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Abstract. The relationship between mixed multiplicities of arbitrary ideals in local rings and Hilbert-Samuel
multiplicities was solved by Viêt in [8]. In this paper, we extend some important results of Viêt in [8, 9, 10, 11] to
modules. We build the concept of (FC)-sequences of modules and use this notion to study reductions of ideals with
respect to modules, mixed multiplicities of modules and multiplicities of Rees modules.

1. Introduction

Throughout this paper,(A,m) denotes a Noetherian local ring with maximal idealm,
infinite residue fieldk = A/m; M a finitely generatedA-module with Krull dimension
dimM = d > 0.

Let J be anm-primary ideal and(I1, I2, . . . , Is) be a set of ideals ofA such thatI =
I1 · · · Is is not contained in

√
AnnM. Set

a : b∞ =
⋃
n≥0

(a : bn); M∗ = M

0M : I∞ and q = dimM∗ .

Then using the same argument as in the proof of Proposition 3.1 of Viêt [8], we have that
there exists a positive integeru such that the Bhattacharya function [2]

lA

(
J nI

n1
1 · · · Ins

s M

Jn+1I
n1
1 · · · Ins

s M

)

is a polynomial of degreeq − 1 for all values ofn, n1, n2, . . . , ns ≥ u.
Now, we write the terms of total degreeq − 1 in this polynomial in the form

B(n, n1, . . . , ns) =
∑

d0+d1+...+ds=q−1

eA(J [d0+1], I [d1]
1 , . . . , I [ds ]

s ; M)
nd0n

d1
1 · · · nds

s

d0!d1! · · · ds ! ,
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theneA(J [d0+1], I [d1]
1 , . . . , I

[ds ]
s ; M) are non-negative integers and are called the mixed mul-

tiplicity of the set of ideals(J, I1, . . . , Is ) with respect toM of the type(d0 + 1, d1, . . . , ds)

(B(n, n1, . . . , ns) is called the Bhattacharya polynomial [2]).
It has long been known that mixed multiplicity is an important object of algebraic geom-

etry and commutative algebra. In the case that local rings, first, Risler and Teissier in 1973
showed that mixed multiplicities of twom-primary ideals are multiplicities of an ideal gen-
erated by elements chosen sufficiently generally [4]. Rees in 1984 proved that each mixed
multiplicity of a set ofm-primary ideals is the multiplicity of a joint reduction of them [3]. In
general, the relationship between mixed multiplicities of a set of arbitrary ideals and Hilbert-
Samuel multiplicities was solved by Viêt in 2000 [8]. In answer to this problem, he built a
sequence of elements called a(FC)-sequence. The results of Viêt in [8, 9, 10, 11] showed
that (FC)-sequences carry the important information on mixed multiplicities and reductions
of ideals ...

The aim of this note is to show that one can extend many results of Viêt in [8, 9, 10, 11]
to modules. Although most of the argument of [8, 9, 10, 11] can apply to modules, there are
some critical places which have to be dealt with.

The important key to statements and proofs of our results is the concept of(FC)-
sequences in modules. As in [8], the proof of the existence of(FC)-sequences in modules
is based on our generalized Rees’ Lemma (Lemma 2.2, Section 2).

This paper is divided into 4 sections.
In Section 2, first, we construct the concept of(FC)-sequences in modules. Next, we

show a lemma called generalized Rees’ Lemma (Lemma 2.2) and use this lemma to prove the
existence of weak-(FC)-sequences (Proposition 2.3). Last, we get a result concerning reduc-
tions of ideals with respect to modules: maximal weak-(FC)-sequences of modules generate
generalized joint reductions of ideals with respect to modules (Theorem 2.9).

In Section 3, we link the mixed mutiplicities of modules and Hilbert-Samuel multiplicity
via (FC)-sequences of modules. Main results of this section are Theorem 3.4, Theorem 3.6.

In Section 4, as applying the results on mixed multiplicities of Section 3, we establish
multiplicity formulas of Rees modules with repect to arbitrary ideals (Theorem 4.2). In partic-
ular, we get interesting results concerning multiplicities of Rees modules ofm-primary ideals
(Theorem 4.3, Theorem 4.4).

2. (FC)-sequences of modules

In this section, first, we build the concept of(FC)-sequences in modules and show some
important properties of(FC)-sequences. Last, we use these sequences to study reductions of
ideals with respect to modules.

We now turn to the definition of(FC)-sequences of modules.

DEFINITION 2.1. LetU = (I1, . . . , Is) be a set of ideals ofA such thatI = I1 · · · Is

is not contained in
√

AnnM. SetM∗ = M

0M : I∞ . We say that an elementx ∈ A is an
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(FC)-element ofM with respect toU if there exists an idealIi of U and a positive integern′
i

such that
(FC1) : x ∈ Ii \ mIi and

I
n1
1 · · · Ins

s M∗ ∩ xM∗ = xI
n1
1 · · · Ini−1

i−1 I
ni−1
i I

ni+1
i+1 · · · Ins

s M∗

for all ni ≥ n′
i and all non-negative integersn1, . . . , ni−1, ni+1, . . . , ns .

(FC2) : 0M : x ⊆ 0M : I∞.

(FC3) : dim

(
M

xM : I∞

)
= dimM∗ − 1.

We callx a weak-(FC)-element ofM with respect toU if x satisfies the conditions(FC1)

and(FC2) with respect toU .

Letx1, . . . , xt be a sequence inA. For eachi = 0, 1, . . . , t −1, setM = M

(x1, . . . , xi)M
;

Ā = A

(x1, . . . , xi)
andĪ1 = I1Ā, . . . , Īs = IsĀ. Let x̄i+1 denote the image ofxi+1 in Ā. Then

(i) x1, . . . , xt is said to be an(FC)-sequence ofM with respect toU if x̄i+1 is an

(FC)-element ofM with respect to(Ī1, . . . , Īs ) for i = 0, 1, . . . , t − 1.
(ii) x1, . . . , xt is called a weak-(FC)-sequence ofM with respect toU if x̄i+1 is a

weak-(FC)-element ofM with respect to(Ī1, . . . , Īs ) for i = 0, 1, . . . , t − 1.

The following lemma will play a crucial role for showing the existence of weak-(FC)-
sequences.

LEMMA 2.2 (Generalized Rees’Lemma).Let (A,m) be a Noetherian local ring with
maximal ideal m, infinite residue field k = A/m. Let M be a finitely generated A-module and
U = (I1, . . . , Is) be a set of ideals of A. Let Σ be a finite set of prime ideals non containing
I1 · · · Is . Then for each i = 1, . . . , s, there exists an element xi ∈ Ii \ mIi , xi not contained
in any prime ideal in Σ, and a positive integer ki such that

I
r1
1 · · · I ri

i · · · I rs
s M ∩ xiM = xiI

r1
1 · · · I ri−1

i−1 I
ri−1
i I

ri+1
i+1 · · · I rs

s M

for any ri ≥ ki and all non-negative integers r1, . . . , ri−1, ri+1, . . . , rs .

PROOF. Set

R(U) =
⊕

r1,...,rs∈Z

I
r1
1 · · · I rs

s t
r1
1 · · · trss and M(U) =

⊕
r1,...,rs∈Z

I
r1
1 · · · I rs

s Mt
r1
1 · · · trss ,

where(t1, . . . , ts ) is a set of indeterminates andI ri
i = A for ri ≤ 0. ThenR(U) is a Noether-

ian graded ring andM(U) is a Noetherian gradedR(U)-module. Setu1 = t−1
1 , . . . , us = t−1

s .
It is easily seen thatu1 · · · us is a non-zero-divisor inM(U). By the corollary of Lemma 2.7
in [3], the set of prime associated with(u1 · · · us)

nM(U) is independent ofn and so is finite.
We divide this set into two subsets:S� consisting of those containingIi ti andS� those that
do not.
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FromIi/mIi is a vector space over the infinite fieldk and the setsΣ, S� are both finite,
we can choosexi ∈ Ii \ mIi such thatxi is not contained in any prime ideal belonging toΣ

andxiti is not contained in any prime ideal belonging toS�.
Set

Mn = (u1 · · · us)
nM(U) : xiti

(u1 · · · us)nM(U)
.

We will show thatMn is annihilated by(Ii ti )
N if N is sufficiently large. IfP ∈ AssR(U)(Mn),

then there existsz ∈ (u1 · · · us)
nM(U) : xiti such thatP = (u1 · · · us)

nM(U) : z. Since
xiti ∈ P , we haveP ∈ S�. Consequently,Ii ti is contained inP . This implies thatIi ti is

contained in
√

AnnR(U)(Mn). SinceIi is finitely generated, there exists an integerN > 0
such that

(Ii ti)
N ⊆ AnnR(U)(Mn) .

In addition,Mn is a finitely generated gradedR(U)-module, this implies that ifri is suffi-
ciently large then any element ofMn of degree(r1, . . . , rs) is zero.

Now, letB(M) denote the submodule ofM(U) consisting of all finite sums:∑
cr1...rs t

r1
1 · · · trss , where cr1...rs ∈ xiM ∩ I

r1
1 · · · I rs

s M .

ThenB(M) has a finite generating set consisting of elements of the formxibit
r1
1 · · · trss , where

bi ∈ M. We can find an integerq such that

(u1 · · · us)
qbit

r1
1 · · · tri−1

i−1 t
ri−1
i t

ri+1
i+1 · · · trss ∈ M(U)

for all elementsxibit
r1
1 · · · trss . Hence

B(M) ⊆ xitiM(U) : (u1 · · · us)
q .

Suppose thatztr1
1 · · · trss ∈ B(M), wherez ∈ xiM ∩ I

r1
1 · · · I rs

s M. We have

(u1 · · · us)
qzt

r1
1 · · · trss = xitiw ,

wherew is a homogeneous element ofM(U) whosei-th degree equal tori − q − 1. By the
first part of the proof,w will belong to (u1 · · · us)

qM(U) for sufficiently largeri . Since the
generating set ofB(M) is finite, we can choose a positive integerki such that ifri ≥ ki , then
w ∈ (u1 · · · us)

qM(U). Hencew = (u1 · · · us)
qw′ for w′ ∈ M(U). Note that

(u1 · · ·us)
qzt

r1
1 · · · trss = xitiw, (u1 · · · us)

qzt
r1
1 · · · trss = xiti(u1 · · · us)

qw′ .

Since(u1 · · · us)
q is a non-zero-divisor,ztr1

1 · · · trss = xitiw
′ and soztr1

1 · · · trss ∈ xitiM(U).

Therefore,z ∈ xiI
r1
1 · · · I ri−1

i−1 I
ri−1
i I

ri+1
i+1 · · · I rs

s M. Hence ifri ≥ ki , then

xiM ∩ I
r1
1 · · · I rs

s M ⊆ xiI
r1
1 · · · I ri−1

i−1 I
ri−1
i I

ri+1
i+1 · · · I rs

s M ⊆ xiM ∩ I
r1
1 · · · I rs

s M
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for all non-negative integersr1, . . . , ri−1, ri+1, . . . , rs . That means for anyri ≥ ki, we get

I
r1
1 · · · I rs

s M ∩ xiM = xiI
r1
1 · · · I ri−1

i−1 I
ri−1
i I

ri+1
i+1 · · · I rs

s M

for all non-negative integersr1, . . . , ri−1, ri+1, . . . , rs .
The proof is complete. �

The following proposition will show the existence of weak-(FC)-sequences.

PROPOSITION 2.3. Let (I1, . . . , Is) be a set of ideals such that I = I1 · · · Is is not

contained in
√

AnnM . Then for any 1 ≤ i ≤ s, there exists a weak-(FC)-element xi ∈ Ii

with respect to (I1, . . . , Is).

PROOF. SetF = AssA

(
M

0M : I∞

)
. SinceI is not contained in

√
AnnM, we have

F 
= ∅. It is easily seen thatF is finite andF = {P ∈ Ass(M) | P � I }. By Lemma 2.2,
for eachi = 1, . . . , s, there exists an elementxi ∈ Ii \ mIi such thatxi satisfies the condition
(FC1) andxi /∈ P for all P ∈ F . Sincexi /∈ P for anyP ∈ F , xi also satisfies the condition
(FC2). Hencexi is a weak-(FC)-element ofM with respect to(I1, . . . , Is). �

(FC)-sequences in modules have some important properties as follows.

PROPOSITION 2.4. If x ∈ Ii is a weak-(FC)-element of M with respect to (I1, . . . , Is),

then

I
n1
1 · · · Ins

s M ∩ xM = xI
n1
1 · · · Ini−1

i−1 I
ni−1
i I

ni+1
i+1 · · · Ins

s M (2.1)

for all sufficiently large n1, . . . , ns .

PROOF. Sincex satisfies the condition(FC1), we have

(I
n1
1 · · · Ins

s M + 0M : I∞) ∩ (xM + 0M : I∞) = xI
n1
1 · · · Ini−1

i · · · Ins
s M + (0M : I∞)

or I
n1
1 · · · Ins

s M ∩ (xM + 0M : I∞) + (0M : I∞) = xI
n1
1 · · · Ini−1

i · · · Ins
s M + (0M : I∞) for

all sufficiently largen1, . . . , ns . Since

I
n1
1 · · · Ins

s M ∩ xM + (0M : I∞) ⊆ I
n1
1 · · · Ins

s M ∩ (xM + 0M : I∞) + (0M : I∞)

and xI
n1
1 · · · Ini−1

i · · · Ins
s M + (0M : I∞) ⊆ I

n1
1 · · · Ins

s M ∩ xM + (0M : I∞), it follows that

xI
n1
1 · · · Ini−1

i · · · Ins
s M + (0M : I∞) = I

n1
1 · · · Ins

s M ∩ xM + (0M : I∞)

for all sufficiently largen1, . . . , ns . Therefore,

xI
n1
1 · · · Ini−1

i · · · Ins
s M + (0M : I∞) ∩ I

n1
1 · · · Ins

s M

= I
n1
1 · · · Ins

s M ∩ xM + (0M : I∞) ∩ I
n1
1 · · · Ins

s M .
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for all sufficiently largen1, . . . , ns . By Artin-Rees lemma,(0M : I∞) ∩ I
n1
1 · · · Ins

s M =
0M for all sufficiently largen1, . . . , ns . Hence we get (2.1) for all sufficiently largen1, . . . ,

ns . �

In the case thatd m-primary ideals, we have the following interesting result.

PROPOSITION 2.5. Let U = (I1, . . . , Id ) be a set of m-primary ideals. Then there

exists a weak-(FC)-sequence x1, . . . , xd in
⋃d

i=1 Ii with respect to U . And if x1, . . . , xd is a

weak-(FC)-sequence in
⋃d

i=1 Ii with respect to U , then x1, . . . , xd−1 is an (FC)-sequence in⋃d
i=1 Ii with respect to U .

PROOF. SetI = I1 · · · Id andM∗ = M

0M : I∞ . By Proposition 2.3, there exists a weak-

(FC)-elementx1 ∈ ⋃d
i=1 Ii with respect toU . From d = dimM = ht(I +AnnM/AnnM) >

0 andI = I1 · · · Id is m-primary, it is easily seen that dimM∗ = dimM. We will show that

dim(M/x1M) = d − 1 .

Sincex1 satisfies the condition(FC2), x1 is a non zero-divisor inM∗. Thus, we have

dim(M∗/x1M
∗) = dimM∗ − 1 = d − 1 .

It follows that

d − 1 ≤ dim(M/x1M) ≤ d .

If dim(M/x1M) = d, thenx1 belongs to some minimal prime ideal of AssM∗. This
implies thatx1 is a zero-divisor inM∗ (contradiction). Therefore, dim(M/x1M) = d − 1. By

induction, there exists a weak-(FC)-sequencex1, . . . , xd in
⋃d

i=1 Ii with respect toU . And if

x1, . . . , xd is a weak-(FC)-sequence in
⋃d

i=1 Ii with respect toU , then

dim

(
M

(x1, . . . , xt )M : I∞

)
= dim

[
M/(x1, . . . , xt )M

((x1, . . . , xt )M : I∞)/(x1, . . . , xt )M

]

= dim

(
M

(x1, . . . , xt )M

)
= d − t

for all t < d. Hencex1, . . . , xd−1 is an (FC)-sequence ofM in
⋃d

i=1 Ii with respect to
U . �

PROPOSITION 2.6. Let U = (I1, . . . , Is) be a set of ideals. Assume that x ∈ Ii is a
weak-(FC)-element of M with respect to U . Then there exists an integer c such that

[In1
1 · · · Ins

s M : xA] ∩ I
n1
1 · · · I c

i · · · Ins
s M = I

n1
1 · · · Ini−1

i · · · Ins
s M

for all nj > c, j = 1, . . . , s.
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PROOF. SetI = I1 · · · Is . By Proposition 2.4 and Artin-Rees lemma, there exists an
integerc such that

I
n1
1 · · · Ins

s M ∩ xM = xI
n1
1 · · · Ini−1

i−1 I
ni−1
i I

ni+1
i+1 · · · Ins

s M

and(0M : I∞) ∩ I
n1
1 · · · I c

i · · · Ins
s M = 0M for all nj > c, j = 1, . . . , s. Consequently, we

have

[In1
1 · · · Ins

s M : xA] ∩ I
n1
1 · · · I c

i · · · Ins
s M

= [(In1
1 · · · Ins

s M ∩ xM) : xA] ∩ I
n1
1 · · · I c

i · · · Ins
s M

= [xI
n1
1 · · · Ini−1

i · · · Ins
s M : xA] ∩ I

n1
1 · · · I c

i · · · Ins
s M

= [In1
1 · · · Ini−1

i · · · Ins
s M + 0M : x] ∩ I

n1
1 · · · I c

i · · · Ins
s M

⊆ [In1
1 · · · Ini−1

i · · · Ins
s M + 0M : I∞] ∩ I

n1
1 · · · I c

i · · · Ins
s M

= I
n1
1 · · · Ini−1

i · · · Ins
s M + (0M : I∞) ∩ I

n1
1 · · · I c

i · · · Ins
s M

= I
n1
1 · · · Ini−1

i · · · Ins
s M

for all nj > c, j = 1, . . . , s. Hence

[In1
1 · · · Ins

s M : xA] ∩ I
n1
1 · · · I c

i · · · Ins
s M = I

n1
1 · · · Ini−1

i · · · Ins
s M

for all nj > c, j = 1, . . . , s. �

It is easily seen that ifJ is m-primary ideal andI arbitrary ideal, then 0M : (J I)∞ =
0M : I∞ and xM : (J I)∞ = xM : I∞. This fact immediately gives the following result.

LEMMA 2.7. Let (I1, . . . , Is) be a set of ideals such that I = I1 · · · Is is not contained

in
√

AnnM and J1, . . . , Jt be m-primary ideals. Suppose that x ∈ Ii be an (FC)-element of
M with respect to (J1, . . . , Jt , I1, . . . , Is). Then we can replace the condition (FC2) by the
condition

0M : x ⊆ 0M : I∞

and the condition (FC3) by the condition

dim

(
M

xM : I∞

)
= dim

(
M

0M : I∞

)
− 1 .

Viêt in [11] gave the concept of generalized joint reductions of ideals in local rings. This
notion is a generalization of joint reductions of Rees in [3]. Now, we extend generalized joint
reductions of ideals in [11] to modules as follows:



332 NGUYÊN TIÊN MA. NH AND DUONG QUÔC VIÊ. T

DEFINITION 2.8. LetI1, . . . , Is be ideals. A set of ideals(�1, . . . ,�t ) such that�i ⊆
Ii , i = 1, . . . , t ≤ s is called a generalized joint reduction ofI1, . . . , Is with respect toM if

I
n1+1
1 · · · Ins+1

s M =
t∑

j=1

�j I
n1+1
1 · · · Inj

j · · · Ins+1
s M

for all largen1, . . . , ns .

The relationship between maximal weak-(FC)-sequences and generalized joint reduc-
tions was determined by Theorem 3.4 of [11] in local rings. We extend this result to modules
by the following theorem.

THEOREM 2.9. Let I1, . . . , Is be ideals such that I = I1 · · · Is is not contained in√
AnnM and J be an m-primary ideal. Suppose that

�1 = (x11, . . . , x1m) ⊆ I1

�2 = (x21, . . . , x2n) ⊆ I2

. . .

�t = (xt1, . . . , xtp) ⊆ It

and x11, . . . , x1m, x21, . . . , x2n, . . . , xt1, . . . , xtp is a maximal weak-(FC)-sequence of M in⋃s
i=1 Ii with respect to (J, I1, . . . , Is ). Then the following statements hold.

(i) For any k ≤ t, we have

(�1, . . . ,�k)M ∩ I
n1+1
1 · · · Ins+1

s M =
k∑

j=1

�j I
n1+1
1 · · · Inj

j · · · Ins+1
s M

for all large n1, . . . , ns .
(ii) �1, . . . ,�t is a generalized joint reduction of I1, . . . , Is with respect to M .

PROOF. The proof of (i): Using induction onk ≤ t. Fork = 1, we will show that

(x11, . . . , x1i)M ∩ I
n1+1
1 · · · Ins+1

s M = (x11, . . . , x1i)I
n1
1 I

n2+1
2 · · · Ins+1

s M

for all largen1, . . . , ns by induction oni ≤ m. For i = 0, the result is trivial. Suppose that
the result is true fori − 1 ≥ 0. As the next step, we will prove that the result is also true for
i ≤ m. SetN = (x11, . . . , x1(i−1))M : I∞. Sincex11, . . . , x1i is a weak-(FC)-sequence of
M in I1 with respect to(J, I1, . . . , Is ),

(x1iM + N) ∩ (I
n1+1
1 · · · Ins+1

s M + N) = x1iI
n1
1 I

n2+1
2 · · · Ins+1

s M + N

for all largen1, . . . , ns . Therefore,

(x1iM + N) ∩ I
n1+1
1 · · · Ins+1

s M
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= I
n1+1
1 · · · Ins+1

s M ∩ (I
n1+1
1 · · · Ins+1

s M + N) ∩ (x1iM + N)

= I
n1+1
1 · · · Ins+1

s M ∩ (x1iI
n1
1 I

n2+1
2 · · · Ins+1

s M + N)

= x1iI
n1
1 I

n2+1
2 · · · Ins+1

s M + I
n1+1
1 · · · Ins+1

s M ∩ N.

for all largen1, . . . , ns . By Artin-Rees lemma, we have

I
n1+1
1 · · · Ins+1

s M ∩ N ⊆ I
n1+1
1 · · · Ins+1

s M ∩ (x11, . . . , x1(i−1))M

for all largen1, . . . , ns . By inductive assumption,

I
n1+1
1 · · · Ins+1

s M ∩ N ⊆ (x11, . . . , x1(i−1))I
n1
1 I

n2+1
2 · · · Ins+1

s M

for all largen1, . . . , ns . Consequently,

I
n1+1
1 · · · Ins+1

s M ∩ N = (x11, . . . , x1(i−1))I
n1
1 I

n2+1
2 · · · Ins+1

s M

for all largen1, . . . , ns . Hence we get

(x1iM + N) ∩ I
n1+1
1 · · · Ins+1

s M

= x1iI
n1
1 I

n2+1
2 · · · Ins+1

s M + (x11, . . . , x1(i−1))I
n1
1 I

n2+1
2 · · · Ins+1

s M

= (x11, . . . , x1i)I
n1
1 I

n2+1
2 · · · Ins+1

s M

for all largen1, . . . , ns . By Artin-Rees lemma,

(x1iM + N) ∩ I
n1+1
1 · · · Ins+1

s M = (x11, . . . , x1i)M ∩ I
n1+1
1 · · · Ins+1

s M

for all largen1, . . . , ns . Thus,

(x11, . . . , x1i)M ∩ I
n1+1
1 · · · Ins+1

s M = (x11, . . . , x1i)I
n1
1 I

n2+1
2 · · · Ins+1

s M

for all largen1, . . . , ns andi ≤ m. From this it follows that

(x11, . . . , x1m)M ∩ I
n1+1
1 · · · Ins+1

s M = (x11, . . . , x1m)I
n1
1 I

n2+1
2 · · · Ins+1

s M

or

�1M ∩ I
n1+1
1 · · · Ins+1

s M = �1I
n1
1 I

n2+1
2 · · · Ins+1

s M

for all largen1, . . . , ns . The result is proved fork = 1.
Suppose that the result has been proved fork − 1. As the next step, we claim that the

result is true fork. SetN = (�1, . . . ,�k−1)M : I∞. By Artin-Rees lemma, we have

N ∩ I
n1+1
1 · · · Ins+1

s M ⊆ I
n1+1
1 · · · Ins+1

s M ∩ (�1, . . . ,�k−1)M

and

(N + �kM) ∩ I
n1+1
1 · · · Ins+1

s M ⊆ I
n1+1
1 · · · Ins+1

s M ∩ (�1, . . . ,�k)M
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for all largen1, . . . , ns . Hence

N ∩ I
n1+1
1 · · · Ins+1

s M = I
n1+1
1 · · · Ins+1

s M ∩ (�1, . . . ,�k−1)M

and

(N + �kM) ∩ I
n1+1
1 · · · Ins+1

s M = I
n1+1
1 · · · Ins+1

s M ∩ (�1, . . . ,�k)M (2.2)

for all largen1, . . . , ns . By the result is true fork = 1,

(N + �kM) ∩ (I
n1+1
1 · · · Ins+1

s M + N) = �k(I
n1+1
1 · · · Ink

k · · · Ins+1
s )M + N

for all largen1, . . . , ns . From the above facts, we get

(N + �kM)∩I
n1+1
1 · · · Ins+1

s M = I
n1+1
1 · · · Ins+11

s M∩(N+�kM)∩(I
n1+1
1 · · · Ins+1

s M+N)

= I
n1+1
1 · · · Ins+1

s M ∩ (�kI
n1+1
1 · · · Ink

k · · · Ins+1
s M + N)

= �kI
n1+1
1 · · · Ink

k · · · Ins+1
s M + N ∩ I

n1+1
1 · · · Ins+1

s M

= �kI
n1+1
1 · · · Ink

k · · · Ins+1
s M + (�1, . . . ,�k−1)M ∩ I

n1+1
1 · · · Ins+1

s M (2.3)

for all largen1, . . . , ns . By inductive asumption applied to(k − 1), we see that

(�1, . . . ,�k−1)M ∩ I
n1+1
1 · · · Ins+1

s M =
k−1∑
j=1

�j I
n1+1
1 · · · Inj

j · · · Ins+1
s M (2.4)

for all largen1, . . . , ns . Hence by(2.2), (2.3) and(2.4), we get

(�1, . . . ,�k)M ∩ I
n1+1
1 · · · Ins+1

s M =
k∑

j=1

�j I
n1+1
1 · · · Inj

j · · · Ins+1
s M

for all largen1, . . . , ns .
The proof of (ii): Sincex11, . . . , x1m, x21, . . . , x2n, . . . , xt1, . . . , xtp is a maximal weak-

(FC)-sequence ofM in ∪s
i=1Ii with respect to(J, I1, . . . , Is). Hence by Proposition 2.3, we

have

I
n1+1
1 · · · Ins+1

s M ⊆ (�1, . . . ,�t )M

for all largen1, . . . , ns . By applying the part (i), we get (ii).
The proof of Theorem 2.9 is complete. �

In the case that all ideals arem-primary, we have the following collorary.

COROLLARY 2.10. Let I1, . . . , Id be m-primary ideals, where d = dimM > 0. Then
there exists a set of elements x1, . . . , xd , where xi ∈ Ii such that x1, . . . , xd is a joint reduction
of I1, . . . , Id with respect to M .
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PROOF. By Proposition 2.3, there exists a maximal weak-(FC)-sequencex1, . . . , xd

with respect to(I1, . . . , Id ), wherexi ∈ Ii . Hence by Theorem 2.9, we get Corollary
2.10. �

3. Mixed multiplicities of modules

In this section, we will give some important results on mixed multiplicities of modules
by using the concept of(FC)-sequences. Most of all results are based on extending the results
of Viêt in [8, 9, 10, 11] to modules.

By applying the argument as in [8, Proposition 3.1] to modules, we get the following
proposition.

PROPOSITION 3.1. Let (I1, . . . , Is) be a set of ideals such that I = I1 · · · Is is not

contained in
√

AnnM and let J be an m-primary ideal. Set M∗ = M

0M : I∞ . Then

(i) lA

(
J nI

n1
1 · · · Ins

s M

Jn+1I
n1
1 · · · Ins

s M

)
= lA

(
J nI

n1
1 · · · Ins

s M∗

J n+1I
n1
1 · · · Ins

s M∗

)
for all sufficiently large

n, n1, . . . , ns .

(ii) eA(J [k0+1], I [k1]
1 , . . . , I

[ks ]
s ; M) = eA(J [k0+1], I [k1]

1 , . . . , I
[ks ]
s ; M∗).

To establish the relationship betweenmixed multiplicities of modules and Hilbert-
Samuel multiplicities, we need the following lemma.

LEMMA 3.2. Let (I1, . . . , Is) be a set of ideals such that I = I1 · · · Is is not contained

in
√

AnnM and let J be an m-primary ideal. Set M∗ = M

0M : I∞ and q = dimM∗. Then

the following statements hold.

(i) eA(J [k0+1], I [0]
1 , . . . , I

[0]
s ; M) 
= 0 and eA(J [k0+1], I [0]

1 , . . . , I
[0]
s ; M) = e(J ;

M∗).
(ii) If ht(I + AnnM/AnnM) > 0, then eA(J [k0+1], I [0]

1 , . . . , I
[0]
s ; M) = e(J ;

M).

PROOF. The proof of (i): By using the argument as in [8, Lemma 3.2], we have

e(J ; IuM∗) = eA(J [q], I [0]
1 , . . . , I [0]

s ; M) , (2.5)

whereu being an integer such thatlA

(
J n0I

n1
1 · · · Ins

s M

Jn0+1I
n1
1 · · · Ins

s M

)
is a polynomial of degreeq − 1

for all values ofn0, n1, . . . , ns ≥ u. Consider the exact sequence

0 → IuM∗ → M∗ → M∗/IuM∗ → 0 .

SinceI is not contained in
√

AnnM, there exists an elementx ∈ Iu such thatx is a non-zero-
divisor inM∗. Therefore,

dim(IuM∗) = dimM∗ > dim(M∗/IuM∗) .
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Hence by [1], we have

e(J ; IuM∗) = e(J ; M∗) . (2.6)

By (2.5) and(2.6), we get (i).
The proof of (ii): Consider the exact sequence

0 → 0M : I∞ → M → M∗ → 0 .

It is easily seen that AssA(M) = AssA(0M : I∞) ∪ AssA(M∗) and AssA(0M : I∞) ∩
AssA(M∗) = ∅. From these facts and note that ht(I + AnnM/AnnM) > 0, any prime ideal
P ∈ AssA(0M : I∞) is a non-minimal element in AssA(M). This follows that

dim(0M : I∞) < dimM = dimM∗ .

By [1], e(J ; M∗) = e(J ; M). Hence by (i), we get

eA(J [q], I [0]
1 , . . . , I [0]

s ; M) = e(J ; M∗) = e(J ; M) .

The proof of Lemma 3.2 is complete. �

Now, from the above results and applying the argument as in [8, 9, 10], we can extend
the results in [8, 9, 10] to modules.

The following proposition is an important result to establish the relationship between
mixed multiplicities and Hilbert-Samuel multiplicities. Moreover, this proposition also char-
acterizes the length of maximal weak-(FC)-sequences in modules.

PROPOSITION 3.3. Let J be an m-primary ideal and (I1, . . . , Is) be a set of ideals

such that I = I1 · · · Is is not contained in
√

AnnM. Set U = (J, I1, . . . , Is). Then the
following statements hold.

(i) If x ∈ Ij is an (FC)-element of M with respect to U , then

eA(J [k0+1], I [k1]
1 , . . . , I

[kj ]
j , . . . , I [ks ]

s ; M) = eA(J [k0+1], I [k1]
1 , . . . , I

[kj −1]
j , . . . , I [ks ]

s ; M) ,

where kj is a positive integer and M = M/xM .

(ii) If eA(J [k0+1], I [k1]
1 , . . . , I

[ks ]
s ; M) 
= 0, then for any j such that kj > 0, there

exists an (FC)-element x ∈ Ij with respect to U .

(iii) If eA(J [k0+1], I [k1]
1 , . . . , I

[ks ]
s ; M) 
= 0 and x1, . . . , xt (t = k1 + · · · + ks) is a

weak-(FC)-sequence with respect to U consisting of k1 elements of I1, . . . , ks elements of Is ,
then x1, . . . , xt is an (FC)-sequence with respect to U .

(iv) Let x1, . . . , xf be a weak-(FC)-sequence in ∪s
i=1Ii with respect to U . Then

dim

(
M

(x1, . . . , xf )M : I∞

)
≤ dim

(
M

0M : I∞

)
− f

with equality if and only if x1, . . . , xf is an (FC)-sequence with respect to U .
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(v) For any 1 ≤ j ≤ s, the length of maximal weak-(FC)-sequences in Ij with respect
to U is an invariant.

(vi) Let x1, . . . , xp is a maximal weak-(FC)-sequence in ∪s
i=1Ii with respect to U . If

ht(I + AnnM/AnnM) = h > 0, then h ≤ p and x1, . . . , xh−1 is an (FC)-sequence with
respect to U .

PROOF. The proof of (i): SetM∗ = M

0M : I∞ ; q = dimM∗ ; M
∗ = M

0M : I∞ and

N = 0M : I∞. It is easy to see thatM
∗ � M

xM : I∞ . For all largen, n1, . . . , ns , we have

lA

(
J nI

n1
1 · · · Ins

s M
∗

J n+1I
n1
1 · · · Ins

s M
∗
)

= lA

(
J nI

n1
1 · · · Ins

s M + (xM : I∞)

J n+1I
n1
1 · · · Ins

s M + (xM : I∞)

)

= lA

(
J nI

n1
1 · · · Ins

s M + xM + N

Jn+1I
n1
1 · · · Ins

s M + (J nI
n1
1 · · · Ins

s M + xM + N) ∩ (xM : I∞)

)
.

By Artin-Rees lemma,J nI
n1
1 · · · Ins

s M ∩ (xM : I∞) ⊆ xM for all largen, n1, . . . , ns . Thus,

lA

(
J nI

n1
1 · · · Ins

s M
∗

J n+1I
n1
1 · · · Ins

s M
∗
)

= lA

(
J nI

n1
1 · · · Ins

s M + xM + N

Jn+1I
n1
1 · · · Ins

s M + xM + N

)

= lA

(
J nI

n1
1 · · · Ins

s M + N

Jn+1I
n1
1 · · · Ins

s M + (xM + N) ∩ (J nI
n1
1 · · · Ins

s M + N)

)

= lA

(
J nI

n1
1 · · · Ins

s M + N

Jn+1I
n1
1 · · · Ins

s M + xJ nI
n1
1 · · · Inj −1

j · · · Ins
s M + N

)

= lA

(
J nI

n1
1 · · · Ins

s M + N

Jn+1I
n1
1 · · · Ins

s M + N

)

− lA

(
J n+1I

n1
1 · · · Ins

s M + xJ nI
n1
1 · · · Inj −1

j · · · Ins
s M + N

Jn+1I
n1
1 · · · Ins

s M + N

)

= lA

(
J nI

n1
1 · · · Ins

s M∗

J n+1I
n1
1 · · · Ins

s M∗

)

− lA

(
xJ nI

n1
1 · · · Inj −1

j · · · Ins
s M + N

(J n+1I
n1
1 · · · Ins

s M + N) ∩ (xJ nI
n1
1 · · · Inj −1

j · · · Ins
s M + N)

)

= lA

(
J nI

n1
1 · · · Ins

s M∗

J n+1I
n1
1 · · · Ins

s M∗

)

− lA

(
xJ nI

n1
1 · · · Inj −1

j · · · Ins
s M + N

(J n+1I
n1
1 · · · Ins

s M + N) ∩ (J nI
n1
1 · · · Inj

j · · · Ins
s M + N) ∩ (xM + N)

)
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= lA

(
J nI

n1
1 · · · Ins

s M∗

J n+1I
n1
1 · · · Ins

s M∗

)
− lA

(
xJ nI

n1
1 · · · Inj −1

j · · · Ins
s M + N

xJn+1I
n1
1 · · · Inj −1

j · · · Ins
s M + N

)

= lA

(
J nI

n1
1 · · · Ins

s M∗

J n+1I
n1
1 · · · Ins

s M∗

)
− lA

(
xJ nI

n1
1 · · · Inj −1

j · · · Ins
s M∗

xJ n+1I
n1
1 · · · Inj −1

j · · · Ins
s M∗

)

for all largen, n1, . . . , ns . Sincex is a non-zero-divisor inM∗, it follows that

lA

(
J nI

n1
1 · · · Inj −1

j · · · Ins
s M∗

J n+1I
n1
1 · · · Inj −1

j · · · Ins
s M∗

)
= lA

(
xJ nI

n1
1 · · · Inj −1

j · · · Ins
s M∗

xJ n+1I
n1
1 · · · Inj −1

j · · · Ins
s M∗

)
.

Hence

lA

(
J nI

n1
1 · · · Ins

s M
∗

J n+1I
n1
1 · · · Ins

s M
∗
)

= lA

(
J nI

n1
1 · · · Ins

s M∗

J n+1I
n1
1 · · · Ins

s M∗

)
− lA

(
J nI

n1
1 · · · Inj −1

j · · · Ins
s M∗

J n+1I
n1
1 · · · Inj −1

j · · · Ins
s M∗

)

for all largen, n1, . . . , ns . Sincex is an(FC)-sequence ofM with respect toU , we have

dimM
∗ = dim

(
M

xM : I∞

)
= dimM∗ − 1 = q − 1 .

It can be verified thatlA

(
J nI

n1
1 · · · Ins

s M
∗

J n+1I
n1
1 · · · Ins

s M
∗
)

is a polynomial of degreeq − 2 for all large

n, n1, . . . , ns and the terms of total degreeq − 2 in this polynomial, i.e., the Bhattacharya

polynomial of functionlA

(
J nI

n1
1 · · · Ins

s M
∗

J n+1I
n1
1 · · · Ins

s M
∗
)

is equal to the terms of total degreeq − 2 in

the polynomial

B(n, n1, . . . , nj , . . . , ns) − B(n, n1, . . . , nj − 1, . . . , ns) ,

where B(n, n1, . . . , nj , . . . , ns) is the Bhattacharya polynomial of function

lA

(
J nI

n1
1 · · · Ins

s M∗

J n+1I
n1
1 · · · Ins

s M∗

)
. The above facts show that

eA(J [k0+1], I [k1]
1 , . . . I

[kj ]
j , . . . , I [ks ]

s ; M) = eA(J [k0+1], I [k1]
1 , . . . , I

[kj −1]
j , . . . , I [ks ]

s ; M) .

The proof of (ii): Applying Proposition 2.3, for anyj such thatkj > 0, there exists a weak-
(FC)-elementx ∈ Ij with respect toU .

SetM = M/xM andM
∗ = M

0M : I∞ . Then M
∗ � M

xM : I∞ . By (i), we have

lA

(
J nI

n1
1 · · · Ins

s M
∗

J n+1I
n1
1 · · · Ins

s M
∗
)

= lA

(
J nI

n1
1 · · · Ins

s M∗

J n+1I
n1
1 · · · Ins

s M∗

)
− lA

(
J nI

n1
1 · · · Inj −1

j · · · Ins
s M∗

J n+1I
n1
1 · · · Inj −1

j · · · Ins
s M∗

)
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for all largen, n1, . . . , ns . SinceeA(J [k0+1], I [k1]
1 , . . . , I

[kj ]
j , . . . , I

[ks ]
s ; M) 
= 0 andkj > 0,

it follows that lA

(
J nI

n1
1 · · · Ins

s M
∗

J n+1I
n1
1 · · · Ins

s M
∗
)

is a polynomial of degreeq − 2 for all large

n, n1, . . . , ns . Thus,

dim

(
M

xM : I∞

)
= dimM

∗ = q − 1 .

Hencex is an(FC)-element ofM with respect toU .
The proof of (iii): We will prove (iii) by using induction ont = k1+· · ·+ks . Fort = 1,

the result was proved in the part (ii). Assume that the result is true fort − 1 > 0. As the next
step, we claim that the result is true fort. Sincek1 + · · · + ks > 0, there existsj such that
kj > 0 and an(FC)-elementx1 ∈ Ij with respect toU . By (i), we have

eA(J [k0+1], I [k1]
1 , . . . , I [ks ]

s ; M)

= eA(J [k0+1], I [k1]
1 , . . . , I

[kj −1]
j , . . . , I [ks ]

s ; M/x1M) 
= 0 . (2.7)

Let x̄2, . . . , x̄t denote the images ofx2, . . . , xt in A/(x1), respectively. Then̄x2, . . . , x̄t

is a weak-(FC)-sequence ofM/x1M with respect to(J̄ , Ī1, . . . , Īs ) of t−1 elements inA/(x1)

consisting ofk1 elements of̄I1, . . . , (kj − 1) elements ofĪj , . . . , ks elements ofĪs , where

J̄ = J.A/(x1); Īi = Ii .A/(x1), i = 1, . . . , s .

By (2.7) and inductive assumption,x̄2, . . . , x̄t is an(FC)-sequence ofM/x1M with respect to

(J̄ , Ī1, . . . , Īs ). Consequently,x1, . . . , xt is an(FC)-sequence ofM with respect toU .
The proof of (iv): Assume thatx is a weak-(FC)-element ofM with respect toU .

SetM = M/xM andM
∗ = M

0M : I∞ . Then M
∗ � M

xM : I∞ . By (i), we have

lA

(
J nI

n1
1 · · · Ins

s M
∗

J n+1I
n1
1 · · · Ins

s M
∗
)

= lA

(
J nI

n1
1 · · · Ins

s M∗

J n+1I
n1
1 · · · Ins

s M∗

)
− lA

(
J nI

n1
1 · · · Inj −1

j · · · Ins
s M∗

J n+1I
n1
1 · · · Inj −1

j · · · Ins
s M∗

)

for all largen, n1, . . . , ns . Thus,lA

(
J nI

n1
1 · · · Ins

s M
∗

J n+1I
n1
1 · · · Ins

s M
∗
)

is a polynomial of degree≤ q − 2

for all largen, n1, . . . , ns . Hence

dimM
∗ = dim

(
M

xM : I∞

)
≤ dimM∗ − 1 .

From the above facts and by using induction, we get (iv).
The proof of (v): By (iv), the length of any maximal weak-(FC)-sequence inIj with

respect toU is finite. SinceI is not contained in
√

AnnM and Proposition 2.3, there exists a
weak-(FC)-elementx1 ∈ Ij with respect toU .
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Set M = M/x1M and M
∗ = M

0M : I∞ . Then M
∗ � M

x1M : I∞ . Assume that

x1, . . . , xp is a maximal weak-(FC)-sequence inIj with respect toU . Then there exists a
positive integeru such that

(1) lA

(
J nI

n1
1 · · · Ins

s M
∗

J n+1I
n1
1 · · · Ins

s M
∗
)

; lA

(
J nI

n1
1 · · · Ins

s M∗

J n+1I
n1
1 · · · Ins

s M∗

)
; lA

(
J nI

n1
1 · · · Ins

s M

Jn+1I
n1
1 · · · Ins

s M

)
are polynomials for alln, n1, . . . , ns ≥ u.

(2) For anynj ≥ u, we have

lA

(
J uIu

1 · · · Inj

j · · · Iu
s M

∗

J u+1Iu
1 · · · Inj

j · · · Iu
s M

∗
)

= lA

(
J uIu

1 · · · Inj

j · · · Iu
s M∗

J u+1Iu
1 · · · Inj

j · · · Iu
s M∗

)
− lA

(
J uIu

1 · · · Inj −1
j · · · Iu

s M∗

J u+1Iu
1 · · · Inj −1

j · · · Iu
s M∗

)
.

(3) For anynj ≥ u, we have

lA

(
J uIu

1 · · · Inj

j · · · Iu
s M

∗

J u+1Iu
1 · · · Inj

j · · · Iu
s M

∗
)

= lA

(
J uIu

1 · · · Inj

j · · · Iu
s M

Ju+1Iu
1 · · · Inj

j · · · Iu
s M

)
.

Fix u, let P(u, nj ) andQ(u, nj ) denote the polynomials in an indeterminatenj of functions

lA

(
J uIu

1 · · · Inj

j · · · Iu
s M∗

J u+1Iu
1 · · · Inj

j · · · Iu
s M∗

)
andlA

(
J uIu

1 · · · Inj

j · · · Iu
s M

∗

J u+1Iu
1 · · · Inj

j · · · Iu
s M

∗
)

, respectively.

Sett = degP(u, nj ). SinceQ(u, nj ) = P(u, nj )−P(u, nj −1), degQ(u, nj ) = t −1.
We will show thatp = t + 1. The proof is by induction ont.
For t = 0, by (2) and (3), we have

lA

(
J uIu

1 · · · Inj

j · · · Iu
s M

∗

J u+1Iu
1 · · · Inj

j · · · Iu
s M

∗
)

= lA

(
J uIu

1 · · · Inj

j · · · Iu
s M

Ju+1Iu
1 · · · Inj

j · · · Iu
s M

)
= 0 .

It implies thatI is contained in
√

AnnM. Therefore,p = 1 = t + 1.
Suppose that the result has been proved fort − 1 ≥ 0, we will show that the result is

true for t. From degQ(u, nj ) = t − 1 andx̄2, . . . , x̄p is a maximal weak-(FC)-sequence

of M with respect toU = (J̄ , Ī1, . . . , Īs ), wherex̄2, . . . , x̄p the images ofx2, . . . , xp in

A/(x1), respectively, and̄J = J.A/(x1); Ī1 = I1.A/(x1), . . . , Īs = Is .A/(x1). By inductive
assumption, we get

p − 1 = degQ(u, nj ) + 1 = (t − 1) + 1 = t .

Hencep = t + 1.
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The proof of (vi): Assume the contrary, thatp < h. This follows that

ht

[
I + Ann(M/(x1, . . . , xp)M)

Ann(M/(x1, . . . , xp)M)

]
> 0 .

Thus, I is not contained in

√
Ann

(
M

(x1, . . . , xp)M

)
. From Proposition 2.3, there exists

x ∈ ⋃s
i=1 Ii such thatx1, . . . , xp, x is a weak-(FC)-sequence in

⋃s
i=1 Ii with respect to

U . This contradicts thatx1, . . . , xp is a maximal weak-(FC)-sequence ofM with respect to
U . Therefore,h ≤ p. By (iv), we have

dim

(
M

(x1, . . . , xh−1)M : I∞

)
≤ dim

(
M

0M : I∞

)
− (h − 1) .

Since ht(I + AnnM/AnnM) = h, ht

[
I + Ann(M/(x1, . . . , xh−1)M)

Ann(M/(x1, . . . , xh−1)M)

]
> 0. Therefore,

dim

(
M

(x1, . . . , xh−1)M

)
= dim

(
M

(x1, . . . , xh−1)M : I∞

)
.

Since ht(I + AnnM/AnnM) = h > 0, dimM = dim

(
M

0M : I∞

)
.

It is clear that

dim

(
M

(x1, . . . , xh−1)M

)
≥ dimM − (h − 1) .

From the above facts, we get

dim

(
M

(x1, . . . , xh−1)M : I∞

)
= dim

(
M

0M : I∞

)
− (h − 1) .

Hence by (iv),x1, . . . , xh−1 is an(FC)-sequence ofM with respect toU .
The proof of Proposition 3.3 is complete. �

By Proposition 3.3, Lemma 3.2 and applying the argument as in [8, Theorem 3.4], we
get the main theorem of this section as follows.

THEOREM 3.4. Let (I1, . . . , Is) be a set of ideals such that I = I1 · · · Is is not con-

tained in
√

AnnM and J be an m-primary ideal. Assume that dim

(
M

0M : I∞

)
= q > 0. Let

k0, . . . , ks be non-negative integers such that k0 + k1 + · · · + ks = q − 1. Then the following
statements hold.

(i) eA(J [k0+1], I [k1]
1 , . . . , I

[ks ]
s ; M) = eA(J ; M

∗
) for any (FC)-sequence x1, . . . , xt

with respect to (J, I1, . . . , Is) of t = k1 + · · · + ks elements consisting of k1 elements of

I1, . . . , ks elements of Is , where M
∗ = M

(x1, . . . , xt )M : I∞ .
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(ii) eA(J [k0+1], I [k1]
1 , . . . , I

[kj ]
j , . . . , I

[ks ]
s ; M) 
= 0 if and only if there exists an (FC)-

sequence of M with respect to (J, I1, . . . , Is) of k1 + · · · + ks elements consisting of k1

elements of I1, . . . , ks elements of Is .
(iii) The length of maximal (FC)-sequences of M in Ij with re-

spect to (J, I1, . . . , Is) is an invariant and this invariant is equal to

max{kj | eA(J [k0+1], I [k1]
1 , . . . , I

[kj ]
j , . . . , I

[ks ]
s ; M) 
= 0}.

(iv) Let p be the length of maximal weak-(FC)-sequences in Ij with respect
to (J, I1, . . . , Is) and f the length of maximal (FC)-sequences in Ij with respect to
(J, I1, . . . , Is), j = 1, . . . , s. Then f < p ≤ q .

From Proposition 3.3 and Theorem 3.4, we get an interesting result as follows.

PROPOSITION 3.5. Let (I1, . . . , Is) be a set of ideals such that I = I1 · · · Is is not

contained in
√

AnnM and J be an m-primary ideal. Suppose that f is the length of maxi-
mal (FC)-sequences of M in Ij with respect to U = (J, I1, . . . , Is). When if p ≤ f and
y1, . . . , yp is a weak-(FC)-sequence of M in Ij with respect to U . Then y1, . . . , yp is an
(FC)-sequence of M in Ij with respect to U .

In the case that ht(I + AnnM/AnnM) > 0, we get the following result.

THEOREM 3.6. Let J be an m-primary ideal and (I1, . . . , Is) be a set of ideals such
that ht(I + AnnM/AnnM) > 0, where I = I1 · · · Is . Let k0, . . . , ks be non-negative integers
such that k0 + k1 + · · · + ks = d − 1. Then the following statements hold.

(i) eA(J [k0+1], I [k1]
1 , . . . , I

[ks ]
s ; M) = eA(J ; M

∗
) for any (FC)-sequence x1, . . . , xt

with respect to (J, I1, . . . , Is) of t = k1 + · · · + ks elements consisting of k1 elements of

I1, . . . , ks elements of Is , where M
∗ = M

(x1, . . . , xt )M : I∞ .

(ii) If t = k1 + . . . + ks < ht(I + AnnM/AnnM), then

eA(J [k0+1], I [k1]
1 , . . . , I [ks ]

s ; M) = eA(J ; M)

for any (FC)-sequence x1, . . . , xt with respect to (J, I1, . . . , Is) consisting of k1 elements of

I1, . . . , ks elements of Is , where M = M

(x1, . . . , xt )M
.

(iii) eA(J [k0+1], I [k1]
1 , . . . , I

[ks ]
s ; M) 
= 0 if and only if there exists an (FC)-sequence

of M with respect to (J, I1, . . . , Is) of k1 + · · · + ks elements consisting of k1 elements of
I1, . . . , ks elements of Is .

PROOF. SetM
∗
1 = M

0M : I∞ . ThenM
∗
1 � M

∗
. From Theorem 3.4, we immediately

get (i) and (iii).
The proof of (ii): By Theorem 3.4 (i),

eA(J [k0+1], I [k1]
1 , . . . , I [ks ]

s ; M) = e(J ; M
∗
) = e(J ; M

∗
1) .
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It is clear that ht(I + AnnM/AnnM) > 0. Thus, applying Lemma 3.2, we have

e(J ; M
∗
1) = e(J ; M) .

From the above facts, we get

eA(J [k0+1], I [k1]
1 , . . . , I [ks ]

s ; M) = eA(J ; M). �

From Proposition 3.3 (vi), Theorem 3.4 and Theorem 3.6, we have the following propo-
sition.

PROPOSITION 3.7. Let (I1, . . . , Is) be a set of ideals such that I = I1 · · · Is is not

contained in
√

AnnM and J be an m-primary ideal. Assume that ht(I + AnnM/AnnM) =
h > 0. Set U = (J, I1, . . . , Is). Then the following statements hold.

(i) If k1 + · · · + ks ≤ h − 1, then eA(J [k0+1], I [k1]
1 , . . . , I

[ks ]
s ; M) 
= 0.

(ii) If x1, . . . , xt is a weak-(FC)-sequence of M with respect to U of t = k1+· · ·+ks ≤
h − 1 elements consisting of k1 elements of I1, . . . , ks elements of Is , then

eA(J [k0+1], I [k1]
1 , . . . , I [ks ]

s ; M) = eA

(
J ; M

(x1, . . . , xt )M

)
.

4. Multiplicity of Rees modules

In this section, we show some results on the multiplicity of Rees modules. LetI be an
ideal of A and finitely generatedA-moduleM. SetRM(I) = ⊕

n≥0 InMtn andRA(I) =⊕
n≥0 Intn, wheret is an indeterminate. We callRM(I) the Rees module ofI andRA(I) the

Rees algebra ofI . ThenRA(I) is a Noetherian graded ring andRM(I) is a finitely generated
gradedRA(I)-module. Now, we study multiplicities of Rees modules.

By applying Theorem 3.4, Theorem 3.6 and arguing as in the proof of Theorem 4.1 [8],
we get the following theorem.

THEOREM 4.1. Let J be m-primary and I be an ideal such that ht(I +
AnnM/AnnM) = h > 0. Suppose that x1, . . . , xf is a maximal (FC)-sequence of M in
I with respect to (J, I). Then

(i) eA(J [d−i], I [i]; M) = e

(
J ; M

(x1, . . . , xi)M

)
for all i ≤ h − 1.

(ii) eA(J [d−i], I [i]; M) = e

(
J ; M

(x1, . . . , xi)M : I∞

)
for h ≤ i ≤ f .

(iii) eA(J [d−i], I [i]; M) 
= 0 if and only if i ≤ f .

The following results are generalizations of Section 4 in [8] to modules.
First, from Theorem 4.1 and the results in [5] and [7], we get some multiplicity formulas for
Rees modules.
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THEOREM 4.2. Let J be m-primary and I be an ideal such that ht(I +
AnnM/AnnM) = h > 0. Then

e((J, I t); RM(I)) =
h−1∑
i=0

e

(
J ; M

(x1, . . . , xi)M

)
+

f∑
i=h

e

(
J ; M

(x1, . . . , xi)M : I∞

)

for any maximal (FC)-sequence x1, . . . , xf in I with respect to (J, I).

PROOF. Using the argument as in [5], we get

e((J, I t); RM(I)) =
d−1∑
i=0

eA(J [d−i], I [i]; M) .

Now, applying Theorem 4.1 we get Theorem 4.2. �

In the case thatI is m-primary, we haveh = ht(I +AnnM/AnnM) = d. From Theorem
4.2, we get the following result.

THEOREM 4.3. Let I and J be m-primary ideals. Then there exists an (FC)-sequence
x1, . . . , xd−1 in I with respect to (J, I) and

e((J, I t); RM(I)) =
d−1∑
i=0

e

(
J ; M

(x1, . . . , xi)M

)
.

PROOF. Since I is m-primary, by Proposition 2.5, there exists a maximal(FC)-
sequence ofM in I with respect to(J, I) consisting ofd − 1 elements. Next, the proof
is complete by applying Theorem 4.2. �

Let RM(I [s]) denote
⊕

α1,...,αs≥0 I
α1
1 . . . I

αs
s Mt

α1
1 . . . t

αs
s , whereI1 = . . . = Is = I and

t1, . . . , ts indeterminates. We callRM(I [s]) the multi-Rees module ofI . In particular,M = A

we callRA(I [s]) the multi-Rees algebra ofI . It is easy to see thatRA(I [s]) is a Noetherian
graded ring andRM(I [s]) is a finitely generated gradedRA(I [s])-module.

By an argument analogous to that used for the proof of Theorem 4.3 and Theorem 1.4
[7] and applying Theorem 3.6, we get the following theorem.

THEOREM 4.4. Let I and J be m-primary ideals. Let R = RA(I [s]) and RM(I [s]) be
multi-Rees algebra of I and multi-Rees module of I , respectively. Let R+ be the positively
graded part of R. Suppose that x1, . . . , xd−1 is an (FC)-sequence in I with respect to (J, I).
Then

e((J,R+); RM(I [s])) =
d−1∑
i=0

(i + s − 1)!
i!(s − 1)! e

(
J ; M

(x1, . . . , xi)M

)
. �
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