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Abstract. We obtain some uncertainty inequalities for the Jacobi transform fa’ g (1), where we suppose &, B €
Rand p = o+ B+ 1 > 0. As in the Euclidean case, analogues of the local and global uncertainty principles hold for
fa’ g- In this paper, we shall obtain a new type of an uncertainty inequality and its equality condition: When 8 < 0
or B < a, the L2-norm of fa,ﬂ(}»)k is estimated below by the L%-norm of pf (x)(cosh x)~ L. Otherwise, a similar
inequality holds. Especially, when 8 > « + 1, the discrete part of f appears in the Parseval formula and it influences
the inequality. We also apply these uncertainty principles to the spherical Fourier transform on SU (1, 1). Then the
corresponding uncertainty principle depends, not uniformly on the K-types of f.

1. Introduction

The uncertainty principle on R says that if a function f (x) is concentrated around x = 0,
then its Fourier transform f (1) cannot be concentrated around A = O unless f is identically
zero. As surveyed in [7] and [9], there are various generalizations of this principle on locally
compact groups G; the Heisenberg group, motion groups, and semisimple Lie groups, and so
on. In this paper we shall obtain a generalization of this principle for the Jacobi transform
fap () (see (7).

On semisimple Lie groups G the local and global uncertainty principles for the spherical
Fourier transform of K -finite functions are obtained in [7]. When the real rank of G equals
to one, these inequalities correspond to the ones for the Jacobi transforms with specialized
a and B. Hence, the results in [7] are easily generalized for the Jacobi transform fa, g(A).
However, it is not clear how the constants appeared in the inequalities depend on «, 8, and
moreover, how the discrete part of f (see (10)) contributes the uncertainty principles. Hence
in §2 and §3, arguing exactly as in the Euclidean case, we shall give the proofs of local and
global uncertainty inequalities for the Jacobi transform (see Theorems 3.1, 3.2, 4.2 and 4.3).

On the Euclidean space R, to figure a concentration of f(x) around x = 0, we consider
a multiplication of x; f(x)x, and similarly, for the Fourier transform side, we do a multipli-

cation of A; f (M)X. On the other hand, for the global uncertainty inequality for fa,/g (L) (see
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Theorem 4.1) these x and A are respectively replaced by

V(x):/ A(t)dt and W(X):/ dv,
0 D)

where A(t) is the weight function on R4 (see (2)), D(A) = {z € C; |z] < |A|}, and dv the
Plancherel measure for the Jacobi transform (see (13)). In Theorem 4.2 we modify V (x) and
W (M) respectively as

Vs(x) = min(V(x),8"") and we(A) = A% + p>)*t!

for 6 > 0. Furthermore, in §5 we shall give a refinement of Theorem 4.2 by replacing Vs (x)
as

_ V(x)

A

v(x)

We shall obtain a global uncertainty inequality, which figures concentrations of f and fa, g by
the multiplications of v(x) and w_1,2(A) respectively. Especially, we can obtain the equality
condition (see Theorem 5.1). We note that functions satisfy the equality condition are neither
Gaussian nor heat kernels for the Jacobi transform (see (21b)). In §6, using these inequalities,

we shall consider some uncertainty principles for f and fa, B-
In §7 we shall apply these global uncertainty inequalities for the Jacobi transform f:x g(A)

to the spherical Fourier transform f (M) on G = SU(1, 1). Then we can deduce a uncertainty
principle for general functions, not K-finite, on G. As in the Euclidean case, to deduce a

non-concentration of f(1) around A = 0, a concentration of f(g) around g = e is sufficient
(see Theorem 7.1). In particular, we see that this sufficient condition depends on the K -types
of f and is not uniform on the K -types (see Remark 7.2).

2. Notation

Leta,B € C,Ra > —land p = a+ B+ 1. For A € C, let ¢, (x) denote the Jacobi
function of the first kind, that is, the unique solution of

(L+22+p)f=0 (1)
satisfying £(0) = 1 and f/(0) = 0, where L = A(x)_I%(A(x)j—x) and

A(x) = (2sinhx)>**1(2 coshx)?A+! ()

For A # —i, —2i, —3i,..., let @, (x) denote the Jacobi function of the second kind which
satisfies

2120 (@ + D7 (x) = COYP(x) + C(—1) D5 (x) 3)

where C(A) is Harish-Chandra’s C-function (cf. [3, §2]). For convenience, we suppose that
a, B € Rand p > 0 in the following. Then the following estimates are well-known (cf. [3,
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4]): Forx > 0and A € C with |[SA| < p
lpr ()] <1, 4)

and for each § > 0 there exist a positive constant K such that for all x > § and A € C with
SA >0

|0, (0)] < Kpe™ 40T, ®)
where Kj is independent of ., 8, and for each r > 0 there exist positive constants K! , K r%a
such that if A € C with A > 0 is at distance larger than r from the poles of C(—1)~! then

r,a’

K27 (o + AD T2 < |1C(=0)7 < K227 (p + |A)*T12, (6)

l
where K} s

i =1, 2, are independent of 8.
Let LP(A), 1 < p < oo, denote the space of all p-th integrable functions on R} with
respect to A(x)dx and CZ5, (R) the space of all even C* functions on R with compact support.

For f € CZ5(R), the Jacobl transform f (A) is defined as

f) = T+ 1)/ S)Pr(x)A(x)dx . @)
Clearly (1) and (4) imply that for A € C,
(LH0) = =02+ pD) f () (8)
and for |SA] < p,
V2
If)] < m”f”Ll(Ay 9

This transform f — f satisfies analogous properties of the classical cosine Fourier transform;
the inversion formula, the Paley-Wiener theorem, and the Plancherel formula were obtained
in [3, 4]: We set

Dyg={i(B—a—1-2m);m=0,1,2,...,8—a—1-2m > 0}.

Then the inversion formula is given as follows: For f € C - (R),

flx) = —( / foogmlco2da+ Y am(x)d(u))
Flae+D jeDey (10)
= fP(x)+°f(x),
where a, = f(u) and d(n) = —2niC(u)’1ResA=MC(—A)’1. We call fp and °f the

principal part and the discrete part of f respectively. We note that since p > 0, |B] < o + 1 if
B < 0and hence Dy g = ¥ if B < 0. Moreover, there exists a positive constant K, such that

g (x)| < Kye PHDx - x>0 (11)
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and thereby

2 o
A4 = fo b ()P AG)dx > 0. (12)

We denote by F(v) = (F (1), {a,}) a function on Ry U Dy g defined by

F() if v=ieR
Flv) = (A) 1 v +
ay if v=p € Dyp.

We put F(v) = (F(A), {@,}) and define a product of F(v) = (F (), {a,}) and G(v)
(GO, (b)) as

(FG)(v) = (F(WGD), {auby}) .

Moreover, for a function A(X) on C, we define a multiplication of & as h(v)F(v)
(h(M)F L), {h()ayu}). Let dv denote the measure on Ry U Dy g defined by

/ F(v)dv:/ FOICW)IMdr+ > aud(u). (13)
R1UDy g 0

MEDa,ﬁ

For f € CZ%,(R), we put

fo)y =0 (fuwh .
Then the Parseval formula for the Jacobi transform on Cf"; (R) can be stated as follows (see
[4, Theorem 2.4] and cf. [2]): For f, g € CZ%(R)

/ F)gC)A(x)dx = f Fgwydv. (14)
0 R{UDq g

The map f — f, fe Cé?"; (R), can be extended to an isometry between L%(A)and L2(v) =
L* (R, U Dy g, dv). Actually, each function f in L2(A) is of the form f = fp + °f (see
(10)) and their L?-norms are given as

/O |fp(x)|2A<x>dx=/O | /P GIPICG)|%d, (15a)
/ PrOPAMdx = Y lafdw). (15b)
0 neDy p

Therefore, if we define f(v) = (f(k), {au}), (14) implies that

||f||L2(A) = ||f||L2(U)-
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3. Local uncertainty principles

We define a function V (x) on Ry by

Vix) = fx A(t)dt
0

and for a measurable subset £ of R;. U D, g we put

o(E) = / dv.
E

131

(16)

Then as in the Euclidean case, we can deduce the local uncertainty principle (see [5, §3] for

semisimple Lie groups and motion groups).

THEOREM 3.1. Let0 < 6 < 1/2. Then there exists a constant Cq o such that for all

€ L (A) L (A) and E [¢ R U DC{ B Wllh o (E) < 00,
+ s
s

/ | F0)Pdv < Corao (B / FOPY )% AGdx .
E

In order to clear the fact that Cy , is independent of B we shall give a sketch of the proof.
Let x,, r > 0, denote the characteristic function of the interval [0, 7]. We set ¢ = fx, and

h = f —g. Then

/|f(v>|2dvsz(f |§I(U)|2dv+/ |iz(v>|2dv).
E E E

It follows from (9) and Schwarz’ inequality that
GOy < =gl 0 ()
g7 = T@+ 2@

< #O’(E) /r V()" A(x)dx /r lg() [PV ()% A(x)dx
= T+ 1)2 0 0

2 1

_ o (E)V (r) 2! /O 1RV (Y AG)dx .

IFa+1)2-20+1
On the other hand,

/ ()P < / R AGx)dx
E r
<V f h Ih(O)1PV (x)* A(x)dx .

Here we take an r such that o (E) = V(r)~!. Then

f |f )2y < Cy.uo (E)*° f h )PV ()% Ax)dx
E 0
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where Cyp o = 2 max (Wﬁ’ 1)'

We shall modify the above local uncertainty inequality. For each § > 0 we denote by x;
the point satisfying V (xs) = §~! and we let

Vs(x) = {V(x) if 0<x <ux;s, (17

s! if x> x5.

THEOREM 3.2. Letd > 0and 0 < 6 < 1/2. Then there exists a constant Cy o Such
that for all f € L' (AN L2(A) and E C Ry U Dy g witho(E) > 6,

/ F0)Pdv < Corao (B / PV AG)dx
E 0

PROOF. Since o (E) > § and 8 is the minimum value of Vs(x)~!, we can take an r
such that o (E) = V(r)~!. Therefore, we can repeat the above sketch of the proof replacing
V by Vs. [ |

4. Global uncertainty principles

As in the Euclidean case, we can deduce the global uncertainty principles from the local
ones. We denote

Wr)=oc({reC;|A| <r}).

Then the following global uncertainty inequality follows from Theorem 3.1 (see [5, §4] for
symmetric spaces).

THEOREM 4.1. Let0 < 6 < 1/2. Then there exists a constant Cy o such that for all
feL'(A)NL*A)

£ 171 < Co /0 | £V () A(x)dx / IfWPW)¥dy.

R+UDayﬁ
We now deduce a global uncertainty inequality from Theorem 3.2. We set E, = {A €

/42 2
C: |A]2 < r? 4 p2}. Since o (E, N Ry) = fo re |C (V)| 2dx, substituting the estimate of
C(—2)~! (see (6)), we see that there exist positive constants Céu i = 1,2, suchthatfor A € R

Cu2 (2 + pH) D <o (E- NRy) = C277 (2 4 pH) @D (18)

Therefore, if we take § > 0 as § = CéZ_prz(“H), then o (E, N Ry) > 8. For y > 0, we
define the fractional power of —L as

(=LY /(W) = 3> + 02 f(3)
(cf. (8)). Then we have the following.
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THEOREM 4.2. Leté, Vs be as above andlet 0 < 0 < 1/2. Then there exists a positive
constant Cy o such that forall [ = fp € L'(A) N L2(A)

£ 171 4 < Coa2™*° fo TRV AG)dx fo D@ F@) P A

PROOF. Lety = 2(x + 1)0 and f = fp. By using the Plancherel formula (16a), we
obtain that

£ 17200 = f A2+ o772+ oY [ FPIC )2 dA
Ry
. (19)
<p¥ / (=LY f (0P AG)dx
0

Moreover, if f(k) is supported on E¢ N R4, then p~2” can be replaced by (r> 4+ p*)77,
because A2 + ,02 > A2 > 24 ,02 for A € E¢ N R4. Then it follows from Theorem 3.2 and
(18) that foreach r > 0

11200y = f |f)Pdv + f |f()2dv
E,NR; ESNRy

< Couo(E, MR /0 PV AG)dx

+ (4 pD)7 / (=LY F)PAC)dx
A (20)

o0
< (2 4 p2) 270 Cp o (CHY \ | f () Vs(x)* A(x)dx

+ @+ /O h [((—L)" f (0)* Ax)dx
=%+ pH) 727 Co o (CH* I + 7 + pH) 7 I
Especially, since Cp o, > 2 and Colé < Cg, it follows that
1F 1 2ea < @7+ 277 2740 Co o (C I+ (7 + pP) Y Co.a(Co/ DI
=+ p)A+ (P +pH) VB

As a function of x on R, x” A4x~7 B attains the minimum value 2+/AB at xg = (B/A)'/?7.
Therefore, it follows from (17) with § = C1272° p2@+1) and (19) that

o CoalCo/CO RN,
0= 2—4,09C0!a(cé)2911 Z P

Hence we can take an r such that xg = r2 + p? and therefore,

112y = 2790F2C3 (€Y (Ca/C ™ I Da.
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This completes the proof. ]

For a general f € L'(A) N L?(A) we must pay attention to the discrete part © f of f.
Let°f # 0 and thus, Dy g # ¥ and B > 0. In (19) R4 must be replaced by Ry U D, g and
when v € Dy g, we see that

W+ (PP - (B-a—1D)T7 =@+ 1),
Since B —a — 1 < p, it follows that Ef N Dy g = ¥J. Moreover, in (20) o (E, N R) must be
replaced by o (E,) = o (E, NR) + 0 (Dgy,p). We note that

U(Da,ﬁ)

0 (Dq,p)
e < (o pP) ! H2tD

2 2ya+1
0(Dgp) < (" +p°) W_
Hence, applying the same argument, we can deduce the following.

THEOREM 4.3. Letd > 0and 0 < 6 < 1/2. Then there exists a positive constant
Co,a,p such that for all f € L'(A) N L?*(A)

sy = Coup [ PRV atds [ 11 R awds.

5. Main theorem

We retain the notations in the previous sections. We shall obtain a refinement of Theorem
4.3 with 6 = 1/2(e 4 1). For x > 0 we put

V(x)

=

and for . € C
wh) = A2 4 pH2.

THEOREM 5.1. Forall f € L'(A)N L?>(A),
A 1
2 2 2 14
T fR op,, TPy = 2071z (2la)
where the equality holds if and only if f is of the form

% /x v(t)dt
f(x)=ce Y0 (21b)

for somec,y € Cand Ry < 0.

PROOF. Without loss of generality we may suppose that f € CZo(R). Since
(=L W) = FRR? + p?) = fFO)w()? (see (8)) and w(h) is positive on Ry U Dy g, the
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Parseval formula (14) yields that
/ |f ) Pww)dv = / (—L)(x) f(x) A(x)dx
R UDy g 0

o
= / | ()P Ax)dx .
0
Hence it follows that

/ b Lf () Po(x)* A(x)dx / | f)Pwv)dv
0

RUDy g

= /0 Lf () Po(x)* A(x)dx /O |f/ ()2 A(x)dx

2

> ( /0 Si(f(x)f/(x))v(x)A(x)dx>

1 00 2 ~ 5
:Z(/ (If(x)|2)/V(x)dx> :Z(/ |f(x)|2A(x)dx).
0 0

Here we used the fact that V' = A (see (16)). Clearly, the equality holds if and only if
fv =cf forsomec € C,thatis, f'/f = ¢~ 'v. This means that log(f) = ¢! Jo vindi+C
and thus, the desired result follows. ]

Since w?(1) = A% + p2, (21) and the Parseval formula (15) yield the following.

COROLLARY 5.2. Let f be the same as in Theorem 5.1.

~ 1 0
1fvl7a) /I; o FOIPvPdv= 2117 /O |F@P(1 = 4p*v(x)H) Ax)dx .

‘We shall estimate v and 1 — 4p2v2. Since o > —1, it follows that
X
V(x):/ (2sinh $)2* ! (2 cosh s)> T ds
0
sinh x
=22P/ 2 A+ P
0
1
= 2% (sinh x)?**? / 221 + (sinhx)%e%)Pdr
0
1
=22 ~!(sinh x)***2(cosh x)*# / (1 —$)%(1 — (tanhx)s)Pds
0

1
=221 (sinhx)z"‘”(coshx)w?F(l, —B,2 + a; (tanh x)?)
(07
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and thus,
v(x) = —F
20+ 1)
LEMMA 5.3. Let notation be as above. If B <0 or B < «, then
0<vx) < !
v(x —
=< =2,
and if B > 0, then
0<v(x) < ———,
2(a + 1)

andif B > 0,a > 0, then

0=<vx) =

1
V2p—1°

PROOF. We recall Euler’s integral expression of the hypergeometric function:

1
F(1,—-B,2+a,x?) = (a + 1)/ (1—0*1 —tx>Par.
0

(1, —B,2 + «; (tanhx)?) tanh x .

(22)

(23)

Thereby, v(x) > 0. If B < 0, then it is easy to see that F'(1, —8, 2 4+ «; x) is increasing
on0 < x < 1. Hence H(x) = xF(1,—B,2 + «; x?) is dominated by H(l) = I'(2 +
) (p)/ T (1 +a)l(p+1) =(x+ 1)/p and thus v(x) < 1/2p. Let0 < B < a. We
shall prove that H(x) is also increasing and H(x) < H(1) as before. In order to prove
that H (x) is increasing, we shall show that its derivative is positive. We put Hy(«, B, x) =

x*+HVE(k + 1,k — B, k + 2 + ; x%) and we note that

p x 'Hi(a, B, x)

H'(x)=x""Hy(a, B, x) — S a

=x""Ho(a, B, x) +2(1 + a)x "' (Ho(ew — 1, B, x) — Ho(a, B, x))

=K(x),

where K (x) = F(1, =B, 24+ a; x2) +2(1 + o) (F(1, =B, 1 + o; x2) — F(1, =B, 2 + o, x2)).

Then

1
K'(x)= —2,3x2<2+—aH1(06, B, x)

Hl(a - 1a IBax) _ Hl(aa IBax)
4+ o 24«

+2(1 +ot)(

Since B > 0, Hi(a, B, x) = x3F(2,1 —B,34+a;x) <x3F2,1—B,24a;x) = Hi(a —
1,8, x)and 1/(1 +a) —1/(2+a) > 0, it follows that K'(x) < 0. Therefore, H'(x) = K (x)
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is decreasing and
(@ = B)a+1) =0
pla+pB)

under the assumption on 8. Hence H (x) is increasing.
Next let 8 > 0. Then it follows from (23) that

H'(x) > H'(1) =

1 1
xF(1,—B,2 +a; x%) < 5/ (1—-0%t =
0

2@+ 1) T 2@+ D)

Lastlet 8 > 0 and @ > 0. Then it follows from (23) that

1 x 1
——xF(l,-B.24a;: x5 <= | (1 =x*)**Pdr
2(a+1)X( B +OtX)_2/O( x7t)

1
=—(0—=1-x2H".
2px

We suppose that the last function takes the maximum at x = x9. Then 2p(1 — xé)/J _lxg =
1—(1 —xg)"’ and thereby, the last function is dominated by (1 —x%)"‘+/3xo. Since (1—x2)*thx

takes the maximum at x = 1//2(@ + B) + 1 and o + B > 0, we see that (1 — x2)@ 1Ay is
dominated by

( 2a + B) )"‘*ﬂ 1 o1
2+ 8)+1 Ve@+B+1~ V2p—1
Hence the desired estimate follows. [ ]

LEMMA 5.4. Let T (x) =1—4p%v(x)% If <0o0r B < «, then T (x) > (coshx) 2.
Generally,

O((coshx)™2) if x — o0,

T(X)Z{O(l) if x— 0.

PROOF. Since F(1,—8,2 4+ «;0) = 1 and F(1,—-B,2 4+ a; 1) = (@ + 1)/p, the
asymptotic behavior easily follows. As in the proof of Lemma 5.3, if § < 0 or 8 < «, then
F(1,—p, 2+ «a; x) is increasing with respect to x. Hence v(x) < F(1, —f,2 4+ «; 1) tanh x

/2(c + 1) < (1/2p) tanh x and thus, 7" (x) > (coshx)~2. ]
We put
1 if <0orpf <c«,
p if B> 0anda <0,
Tup =« +1 24)

2p

. P .
min | ——, ———| if >0.
((x+l «/2,0—1) praz
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Lemma 5.3 implies that
T,
0<v(x) <22 (25)
2p

The following assertion follows from Theorem 5.1, Corollary 5.2, Lemma 5.3 and Lemma
5.4.

COROLLARY 5.5. Let p > 0and f be the same as in Theorem 5.1.
/ |F O Pw)?dv = pP 1, 31 f 172 ) (26)
R UDy g
andif f = fp, then
o0 R ) o0
/O |FPICG)I2dh = pzr;ﬂ/o | /PP () A(x)dx .

The shapes of v(¢) and Y (¢), t = arctanh/x, x > 0, are respectively given as follows.

1/2p 1

0 | 0 17

FIGURE 1. Thecaseof 8 <0Oor B < a.

1/2p 1

0 | 0 17

FIGURE 2. Thecaseof B > 0Oand 8 > «.

In (26) we set

2 r 1
flg) =adu(g = V2 ((a+)

—1
CESTAN )m(g)d(m

for u € Dy, g. Then it follows from (12) that

1
vl (11 + %) = 2180l -
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Especially,

/O |6u(OPT () A@)x < —4duvls g 1l < 0.

Moreover, if we denote the maximum value of v by vpmax, then for u € Dy g,
1
2
Vi = ————————
TET A= |pl + 0%
and hence

2 1

> .
max = 68 + 1)

6. Uncertainty principles

We shall apply the inequalities obtained in the previous section to deduce some infor-

mation on the concentration of f and f . Let f be a non-zero function in L?(A). We recall
that

o o 2
f=ff+°f, f(x)=m Z audu(x)d(u)
MEDa,ﬂ

and f(v) = (f(), {au}) (see (10)).

DEFINITION 6.1. LetO <e < 1/2pand M > 0.
(1) We say that a function f(x) on Ry is (v, €)-concentrated at x = 0 if

I fvllz2ca)y = €llfll2ay (27a)
and is (v, M)-nonconcentrated at x = 0 if the reverse replaced ¢ by M holds.
(2) We say that a function f (M) on Ry is (A, g)-concentrated at A = 0 if

/O | FOIPRICOI 2 dr < €11 f 1720, (27b)

and is (A, M)-nonconcentrated at & = 0 if the reverse replaced ¢ by M holds.
(3) We say that a function f(x) on R4 has an ¢-small discrete part if

1° £ < el fll2a) - (27¢)

(4) We say that a function f(x) on Ry is (77, ¢)-nonconcentrated at x = 0 if

‘/O |fFOOPY @ A@Ex| < &1 f172,

(5) We say that a function f(x) on Ry is (xq, €)-bounded if

1F OOl < e [ fll 2y i x = x0.
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Now we suppose that f(x) is (v, €)-concentrated at x = (. Since

/ F ) Pw()dv
R UDy g

oo
= /0 |FOIPRICOIN 2 dr = Y laulPlulPd(w) + 71 f 1754,
Da’ﬂ

(see (15)), it follows from (21) and (27a)

/oo | )IPA2C ()| ~2dA
0

z/ |FOIPRICO)2dh = ) lay Pl (w)
0 Dup (28)

= |f ) Pw)?dv — p? | f1?
2 2 2
> (1/48% = PO f 11320 -

Therefore, f(v) is (A, (1/4€2 — p2)1/2)-nonconcentrated at A = 0.
Conversely, we suppose that f (v) is (X, &)-concentrated at A = 0. Since T"(x) = 1 —
4p?v(x)? =1 -1 5 (see (25)), it follows that

/O | fP@IPY @A = (=13 I 1724, - (29)

o0
We recall that 1 — rlf_ﬁ < 0. Moreover, letting A = / | fp (x)|2T(x) A(x)dx and B =
' 0

Il fp ”22@)’ we see from Corollary 5.2 for f = fp and (27b) that
(B— A)e’B > p>AB

2
B
< &b
and thus, A piEws:

£2 :
< =B, that s,
P

00 82
/0 FpOPT@A@dx < 51712 - (30)
Therefore, (29) and (30) imply that fp(x) is (7, §)-nonconcentrated at x = 0, where
§ = max{(rﬁ_ﬁ — 1)1/2, ,0_18}.

Moreover, letting § = 1 in (5), we see from (10), (3) and (27b) that for x > 1,
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lfp()<c

/ h f(x)@(x)am‘dx‘
0

<ce PK, (/O I FDIIC (=) da +/ |f<x>||C(—A>|‘dx)

&

<ce P*K, <81/2||fP||L2(A) 31

00 12, »oo 12
+< / |f(x>|2A2|C(A>|—2dA) ( f r%u) )

<2cK 18" fpll L2 -
Hence we have the following.

THEOREM 6.2. Let p > 0 and f € LZ(A). If f(x) is (v, €)-concentrated at
x = 0, then f(k) is (A, (1/482 — pz)l/z)-nonconcentrated at A = 0. Conversely, {ff(k)
is (A, &)-concentrated at . = 0, then fp(x) is (T, 8)-nonconcentrated at x = 0, where

§ = max{(riﬂ — /2, pfle}, and there exists a positive constant ¢ = ¢y g such that fp(x)
is (1, ce'/?)-bounded.

When B < o, we recall that Dy g =0, f = fp and 74, g = 1. Hence, the above theorem
implies that, if f (A) is (A, &)-concentrated at A = 0, then f(x) is (7, p’le)—nonconcentrated
at x = 0 and (1, ce'/?)-bounded. Therefore, f(x) is spread if € goes to 0.

When 8 > «, then 74, g > 1 and it is not clear that f(x) is spread if & goes to 0. We must

pay attention to the discrete part of f. We suppose that f (1) is (X, &)-concentrated at A = 0
and moreover, f(x) has an g4-small discrete part. Of course, if 8 < « + 1, then we can take
g4 = 0, because Dy g = . We shall prove that f(x) is spread if € and &4 go to 0. First we
note that (30) replaced fp by f holds as before:

2

/O fOPT () A)dx < %nfan(A)- (32)

Let xo > 0 be the point such that 7" (xg) = 0 (see Fig. 2). In (31), replacing § = 1 in (5) by
8§ = xg, we see that for x > xq,

| fp ()] < cKxpe'2e || fpll L2 -

On the other hand, it follows from (11), (15b) and (27c) that

Preol<e Y laullgu)ld(w)

MEDayﬁ

1/2
§ce_px( > e‘“"‘“d(m) I° Fl2cay = ceae™ 1 llL2a) -
MEDa,ﬂ
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Hence, for x > x¢, we see that there exists a positive constant ¢y such that
| F ] < coe (2 + )| fll L2 - (33)
Since 7 (x) < 0if x > xo, it follows that

/ T FOPT®Amdx = ¢ / e P ()dx
0

X0

o0
zccg(el/z+8d)2||f||i2(m/ T (x)dx (34)
X0

=—cr@&' 2+ e’ 11724,
where ¢y > 0. Then (32), (33) and (34) imply the following.

THEOREM 6.3. Letp > 0,8 > a and f € L*(A). We suppose that f(k) is (A, €)-
concentrated at .. = 0 and f(x) has an eq-small discrete part. We take a sufficiently small ¢
such that 8% = cr (81/2 + sd)2 > p_zsz. Then f(x) is (7, §)-nonconcentrated at x = 0 and
there exists a positive constant ¢ = cq,g such that f(x) is (xo, c8)-bounded.

We suppose that f is supported on [R, 0o0). Then there exists a constant 0 < §(R) < 1
such that

0<v(x) < =——, x=R
2p8(R)

and §(R) — 1 if R — oo. Since 1 — 4p%v(x)? > 1 — §(R) 2, it follows from Corollary 5.2
that

A 2.2 2 2 2
_/R_*_UDa’ﬂ If(v)l vodv = 14 (8(R) - I)Hf”LZ(A) .

Then we obtain the following.
PROPOSITION 6.4. Let p > 0 and suppose that f € L*(A) is supported on [R, 00).
Then

Y laulPlulPd(w) < /0 | FrGIPRICOI 2 dn + P2 (1 = SR f 172, -
ne€Dy p

REMARK 6.5. When 8 = 0and « > 0, it follows from (22) that v(x) = (2p) ! tanh x
and 1 — 4,02v(x)2 = (cosh x)~2. Therefore, the inequalities in Theorem 5.1 and Corollary 5.2
became

I1f Gy tanhx 170 [1F VO + 02 217002y 2 071 1724

where the equality holds if and only if f is of the form c(coshx)”, ¢,y € C, Ny < 0, and

2 r 2 2 2 —12
£ o) tanhx 20 1 F OO 202 = P21LF I L G (c0sh ) T 2
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Since the Jacobi transform of (cosh A)? is explicitly calculated in [1], we can directly check
the above equality condition for these inequalities.

7. Uncertainty principles on SU(1, 1)

We briefly give some basic notations to introduce the spherical Fourier transform on
G = SU(1, 1). For the precise definitions we refer to [6] and [8]. We denote ¢,, A(x) and
C(1) in §1 respectively by ¢2F, Aq g(x) and Cq (1)

Let A, K denote the subgroups of G of the matrices

0 = <coshx/2 sinhx/Z) and ks — <ei¢/2 0 )

* sinhx/2 coshx/2 ¢ 0 e ¢2)°
wherex € Rand 0 < ¢ < 4 respectively. According to the Cartan decomposition of G, each
g € G can be written uniquely as g = kgaxky where 0 < x,0 < ¢, <4m. Letm;, (j =
0,1/2, 2 € R) denote the principal series representation of G. Then the (operator-valued)
spherical Fourier transform 7, (f) of f on G is defined as 7, (f) = fG f(@m;a(g)dy,
where d g a Haar measure on G. In the following, we normalize dg as dg = Ag,o(x)dxd¢dy
and we treat only functions f on G whose K-types are supported on Z x Z. Under this
restriction, 7 5 (f) is supported on j = 0 and A > O (cf. [6] and [8, §8]) and

f(ax):f(a,x), x €R.

Letn,m € Nand y;"" (g) (A € R, g € G) denote the matrix coefficient of 7 ; (g) with
K-type (n,m). Let f be a compactly supported C* function on G whose K -type is (n, m).
Then the scalar-valued spherical Fourier transform anm (A) of type (n, m) is defined by

Fom) = /G F@u"™ (9)dyg . (35)

n,m

Since the K-type of ;""" (g) is of (n, m), this integral is determined on A = R4.. We recall

n,m

that the explicit form of v/, """ (a,) is given by using the Jacobi function (cf. [4, (4.17)] and [6,
(3.4.10)]): For g = kpaxky € G,

Y™ (g) = (cosh x)" " (sinh )" 0,y (W)@ T () e S Y (36)
where
—1/2—ir/2Fm
Qn,m()\) = / /2¥
In —m|

and Fm is equal to —m if n > m and m if n < m. Hence, compared with (7) and (35), we see
from (36) that

Fam () =2 (n=mltntm =12 2 (10 4 10, 0 (1)
x(f(x)(2sinh x)~ """ (2 coshx)_('1+m))@7nl‘)n+,n (1) .
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We here fix the K-type of f as (n,m) and we define a compactly supported C* even
function F on R as
F(x) = f(x)(2sinhx)"""(2 coshx)~+m

Then it follows that
2 * 2
11226, = f | F O A0.0G)dx = 1F 208, i)
0 ,

and
Fam ) = 27 Wn=mFntm =2 P (1 — ) 4 1) Qi (W) Fin—mpnem (M) -
Therefore, since
Onom W) "2 Clpemponm (W) |72 = 272W=mHFnEm P (1 — | + 12 Co,0 (M) 72,

the Plamcherel formula for the Jacobi transform for F' (see (10) and (15)) implies that

o0
1£ 1726y = 2( fo | FrmPICo,00) 2 d0 4 D" | fum (u)lzd””"(u)> :
peDmm
where D™ = Dj_miptm in §1 and @""(u) = 22W=mEnEmpn — m| +
1)_2 On.m (u)_2d|n_m|,n+m (u). This is nothing but the Plancherel formula for the spheri-
cal Fourier transform of type (n, m) on G (see [4, (4.21)] and [8, Theorem 8.2]). As before,
this transform can be extended to the one for L>-functions on G with K -type (n, m). Accord-

ing to the decomposition (10) for F, each L>-function f on G with K-type (n, m) is of the
form

f=rr+°f,

where ° f(g) =2 ZﬂeDn,m apyry ™ (9)d™™ (), and then f = (f,,,m, {au}). We call fp and
° f the principal part and the discrete part of f respectively. We here introduce vy, ,, Wy m
and p, , respectively corresponding to v, w and p withe = |n —m|, B = n +m in §1. Then

for f = (fn,m, {a.}) it follows that

f = T -2 l n,m
/R+UD"~'" S W)dm nv = ﬁw FIICo,oM)|™“dA + 5 Z aud™™ (W) .

peDmm

Hence the inequality in Theorem 5.1 can be rewritten as
~ 1
2 2 2 4
1Ol 26) fR o HO P00 O = 211

We now suppose that f(g) is concentrated at g = e: There exists a positive constant &,
such that

1 fVnm 172Gy < Enmll fl32 g - (37)
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As in the same argument in §5 (see (28)), it follows that

| fam QP22 Co,0 ()| "2dA = — o 132, - (38)
0 (G)

4en,m

In particular, if €, ,, is of the form
£
807

En,m =

forO0 < ¢ < 1, then

£ & &

7 = > = 2
8opm A4 +e)py,, — Al +ep;,,)

1 ) 1
T P ) Z 5
En,m &

Therefore, (37) and (38) are respectively rewritten as

En,m =

and thus,

2 €2
||fpn,mvn,m||L2(G) E §||f||L2(G)

and

g 2,2 -2 L
[ fnm Q) 7A7] Co,0(M)[7dA = EIIfIILz(G)~
0

Let f = 3, nen f™™ denote the K-type decomposition of an L?-function f on G
whose K -types are supported on N x N. Since

2
11726 = D 1" 2o

n,meN

and the Hilbert-Schmidt norm of 7o 4 (f) = ((f™")"(A))n.meN is given by

o (Pllfis = D, 1" W,

n,meN
we can obtain the following.

THEOREM 7.1. Lete >0and f =3, N f"" bean L?-function on SU(1, 1). We

suppose that each ™™ is concentrated at x = 0 such as

n,m 2 € n,my2
”f )On,mvn,m ||L2(G) S g”f ||L2(G) . (39)

Then

- 2 42 -2 Loe
lI770,5. () lizs A" [Co,0(A) |~ “dA = gllflle(G),
0
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where || |las is the Hilbert-Schmid norm. In particular, |7, (f)|las does not concentrate at
A =0.

REMARK 7.2. It easily follows from (24) and (25) that

Cf|In—m|+n+m
PnmUnm = O min| ——,/[n—m|+n+m| ).

In —m| + 1

Therefore, if the right or left K-types of f are finite, then {0, » Vs, } in (39) are uniformly
bounded. However, for example, if n = m, then {p, ,v,»} are not uniformly bounded.
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