA(R) B(R) (Z |ak|2) (Z lbklz) . Vji<-R.

PROOF.

IfZaklak¢a(x =Y b b ®p(2/x —1dx

KU

l f Z D Gkkima(Pa(x —k+m) — Pa(x — k) Y by rby Pp(2/x —)dx

O0<|m|<2R kU

N l/Z Z ak,k+mak¢a(x—k)zbk',l’bk’
3

O<|m|<2R L
X (Pp2Ix —=2/m = 1) — &2 x — 1"))dx

f 2. D lakkemla®ax — k) sup Y byl lbyl

k 0<|m|<2R O<im|<2R g7
X |Pp(2ix —2'm —1I') — ®p(2/x — 1')|dx

Z D lakksmllacl|®alx —

O<|m|<2R

sup Y |bw,r| byl
O<|m|<2R kU

X |Dp(2Ix —2Im = 1"y — @27 x = 1))

L2
Since @,(x) € [*°, and Supp ®,(x) C B(0, M), then

2
SC > (0 > lak,k+mllakll)

k <|m|<2R

1/2

lak,k+mllar || Pa(x —

O<|m|<2R

One applys Lemma 5, oné gets:

|ak k+m llakl| Pa(x — k)
12

1/2
< CARR) (Z Iakiz) :
k

Since @p(x) € C0 (B(0, M)), then there exists a function @,(x) € I, and Supp dp(x) C
B(0, 2M), such that

O<|m|<2R

sup  |Pp(x —2/m) — Pp(x)| < 2/ TRBy(x) .

O<|m|<2R
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Then one has:

sup > b rlibe | Pp2ix —2Tm — 1) — dp(27x — 1)

O<|m|<2R pr 7y 12
<2*Rl sup Y lberlibe | Bp2ix — 1)
O<|m|<2R kI L?
One applys the same reason as above, one gets:
J J / J ’
sup > bu b | P27 x — 2Im — 1) — @27 x — 1)
O<|m|<2R pr p 12

172
< C2/U~/D+RB(R) (E |bk|2) :
k

This ends the proof of the Lemma. [J

REMARK 1. If one chooses @,(x) = ®Pp(x) = x(x), this lemma is also true.

4. Characterization of OpS,.

One returns to the proof of Theorem 2.

One applys Lemma 1, one gets that: T € OpS,, 1mp11es that T € OpNS,, .

We shall show that T € OpS, implies that T € OpNS,. Let K. (x,y) =
> jklea 2f"a§f,f;)d>(e) (2ix —k)®E)(2/y —1), according to the Lemma 2, then
T € OpNS, implies that K, . (x,y) satisfies the condition (1.3). Let K(x,y) =
Yo jinyen 2" PO @Ix — k)@ (2/y — 1), one proves T € OpN'S, implies the
conditions (1.1) and (1.2). In fact, one has:

2ma(&Ed© 21 x — )@ 27y — 1)
(.6 JkDeA ‘
> 2Maf 1@ x — 16 @y — D)
(e,€',j,k,l)eA
j=—log; |x—y| ‘
+ Y 265109 — e @7y - 1)

(e,&',j.k,)eA
j<—logy Ix—y|

=hL+1I.

|K(x, y)| =

A

As for I, one applys the fact: if ®©(x) # 0, then |x| < 8”"M", one gets: if j >
—log, |x — y|, and ®© (2ix — k)@ (2/y —1) # 0, then 1/(1 + [k — 1) ~ 1/(2/ |x — y]).
Hence, one has:

c2in c2- iy C
L < . < < .
J|x — yhrty x—=yrtr T |x —y|*

jz—log; |x—y| jz—logy |x—y| |
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As for I, for each j € Z, there exist at most a finite number of k and a finite number of
I such that ®© (2/x — k)@€)(2/y — 1) # 0, then one has:

L < Z c2/" < ¢

. “lx—=yr
Jj<—logy |x—y| I yl

Finally one proves (1.2). For |x — x'| < %|x — y|, one denotes:

I

21755 © 2 x — )@ 27y — l)'
(e.€,j,kDeA
j=—log, |[x—x'|

+

> 2000 — ey - ’)’ |
(e.e',j.k,DeA '
j=—logy Ix—x’|

I = 2 2"a6) (@O 2x — k) — 2OQIx — k)P 2y - l)l ,
(e,&',j.k,DeA
—logy |x—y|<j<—log; |x—x|

Iy = > 2" @@ — k) — 2@ Ix — k)P 27y — l)l :
(&,€',j.k,eA
Jj<—log, |x—yi

Then one has: |K(x,y) — K/, y)|< L + I, + I.

As for I, one applys the fact: if ®®(x) # 0, then |x| < 8"M", one gets: if j >
—log, |x — x'|, and @@ (2/x —k)®EV(2/y — 1) # 0, then 1/(1 + [k —I]) < C/(2 |x — y|);
and if j > —log, |x — x’|, and @©(2/x’ — k)@ (2/y — 1) # 0, then 1/(1 + [k — 1]) <
1/(27|x" — y|); one has:

c2/n c2in
I < }

. + — ‘
jz—log; |x—x'| { @lx —yDmy - @I =y

: , 1 1
—JV 1.
s¢ >, 2 4{|x—y|"+y+|x'—y|"+y}

Jj=—logs lx—x'|

Clx =x'|Y
T e —yrtr

As for I, one applys the fact: laﬁ.f,f;)l < C/((1+ [k =I)"*7) < C/(27|x — y)"**7), and
|@E2Ix —k) — PO QIx' — k)| < C2J|x — x'|, one gets:

I < > 2O — k) — 9O Q1% — K] 192y )

(e.8',j.k)eA
—log, |x—y|<j<~log, [x—x'|
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; C :

= 2 2 QJx —yhr¥r CVlx —x'

—log; [x—y|<j<—logy Ix—x'| y

|x —x'|
<C Z 2Jj(1~y)
< ——
—log; |x—y|<j<—log; [x—x'| Ix =yl

Clx —x'|Y

T lx =ty

As for I, for each j € Z, there exist at most a finite number of k and a finite number of [
such that (@© (2/x — k) — © 2/ x’ — k)P (27 y — 1) 0, one applys then |$E) (27 x —
k) — 2@ 2Jix" — k)| < C2/|x — x’|, one gets:

B< Y 2501109 — k) - 0@/ — k)| 16€) 27y - D)
(e.€,j.k,DeA
j<—logy [x—y|

< ) 2Dy
Jj<—logy |x—y|

< Clx — x’|

T x =yl

< Clx —x'|¥

T x =yt

5. T(1) Theorem under a weaker kernel condition.

First, one proves Theorem 4. Ve € {0, 1}", one denotes u,(e) =1,ife =0; u(e) = O if
& #0; and one denotes ajsks B = u(e) Yok 1 <lk—m| <2R aj . k+u(8 ) D oR-1<|k—m|<2R aJ f ")l
Let {aj,k}(e,J,k)eA and {ﬁj'k}(s,]'k)eA be defined as in (2.4), one decomposes T into a series of

operators TS (R > 0, (s, &') € {0, 1)2 \ {0}), where their kernel distribution K $**” (x, y)
satisfies the following conditions:

G) R=0: K& x,y) = Zaf;k)cb‘ 2D, if el 1€'] # 0;
K& (x, y) = Za KPR,
K& (x, y) = Zﬁ,-,k Q@)D ).
Jik
G R>0: K& 0y =Y Y a5 Pewe )
Jj k1

= Z: Z a;fkel) (6‘)(x)¢(€ )(y) Za(s & R)¢(€)(x)¢(€ )(y)

J 2R-l<|k—l}|<2R
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If T satisfies the condition (1.3), one applys Lemma 2, one has: A(1) < C. To prove
Theorem 4, it is enough to prove that: Y(g, £’) € {0, 1}**\ {0}, each To(s’s/) is continuous from
L?to L?;and VR > 1, (¢, &') € {0, 1}?" \ {0}, ||T,§€'5" 122 < CRV2A(R).

First, one considers the case where R = 0.

(i) Since that T satisfies the condition (1.3), one applys Lemma 2, then one has |a§8k3k)]
< C. Hence one has: if R = 0, |¢| |¢'] # 0, [T fll 2 < CIl fll 2.

(ii) Furthermore, {af,f;) }e.e',j k.Dea is arepresentation for an operator 7', then one has -
T1=3 i0ei®sPOQx —k)and T'1 =3, ;14 B, PO Qx — k).

Since T satisfies the condition (1.4), one applys the Lemma 4, if |¢| [¢| = O, then
170 Fliz < CCN i 1T £l < CCPI £l o

Secondly, one considers the case where R > 0 and |g| |¢’| # 0. One applys Lemma 5,
one gets: [T fll 2 < CAR)| £l 2.

Finally, one considers the case where R > 0 and |¢| |¢| = 0. One proves that: if R > 0
and || |¢'| =0, || T}f's" fll;2 < CRY2A(R)| £l 2. By similarity, one supposes ¢ = 0.

In fact, Vf(x) = ZAeA a, P, (x) € L?, one has:

0, 0,¢',R 0
T} “fnzz—uZ a%eRa )o@ )2,

’
f2~(0£ R, (e) §f’2<x)25(9;ff ll}) (gl),q)((l))k,(x)dx

0..R) , (s) ~(0,¢’, R) @) 5(0)
fzajkl (x)z JLEL ’l’¢ k,(x)dx

IJ J l<2R

|J JI>2R
=L+15.

As for I, one has:

~ ,R ~(0,e',R
< Y 1)a%PaeQ 1Y ale el ) e,

[j—J'I<2R
2\ 1/2 2\ 1/2
~(0,¢', R, ) ~(Os R) (&)
= Z ( jkl G4 ) ( NG ) .
[j=J'I<2R 14 r

One applys then Lemma 5, one gets: I} < CRA2(R) Hflli2
As for I, one applys then Lemma 6, one gets:

p=c ) 2RVTIAARIFIL < CABISIL. O
lji—J'1>2R

Finally, one proves Theorem 3. In fact, if T € OpNF,,then T € OpNS,,. One applys
Theorem 2, T € OpS,. Now, one proves that T can extend to a bounded operator on L2,
If T € OpNF,, then T satisfies the condition (2.5). One applys Lemma 3, T satisfies the
condition (1.4). Furthermore, if T € OpNF,,then T € OpN S, . That is to say: T satisfies
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the condition (1.3) and A(R) < C2~R¥_ Hence T satisfies the condition of Theorem 4, T can
extend to a bounded operator on L. ,

If T € OpF,,then T € OpS,,so T € OpNS,. Now, one proves T satisfies the
condition (2.5). One applys Lemma 3, one proves that T satisfies the condition (1.4). One
proves that there exists a constant C such that: for all the ball B = B(xp, R), there exists a
constant Cy, g, such that fB(xo,R) |T1 — CxO,R|2dx < CR". Letag(x) € C8°(B(xo,4R)),
lep(x)] < 1,if x € B(xg, 2R), ap(x) = 1. Let Bg(x) = 1 — ap(x), one has: fB(xo,R) IT1—
TBe(x0)|?dx <2 [g. gy |1 TaB(X)dx +2 [5., g |TBB(x) — TBp(x0)|*dx.

Since that T is a bounded operator on L2, then |’ Beo Ry | T2B (x)|?dx < CR™. Further-
more T € OpSy, then [g. 5 |TBB(x) — TBp(x0)|’dx < CR". Then T1 € BMO. One
applys the same reason, T'1 € BMO. O
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