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Introduction

Let p be a prime number. Then a field k is said to be p-quasifinite, if k is a perfect field

of characteristic p and Gal(k[p]
sep/k) ∼= Zp. Here k[p]

sep is the maximal separable p-extension of
k and Zp is the ring of p-adic integers.

Suppose that k is a p-quasifinite field, n � 1 and K = k((tn)) · · · ((t1)) is a formal power

series field in n variables with coefficient field k. Then the nth Milnor K-group KM
n K of K

gives rise to a topological group by introducing the weak topology (see §4). Moreover we

put ΓK = Gal(K [p]
ab /K), where K [p]

ab is the maximal abelian p-extension of K . Then the
following results are obtained.

Main Theorem. Let k be a p-quasifinite field, n � 1 and K = k((tn)) · · · ((t1)). Then

(i) for any element F ∈ Γ k having the property Γ k = FZp , there exists a homomor-
phism

ρK : KM
n K −→ ΓK

of topological groups which satisfies the following two conditions:
(1) Take any finite separable p-extension K ′/K of fields. Then

NK ′/KKM
n K

′ = ρ−1
K (Gal(K [p]

ab /K
′ ∩Kab)) .

Moreover, ρK induces an isomorphism:

KM
n K/NK ′/KKM

n K
′ ∼= Gal(K ′ ∩Kab/K)

of abelian groups. Here “overline” means the closure of KM
n K with respect to the weak

topology.

(2) Take any α ∈ KM
n K . Then

ρK(α)

∣∣∣
k
[p]
ab

= F�(α) .
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For the mapping � : KM
n K → Z, see Lemma 15, (ii).

(ii) The mapping from the set of finite abelian p-extensionsL overK to the set of open
subgroups of KM

n K defined by

L �−→ NL/KKM
n L

is an inclusion-reversing bijection, and

KM
n K/NL/KK

M
n L

∼= Gal(L/K) .

(iii) For any finite abelian p-extension L over K , we obtain

L/K is unramified ⇐⇒ U
(0)
K ⊂ NL/KKM

n L .

Here U(0)K = Ker �.

COROLLARY. The first inequality:
(KM

n K : NK ′/KK
M
n K

′) � [K ′ ∩Kab : K]
holds for any finite separable p-extension K ′/K of fields.

REMARK. (i) If the second inequality:

(KM
n K : NK ′/KK

M
n K

′) � [K ′ ∩Kab : K]
holds, then the Main Theorem gives rise to the fundamental theorem of class field theory for
p-extensions.

(ii) The second inequality is already proved in the case when k is finite or n = 1. See
[4] and [8].

The author wishes to express his thanks to Professor Shigeru Iitaka for his advices and
warm encouragement.

1. Here we shall define two rings ((A))n, [[A]]n for a ring A and n � 1, and study the
fundamental properties of these rings.

Let A be a ring and Γ a totally ordered abelian group. For x ∈ AΓ , we put

s(x) = {γ ∈ Γ | x(γ ) 
= 0} .
Here AΓ denotes the set of mappings from Γ to A. Then the set

A((Γ )) = {x ∈ AΓ | s(x) is a well-ordered subset of Γ }
is a sub A-module of AΓ . For x, y ∈ A((Γ )), we define xy ∈ A((Γ )) by

Γ −→ A

xy : ∈ ∈

γ �−→
∑
α∈Γ

x(α)y(γ − α).
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Then A((Γ )) turns out to be a ring with this product (see [1, Chapter 6, §3, Exercise 2]).
Moreover we put

A[[Γ ]] = {x ∈ A((Γ )) | x(γ ) 
= 0 ⇒ γ � 0} ,

m = {x ∈ A[[Γ ]] | x(0) = 0} ,
then A[[Γ ]] is a subring of A((Γ )), m is an ideal of A[[Γ ]] and A[[Γ ]] = A⊕ m.

For α ∈ Γ , we define tα ∈ A((Γ )) by tα : γ �−→ tα(γ ) = δα,γ . Then (tαx)(γ ) =
x(γ − α) for any x ∈ A((Γ )), and the mapping:

Γ −→ A((Γ ))×

∈ ∈
α �−→ tα

is an injective homomorphism of groups. In what follows, we denote by tΓ the image of this
mapping. The ring A((Γ )) is complete with respect to the linear topology with fundamental
system of neighborhoodsΣ = {tαm | α ∈ Γ, α � 0} of 0.

For a ring A and a totally ordered abelian group Γ , we introduce the mapping

A((Γ )) −→ Γ ∪ {+∞}
ordA[[Γ ]] : ∈ ∈

x �−→ min s(x).

Here we put min ∅ = +∞.

LEMMA 1. Suppose thatA is an integral ring and Γ is a totally ordered abelian group.
Then for any x, y ∈ A((Γ )), we have

ordA[[Γ ]](x) = +∞ ⇐⇒ x = 0 ,

ordA[[Γ ]](xy) = ordA[[Γ ]](x)+ ordA[[Γ ]](y) ,

ordA[[Γ ]](x + y) � min{ordA[[Γ ]](x), ordA[[Γ ]](y)} .
Moreover

A[[Γ ]] = {x ∈ A((Γ )) | ordA[[Γ ]](x) � 0} ,

m = {x ∈ A((Γ )) | ordA[[Γ ]](x) > 0} .
COROLLARY. A((Γ ))× = tΓ × A[[Γ ]]×.

Next we introduce the notion of strong homomorphisms of A-modules as follows.
Let A be a ring and Γ1, Γ2 totally ordered abelian groups. Then a mapping ψ :

A((Γ1)) → A((Γ2)) is said to be a strong homomorphism of A-modules, if the following
three conditions are satisfied: For any well-ordered subset I of Γ1,
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• {α ∈ I | γ ∈ s(ψ(tα))} is a finite subset of Γ1 for any γ ∈ Γ2,

•
⋃
α∈I
s(ψ(tα)) is a well-ordered subset of Γ2,

• ψ

(∑
α∈I
aαtα

)
=

∑
α∈I
aαψ(tα) for any (aα)α∈I ∈ AI .

Let st.HomA(A((Γ1)), A((Γ2))) denote the set of strong homomorphisms of A-modules
from A((Γ1)) to A((Γ2)). Then the set st.HomA(A((Γ1)), A((Γ2))) is a sub A((Γ2))-module of
HomA(A((Γ1)), A((Γ2))). Moreover we get

ψ ∈ st.HomA(A((Γ1)), A((Γ2))),
⊕
α∈Γ1

Atα ⊂ Ker ψ �⇒ ψ = 0 .

EXAMPLE 1. Suppose that A is a ring and Γ is a totally ordered abelian group. Then
for any γ ∈ Γ , x ∈ A((Γ )), the mapping:

A((Γ )) −→ A

∈ ∈

y �−→ (xy)(γ )

is a strong homomorphism of A-modules.

LEMMA 2. Let A be a ring and Γ1, Γ2 totally ordered abelian groups. Then, for any
strong homomorphism ψ : A((Γ1)) → A((Γ2)) of A-modules, ψ is a ring homomorphism if
and only if ψ(tα+β) = ψ(tα)ψ(tβ) for any α, β ∈ Γ1 and ψ(1) = 1.

The proof is similar to the case of group rings.

A mapping ψ : A((Γ1)) → A((Γ2)) is said to be a strong homomorphism of A-rings, if
ψ is a strong homomorphism of A-modules and is a ring homomorphism.

Moreover, for a ring A and totally ordered abelian groups Γ1, Γ2, the definition of a
mapping ψ : A[[Γ1]] → A[[Γ2]] to be a strong homomorphism of A-modules or A-rings is
similar to the case that ψ : A((Γ1)) → A((Γ2)).

For n � 1, we define two functors (( ))n, [[ ]]n : (Rings) → (Rings) by putting ((A))n =
A((Zn)), [[A]]n = A[[Zn]] for a ring A. Here Zn is a totally ordered abelian group with the

lexicographical order. Especially if we write (( )) = (( ))1, [[ ]] = [[ ]]1, then

(( ))n = (( )) ◦ (( )) ◦ · · · ◦ (( )) (nth composite)

for any n � 1.

LEMMA 3. For a ring A and n � 1, we put t1 = t(1,0,···,0), · · · , tn = t(0,···,0,1) ∈ ((A))n.
Then

(i) ti is transcendental over A((tn)) · · · ((ti+1)) for any i ∈ {1, · · · , n}, and

((A))n = A((tn)) · · · ((t1)) ,
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[[A]]n = A⊕
n⊕
i=1

tiA((tn)) · · · ((ti+1))[[ti]] ,

m =
n⊕
i=1

tiA((tn)) · · · ((ti+1))[[ti]] .

Moreover we obtain tΓ = tZ1 × · · · × tZn .
(ii) If we put D = {x ∈ ((A))n | x(γ ) 
= 0 ⇒ γ < 0}, then

((A))n = D ⊕ [[A]]n = D ⊕ A⊕ m ,

D =
n⊕
i=1

t−1
i A((tn)) · · · ((ti+1))[t−1

i ] .

COROLLARY 1. Suppose that A is integral. Then

((A))n× = tZ1 × · · · × tZn × [[A]]×n ,
[[A]]×n = A× × (1 + m) ,

1 + m =
n∏
i=1

(1 + tiA((tn)) · · · ((ti+1))[[ti]]) .

COROLLARY 2. Let A be a field. Then
(i) ((A))n is also a field.

(ii) [[A]]n is a strictly complete valuation ring with quotient field ((A))n, residue field
A and value group Zn.

(iii) ord[[A]]n is an additive valuation of ((A))n corresponding to [[A]]n.
LEMMA 4. Let A be an integral ring and n � 1.

(i) If we write [[A]] = A[[t]], then the following three conditions for x ∈ [[A]]n are
equivalent:
(a) There exists a strong homomorphism ψ : [[A]] → [[A]]n of A-rings

such that ψ(t) = x.
(b) {i ∈ N | γ ∈ s(xi)} is a finite set for any γ ∈ Zn,

and
⋃
i∈Ns(x

i) is a well-ordered subset of Zn.
(c) x ∈ m.

(ii) If x ∈ m and x 
= 0, then the mapping ψ in (a) is injective.

PROOF. (i) In general, the following claim is proved:

CLAIM 1. Put Γ = Zn. Let N be a well-ordered subset of Γ + = {γ ∈ Γ | γ > 0}.
Then {i ∈ N | γ ∈ iN} is a finite set for any γ ∈ Γ , and

⋃
i∈NiN is a well-ordered subset of

Γ .

If we putN = s(x) in Claim 1, then we can prove (c) ⇒ (b). The proof of (a) ⇔ (b) ⇒
(c) and (ii) are easy. �
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At the end of this section, we consider the principle of substitution and the change of
variables in ((A))n, by the use of strong homomorphisms of A-rings.

LEMMA 5. Let A be an integral ring and n � 1. For u1, · · · , un ∈ ((A))n−{0}, we put

M =



ord[[A]]n(u1)
...

ord[[A]]n (un)


 ∈ M(n,Z) ,

�(u1, · · · , un) = det




ord[[A]]n(u1)
...

ord[[A]]n (un)


 ∈ Z ,

and take the elements t1, · · · , tn ∈ ((A))n defined in Lemma 3. Then
(i) the following three conditions for u1, · · · , un ∈ ((A))n are equivalent:

(a) There exists a strong homomorphism ψ : ((A))n → ((A))n of A-rings
such that ψ(ti) = ui for any i ∈ {1, · · · , n}.

(b) ui is transcendental over A((un)) · · · ((ui+1)) for any i ∈ {1, · · · , n},
and A((un)) · · · ((u1)) is a subring of ((A))n.

(c) u1, · · · , un ∈ ((A))n× and M is an upper triangular matrix
such that all the diagonal elements are positive.
(ii) Suppose that u1, · · · , un satisfy the condition (a). Then

ψ is surjective ⇐⇒ �(u1, · · · , un) = 1 .

Therefore the following three conditions for u1, · · · , un ∈ ((A))n are also equivalent:
(a0) There exists a strong isomorphism ψ : ((A))n → ((A))n of A-rings

such that ψ(ti) = ui for any i ∈ {1, · · · , n}.
(b0) ui is transcendental over A((un)) · · · ((ui+1)) for any i ∈ {1, · · · , n},

and A((un)) · · · ((u1)) = ((A))n.
(c0) u1, · · · , un ∈ ((A))n× andM is an upper triangular matrix

such that all the diagonal elements are 1.

PROOF. (i) Using Claim 1 described in the proof of Lemma 4, we can prove (c) ⇒
(a). The proof of (a) ⇔ (b) ⇒ (c) and (ii) are easy. �

Suppose that u1, · · · , un ∈ ((A))n satisfy the condition (a) in Lemma 5, (i). Then we
write

((A))nu = A((un)) · · · ((u1)) = Im ψ .

Note that ((A))n = ((A))nt .

2. Here we shall define an ((A))n-module ΩnA for a ring A and n � 1, and study the
fundamental properties of this module.
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For a ring A and an A-ring B, let DerAB denote the set of A-derivations of B and
ΩB/A the B-module of regular differential forms of B over A. Moreover for n � 1, we put
Ω n
B/A = ΩB/A ∧ · · · ∧ΩB/A (nth exterior power as B-modules). For a ring A and n � 1, we

define a functorΩn
A : (A-Rings) → (A-Mod.) by puttingΩn

AB = Ω n
B/A for an A-ring B. We

also write ΩA = Ω1
A. In the following, we consider the case that B = ((A))n.

LEMMA 6. Suppose that A is a ring and n � 1.
(i) For any i ∈ {1, · · · , n}, there exists ∂i ∈ DerA((A))n such that

(∂ix)(γ ) = (γi + 1)x(γ + ei) (x ∈ ((A))n, γ = (γ1, · · · , γn) ∈ Zn) .

Here ei is the ith unit vector: ei = (0, · · · , 0, 1, 0, · · · , 0) ∈ Zn.
(ii) ∂1, · · · , ∂n ∈ DerA((A))n are linearly independent over ((A))n. Moreover

ord[[A]]n (∂ix) � ord[[A]]n (x)− ei for any x ∈ ((A))n. Thus ∂i is continuous. If we put

st.DerA((A))
n = st.HomA(((A))

n, ((A))n) ∩ DerA((A))
n ,

then

st.DerA((A))n =
n⊕
i=1

((A))n∂i .

PROOF. (i) Noting that ∂i = ∂

∂ti
, we have ∂i ∈ DerA((A))n (1 � i � n).

(ii) The linear independence of ∂1, · · · , ∂n is easily proved from ∂itj = δij . Since
∂i(

∑
α∈I aαtα) = ∑

α∈I aα∂i(tα) holds for any well-ordered subset I of Zn and (aα)α∈I ∈
AI , we obtain ∂i ∈ st.DerA((A))n. �

Since the ((A))n-module Ω((A))n/A has the universal mapping property for A-derivations,
there exists a homomorphism ϕi : Ω((A))n/A → ((A))n of ((A))n-modules such that ϕi ◦
d((A))n/A = ∂i for any i ∈ {1, · · · , n}. Here we define a homomorphism

Ω((A))n/A −→ ((A))n × · · · × ((A))n

ϕ : ∈ ∈

ω �−→ (ϕ1(ω), · · · , ϕn(ω))
of ((A))n-modules. In what follows we write d = d((A))n/A.

LEMMA 7. LetA be a ring and n � 1. Take the elements t1, · · · , tn defined in Lemma 3.
Then ω − ∑n

i=1ϕi(ω)dti ∈ Ker ϕ for any ω ∈ Ω((A))n/A. Thus

Ω((A))n/A = Ker ϕ ⊕ ((A))ndt1 ⊕ · · · ⊕ ((A))ndtn .

EXAMPLE 2. For any f ∈ ((A))n, we have

ϕ(df ) =
(
∂f

∂t1
, · · · , ∂f

∂tn

)
.
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Therefore

df −
n∑
i=1

∂f

∂ti
dti ∈ Ker ϕ .

For a ring A and n � 1, we consider the ((A))n-module

ΩnA = Ωn
A((A))

n = Ω n
((A))n/A .

For (ω1, · · · , ωn) ∈ Ω((A))n/A × · · · ×Ω((A))n/A, we put

[ϕj (ωi)] =


ϕ1(ω1) · · · ϕn(ω1)
...

...

ϕ1(ωn) · · · ϕn(ωn)


 =



ϕ(ω1)
...

ϕ(ωn)


 ∈ M(n, ((A))n)

and define the mapping

Φ :
Ω((A))n/A × · · · ×Ω((A))n/A −→ ((A))n

∈ ∈
(ω1, · · · , ωn) �−→ det[ϕj (ωi)] .

Since Φ is ((A))n-multilinear and alternating, there exists a homomorphism

ϕnA : ΩnA −→ ((A))n

of ((A))n-modules such that Φ = ϕnA ◦ c. Here c : Ω((A))n/A × · · · ×Ω((A))n/A → ΩnA is the
canonical mapping. Thus ϕnA(ω1 ∧ · · · ∧ ωn) = Φ(ω1, · · · , ωn).

LEMMA 8. LetA be a ring and n � 1. Take the elements t1, · · · , tn defined in Lemma 3.
Then ω − ϕnA(ω)dt1 ∧ · · · ∧ dtn ∈ Ker ϕnA for any ω ∈ ΩnA. Thus

ΩnA = Ωn
A((A))

n = Ω n
((A))n/A = Ker ϕnA ⊕ ((A))ndt1 ∧ · · · ∧ dtn .

EXAMPLE 3. (i) For any f1, · · · , fn ∈ ((A))n, we have

ϕnA(df1 ∧ · · · ∧ dfn) = det J (f/t) .

Therefore

df1 ∧ · · · ∧ dfn − det J (f/t)dt1 ∧ · · · ∧ dtn ∈ Ker ϕnA .

Here

J (f/t) =




∂f1

∂t1
· · · ∂f1

∂tn
...

...
∂fn

∂t1
· · · ∂fn

∂tn


 ∈ M(n, ((A))n)

is the Jacobian matrix.
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(ii) For (m1, · · · ,mn) ∈ Zn, we put ω = t
m1
1 · · · tmnn dt1 ∧ · · · ∧ dtn ∈ ΩnA. If there

exists j ∈ {1, · · · , n} such thatmj + 1 ∈ A×, then there exist monomials f1, · · · , fn ∈ ((A))n
such that

ω − df1 ∧ · · · ∧ dfn ∈ Ker ϕnA .

For a ring A and n � 1, we introduce the mappings

ordΩnA = ord[[A]]n ◦ ϕnA : ΩnA −→ Zn ∪ {+∞}

and

ΩnA −→ A

resnA : ∈ ∈
ω �−→ ϕnA(ω)(−1, · · · ,−1).

Then ordΩnA(ω) is called the order of ω ∈ ΩnA and resnA(ω) is called the residue of ω ∈
ΩnA.

LEMMA 9. Let A be a ring and n � 1. Then
(i) the mapping resnA : ΩnA → A is a homomorphism of A-modules.

(ii) For any ω ∈ ΩnA, we have

ordΩnA(ω) = +∞ ⇐⇒ ω ∈ Ker ϕnA ,

ordΩnA(ω) � (−1, · · · ,−1, 0) �⇒ resnA(ω) = 0 .

(iii) For any f1, · · · , fn ∈ ((A))n, we have

resnA(df1 ∧ · · · ∧ dfn) = 0 .

PROOF. The statements (i) and (ii) are obvious.
(iii) Note first that (iii) is proved in the case that f1, · · · , fn are all monomials. Since

the mapping:

((A))n −→ A

∈ ∈

f1 �−→ resnA(df1 ∧ · · · ∧ dfn)
is a strong homomorphism of A-modules for any fixed f2, · · · , fn ∈ ((A))n, (iii) is valid for
f1 ∈ ((A))n. Repeating this process, we obtain resnA(df1 ∧· · ·∧dfn) = 0 for any f1, · · · , fn ∈
((A))n. �
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LEMMA 10. Let A be an integral ring and n � 1. For u1, · · · , un ∈ ((A))n× and
t1, · · · , tn defined in Lemma 3, we put

JL(u/t) =




t1

u1

∂u1

∂t1
· · · tn

u1

∂u1

∂tn
...

...
t1

un

∂un

∂t1
· · · tn

un

∂un

∂tn


 ∈ M(n, ((A))n) .

Then
(i) JL(u/t) ∈ M(n, [[A]]n) and

JL(u/t)(0, · · · , 0) = MEn,A ∈ M(n,A) .
Here M is the matrix defined in Lemma 5 and En,A is the unit matrix in M(n,A).

(ii) det JL(u/t) ∈ [[A]]n and

det JL(u/t)(0, · · · , 0) = �(u1, · · · , un) · 1A .

Here �(u1, · · · , un) is the integer defined in Lemma 5 and 1A is the unity of A.
(iii) For any x ∈ ((A))n, we obtain

resnA

(
x
du1

u1
∧ · · · ∧ dun

un

)
= (x det JL(u/t))(0, · · · , 0) .

PROOF. (i) Since ord[[A]]n(∂j x) � ord[[A]]n (x)− ord[[A]]n (tj ) for any x ∈ ((A))n, we

have JL(u/t) ∈ M(n, [[A]]n) by putting x = ui (1 � i � n). If we put γ = ord[[A]]n(x) −
ej , then (

tj
x
∂x
∂tj
)(0, · · · , 0) = (∂j x)(γ )

x(γ+ej ) = (γj + 1) · 1A = (ord[[A]]n(x))j · 1A. Therefore

JL(u/t)(0, · · · , 0) = MEn,A.
(ii) This statement is proved easily from (i).

(iii) By Example 3, (i), we get x du1
u1

∧· · ·∧ dun
un

−x det JL(u/t) dt1
t1

∧· · ·∧ dtn
tn

∈ Ker ϕnA.

Thus resnA(x
du1
u1

∧· · ·∧ dun
un
) = resnA(x det JL(u/t) dt1

t1
∧· · ·∧ dtn

tn
) = (x det JL(u/t))(0, · · · , 0).

　 �

Next we shall study the properties with respect to the change of variables.

LEMMA 11. Let A be an integral ring and n � 1. Suppose that u1, · · · , un ∈ ((A))n

satisfy the condition (a) in Lemma 5, (i).

(i) For any i ∈ {1, · · · , n}, there exists a unique
∂

∂ui
∈ st.DerA((A))nu such that

∂

∂ui
(umj ) = mum−1

j δij (m ∈ Z, j = 1, 2, · · · , n) .
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(ii)
∂

∂u1
, · · · ,

∂

∂un
are linearly independent over ((A))nu and

st.DerA((A))
n
u =

n⊕
i=1

((A))nu
∂

∂ui
.

The proof is similar to that of Lemma 6.

Let A be an integral ring and n � 1. Suppose that u1, · · · , un ∈ ((A))n satisfy the con-
dition (a) in Lemma 5, (i). Then there exists a homomorphism ϕui : Ω((A))nu/A → ((A))nu of

((A))nu-modules such that ϕui ◦ d = ∂

∂ui
for any i ∈ {1, · · · , n}. Here we define a homomor-

phism

ϕu = (ϕu1 , · · · , ϕun) : Ω((A))nu/A −→ ((A))nu × · · · × ((A))nu

of ((A))nu-modules. Note that ϕi = ϕti (1 � i � n) and ϕ = ϕt .
Next we put

Ωn
uA = Ωn

A((A))
n
u = Ω n

((A))nu/A
.

Then we can define an alternating ((A))nu-multilinear mapping

Φu : Ω((A))nu/A × · · · ×Ω((A))nu/A −→ ((A))nu

and a homomorphism

ϕnu : Ωn
uA −→ ((A))nu

of ((A))nu-modules by putting

Φu(ω1, · · · , ωn) = det[ϕuj (ωi)] ,

ϕnu(ω1 ∧ · · · ∧ ωn) = Φu(ω1, · · · , ωn)
for ω1, · · · , ωn ∈ Ω((A))nu/A. Note that ΩnA = Ωn

t A, Φ = Φt and ϕnA = ϕnt .
Moreover we introduce the mappings

ordΩn
uA

= ord[[A]]un ◦ ϕnu : Ωn
uA −→ Zn ∪ {+∞}

and

Ωn
uA −→ A

resnu : ∈ ∈

ω �−→ ϕnu(ω)(−1, · · · ,−1) .

Note that resnA = resnt .
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LEMMA 12. Suppose that A is an integral ring, n � 1 and u1, · · · , un ∈ ((A))n satisfy
the condition (a) in Lemma 5, (i). Let i : ((A))nu ↪→ ((A))n denote the natural inclusion
mapping. Then

(i) for any ω0, ω1, · · · , ωn ∈ Ω((A))nu/A and ω ∈ Ωn
uA, we obtain

(ϕt ◦ΩAi)(ω0) = ϕu(ω0)J (u/t) ,

(Φt ◦ (ΩAi × · · · ×ΩAi))(ω1, · · · , ωn) = Φu(ω1, · · · , ωn) det J (u/t) ,

(ϕnt ◦Ωn
Ai)(ω) = ϕnu(ω) det J (u/t) .

(ii) For any ω ∈ Ωn
uA, we have

(ordΩn
t A

◦Ωn
Ai)(ω) = ordΩn

uA
(ω)M + ord[[A]]n(det J (u/t)) .

Here M is the matrix defined in Lemma 5.
(iii) For any ω ∈ Ωn

uA, we have

(resnt ◦Ωn
Ai)(ω) = �(u1, · · · , un)resnu(ω) .

Here �(u1, · · · , un) is the integer defined in Lemma 5.

PROOF. The statements (i) and (ii) are easy to verify.
(iii) For (m1, · · · ,mn) ∈ Zn, we put ω = u

m1
1 · · ·umnn du1 ∧ · · · ∧ dun ∈ Ωn

uA. By
Example 3, (i) and Lemma 10, (iii), we have

(m1, · · · ,mn) = (−1, · · · ,−1) �⇒ (resnt ◦Ωn
Ai)(ω) = �(u1, · · · , un) · 1A.

Moreover, by Example 3, (ii) and the fact that resn is a natural transformation, we obtain
(m1, · · · ,mn) 
= (−1, · · · ,−1) �⇒ (resnt ◦Ωn

Ai)(ω) = 0.
Next we put ω = f du1 ∧ · · · ∧ dun ∈ Ωn

uA for f ∈ ((A))nu. Then both the mappings:
f �→ (resnt ◦ Ωn

Ai)(ω) and f �→ �(u1, · · · , un)resnu(ω) are strong homomorphisms of A-
modules. Therefore (resnt ◦ Ωn

Ai)(ω) = �(u1, · · · , un)resnu(ω). Since Ωn
uA = Ker ϕnu ⊕

((A))nudu1 ∧ · · · ∧ dun, we get (resnt ◦Ωn
Ai)(ω) = �(u1, · · · , un)resnu(ω) for any ω ∈ Ωn

uA. �

COROLLARY. Suppose that u1, · · · , un satisfy the condition (a0) in Lemma 5, (ii). Then
(i) for any ω0, ω1, · · · , ωn ∈ Ω((A))n/A and ω ∈ ΩnA, we obtain

ϕt(ω0) = ϕu(ω0)J (u/t) ,

Φt (ω1, · · · , ωn) = Φu(ω1, · · · , ωn) det J (u/t) ,

ϕnt (ω) = ϕnu(ω) det J (u/t) .

(ii) For any ω ∈ ΩnA, we have

ordΩn
t A
(ω) = (ordΩn

uA
(ω)+ (1, · · · , 1))M − (1, · · · , 1) .

(iii) For any ω ∈ ΩnA, we have

resnt (ω) = resnu(ω) .
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3. Here we shall define the Milnor K-group MnB for a ring B and n � 0, and study
the fundamental properties of this group.

For a ring B and n � 0, we define the nth Milnor K-group MnB of B as follows:

• If n = 0, then we put

M0B = Z .

• If n � 1, then we put

MnB = B× ⊗ · · · ⊗ B×/IB ,

where IB is the subgroup of the nth tensor product B× ⊗· · ·⊗B× generated by the sets

{a1 ⊗ · · · ⊗ ai ⊗ · · · ⊗ aj ⊗ · · · ⊗ an | ai ∈ B×, ai + aj = 1 for some i 
= j }
and

{a1 ⊗ · · · ⊗ ai ⊗ · · · ⊗ aj ⊗ · · · ⊗ an | ai ∈ B×, ai + aj = 0 for some i 
= j } .
Then we obtain a functor Mn : (Rings) −→ (C.Groups) for any n � 0. For an inclusion

mapping i : A ↪→ B of rings, we also write MnA|B = Mni.

REMARK. (i) The group operation inMnB will be written multiplicatively for n � 1,
although M0B = Z. Especially if n = 1, then IB = 1. Therefore M1B = B×.

(ii) MnB ∼= KM
n B for a field B. See [2, Chapter IX, (1)].

LEMMA 13. Suppose that B is a ring and n � 1. For a1, · · · , an ∈ B×, we put

{a1, · · · , an} = a1 ⊗ · · · ⊗ an mod IB ∈ MnB .

Then
(M-1) {a1, · · · , an} (a1, · · · , an ∈ B×) generateMnB,
(M-2) {a1, · · · , ai−1, bc, ai+1, · · · , an}

= {a1, · · · , ai−1, b, ai+1, · · · , an}{a1, · · · , ai−1, c, ai+1, · · · , an},
(M-3) if ai + aj = 0 or 1 for some i 
= j , then {a1, · · · , an} = 1.

COROLLARY. {aσ(1), · · · , aσ(n)} = {a1, · · · , an}sgn(σ ) for any σ ∈ Sn.

Let B be an integral ring, t an indeterminate over B and n � 1. Then there exists a
unique homomorphism ψt : Mn−1B((t)) → MnB((t)) of groups such that ψt ({u2, · · · , un}) =
{t, u2, · · · , un} for any u2, · · · , un ∈ B((t))×. For r � 1, let U(r)MnB((t))

denote the subgroup of

MnB((t)) generated by {u1, · · · , un}, where u1 ∈ 1 + trB[[t]], u2, · · · , un ∈ B((t))×. Then

we have ψt (U
(r)
Mn−1B((t))

) ⊂ U
(r)
MnB((t))

.

LEMMA 14. Suppose that B is an integral ring, t is an indeterminate over B and n �
1. Let ϕ0 : B[[t]] → B denote the ring homomorphism defined by ϕ0(f ) = f (0) for any
f ∈ B[[t]]. Then
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(i) there exists a unique homomorphism ∂1 : MnB((t)) → MnB of groups, which
satisfies

∂1({u1, · · · , un}) = {ϕ0(u1t
−ordB[[t]](u1)), · · · , ϕ0(unt

−ordB[[t]](un))}
for any u1, · · · , un ∈ B((t))×. Moreover we obtain ∂1 ◦MnB|B((t)) = idMnB . ThusMnB((t)) =
Im MnB|B((t)) × Ker ∂1.

(ii) There exists a unique homomorphism ∂2 : MnB((t)) → Mn−1B of groups, which
satisfies

∂2({t, u2, · · · , un}) = {ϕ0(u2), · · · , ϕ0(un)}
for any u2, · · · , un ∈ B[[t]]× and Im MnB[[t ]]|B((t)) ⊂ Ker ∂2. Moreover we obtain ∂2 ◦ ψt ◦
Mn−1B|B((t)) = idMn−1B . ThusMnB((t)) = Im(ψt ◦Mn−1B|B((t)))× Ker ∂2.

(iii) Ker ∂1 = Im(ψt ◦Mn−1B|B((t)))×U(1)MnB((t))
and Ker ∂2 = ImMnB|B((t))×U(1)MnB((t))

.

The proof is similar to the case that B is a field. See also [2, Chapter IX, (2.1), (2.2),
(2.3)].

REMARK. In what follows, we shall regardMnB andMn−1B as subgroups ofMnB((t))

by the injections MnB|B((t)) and ψt ◦Mn−1B|B((t)), respectively:

MnB|B((t)) : MnB ↪→ MnB((t)) ,

ψt ◦Mn−1B|B((t)) : Mn−1B ↪→ MnB((t)) .

Moreover we write

U
(0)
MnB((t))

= Ker ∂2 = MnB × U
(1)
MnB((t))

.

Then we have

MnB((t)) = Mn−1B ×MnB × U
(1)
MnB((t))

= Mn−1B × U
(0)
MnB((t))

.

LEMMA 15. Suppose that A is an integral ring and n � 1. Then

(i) Mn((A))
n = {t1, · · · , tn}Z ×

n∏
i=1

U
(0)
Mn−i+1((A))

n−i+1

=
n∏
i=1

Mn−i+1((A))
n−i × {t1, · · · , tn}Z ×

n∏
i=1

U
(1)
Mn−i+1((A))

n−i+1 ,

where ((A))n−i+1 = A((tn)) · · · ((ti)) (1 � i � n).
(ii) There exists a unique homomorphism � : Mn((A))

n → Z of groups, which satisfies

�({u1, · · · , un}) = �(u1, · · · , un)
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for any u1, · · · , un ∈ ((A))n×. Here �(u1, · · · , un) is the integer defined in Lemma 5. More-

over we obtainMn((A))
n = {t1, · · · , tn}Z × Ker � and

Ker � =
n∏
i=1

U
(0)
Mn−i+1((A))

n−i+1 .

Therefore � = ∂1
2 ◦ · · · ◦ ∂n2 : Mn((A))

n → Z for ∂i2 : Mi((A))
i → Mi−1((A))

i−1 (1 � i � n).

PROOF. We can prove (i) easily from Lemma 14 and U
(0)
Mn−i+1((A))

n−i+1 =
Mn−i+1((A))

n−i

× U
(1)
Mn−i+1((A))

n−i+1 .

(ii) Since the mapping � : ((A))n× × · · · × ((A))n× → Z is multilinear, we have a
homomorphism � : ((A))n× ⊗ · · · ⊗ ((A))n× → Z of groups. Then, by I((A))n ⊂ Ker �,
we obtain a homomorphism � : Mn((A))

n → Z of groups. If we introduce the mapping
ψ : Z → Mn((A))

n defined by ψ(m) = {t1, · · · , tn}m for any m ∈ Z, then � ◦ ψ = idZ. Thus

Mn((A))
n = {t1, · · · , tn}Z ×Ker �. Moreover, by the definition of U(0)

Mn−i+1((A))
n−i+1 and (i), we

have Ker � = ∏n
i=1U

(0)
Mn−i+1((A))

n−i+1 . This implies � = ∂1
2 ◦ · · · ◦ ∂n2 . �

For an integral ring A and n � 1, there exists a linear topology on Mn((A))
n with funda-

mental system of neighborhoods Σ = {U(r)
Mn((A))n

| r � 1} of 0. This topology is said to be

the valuation topology onMn((A))
n. ThenMn((A))

n is a topological group with respect to the
valuation topology.

4. Here we shall define a group pairing Res((A))
n

∞ : Mn((A))
n ×W∞((A))n → W∞A for

an integral ring A and n � 1, and study the fundamental properties of this pairing.
In the following, we consider the ring of Witt vectors with respect to the prime number

p. For a ring A, let W∞A denote the ring of Witt vectors of infinite length over A. Then the
next results are easily obtained from Lemma 3, (ii).

LEMMA 16. Suppose that A is a ring and n � 1. Then

W∞((A))n = W∞D ⊕W∞[[A]]n = W∞D ⊕W∞A⊕W∞m ,

W∞D =
n⊕
i=1

W∞(t−1
i A((tn)) · · · ((ti+1))[t−1

i ]) .

Here, let

0∗ : W∞((A))n −→ W∞A

denote the projection with respect to the decomposition: W∞((A))n = W∞D⊕W∞A⊕W∞m.

For an integral ring A and n � 1, we shall define a group pairing Res((A))
n

∞ : Mn((A))
n ×

W∞((A))n → W∞A as follows.
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First we consider the case that p ∈ A×. For u1, · · · , un ∈ ((A))n× and b ∈ W∞((A))n,
we put

ci = resnA

(
wi(b)

du1

u1
∧ · · · ∧ dun

un

)
∈ A (i � 0)

and define the mapping

Ψ1 :
((A))n× × · · · × ((A))n× ×W∞((A))n −→ W∞A

∈ ∈

(u1, · · · , un, b) �−→ θ−1
A (c0, c1, · · · ) .

Here wi (i � 0) are the Witt polynomials and

θA :
W∞A −→ AN

∈ ∈
a �−→ (w0(a),w1(a), · · · ) .

Since Ψ1 is multilinear with respect to u1, · · · , un ∈ ((A))n× for any fixed b ∈ W∞((A))n, we
obtain a mapping

Ψ2 : ((A))n× ⊗ · · · ⊗ ((A))n× ×W∞((A))n −→ W∞A

by putting Ψ2(u1 ⊗ · · · ⊗ un, b) = Ψ1(u1, · · · , un, b). Since

Ψ2(I((A))n ×W∞((A))n) = 0 ,

we can define a mapping

Res((A))
n

∞ : Mn((A))
n ×W∞((A))n −→ W∞A

by Res((A))
n

∞ ({u1, · · · , un}, b) = Ψ1(u1, · · · , un, b). Therefore we have

wi(Res((A))
n

∞ ({u1, · · · , un}, b)) = resnA(wi(b)
du1

u1
∧ · · · ∧ dun

un
) ∈ A (i � 0) .

LEMMA 17. Let A be an integral ring and n � 1. Assume that p ∈ A×.
(i) For any α, α′ ∈ Mn((A))

n, b, b′ ∈ W∞((A))n, c ∈ W∞A, and for any ring homo-
morphism ϕ : A → B, we obtain

(R-1) Res((A))
n

∞ (αα′, b) = Res((A))
n

∞ (α, b)+ Res((A))
n

∞ (α′, b)
(R-2) Res((A))

n

∞ (α, b + b′) = Res((A))
n

∞ (α, b)+ Res((A))
n

∞ (α, b′)
(R-3) Res((A))

n

∞ (α, cb) = cRes((A))
n

∞ (α, b)

(R-4) Res((A))
n

∞ (α, V b) = VRes((A))
n

∞ (α, b)

(R-5) Res((A))
n

∞ : Mn((A))
n ×W∞((A))n −→ W∞A

is continuous with respect to the valuation topology onMn((A))
n

(R-6) W∞ϕ(Res((A))
n

∞ (α, b)) = Res((B))
n

∞ (Mn((ϕ))
n(α),W∞((ϕ))n(b))

(R-7) b ∈ W∞[[A]]n �⇒ Res((A))
n

∞ (α, b) = �(α) 0∗(b).
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(ii) For any u1, · · · , un ∈ ((A))n× and b ∈ W∞((A))n, we have

(R-8) ui ∈ A× for some i ∈ {1, · · · , n} �⇒ Res((A))
n

∞ ({u1, · · · , un}, b) = 0

(R-9) u1, · · · , un ∈ tZ1 × · · · × tZn

�⇒ Res((A))
n

∞ ({u1, · · · , un}, b) = �({u1, · · · , un}) 0∗(b).
The proof is similar to the case that n = 1.

LEMMA 18. Suppose that A is an integral ring, n � 1 and u1, · · · , un ∈ ((A))n satisfy
the condition (a) in Lemma 5, (i). If p ∈ A×, then the mapping

Res
((A))nu∞ : Mn((A))

n
u ×W∞((A))nu −→ W∞A

is defined. Let i : ((A))nu ↪→ ((A))n denote the natural inclusion mapping. Then for any
α ∈ Mn((A))

n
u, b ∈ W∞((A))nu, we have

(R-10) Res
((A))nt∞ ((Mni)(α), (W∞i)(b)) = �(u1, · · · , un)Res

((A))nu∞ (α, b).
Here �(u1, · · · , un) is the integer defined in Lemma 5.

The proof is induced from Lemma 12, (iii) and the definition of the mapping Res
((A))nu∞ .

COROLLARY. Suppose that u1, · · · , un satisfy the condition (a0) in Lemma 5, (ii). Then
for any α ∈ Mn((A))

n, b ∈ W∞((A))n, we obtain

Res
((A))nt∞ (α, b) = Res

((A))nu∞ (α, b) .

Next we try to omit the condition p ∈ A×.

LEMMA 19. Let i : A ↪→ B be an extension of integral rings and n � 1. If p ∈ B×,
then for any α ∈ Mn((A))

n, b ∈ W∞((A))n, we have

Res((B))
n

∞ (Mn((i))
n(α),W∞((i))n(b)) ∈ W∞A .

PROOF. It suffices to prove this lemma in the case that α = {u1, · · · , un} for u1, · · · , un
∈ ((A))n×. Put α = {t1, · · · , ti−1, ui , · · · , un} (1 � i � n + 1), and prove the assertion by
induction on i. For i = n+ 1, it is easy from (R-9). Assume that the assertion holds for i+ 1.

If ui, · · · , un ∈ A((tn)) · · · ((ti+1)), then det JL(u/t) = 0, and hence Res((B))
n

∞ (Mn((i))
n(α),

W∞((i))n(b)) = 0, by Lemma 16, (iii). Therefore we may assume ui /∈ A((tn)) · · · ((ti+1))

by Corollary to Lemma 13. Moreover, by Corollary 1 to Lemma 3, we can also assume (1)

ui ∈ tZj (1 � j � i) or (2) ui ∈ [[A]]×n . In the case (1), we can put ui = tmj (m ∈ Z).

If 1 � j � i − 1, then α = {t1, · · · , ti−1,−1, ui+1, · · · , un}m by Lemma 13. This implies

Res((B))
n

∞ (Mn((i))
n(α),W∞((i))n(b)) = 0 by (R-8). If j = i, then

α = {t1, · · · , ti , ui+1, · · · , un}m .
Therefore Res((B))

n

∞ (Mn((i))
n(α),W∞((i))n(b)) ∈ W∞A by the assumption of induction. In

the case (2), if we put t ′i = ui ti , then

Res((B))
n

∞ (Mn((i))
n(α),W∞((i))n(b)) = Res((B))

n

∞ ({t1, · · · , ti−1, t
′
i , ui+1, · · · , un}, b)
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− Res((B))
n

∞ ({t1, · · · , ti−1, ti , ui+1, · · · , un}, b) .

Since t1, · · · , ti−1, t
′
i , ti+1, · · · , tn satisfy the condition (a0) in Lemma 5, (ii), we have

Res((B))
n

∞ (Mn((i))
n(α),W∞((i))n(b)) ∈ W∞A by Corollary to Lemma 18 and the assump-

tion of induction. �

LEMMA 20. Let A be an integral ring and n � 1.

(i) Even if p /∈ A×, the mapping Res((A))
n

∞ : Mn((A))
n×W∞((A))n → W∞A is defined

and satisfies all the conditions (R-1), · · · , (R-9) and (R-10).
(ii) If A is of characteristic p, then for any α ∈ Mn((A))

n, b ∈ W∞((A))n, we obtain

(R-11) Res((A))
n

∞ (α, Pb) = PRes((A))
n

∞ (α, b).

PROOF. (i) By Lemma 19, the assertion (i) is valid for an integral ring A of charac-
teristic 0, especially for a polynomial ring A in countable variables with coefficient ring Z.

Therefore, by the similar method to the case that n = 1, we can define Res((A))
n

∞ by the use of
(R-6).

(ii) This statement follows from (R-2), (R-4) and p = PV . �

LEMMA 21. Let A be an integral ring and n � 1. Take any α ∈ Mn((A))
n,

b ∈ W∞((A))n, and write α = ∏n
i=−1α(i), b = ∑n

i=−1b(i) following Lemma 15, (i) and
Lemma 16. Here

α(−1) ∈
n∏
i=1

Mn−i+1((A))
n−i , α(0) ∈ {t1, · · · , tn}Z, α(i) ∈ U(1)

Mn−i+1((A))
n−i+1 ,

b(−1) ∈ W∞m, b(0) ∈ W∞A, b(i) ∈ W∞(t−1
i ((A))n−i[t−1

i ]) ,
and ((A))n−i = A((tn)) · · · ((ti+1)) (1 � i � n). If we put � = �(α), then α(0) = {t1, · · · , tn}�
and

Res((A))
n

∞ (α, b) = �b(0)+
n∑
i=1

Res((A))
n

∞ (α(i), b(i)) .

PROOF. By (R-7), we have Res((A))
n

∞ (α, b(−1)) = 0 for any α ∈ Mn((A))
n. If u1 = t1,

· · · , ui−1 = ti−1, ui , · · · , un ∈ ((A))n−i (1 � i � n), then det JL(u/t) = 0. Therefore

Res((A))
n

∞ (α(−1), b) = 0 for any b ∈ W∞((A))n, by Lemma 10, (iii). By (R-7), (R-9), we
obtain

Res((A))
n

∞ (α(0), b(0)) = �b(0) ,

j 
= 0 �⇒ Res((A))
n

∞ (α(0), b(j)) = 0 ,

i 
= 0 �⇒ Res((A))
n

∞ (α(i), b(0)) = 0 .
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If u1 = t1, · · · , ui−1 = ti−1, ui ∈ 1 + ti((A))n−i [[ti]], ui+1, · · · , un ∈ ((A))n−i+1 (1 � i � n),

then det JL(u/t) ∈ ti ((A))
n−i [[ti]], and if b = b(j), then wk(b) ∈ t−1

j ((A))n−j [t−1
j ] for any

k � 0. Therefore

i 
= j �⇒ Res((A))
n

∞ (α(i), b(j)) = 0

for any i, j ∈ {1, · · · , n}. �

In what follows, we consider the case that A is a ring of characteristic p. Then we
introduce a homomorphism

℘ : W∞A −→ W∞A

of modules defined by ℘(a) = Pa − a for any a ∈ W∞A. If we put

WA = W∞A/℘(W∞A)⊗ Z[ 1

p
]/Z ,

then we obtain a group pairing

Res((A))
n : Mn((A))

n ×W((A))n −→ WA

by the method similar to that in the case when n = 1. See [6, Lemma 3.10] or [8, §3]. Here
we induce the valuation topology on Mn((A))

n.

Let Ann((A))
n

denote the annihilator of the pairing Res((A))
n
. Then there exists a linear

topology on Mn((A))
n with fundamental system of neighborhoods

Σ = {Ann((A))
n

(Q) | Q is a finite subset of W((A))n}
of 0. This topology is said to be the weak topology on Mn((A))

n. Then Mn((A))
n is a topo-

logical group with respect to the weak topology. Note thatMn((A))
n is not separable with this

topology.

LEMMA 22. Suppose that A is an integral ring of characteristic p and n � 1. Then
we obtain ℘(m) = m. Therefore

℘(W∞m) = W∞m, Wm = 0

and

W((A))n ∼= WD ⊕WA ∼=
n⊕
i=1

W(t−1
i A((tn)) · · · ((ti+1))[t−1

i ])⊕WA .

PROOF. By Lemma 4, we reduce to the case when n = 1. �

LEMMA 23. For a ring A of characteristic p and indeterminate t over A, we put

A((t∗)) =
⊕
m∈Np

At−m ⊕
∏
m∈Np

Atm ,
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where Np = N − pN. Moreover, we take any submodule A0 of A such that A = PA⊕ A0.

(i) If we put A((t))0 = ⊕
m∈NpAt

−m ⊕ ∏
m∈Np At

m ⊕ ⊕∞
n=1 A0t

−np ⊕ A0 ⊕∏∞
n=1 A0t

np , then we can write A((t))0 = A((t∗))⊕A0((t
p)) and A((t)) = P(A((t)))⊕A((t))0.

(ii) t−1A[t−1] = ℘(t−1A[t−1])⊕ ⊕
m∈NpAt

−m ⊕ ⊕∞
n=1 A0t

−np .

PROOF. We can prove easily (i).

(ii) Put x = at−mpe for a ∈ A, m ∈ Np, e � 0, and prove x ∈ ℘(t−1A[t−1]) ⊕⊕
m∈NpAt

−m ⊕ ⊕∞
n=1 A0t

−np , by induction on e. For e = 0, it is obvious. Let e � 1. If

we put a = bp + c (b ∈ A, c ∈ A0), then x = (bt−mpe−1
)p + ct−mpe = ℘(bt−mpe−1

) +
bt−mpe−1 + ct−mpe . Thus x ∈ ℘(t−1A[t−1])⊕ ⊕

m∈NpAt
−m ⊕ ⊕∞

n=1 A0t
−np . �

COROLLARY. For a ring A of characteristic p and n � 1, we obtain

D = ℘(D)⊕
n⊕
i=1

⊕
m∈Np

A((tn)) · · · ((ti+1))t
−m
i

⊕
n⊕
i=1

⊕
m∈Np

∞⊕
e=1

n⊕
f=i+1

A((tn)) · · · ((tf+1))((t
∗
f ))((t

p

f−1)) · · · ((tpi+1))t
−mpe
i

⊕
n⊕
i=1

⊕
m∈Np

∞⊕
e=1

A0((t
p
n )) · · · ((tpi+1))t

−mpe
i .

LEMMA 24. Let A be an integral ring of characteristic p and n � 1. Then

(i) the mapping Res((A))
n : Mn((A))

n ×W((A))n → WA is continuous with respect to

the weak topology on Mn((A))
n. Therefore Res((A))

n
is a group pairing.

(ii) The weak topology is weaker than the valuation topology on Mn((A))
n.

(iii) If A is a field, PA = A and A 
= ℘(A), then

Ann((A))
n

(Mn((A))
n) = 0 .

PROOF. The statements (i) and (ii) are easy to verify.

(iii) Take any β ∈ Ann((A))
n
(Mn((A))

n). Then, by Lemma 21 and Lemma 22, we
have β ∈ WD. Here we assume β 
= 0. Since WD is a torsion p-group, we may assume
pβ = 0. Then we can write β = φ1(b), b ∈ W∞D, b0 /∈ ℘(D). Noting that A0 = 0,
the monomial appeared in b0 with order ord[[A]]n (b0) is contained in A((tn)) · · · ((ti+1))t

−m
i

or A((tn)) · · · ((tf+1))((t
∗
f ))((t

p

f−1)) · · · ((tpi+1))t
−mpe
i , by Corollary to Lemma 23. Here we put

γ = −ord[[A]]n (b0), x = tγ , uf = 1 + a0x for any a0 ∈ A, uj = tj (j 
= f ), and define α =
{u1, · · · , un}. Then we obtain φ1(Res((A))

n

∞ (α, b)) = Res((A))
n
(α, φ1(b)) = Res((A))

n
(α, β) =

0, that is, Res((A))
n

∞ (α, b) ∈ Ker φ1 = ℘(W∞A) + pW∞A. On the other hand, since we can

write detJL(u/t) = γsa0x
1+a0x

and b0 = c0x
−1 + · · · (c0 
= 0), we also have Res((A))

n

∞ (α, b)0 =
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γsa0c0, by Lemma 10, (iii). Therefore we obtain a0c0 ∈ ℘(A). Thus A = ℘(A). This is a
contradiction, and hence β = 0. �

5. Here we shall define a mapping ρK : MnK → ΓK for a formal power series field
K in n variables with p-quasifinite coefficient field, and prove the Main Theorem.

First, note that the group pairings

〈 , 〉Γ K∞ : ΓK ×W∞K −→ W∞Fp, 〈 , 〉ΓK : ΓK ×WK −→ Q/Z

are defined in [8, §2] for any field K of characteristic p.

THEOREM 1. For a perfect field k and n � 1, we put K = ((k))n. Then

K ′/K is an unramified extension ⇐⇒ K ′/K is an extension of coefficient fields

for any finite extension K ′/K of fields.

The proof is induced from [11, Theorem 2].

COROLLARY. Suppose that k is a perfect field of characteristic p (p 
= 0). If we put

K
[p]
ur,ab = k

[p]
ab K = K(℘−1W∞k) ,

then K [p]
ur,ab is the maximal unramified abelian p-extension of K .

For a field k of characteristic p and n � 1, we putK = ((k))n. ThenMnK = Mn((k))
n is

a topological group by introducing the weak topology. Moreover, from the results in §4, we
obtain the mappings

ResK∞ : MnK ×W∞K −→ W∞k, ResK : MnK ×WK −→ Wk .

Suppose that k is a field of characteristic p having the property k/℘ (k) ∼= Fp. Then

there exists F ∈ Γ k such that Γ k = FZp ∼= Zp, and the mapping

W∞k −→ W∞Fp
SF : ∈ ∈

b �−→ 〈F, b〉Γ k∞

is a surjective continuous homomorphism of Zp-modules and Ker SF = ℘(W∞k). Therefore
we have W∞k ∼= ℘(W∞k)⊕W∞Fp.

Next we define a mapping

〈 , 〉MnK∞ : MnK ×W∞K −→ W∞Fp

by putting

〈α, b〉MnK∞ = SF (ResK∞(α, b))
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for α ∈ MnK , b ∈ W∞K . Then 〈 , 〉MnK∞ is a group pairing with respect to the weak topology

on MnK . Similarly, fromWk ∼= Z[ 1
p
]/Z ⊂ Q/Z, we also obtain a group pairing

〈 , 〉MnK : MnK ×WK −→ Q/Z .

Using these pairings, we can define a mapping

ρK : MnK −→ ΓK

by putting 〈ρK(α), β〉Γ K = 〈α, β〉MnK for α ∈ MnK , β ∈ WK . Moreover, for any abelian
p-extensionL overK , we put ρL/K(α) = ρK(α) |L for α ∈ MnK . Then we obtain a mapping

ρL/K : MnK −→ Gal(L/K) .

Note that both the mappings ρK and ρL/K are dependent on F .

LEMMA 25. For a perfect field k of characteristic p which satisfies k/℘ (k) ∼= Fp and
n � 1, we put K = ((k))n.

(i) Let L, L′ be abelian p-extensions over K , H ′ = Gal(K [p]
ab /L

′) and Q′ =
Ker WK |L′ . If L′ ⊂ L, then

ρ−1
L/K(Gal(L/L′)) = ρ−1

K (H ′) = AnnMnK(Q′) .

Here AnnMnK denotes the annihilator of the pairing 〈 , 〉MnK .
(ii) The mapping ρK : MnK → ΓK is a continuous homomorphism of groups.

(ii′) The weak topology onMnK is the induced topology of Krull topology on ΓK with
respect to the mapping ρK .

(iii) For any subgroup A ofMnK , we have AnnΓK(ρK(A)) = AnnMnK(A). Therefore

we obtain ρK(A) = AnnΓK(AnnMnK(A)) and

A = ρ−1
K (ρK(A)) = AnnMnK(AnnMnK(A)) .

Here AnnΓK denotes the annihilator of the pairing 〈 , 〉ΓK and “overline” means the closure
of topological spaces.

(iv) The mapping ρK : MnK → ΓK is dominant.

PROOF. The statement (i) is verified from the definitions of ρK , ρL/K and H ′ =
AnnΓK(Q′).

(ii) It is easy to prove that ρK is a homomorphism of groups. The continuity of ρK and
(ii′) are induced from

{ρ−1
K (H) | H is an open subgroup of ΓK} =

{AnnMnK(Q) | Q is a finite subgroup of WK} .
(iii) We can prove this statement easily from the definition of ρK and (ii′).
(iv) If we put A = MnK in (iii), then, by Lemma 24, (iii), we have
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ρK(MnK) = AnnΓK(AnnMnK(MnK)) = AnnΓK(0) = ΓK .

�

COROLLARY. For any closed subgroup A ofMnK , there exists an abelian p-extension
L over K such that A = Ker ρL/K . If A is open, then L is finite over K and is determined
uniquely from A.

THEOREM 2. For a perfect field k of characteristic p which satisfies k/℘ (k) ∼= Fp and

n � 1, we put K = ((k))n. Take any element F ∈ Γ k having the property Γ k = FZp , and
define the mappings ρK and ρL/K . Then

(i) for any α ∈ MnK , we have

ρK(α)

∣∣∣
k
[p]
ab

= F�(α) .

(ii) The mapping from the set of finite abelian p-extensionsL overK to the set of open
subgroups of MnK defined by

L �−→ Ker ρL/K = ρ−1
K (Gal(K [p]

ab /L))

is an inclusion-reversing bijection, and

MnK/Ker ρL/K ∼= Gal(L/K) .

(iii) For any finite abelian p-extension L over K , we obtain

L/K is unramified ⇐⇒ U
(0)
K ⊂ Ker ρL/K .

Here U(0)K = Ker � = ∏n
i=1U

(0)
Mn−i+1((k))

n−i+1 .

PROOF. (i) Put � = �(α). Take any element b ∈ W∞k which satisfies k[p]
ab =

k(℘−1b). Then we have 〈ρK(α), b〉ΓK∞ = 〈α, b〉MnK∞ = SF (ResK∞(α, b)) = SF (�b) =
〈F, �b〉Γ k∞ = 〈F�, b〉Γ k∞ by Lemma 21. Thus ρK(α)

∣∣∣
k
[p]
ab

= F�.

(ii) By Lemma 25, (i), we have Ker ρL/K = ρ−1
K (Gal(K [p]

ab /L)). By Corollary to
Lemma 25, the mapping: L �→ Ker ρL/K is bijective. Moreover, by Lemma 25, (iv), the
homomorphism ρL/K : MnK → Gal(L/K) is surjective.

(iii) By Lemma 15, Lemma 21, Lemma 22 and Lemma 24, (iii), we have

AnnMnK(U
(0)
K ) = Wk ,

and hence ρK(U
(0)
K ) = AnnΓK(AnnMnK(U

(0)
K )) = AnnΓK(Wk) = Gal(K [p]

ab /K
[p]
ur,ab) by

Lemma 25, (iii). Therefore we obtain

L/K is unramified ⇐⇒ L ⊂ K
[p]
ur,ab ⇐⇒ U

(0)
K ⊂ Ker ρL/K

by Corollary to Theorem 1. �
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COROLLARY. ΓK ∼= M̂nK = proj. limMnK/A, where A runs over all open sub-
groups of MnK .

Next we consider the relationship between the pairings 〈 , 〉MnK and 〈 , 〉MnK
′
, where

K ′/K is a finite separable p-extension of fields.

LEMMA 26. For a perfect field k of characteristic p and n � 1, we put K = ((k))n.
Let K ′/K be a finite separable extension of fields and k′ the algebraic closure of k in K ′.

(i) For any α ∈ MnK , b ∈ W∞K , we have

ResK
′

∞ (MnK |K ′α, b) = eResK∞(α, b) .

Here e = [K ′ : k′K].
(ii) For any α ∈ MnK , b′ ∈ W∞K ′, we obtain

TW∞k′/W∞kResK
′

∞ (MnK |K ′α, b′) = ResK∞(α, TW∞K ′/W∞Kb
′) .

PROOF. (i) If we put K = k((tn)) · · · ((t1)), then we can write k′K = k′((tn)) · · · ((t1))
by [11, Corollary (i) to Theorem 2]. Therefore, by (R-6), we obtain ResK∞(α, b) = Resk

′K∞
(MnK |k′Kα, b). If we apply (R-10) for i : k′K ↪→ K ′, then we have

ResK
′

∞ (MnK |K ′α, b) = �(t1, · · · , tn)Resk
′K∞ (MnK |k′Kα, b) .

Moreover, by [11, Theorem 2, (ii)] and [11, Corollary (i) to Theorem 2], we get

�(t1, · · · , tn) = e = [K ′ : k′K]. Thus ResK
′

∞ (MnK |K ′α, b) = eResK∞(α, b).
(ii) It suffices to prove Tk′/kResK

′
∞ (MnK |K ′α, b′) = ResK∞(α, TK ′/Kb′) in the

case when the extension K ′/K is Galois. Put G = Gal(K ′/K), and decompose

G = ⋃f
i=1 Gal(K ′/k′K)σi . Then Gal(k′/k) = Gal(k′K/K) = {σ1, · · · , σf } by [11,

Theorem 2, (ii)]. If we put α′ = MnK |K ′α, b = TK ′/Kb′, then we get ResK∞(α, b) =
1
e
ResK

′
∞ (α′, b) = 1

e
ResK

′
∞ (α′,

∑
σ∈G σb′) = 1

e

∑
σ∈GσResK

′
∞ (α′, b′) = ∑f

i=1 σiResK
′

∞ (α′, b′)
= Tk′/kResK

′
∞ (α′, b′) by (i) and (R-6). �

LEMMA 27. For a p-quasifinite field k and n � 1, we put K = ((k))n.
(i) Let σ : K → K ′ be an isomorphism of fields. Then for any α ∈ MnK , β ∈ WK ,

we have

〈α, β〉MnK = 〈σα, σβ〉MnK
′
.

(ii) Let K ′/K be a finite separable p-extension of fields. Then for any α ∈ MnK ,
β ′ ∈ WK ′, we obtain

〈MnK |K ′α, β ′〉MnK
′ = 〈α, TK ′/Kβ

′〉MnK ,
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and for any α′ ∈ MnK
′, β ∈ WK , we obtain

〈NK ′/Kα
′, β〉MnK = 〈α′,WK |K ′β〉MnK

′
.

PROOF. The statment (i) is proved easily from (R-6).

(ii) 〈MnK |K ′α, β ′〉MnK
′ = 〈α, TK ′/Kβ ′〉MnK is easy from Lemma 26, (ii). It suffices

to prove 〈NK ′/Kα′, β〉MnK = 〈α′,WK |K ′β〉MnK
′

in the case when the extension K ′/K is

Galois. Since TK ′/K is surjective, there exists β ′ ∈ WK ′ such that β = TK ′/Kβ ′. Then
TGβ

′ = WK |K ′β. On the other hand, if we put α = NK ′/Kα′, then NGα′ = MnK |K ′α. Thus

〈α, β〉MnK = 〈α, TK ′/Kβ ′〉MnK = 〈MnK |K ′α, β ′〉MnK
′ = 〈NGα′, β ′〉MnK

′ = 〈α′, TGβ ′〉MnK
′

= 〈α′,WK |K ′β〉MnK
′
. �

LEMMA 28. Suppose that k is a p-quasifinite field, n � 1 and K = ((k))n. Then for
any finite separable p-extension K ′/K of fields, we obtain

AnnMnK(NK ′/KMnK
′) = Ker WK |K ′

and

NK ′/KMnK ′ = AnnMnK(Ker WK |K ′) .

Here “overline” means the closure of MnK with respect to the weak topology.

PROOF. AnnMnK(NK ′/KMnK
′) = Ker WK |K ′ is induced from Lemma 27, (ii) and

Lemma 24, (iii). NK ′/KMnK ′ = AnnMnK(Ker WK |K ′) is easy from the above equation and
Lemma 25, (iii). �

Then the proof of Main Theorem is complete from Lemma 25, Lemma 28 and Theo-
rem 2.
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