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Abstract. We show in this paper that the multiplicities of mixed representations are uniformly infinite or
uniformly finite and bounded, in the setting of completely solvable Lie groups extending then the situation of nilpotent
Lie groups. Necessary and sufficient conditions for these multiplicities to be finite are provided.

1. Introduction

Recently, it has been shown that mixed representations (up-down and down-up repre-
sentations) of exponential solvable Lie groups obey the orbital spectrum formula (see [1] and
[2]). Explicit formulae of the multiplicity function occurring in the disintegration of such rep-
resentations were given. The present work is a continuation of the papers [1] and [2] where
detailed information about the behavior of the multiplicity function of mixed representations
have been given in the setting of nilpotent Lie groups. More precisely, we proved that the
multiplicities of such representations are uniformly infinite or finite and bounded. Necessary
and sufficient conditions for the multiplicities to be finite were provided. We show in the
present work that such results can be extended to encompass completely solvable Lie groups.

2. Generalities and notations

2.1. We begin this section by reviewing some facts about induced and restricted repre-
sentations of a solvable Lie group. One says that G is an exponential solvable Lie group if
the exponential mapping exp : g → G is a diffeomorphism. Throughout, G always denotes a
connected and simply connected exponential solvable Lie group with Lie algebra g. Let g∗ be
the dual space of g. The group G acts on g∗ by the coadjoint representation. For any f in g∗,
define the skew-symmetric bilinear form Bf on g by the formula Bf (X, Y ) = f ([X,Y ]).
If h is a Lie subalgebra of g, then we write h(f ) = {X ∈ g | Bf (X, h) = {0}} and

h⊥ = {l ∈ g∗ : l|� = 0}, where l|� stands for the restriction of l to h.
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If h ⊂ h(f ), then h is said to be an isotropic subalgebra of f . Denote by S(f, g) the set
of all isotropic subalgebras of f . If h is in S(f, g), we define the unitary character χf of the
group H = exp(h) by

χf (exp(Y )) = eif (Y ), Y ∈ h .

Let σ be a unitary representation of H acting on a Hilbert space Hσ , and let db be the left

Haar measure onH . The induced representation τ (σ ) = IndGHσ acts on the completion of the
space

C∞
c (G,H, σ) = {f : G → Hσ , f is C∞, f (gh) = ∆

1/2
H,G(h)σ

−1(h)f (g),

h ∈ H, g ∈ G, ‖f ‖ compactly supported mod H }
by the formula

τ (σ )(g)f (x) = f (g−1x) .(2.1)

It uniquely specifies a G-invariant positive linear form d ġ onG/H which obeys the equality:∫
G

f (x)dx =
∮
G/H

∫
H

f (gh)dhd ġ .

(see [4]). The action given by formula (2.1) extends to a unitary representation of G on

L2(G/H, d ġ) = L2(G,H, σ).
Let M(f, g) be the set of elements of S(f, g) of maximal dimension and I (f, g) the

subset of S(f, g) consisting of subalgebras h, such that τ (f ) = τ (χf ) is irreducible. Then, as
is known, an element h of M(f, g) is in I (f, g) if and only if h is a Pukanszky polarization,
i.e.,

H · f = f + h⊥ = Γf .(2.2)

This condition holds for all elements of M(f, g) when G is nilpotent.

The dual space Ĝ of equivalence classes of irreducible and unitary representations of G
is parameterized canonically by the orbit space g∗/G. More precisely, for l ∈ g∗, we may
find a real polarization b for l which satisfies the Pukanszky condition. The representation

πl = IndGB χf (B = exp b) is then irreducible and its class is independent of the choice of b.

The Kirillov-Bernat mapping ΘG : g∗ → Ĝ, l �→ πl is surjective and factors to a bijection

from g∗/G on Ĝ. Given π ∈ Ĝ, we denote by ΩG
π ⊂ g∗ the coadjoint orbit associated to π .

2.2. Let p
�

: g∗ → h∗ be the canonical projection of h and ΩH
σ the coadjoint orbit

associated to the representation σ by the Kirillov-Bernat mapping ΘH : h∗ → Ĥ , (where

Ĥ is the unitary dual of H ). The natural measure on p−1
�
(ΩH

σ ) is the fiber measure with H -

invariant measure in the baseΩH
σ and the Lebesgue measure on the affine fiber h⊥. It follows

from Fujiwara’s result ([9]) that the representation τ (σ ) obeys the orbital spectrum formula,
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i.e.,

τ (σ ) 	
∫ ⊕

G·p−1
�
(ΩH

σ )/G

nσφπφdν
σ
G,H (φ) ,(2.3)

where νσG,H is the push-forward of the natural measure on p−1
�
(ΩH

σ ) ⊂ g∗ under the mapping

p−1
�
(ΩH

σ ) → G · p−1
�
(ΩH

σ )/G, and the value of the multiplicity function nσφ is given by the

number ofH -orbits in p−1
�
(ΩH

σ )∩G · φ, we denote this number by #[p−1
�
(ΩH

σ )∩G · φ/H ]
(For a set E, the symbol #E means the cardinality of E).

If G is a completely solvable Lie group, then the multiplicity function φ �→ nσφ is either

uniformly infinite or uniformly finite and bounded. In particular, these multiplicities are finite
if and only if

dimG · φ − 2 dimH · φ + dimΩH
σ = 0 ,(2.4)

for generic φ ∈ p−1
�
(ΩH

σ ) (see [15]).

2.3. Let A = exp(a) be an analytic subgroup of G associated to a subalgebra a and π
a unitary and irreducible representation which is associated to the coadjoint orbit ΩG

π ⊂ g∗.
Let also p� : g∗ → a∗ be the canonical projection of a, and let π|A be the restriction of π to
A. The restriction π|A obeys the orbital spectrum formula

π|A =
∫ ⊕

p� (Ω
G
π )/A

nψπ σψdµ
π
A,G(ψ)(2.5)

where nψπ = #[(ΩG
π ∩p−1

�
(A·ψ))]/A, andµπA,G is the push-forward of the canonical measure

on ΩG
π under the mapping ΩG

π → p�(Ω
G
π )/A (see [10]).

In the completely solvable case, it is likewise known that the multiplicity function ψ �→
n
ψ
π is either uniformly infinite or uniformly finite and bounded. These multiplicities are finite

if and only if, we have

dimΩG
π − 2 dimA · φ + dimA · p�(φ) = 0 ,(2.6)

generically on ΩG
π (see [15]).

3. Pseudo-algebraic geometry

3.1. Pseudo-algebraic sets.

DEFINITION 3.1. Let P be a polynomial function with real coefficients on Rm+k and
λi : Rm → R, 1 ≤ i ≤ k are real linear functionals. The function

FP = F : Rm → R, x �→ P(x, eλ1(x), . . . , eλk(x)) ,(3.1)

is called a pseudo-algebraicfunction associated to the polynomial P .
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DEFINITION 3.2. A subset V of Rm is called pseudo-algebraicif it admits some rep-
resentation of the form

V = {x ∈ Rm : F1(x) = · · · = Fr(x) = 0} ,(3.2)

where Fi, 1 ≤ i ≤ r are pseudo-algebraic functions on Rm.

DEFINITION 3.3. A subset A of Rm is called semi-pseudo-algebraicif it admits some
representation of the form

A = {x ∈ Rm : F1(x) = · · · = Fr(x) = 0, G1(x) > 0, . . . ,Gl(x) > 0} ,(3.3)

where Fi = FPi , 1 ≤ i ≤ r and Gj = GQj , 1 ≤ j ≤ l are pseudo-algebraic functions on Rm

associated respectively to the polynomials Pi andQj .

It is so clear that any semi-pseudo-algebraic set of Rm is the intersection of the closed
set of common zeros of a finite number of pseudo-algebraic functions on Rm and an open set
of Rm.

The following theorem plays an important role in the sequel of the paper, as the analysis
of the multiplicity function of mixed representations naturally involves the pseudo-algebraic
geometry (see next section for details).

THEOREM 3.4. LetA be a semi-pseudo-algebraic set ofRm, defined as in(3.3). Then
the number of connected components ofA in the Euclidean topology is finite and is bounded
by a scalar which depends only onm, r, l, k, degPi , anddegQj , but not on the coefficients
of either the polynomials or the linear functionals.

PROOF. We argue as in Proposition 4.4.5 of [3]. Let π : Rm+1 → Rm be the natural

continuous projection (x1, . . . , xm+1) �→ (x1, . . . , xm) and let A2 ⊂ Rm+1 be the pseudo-
algebraic set defined by

A2 = {(x1, . . . , xm+1) = (x, xm+1) ∈ Rm+1 : F1(x) = · · · = Fr(x) = 0

xm+1G1(x) · · ·Gl(x) = 1} .
Then the set A1 = π(A2) is defined by

A1 = {x ∈ Rm : F1(x) = · · · = Fr(x) = 0,G1(x) · · ·Gl(x) = 0} .
Indeed, suppose (x, xm+1) ∈ A2, then

F1(x) = · · · = Fr(x) = 0 and G1(x) · · ·Gl(x) = 0 ,

so x ∈ A1 and hence π(A2) ⊂ A1. Conversely, let x ∈ A1, since G1(x) · · ·Gl(x) = 0,
we take xm+1 = (G1(x) · · ·Gl(x))−1. Then (x, xm+1) ∈ A2, it follows that x ∈ π(A2) and
A1 ⊂ π(A2). On the other hand, the subset {x ∈ Rm : Gi(x) > 0} is open and closed
in {x ∈ Rm : Gi(x) = 0}, for all i = 1, . . . , l. Hence A is open and closed in A1 and
each connected component of A is also a connected component of A1. Finally, the number
of connected components of A is less than or equal to the number of connected components
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of A1 which is in turn less than or equal to the number of connected components of A2, as
A1 = π(A2). The following result, which can be found in [15], enables us to conclude. Every
pseudo-algebraic subset V of Rm defined as in (3.2) has only finitely many components in the
Euclidean topology. In fact, the number of the connected components of V is bounded by a
scalar which depends onm, r, l, k, degPi and degQj , but not on the coefficients of either the
polynomials or the linear functionals. �

COROLLARY 3.5. Let S ⊂ Rm be a semi-pseudo-algebraic set defined as in(3.3).
LetF(x1, . . . , xm, y1, . . . , yk) be a polynomial function with real coefficients. Supposeγi :
Rm → R, 1 ≤ i ≤ k are real linear functionals. Then there is a numberN depending only
onm, r, l, k, degPi, degQj , anddegF , such that either

(1) F (x, eγ1(x), . . . , eγk(x)) = 0 has an infinite number of solutions inS,
or

(2) the number of solutions inS is bounded byN .

PROOF. Suppose that the number of solutions in S of the equation

F(x, eγ1(x), . . . , eγk(x)) = 0(3.4)

is finite, so it is equal to the number of connected components of the semi-pseudo-algebraic
set V ∩ S where

V = {x ∈ Rm : F(x, eγ1(x), . . . , eγk(x)) = 0} ,
and the corollary follows from the previous theorem. �

3.2. Semi-analytic sets. We now recall some properties of semi-analytic sets in Rn.
This material is quite standard (see [11], [17]). Given an open neighborhood U ⊂ Rn, let
Cω(U,R) be the set of real analytic functions on U . Denote by B(Cω(U,R)) the boolean
algebra generated by sets of the form

{x ∈ U : f1(x) = · · · = fp(x) = 0, g1(x) > 0, . . . , gq (x) > 0} ,(3.5)

where f1, . . . , fp, g1, . . . , gq are in Cω(U,R).

DEFINITION 3.6. A subset M of Rn is semi-analyticif for every x ∈ Rn, there is an
open neighborhood U of x such that M ∩ U ∈ B(Cω(U,R)).

It is well-known that the complement, the finite intersection and the locally finite union
of semi-analytic sets is semi-analytic. The inverse image of a semi-analytic by any analytic
map is semi-analytic. The closure, the interior and the boundary of any semi-analytic set are
semi-analytic.

Let M be a semi-analytic set in Rn and p a positive integer. A point x ∈ M is said to be
p-regular if there is an open neighborhoodU of x such thatM∩U is an analytic sub-manifold
of dimension p of U ; x is 0-regular if it is an isolated point ofM . The set of regular points of
M (i.e., p-regular points for some p) is dense in M . The dimension dimM of M is less than
or equal to p if there are not q-regular points of M with q > p; dimM = p if dimM ≤ p
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but not dimM ≤ p− 1. Let dimM = p; then dim M̄ = p and dim(M̄ \M) < p (M̄ denotes
the closure of M).

3.3. Structure of coadjoint orbits. The following theorem describes the structure of
the coadjoint orbits space of an exponential solvable Lie group and is proved in [8].

THEOREM 3.7. LetG be a connected and simply connected exponential solvable Lie
group with Lie algebrag. Then there is a finite partition℘ of g∗ such that:

(1) eachU ∈ ℘ isG-invariant,
(2) for a givenU ∈ ℘, the dimension of the coadjoint orbits inU is constant,
(3) there is a total orderingU1 < U2 < · · · < Uu of℘ such that for eachU ,

∪{U ′ : U ′ ≤ U} is Zariski open ing∗.
GivenU ∈ ℘, there is a subspaceV in g∗, and there are associated toU indicesı andϕ, for
eachj ∈ ı a complex valued rational functionpj ong∗ and for eachj ∈ ϕ, a complex valued
rational functionqj ong∗ such that

(4) the setΣ = {l ∈ V ∩U : pj (l) = 0, j ∈ ı, |qj (l)|2 = 1, j ∈ ϕ} is a cross-section
for the coadjoint orbits inU .

Moreover, there is an analyticG-invariant functionP : U → U such thatP(U) = Σ.

REMARK 3.8. If G is a completely solvable Lie group, then ϕ is empty and for each
j ∈ ı, pj is a real valued rational function on g∗ (see [7]).

COROLLARY 3.9. LetG be a connected and simply connected exponential solvable
Lie group with Lie algebrag. Every coadjoint orbitΩ (lying in a layerU ) is closed inU and
is a semi-analytic set ing∗. In particularΩ is locally closed ing∗.

PROOF. Let U be a layer in ℘ such that Ω ⊂ U and let P : U → U be the analytic
G-invariant function such that P(U) = Σ , whereΣ is a cross-section for the coadjoint orbits
in U , as in Theorem 3.7. So Ω meets Σ in a single point. Let {l} = Σ ∩ Ω . The subset

P−1({l}) is G-invariant and every orbit Ω ′ ⊂ P−1({l}) intersectsΩ , so Ω = P−1({l}). This
shows thatΩ is closed inU and semi-analytic as P is analytic. Finally, as U is semi-algebraic
set in g∗, Ω is semi-analytic set in g∗. �

4. Multiplicities of up-down representations of completely solvable Lie groups

Let G be a real Lie group, A and H closed connected subgroups of G and σ a unitary
representation of H . The representation

ρ(G,H,A, σ) = IndGHσ |A ,(4.1)

of A is called an up-downrepresentation, see [1] and [12].



MULTIPLICITY FUNCTION OF MIXED REPRESENTATIONS 47

In the context of exponential solvable Lie group, we showed in [1] that the representation
ρ(G,H,A, σ) obeys the orbital spectrum formula, that is

ρ(G,H,A, σ) =
∫ ⊕

[p� (G·p−1
�
(�Hσ ))]/A

m(ψ)ρψdµ
σ
G,H,A(ψ) ,(4.2)

where µσG,H,A is the push-forward of the measure (dg ×µ) onG×p−1
�
(�Hσ ) (µ is the natural

measure on p−1
�
(�Hσ )) under the ]mappings

G×p−1
�
(�Hσ ) → G ·p−1

�
(�Hσ ) → p

�
(G ·p−1

�
(�Hσ )) → [p

�
(G ·p−1

�
(�Hσ ))]/A and

m(ψ) =
∑

Ω∈[G·p−1
�
(�Hσ )∩G·p−1

�
(ψ)]/G

nσΩn
ψ
Ω(4.3)

with nσΩ = #[(Ω ∩ p−1
�
(�Hσ ))]/H and nψΩ = #[(Ω ∩ p−1

�
(A · ψ))]/A (see also [12]).

Assume now that G is a completely solvable Lie group with Lie algebra g. Let χf be a
unitary character of H . For ψ ∈ p�(G · Γf ), let

Mψ = G · Γf ∩G · p−1
�
(ψ) .(4.4)

Let e be the largest index in {1, . . . , u} such that U = Ue, defined as in Theorem 3.7,
meets Γf in a non-empty Zariski-open subset of Γf . Let

Γ0 = U ∩ Γf .(4.5)

For any ψ ∈ p�(G · Γ0), let

M′
ψ = G · Γ0 ∩G · p−1

�
(ψ) = Mψ ∩ U .(4.6)

Let dG be the maximal dimension of G-orbits in G · Γf , dA the maximal dimension of
A-orbits inG ·Γf , d ′

A the maximal dimension of A-orbits in p�(G ·Γf ) and dH the maximal
dimension of H -orbits in G · Γf . Then, the set of linear forms φ such that dimG · φ =
dG, dimH · φ = dH and dimA · φ = dA is an open dense co-null set in G · Γf . Likewise,
the set of ψ ∈ p

�(G · Γf ) such that dimA · ψ = d ′
A is open dense co-null in p�(G · Γf ).

For any ψ ∈ p
�(G · Γ0), let

Bψ = Γf ∩G · p−1
�
(ψ) and B′

ψ = Bψ ∩ Γ0 .

The set of generic orbits in Mψ is then the set

M′
ψ = G · B′

ψ .

We prove now our main upshot in this section.

THEOREM 4.1. LetG be a completely solvable Lie group, A, H analytic subgroups
ofG andχf a unitary character ofH . Then

(1) the multiplicity function of the representationρ(G,H,A, χf ) is either uniformly
infinite or uniformly finite and bounded;
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(2) the multiplicities of the representationρ(G,H,A, χf ) are uniformly finite if and
only if M′

ψ is a semi-analytic subset ofg∗ and the triple equality

dimM′
ψ = 2dH = 2dA − d ′

A

holds generically onp�(G · Γf ).
PROOF. The proof of the theorem consists of the following list of lemmas.

LEMMA 4.2. We keep the same notations and hypotheses. The integerm(ψ) is finite
if and only ifM′

ψ is a semi-analytic subset ofg∗ anddimM′
ψ = 2dA − d ′

A = 2dH .

PROOF. If m(ψ) is finite, then n(ψ) = #[M′
ψ ]/G < ∞, and for every G-orbit Ω ⊂

M′
ψ , we have

n
f
Ω < ∞ and nψΩ < ∞ .(4.7)

Write

M′
ψ =

k⋃
i=1

Ωi ,

where the Ωi, i = 1, ..., k are different G-orbits with common dimension, it follows from
Corollary 3.9 that M′

ψ is a semi-analytic set as it is a finite union of semi-analytic sets.

Moreover, the dimension of M′
ψ is equal to dimΩi for all i = 1, . . . , k. The hypothesis (4.7)

implies that 2dH = dimΩi by means of (2.4) and 2dA − d ′
A = dimΩi by formula (2.6) for

i = 1, . . . , k. Whence,

dimM′
ψ = 2dH = 2dA − d ′

A .

Conversely, write again

M′
ψ =

⋃
i∈I
Ωi .

So in this case,

dimΩi ≤ dimM′
ψ = 2dH ≤ dimΩi ,

for any i ∈ I . Hence, dimM′
ψ = dimΩi , which means that the G-orbit Ωi is open in M′

ψ

and, therefore, is closed in M′
ψ . As coadjoint orbits are connected, the orbits Ωi, i ∈ I turn

out to be the connected components of M′
ψ . Let Φ : G × g∗ → g∗ be the mapping defined

by Φ(g, l) = Ad∗g l. Since G is completely solvable, the mapping Φ is a pseudo-algebraic.
The set

D = {(g, l) ∈ G× p−1
�
(ψ) : Φ(g, l) ∈ Γ0}
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is therefore a semi-pseudo-algebraic set. It is clear that B′
ψ = Φ(D). By Theorem 3.4, the

set D has a finite number of connected components. Whence, thanks to the continuity of Φ
one obtains that B′

ψ has a finite number of connected components. Finally, the number of

connected components of M′
ψ = G · B′

ψ is less than or equal to the number of connected

components of B′
ψ as being the image ofG×B′

ψ under the mapping Φ and #[M′
ψ ]/G < ∞.

The multiplicity functions nfΩi and nψΩi are then finite by (2.4) and (2.6). �

LEMMA 4.3. LetG be a completely solvable Lie group, and letH, A be closed con-
nected subgroups ofG. Then#[M′

ψ ]/G is either uniformly infinite or uniformly finite and

bounded onp
�(G · Γf ).

PROOF. Let Σ be a cross-section for the G-orbits in U and

M = M′
ψ ∩Σ .

Let

N = {(g1, g2, l1, l2, l3) ∈ G×G× Γf × p−1
�
(ψ)×Σ : Φ(g1, l1) = l3, Φ(g2, l2) = l3} ,

where Φ is defined as in the proof of the previous lemma. As Σ is an algebraic set of U ,
N is a semi-pseudo-algebraic set. On the other hand, M is a cross-section for the G-orbits

in M′
ψ and M = q(N), where q : G × G × Γf × p−1

�
(ψ) × Σ → Σ is the canonical

projection. If the number n(ψ) = #[M′
ψ ]/G is finite then n(ψ) = #[q(N)] = the number

of the connected components of q(N). This number is less than or equal to the number of
connected components of N. It follows from Theorem 3.4 that the number of connected
components of N is bounded by a number which does not depend on ψ on p�(G · Γf ) as
ψ intervenes only in the expression of the coefficients of the considered pseudo-algebraic
functions. Then the number n(ψ) is either uniformly infinite or uniformly finite and bounded
by a number which does not depend on ψ on p�(G · Γf ). This completes the proof. �

LEMMA 4.4. The multiplicity function ofρ(G,H,A, χf ) is either uniformly infinite
or uniformly finite and bounded onp�(G · Γf ).

PROOF. We recall that the set of the linear form φ such that dimG·φ = dG, dimH ·φ =
dH and dimA ·φ = dA is an open dense co-null set inG ·Γf , on which dimG ·φ−2 dimH ·φ
and dimG ·φ−2 dimA ·φ are constant. It follows from the above lemmas that the multiplicity
functionm(ψ) is either uniformly infinite or uniformly finite. It remains to prove that if m(ψ)

is uniformly finite, then it is bounded. But using the fact that the multiplicity nψΩ is equal to

the number of connected components of the pseudo-algebraic setΩ∩p−1
�
(A ·ψ), which does

not depend on ψ as we indicated above (see Theorem 3.4). Finally, we use similar arguments
as in the nilpotent situation to conclude (see [1] page 190). �
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5. On down-up representations

Let G be a Lie group, H a closed subgroup of G and π a unitary representation of G.
The unitary representation of G

ρ(G,H, π) = IndGH(π|H)(5.1)

is called a down-uprepresentation (see [2]). Assume that G is an exponential solvable Lie
group, and π is an irreducible unitary representation ofG. Let dΩ be a canonical measure on
the coadjoint orbitΩG

π associated to the representation π , and let λ be the Lebesgue measure

on h⊥. Let µG,Hπ be the push-forward of the measure (dΩ × λ) on ΩG
π × h⊥ under the

mappings

ΩG
π ×h⊥ → p

�
(ΩG

π )×h⊥ → p
�
(ΩG

π )+h⊥ → G·(p
�
(ΩG

π )+h⊥)/G = G·(ΩG
π +h⊥)/G .

It is established in [2] that the down-up representation ρ(G,H, π) obeys the orbital spectrum
formula

ρ(G,H, π) 	
∫ ⊕

G·(ΩG
π +�⊥)/G

mπ(φ)πφdµ
G,H
π (φ)(5.2)

where

mπ(φ) =
∑

ΩH∈[p
�
(ΩG

π )∩p� (ΩG
πφ
)]/H

nΩ
H

π nΩ
H

πφ
(5.3)

with nΩ
H

π = #[ΩG
π ∩ p−1

�
(ΩH)]/H and nΩ

H

πφ
= #[ΩG

πφ
∩ p−1

�
(ΩH)]/H .

Let V1 < V2 < · · · < Vs be the stratification of h∗ as in Theorem 3.7 and e be the largest
index in {1, . . . , s}, such that Ve meets p

�
(ΩG

π ). The set (ΩG
π +h⊥)∩p−1

�
(Ve) is a non-empty

open co-null in (ΩG
π + h⊥). For any φ ∈ (ΩG

π + h⊥) ∩ p−1
�
(Ve), let

Aφ = p
�
(ΩG

π ) ∩ p�(G · φ) and A′
φ = Ve ∩ Aφ .(5.4)

It is clear that the set Aφ is H -invariant. The set A′
φ is an open dense and H -invariant subset

of Aφ as A′
φ = (∪e′≤eVe′)∩Aφ and (∪e′≤eVe′) is a Zariski open set in h∗ (see property (3) of

Theorem 3.7). It is clear that A′
φ is the set of H -orbits of maximal dimension in Aφ . Recall

the notationΩG
π = G · f .

Let ρ be a unitary and irreducible representation of G. For φ in ΩG
ρ , write

dρ(φ) = dimH · φ, dρ = max
φ∈ΩG

ρ

dρ(φ) ,

and

dG(ρ) = 2dρ − dimΩG
ρ ,

the set Zρ = {φ ∈ ΩG
ρ : dρ(φ) = dρ} is a non-empty co-null set in ΩG

ρ .
Our main result of this section is the following:
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THEOREM 5.1. Let G be a completely solvable Lie group, H = exp h an analytic
subgroup ofG andπ an irreducible unitary representation ofG. Then

(1) the multiplicity function of the representationρ(G,H, π) is either uniformly infi-
nite or uniformly finite and bounded;

(2) the multiplicities ofρ(G,H, π) are finite if and only ifA′
φ is a semi-analytic subset

of h∗ and the triple equality

dimA′
φ = dG(πφ) = dG(π) ,

holds generically onΩG
π + h⊥.

PROOF. We shall prove in a first time that for φ in (ΩG
π +h⊥)∩p−1

�
(Ve), the set A′

φ has

a finite number of connected components in the Euclidean topology. In fact, let {X1, . . . , Xn}
be a Jordan-Hölder basis of g (i. e. the subspace gi = R − span{X1, . . . , Xi} is an ideal of g

for every i = 1, . . . , n). Since G is completely solvable, the function

F : Rn × g∗ → g∗

(x, l) = ((x1, . . . , xn), l) �→ exp xnXn · · · exp x1X1 · l

is a pseudo-algebraic function and for l ∈ g∗, one hasG · l = {F(x, l), x ∈ Rn}. We view an
element l in h∗ as an element of g∗ with a trivial extension on g. The set

A = {(x, y, l) ∈ Rn × Rn × h∗ : l ∈ Ve, F (x, f )− l ∈ h⊥, F (y, φ)− l ∈ h⊥} ,

is semi-pseudo-algebraic in Rn × Rn × h∗. Let q : Rn × Rn × h∗ → h∗ be the canonical
projection, then, it is clear that A′

φ = q(A). Therefore the number of connected components

of A′
φ is less or than equal to the number of connected components of A, so Theorem 3.4

enables us to conclude. With the above in mind, the number of the connected components of
A′
φ is bounded by a scalar which does not depend on φ ∈ ΩG

π + h⊥.

Let now φ ∈ ΩG
π + h⊥ and πφ its irreducible and unitary representation. We show that

mπ(φ) is finite if and only if A′
φ is a semi-analytic set and dimA′

φ = dG(πφ) = dG(π).

Assume first that mπ(φ) < ∞, then #[A′
φ]/H < ∞ and for all H · ψ in [A′

φ]/H , we

have that nH ·ψ
π = n

ψ
π < ∞ and nH ·ψ

πφ = n
ψ
πφ < ∞. Hence, dG(π) = dimH · ψ and

dG(πφ) = dimH · ψ . Write

A′
φ =

k⋃
i=1

H · ψi ,

where the H -orbits, H · ψi , i = 1, . . . , k have the same dimension. It follows from Corol-
lary 3.9 that A′

φ is a finite union of semi-analytic sets, which is in turn a semi-analytic
set. Moreover, the dimension of A′

φ is equal to dimH · ψi for all i = 1, . . . , k. Hence
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dimA′
φ = dG(πφ) = dG(π). On the other hand, let

A′
φ =

⋃
i∈I
H · ψi .

Then for all i ∈ I , we have:

dimH · ψi ≥ dG(πφ) = dG(π) = dimA′
φ ≥ dimH · ψi .(5.5)

Hence, dimA′
φ = dimH ·ψi , which means thatH ·ψi is open in A′

φ and therefore is closed
in A′

φ . Since H is connected, the orbits H ·ψi, i ∈ I are the connected components of A′
φ ,

which implies that I is finite. Finally, thanks to (5.5), (2.4) and (2.6), we conclude that the

multiplicity functions nψiπ and nψiπφ are finite.

Let Σe be the cross-section for H -orbits in Ve. For f in ΩG
π , let

U = {(x, y, l) ∈ Rn × Rn × h∗ : l ∈ Σe, F (x, f )− l ∈ h⊥, F (y, φ)− l ∈ h⊥} .
As Σe is algebraic, U is pseudo-algebraic. Moreover,

#[A′
φ]/H = #q(U) .

Whence, thanks to Corollary 3.5, the set #[A′
φ]/H is either uniformly infinite or uniformly

finite and bounded onΩG
π + h⊥ which achieves the proof of the Theorem. �

6. Examples

Let g be the 4-dimensional Lie algebra spanned by A,X, Y , and Z with nonzero Lie
brackets

[A,X] = X, [A,Y ] = −Y, [X,Y ] = Z .

Let {A∗,X∗, Y ∗, Z∗} be the dual basis of g∗ and ϕ = ϕ(α,β,γ,δ) = αA∗+βX∗+γ Y ∗+δZ∗ ∈
g∗. We denote byΩG

(α,β,γ,δ) the G-orbit of ϕ(α,β,γ,δ). A routine computation gives

Ad∗((exp aA exp xX exp yY exp zZ)−1)ϕ(α,β,γ,δ)

= ϕ(α−βeax+γ e−ay+δxy,βea−δy,γ e−a+δx,δ) .

(1) h = {A,X,Z}, a = {A,Z} and f = λA∗. So, Γf = f + h⊥ = λA∗ ⊕ RY ∗ and

G · Γf = {(λ+ xy)A∗ + yY ∗, x, y ∈ R} .
Therefore, p

�(G · Γf ) = RA∗. Moreover, for ψ = αA∗ ∈ p�(G · Γf ), one has

Mψ =
{

RA∗ ⊕ R∗Y ∗ if α = λ,

G · Γf otherwise,
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and M′
ψ = ΩG

(0,0,1,0) ∪ΩG
(0,0,−1,0) = Ω+ ∪Ω−. Note that

dimM′
ψ = 2, dH = 1, dA = 1, d ′

A = 0 ,

and for Ω ∈ [M′
ψ ]/G,

n
f
Ω = 1 and n

ψ
Ω = 1 .

It follows that m(ψ) = 2 and

ρ(G,H,A, f ) 	 2
∫ ⊕

R
χtA∗dt .

(2) h = {A,X}, a = {A,Y } and f = λA∗. We have in this case that Γf = λA∗ ⊕
RY ∗ ⊕ RZ∗ and

G · Γf = {λA∗} ∪ {aA∗ + yY ∗ : a ∈ R, y ∈ R∗} ∪
{(λ− xy

z
)A∗ + xX∗ + yY ∗ + zZ∗ : x, y ∈ R, z ∈ R∗}.

So, p�(G ·Γf ) = {λA∗} ∪ {xA∗ + yY ∗ : x ∈ R, y ∈ R∗}. TheA-orbits in general position in
p
�
(G ·Γf ) are parameterized by the formsψ = ±Y ∗. Moreover, forψ = ±Y ∗ ∈ p

�
(G ·Γf ),

we have

Mψ = {aA∗+yY ∗ : a ∈ R, y ∈ R∗}∪{(λ− xy
z
)A∗+xX∗+yY ∗+zZ∗ : x, y ∈ R, z ∈ R∗} ,

M′
ψ = {(λ− xy

z
)A∗ + xX∗ + yY ∗ + zZ∗ : x, y ∈ R, z ∈ R∗}

and therefore, dimM′
ψ = 3. It follows that for ψ ∈ p

�
(G · Γf ), m(ψ) = ∞ and

ρ(G,H,A, f ) 	 ∞σ− ⊕ ∞σ+ ,

where σ± is the irreducible unitary representation of A associated to the form ψ = ±Y ∗.
(3) We suppose hereafter that h = {A,Y,Z} and let ϕ◦

(α,γ,δ) = αA∗ + γ Y ∗ + δZ∗ ∈ h∗.
as above,

Ad∗((exp aA exp yY exp zZ)−1)ϕ◦
(α,γ,δ) = ϕ◦

(α+γ e−ay,γ e−a,δ) .

Let f = βX∗, β > 0. Then

ΩG
π = G · f = {aA∗ + xX∗, a ∈ R, x ∈ R∗+}

and

G · (ΩG
π + h⊥) = RA∗ ⊕ RX∗ .
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The generic orbits in G · (ΩG
π + h⊥) are associated to the linear forms ±X∗. For φ = ±X∗,

we have A′
φ = Aφ = RA∗ and #[Aφ]/H = ∞. Hence

ρ(G,H, πf ) 	 ∞π−X∗ ⊕ ∞πX∗ .

Moreover, we have dimAφ = 1 and dG(π) = 0.
(4) Consider finally the case where h = {A,X,Z}. Let ϕ◦

(α,β,δ) = αA∗ + βX∗ + δZ∗ ∈
h∗

Ad∗((exp aA exp xX exp zZ)−1)ϕ◦
(α,β,δ) = ϕ◦

(α−βeax,βea,δ) .

Let f = X∗, we have that

ΩG
π = G · f = {αA∗ + βX∗, α ∈ R, β ∈ R∗+} ,

ΩG
π + h⊥ = {αA∗ + βX∗ + γ Y ∗, α, γ ∈ R, β ∈ R∗+} ,

and

G · (
ΩG
π + h⊥) = ΩG

π + h⊥ .

Let φ be in ΩG
π + h⊥ and we write φ = αA∗ + βX∗ + γ Y ∗, then

G · φ = {(α − βeax + γ e−ay)A∗ + βeaX∗ + γ e−aY ∗, a, x, y ∈ R} ,
and

H · φ = {(α − βeax)A∗ + βeaX∗ + γ e−aY ∗, a, x ∈ R} ,
It follows that Aφ = p

�
(ΩG

π ) ∩ p
�
(G · φ) = RA∗ + R∗+X∗, and

dimAφ = dG(π) = dG(πφ) = 2 .

Moreover, for ϕ◦ = X∗ ∈ h∗ we haveH ·ϕ◦ = Aφ . HenceA′
φ = Aφ is a semi-analytic subset

of h∗ and #[Aφ]/H = 1. Let ΩH
σ(ϕ◦) = H · ϕ◦ where σ(ϕ◦) is the unitary and irreducible

representation associated to ϕ◦ by the Kirillov-Bernat mapping ΘH . It is easy to check that
ΩG
π ∩ p−1

�
(ΩH

σ(ϕ◦)) = H · ϕ(0,1,0,0) and ΩG
πφ

∩ p−1
�
(ΩH

σ(ϕ◦)) = H · ϕ(α,1,γ ,0), therefore

n
ΩH
σ(ϕ◦)

π = n
ΩH
σ(ϕ◦)

πφ = 1. Finally, we have mπ(φ) = 1.
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