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Abstract. Let ¢ beabounded function on [0, co) continuous except on anull set, and ¢. (§) = ¢ (¢&) (¢ > 0).
Also let T, be the operator on Jacobi series such that (T £)(n) = ¢ (n) f (n) (n € Z), where £ (n) is the coefficient
of Jacobi expanstion of f, and Hy (7 f) (&) be defined by ¢ (§)He f(§) (6 € (0, 0)), where H,, f is the modified
Hankel transform of f with order «. Then the author [7] proved that if the operator norm of 7 is uniformly bounded
foral e > 0, T is a bounded operator on the modified Hankel transforms in the Lorentz spaces, and we have the
maximal type theorem in the Lorentz spaces, respectively. In this paper, we give a generalized definition of the
modified Hankel transform and the Hankel transform, and prove a generalization of the resultsin [7].

1. [Introduction

First we give some definitions and notations. Let (X, v) be ameasure space, and for any
1<p<oo, 1<gq <oo, LP9(X) definethe Lorentz space such that

L?9(X) ={f: fismeasurable, ||f||;_q < 00},
where

e = {g [ooav(f] > thYPyrdiyla if 1< g < oo
Mo = \sup,_qvitl 1 > (¥ if ¢ = co.

In particular, L?79(X) = LP(X) for p = ¢q. We call ||f||;_q the Lorentz norm of f in
LP-4(X)(cf.[4]).

Now let o, 8 > —1and a, b be any real number such that —1 < a < o + 5 and
—1<b<p+3.

Also we denote du = dpa(y) = y*dy, dm = dmq,(0) = (sin$)%(cos$)?de,
and 0,(0) = Q*F* D@y = t,(,“’ﬂ)P,f“’ﬁ)(cose)(sin%)“+1/2—“(cos%)ﬁ+1/2—”, where
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P*P) (x)(the Jacobi polynomial of degree n and order (, B)) and " are asfollows:

(-1 d"
2tn! dx"

T 0 2a+1 0 28+1
[t,ﬁ""/f’)]—zz/ |P,f""/3)(cose)|2(sin 5) (cos§> do
0

_[(2n+a+,3+1)F(n+a+ﬂ+1)F(n+1):|_1
- F'm+a+HI'n+B6+1) ‘

{(1—x)" 1L+ x)" Py,

L-x)*A+x0)f PP (x) =

(put [157172 = [ (sin(8/2))%*+*(cos(8/2))%+1d6 for n = 0)
Here, we give a definition of the generalized Hankel transform.

DEFINITION 1. Wedefine’H = H,,, the generalized Hankel transform such that
o0
Hf(x) = Haaf(x) = /0 FOENYZ Ty (xy)dpa(y) -

Fora = o+ % it is called the modified Hankel transform of f, and fora = 0, it iscalled the
Hankel transform of f. Also we define

ﬁ(n)zfﬂ h(0)Q,©)dm@®) (n=0,12...),
0

and the generalized Jacobi series of h:
o0
h~Y h(m)Q,(0).
n=0
Next, we give a property of it.
ProPOSITION 1. {Q,}°isacomplete orthonormal systemin L2((0, ), m).
Wk easily obtain the proof by the property of {P,f’ﬂ J(cf [1]).
DEFINITION 2. For¢ €1*°({0,1,2,---}), we put

Toh ~ Y ¢ m)h(n)0a(0).

n=0

Also we denote by ||h||1’,’q the Lorentz norm of 4 in L?9((0, &), m),
To 13t porpgy = SUPUITsRN, 4 = IR, < 1, k€ C(0, 7))

the operator norm, and M7 (p, r; p,q) = {T : ||7~‘¢,||,{4(p’r;p)q) < oo}. For a bounded mea-
surable function ¢ on [0, co), we define

Ty f(x) = fo 6 OVHL ()N Y2 4 Ty (ey)dpe(y)
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Also we denote by ||f||f,{, the Lorentz normof f in LP"((0, 00), u),

T8 v pay = SUPUI T SIS, < 1A, <1, f € (0, 00)}

the operator norm, and M (p,r; p,q) = {T, : ||T¢||Z(p vy < )

DEerFINITION 3. For abounded a.e. continuous function ¢ on [0, o0) and ¢ > 0, we
define the following:

(Teh)©) = ¢(emh(n)Qu(8) (h € CZ(0, 7).

n=0
(T*h)(0) =sup|Th ()],
e>0
T 134 pr: pgy = SUPLIT R, < IR, < 1, b€ C(O0,m)},

(T ) (x) = fo G (e HR(Y) (x) Y2 Iy (xy)d e (y)
T* f(x) =sug|Tsf(x)| .

(T*h)(0) = sup | Th(0)],

e>0

T U8 ooy = SUPLIT* £, A1, <10 f € C(0, 00)} .

Then, our results are as follows:

THEOREM 1. Letl<p<oo,1<g=<o0,1<r<oocandg, B > —1. Assumethat
¢ is a bounded continuous function except on a null set and {|| 7, ||j4( b, q)}g are bounded.

Then T, isin M" (p, r; p,q), whereweset g =ocoorg =r = 1,if p = 1.

THEOREM 2. Letl<p <o0,1<g <00, 1<r<oandea, > —1 Assume
that ¢ is a bounded continuous function on [0, co) and ||T*||,{4(p_r‘p 0 isfinite. Then
x H
1T ”M(p,r;p,q) = 00.

In 1972, lgari[5] first showed a theorem of thistype. In fact, he proved Theorem 1 for
a=oa+1/2, b=+1/2,and1 < p = q = r < oo. After that, Connett-Schwartz[ 3] proved
the weak type version by Igari’s method and Kanjin[6] proved the maximal type version.
These are the results for the modified Hankel transforms. On the other hand, the generalized
Hankel transform for « = 0 iswell known as the Hankel transform. In the case of the Hankel
transform, we have the analogy of Theorem 1 for 1 < p = ¢ = r < oo by the transplantation
theorem (cf. [8]). But, it seems that the weak version isn’'t known in the case of the Hankel
transform. Therefore, we prove the results which contains the weak version in Theorem 1 in
the case of the Hankel transform.
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The aim of our paper is to prove a generaization of [7] (cf. [5], [6]) for the generalized
Hankel transform and to have the weak type version in the case of the Hankel transform as a
Corollary.

Here, we state some properties of the generalized Hankel transform(cf. [2; Lemma 2.7]).

ProPOSITION 2. Let f and g be in C2°(0,00). Then, we have the following
properties:

i) Hfx) =0x %™ asx - ooforaln =0,1---,and Hf(x) = O(1) as
x — +0.
(i) HMHf) = [
(i) (Hf.Hg) = (f. 9), where(f. g) =[5 f(x)gx)du(x).

We can easily prove these results by the properties of the Bessel function J,, (x):
Jo(¥) = 0(*) (y > +0), and Jy(x) = O(x ) O(y — o0).

Throughout this paper, for s > 0, we denote by s’ the conjugate exponent of s i.e.
1/s +1/s’ = 1, and by theletter C a positive constant that may vary fromlineto line.

2. Theproof of Theorem 1

We may assume 1l < p < oo, sincewe can show it in the ssmeway asinthecase p = 1.
Let M > 0, and ¢ a positive number such that 7/¢ > M and N a positive integer. Also let
g € CX(0, 00) withsupp g C [, M] for some0 < n < M and g (0) = g(0/¢). We define

G(t.1/e) = p(en)je(m) O (e7)(= Tege(e1)) |

n=0
N[1/e]

GN(x, 1/e)= ) $(en)ge(n)Qu(eT),

n=0
HY(1,1/e) =G(t,1/¢) — GN(z,1/¢) , and

G(r) = fo T B OIHI)EN Y Ty
Now let K > Oand f € C°(0, K) befixed. Then we obtain
/ GN(r, 1/e) f(t)dp(r) = f G(z,1/e) f(t)du(x) — / HY (z,1/e) f(t)dp(x),
and

‘ / GN(r,1/e) f(v)dp(z)

=

K K
/0 Gz, 1/8)f(f)du‘+‘/o H"(z,1/e) f (t)du(x)
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< Clixo.x)G@ Y NANE o+ THY (T, /) 120,501 1 20,6010 »

where x o, k) isthe characteristic function of (0, K).
Here, we estimate || x(0,x)G (7, 1/¢) |15 .
There exists apositive constant C > 1 ande; > O suchthat 7/e1 > M + K and

7181’2“ .8T2a 8T2b 8T2a
C ) < sm? X 0037 <C > O<e<e1,0<1<K).

Hence, we haveby G(0/¢, 1/¢) = T, - (0),
Ix©.0G @ /e,

CYre=@atD/po2/p(q [C(tm({0 < 6 < 7 : |G(0/e, 1/e)| > thYP)1d)la
< if ¢ <o0
Clrg=QRa+l/p2a/pqup ot(m({0< 6 <7 :|G(O/e,1/e)| > tHYP if ¢ =00

— Cl/Pg—(Za-i-l)/PzZa/P”fegs”; .

Also in the same way, we have

(=)

> r}) < C(e2H 1272 (fr < M : |g(n)| > 1)),

and
lgell) , < Ce@etb/po=2alp) g B
Therefore,
1Tegell? , < Clsup UTelig s pgy) X €2/ P2720P g
since

' J T/ J
||Tege||p,q = ?:%)”Te”M(p,r;p)q) X ||ge||p,r'

Then, we have

Ix©.x)G(x. /e, < cwg||T8||,{4(,,,,;,,,q)||g||ﬁ -
&>
Soforany 0 < ¢ < ¢,
K
‘ / G (x, 1/e) f (D)d ()
0
< Clup U8 (o p ) NG LF N o+ NHY (2, 1/ 120,80 1 I 200,50 0.
&>

Here, we have two lemmas:
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LEMMA 1. (i) There exists a positive sequence {e;};, ¢; | O such that
G(r,1/ej) — G(r) as j — oo weakly in L?((0,K), ) for all K > 0, for some
G (1) € L2((0, 0), ).

(ii)

/ e 1o Pane) < 2
0 ’ T N?
for 0 < ¢ < &(K) with some (K ), where B = B(w, B, a, b, ¢) isaconstant.
ProoF. (i): Inthe same way as the argument before Lemma 1, we obtain
0.0 G (@ /) ook = C&F V22 Togellz 5 (0 < & < £(K))
for some e(K) withw/¢(K) > K, and

7 J o J J
1Tegelld o < SUDITeld 2202 X 196032 < Cllglloolige .5
e>0

Hence, we have

G —
0.K T,
XO.5) e

foral K > 0. Then by the diagonal argument and Fatou’'s lemma there exists {¢;}(¢; | 0)
and G(t) € L?((0, 00), ) such that

H

< Cllgllollglls’y (0 < & < &(K))
L2((0,K),p)

G<r, ;) — G(1) (j > o)

J

weakly in L2((0, K), ) for al K > 0. We remark G () depends on the choice of {ej}.
(if): First we notice Szegd's formula([9]): for o, 8 > —1

J g\ 22 o\ 26+2
(o) (e ]
g\ 21 g\ 26+1
= n(sin 5) <cos 5) PP (cosh) .

By thisformula and integration by parts, we estimate g. (n):

T [0
9e(n) =/ 9(—) Q0 (8)dm(0)
0 &

T 0 0 a+1/2+a 0 B+1/2+b
:/ gl = =P PP (cosp) | sin = COS — de
0 & 2 2

_ffga’ﬁ) /” g(0/)(Sn6/2)%(cosh /2)° sn? 20+1 os? 2ﬁ+1P(“’ﬁ)(cose))d9
~ 0 Jo (Sn6/2* 17%(cosh)2)p+ 12" 2 > n
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P (T g(0/e)(sin6/2)% (cos0/2)" in) % (cos? 2’3+2P<a+1,,s+1>(cose) g
~n | L(sinB/2)@t2(cosh/2)F+1/2\ T 2 2 n-1 0

7 g(0/e)(sing/2)(cos8/2)” \' (. O\ O\ s
_/0 ((sine/z)a+1/2(cose/2)/f‘+1/2) <sm§> (cosi) P (cos@))de}.

So by using
(@ 1A La) (LA platl pr) 0 wr3/za ARG
0,_ 0) = P (cosb) 2 cosé

and dm(0) = (sin %)% (cos §)%d0, we have

s _1 1.(9 (a+1,8+1.a,b)
t(a,ﬂ)gs(n) (a+1,3+1)/0 g <g)Q (0)dm(0)
n n 1

2a+1-2a [T (6 6 Q(““ﬁ““")d .
+ 4 o 9\ 7 )5 (@F1A+D) m(©)
nfl
9 Q(a+l ,B+1.a, b)( )

264+1—2b [T (6
n

On the other hand, since we have

K 1\ |? 0 1
/ HN<r, —) du(z) < Ce_(2“+1)22“/ ‘HN( )
0 & 0 g€

by the change of variable, and by using Parseval’s equality

/n N QE
0 e e

]

= Y 1gm?

N[1/el+1

oo

1 ~ 2
= E 2 [nge ()|
n

N[1/e]+1

<A82/” 1,/0\ 20+1-—2a (6 Cot0+2ﬁ+1—2b %Y tan

~ N2 Jo AV 4 e 2 4 e
where A is an absolute constant. Here, we remark that supp g C [n, M]. We change the
variable of u = 6/¢, again. Then, we have:

/n oY QE
0 g€

dm(0)

2
dm(9),
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Cce?1 (M|, 20+ 1—2a eu
< —= - cot —
<2 fn ¢ e oot
28 +1—2b 20 2 2
ﬂ%g(u)stan%u (sm %u) <cos%u> du
Ce?21 (M|, 20+1—2a _eu eu 2
< —- - —( cot—= |-
_N28/77 g W) ; g<u>2< z)u
28+1—2b 2 2 2
+ Hri-2 +4 g(u)e tan %4 (%4) du < g2t
Then, we obtain
K 1 2 82
/ HN <r, —) du(r) < Cg~@atbg2a-1 o — = CN~?
0 & N
fore < ¢(K) foral K > 0, where C dependson g, o, 8, a, b. g.ed.

LEMMA 2. (i) Inthe notation of Lemma 1, there exist {¢;,} a subsequence of {¢;}
and GV (7) € L?((0, o0), 1) such that

weakly in L2((0, K), ) ask — oo for every K > 0.
(i) {GN(z, %)}»o converges pointwise to a function ase — 0. Therefore, GV (7) is
unique, and independent from {¢;} in (i). Moreover, G isindependent from {¢;} in Lemma 1.

ProoF. (i): By Lemmal(i), (ii) and the diagonal argument, there exists{e;k} a subse-

quence of {g;} such that
K 1
bl ()
0 €

forall K > 0. Hence, there exist afunction HY e L2((0, 00), 1) and {e,} asubsequence of
{e;.k} such that

2 B
du(r) < N2

weakly in L2((0, K), ) (jx — 00), and

K B
/0 HN (@A) <
forall K > 0. Then, by the diagonal argument, there exists { N;} a sequence such that

HYi — Qa.e.on (0, x)asj — oo.
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Here, we define GV = G — HY. By G(z, 1) = GN(zr, 1) + H" (¢, 1), Lemma 1(i),
and the choice of {¢, }, we have

1
GV <r, —) — GN)
€k
wesakly in L2((0, K), ) for all K > 0. Also we remark that
GNi - Ga.e.on(0,00)asj — o0,

since HY; — 0ae. on (0, 00).
Next we prove the next Sublemma, before we give the complete proof of (ii):

Sublemma

NC, g\ P
t,io"ﬁ)P,f“’ﬁ)(COSG)<SinE) <COS§)

B 00Y2) if Cn™t<0<m—¢
=2nJ,(no) + {0(901”05—1/2) if 0<0 < Cn_l’

where C, ¢’ arefixed constants.
PrROOF. Stempak [8; p. 486] proved:

g\ 4+1/2 0\ B+1/2
t,(l“’ﬁ)P,E“’ﬁ)(COSO)(Sin 5) (cosi>

_ 0(0) if Cn"l<6<m—¢
= /nbJy(nd) + {0(9a+1/2na—1/2) if 0<0 < Cn_l,

where C and ¢’ < 7 arefixed positive constants.
By thisresult, we obtain

0\ o\#
t,g""ﬁ)P,f""ﬁ)(cosG)(sinE) <COS§)

9\ ~1/2 9\ ~1/2
=«/n9Ja(n9)(sin§) (cos§>

-1/2 -1/2
.60 0 . _1 ,
(0] esmz cosé ifCn " <0 <m—c¢

o7\ ~1/2 g\ ~1/2
0(9“+1/2n“—1/2<sin 5) <cosi) ) if 0<6<Cnt,

- 0672 if Cnt <t <m—¢
= V2nJu(n9) + {O(GO‘no‘_l/z) if 0<6<cCnt,

Therefore, we have Sublemma. g.ed.
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3. Theproof of Lemma 2 (ii)

Let ', K’, and e2 = £2(K’) be positive numberssuch that 0 < ' < K’ < oo and
/g2 > K’'. Since

(o, ) p(a.B) AN 0\” g\ V2a 9\ L/2-b
0,(0) = 11,7 P,*F) (cose) sin > cos 5 sin - cos ’

we have, by Sublemma

1/2—a 1/2-b
On(s7) = @Ja(ner)<sin %) (cos%)

1/2-a 1/2—b
0((8r)1/2<sin %) (COS%) ) if Cnl<er<m—¢
1/2—a 1/2—b
0((8r)°‘n°‘1/2(sin %) <COS%) ) if 0<er <Cn 1,

wheren’ <t < K’ ande < ¢». Therefore, weobtainforp’ <t < K’ ande < &o,

1/2-a 1/2 ; -1 /
a-1/2 _ ca—1/2( €T o 09 if Cn ™ <et<m—¢
¢ Onle) = ( 2 ) nJa(net) + 0@*n* 12y if 0<er <Cn1,

where C and ¢/ < 7 are fixed positive constants. Next we estimate ¢1/2-4§, (n), precisely.
LetO < n <t <M (i.e. supp g C [n,M]), ¢ < €3 = e3(n, M) withr > e3M and
0 <n < N[2]. By the change of variable,

T (0
9e(n) =/ g(—)Qn(é’)dm(G)
0 &

M e\ et \?
= 8/ g(r)Qn(er)(sm ?) (COSE) dt
n

M et a+1/24a eT B+1/2+b
= 8/ g(r){tlgo"ﬁ)P,f’ﬁ)(COSSt)<sin 7) <COS7) }dr .
n

Here, by Sublemma, J, (x) = O (x¥)(x — 04-0), and J,(x) = O (x " 2)(x — 00), we
have

er \@H1/2+a e \ PHL/2+b
t,(,“’ﬂ)P,f“’ﬁ)(COSW)<5in ?> (COS?)

1/2+a 1/2+b
=x/2nfa(n8t)<sin%> (cos%)
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op\ L/2+a ep\ 2D o\ 1/2
0<<sin7> (0057) <7> ) if Cnl<ser<m—¢
1/2+a 1/2+b o
0<<sin %) (cos%) <%> n“l/z) if 0<er <Cnt,
T 1/2+a
= \/2nJa(net)< >
1/2+a 1/2+b 1/2+a
+ J—znfa<ngt){<s ‘j) (c %) _ (%) }
1/24a 12+b N\ 1/2
<< i ) (COS—) <7> ) if Cnl<ser<m—¢
1/2+4a 1/24b «
(( - %) (cos—) (j) nal/Z) if 0<er <Cnt,

1/2+4a
= @Jﬂnst)(%) + V20T, (net) O ((e7)Y2t912)

0 (s1/2+a+1/2) if Cnl<er<m—¢
O (sV/2+a+aya=1/2y if 0 < g7 < Cnt

3

eT 1/2+a
= \/2nJa(n8t)<7>
0 (g2t 4 glta) if Chl<er<m—¢
+ O (s0+a+3/2,a=1/2 | ga+a+1/2,a=1/2) if 0 < g7 < Cp—1

1/2+4a 14a i _1 _
:«/ZnJa(ngt)<%> +{0(8 ) if Cn ™t <er<m—c¢ }

0 (e2tatl2p0=1/2y if 0 < o7 < Cn~1

Then, we obtain

M eT 1/24a
ge(n) 25/ g(f)ﬂfa(nst)<7> dt

1
{0(82+“) if Cn l<e<m—¢

0(8a+3/2+anol—l/2) if 0<e < Cn_l and
g~ _ 0(%?) if Cnl<e<m—2¢
1/2 _ +3/2 =
Y275, (n) = 27" T3 2 Hg(ne) + {0(8“+2n°‘1/2) if 0<e<cCnl

Therefore, for0 < ' <7 < K’ and 0 < &£ < g4 = min(ey, €3), we have by using the above
estimates of ¢4~ 1/2Q,, (1) and £1/2-9 3, (n),
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N[1/¢] N[1/¢€]
Y EmOuEnme) = Y (7 G ) (Y200 (eT)) (ne)
n=0

n=0

5 o—ayagatd2y 0(e°?) if Cnl<e<n—¢
= nX_c:] ¢(n8)( ne g(ne) + {0(8044-2”06—1/2) if 0<e<Cnl, })(*)

1/2-a 12 P .
X <@Ja(nst)<%> +{0(8 ) if Cn™*<e<m g})

0(@*n® Y2 if 0<e<Cnl,

where C and ¢ < 7 are fixed positive constants which depend on ', K’, ¢, N and g.
1
0 = XN (ne) (A + Ba)(Cy + D)., we say.
First we obtain that
N[1/¢]

Y e,

n=0
N[1/e]

1/2—a
- Z ¢(”8)(2a”a8a+3/27'59(ﬂ8))( Z”Ja(nsr)(%) >
n=0
N[1/¢]

=& Y ¢neYHgne)(ner)/* Iy (net) (ne)™
n=0

N
- /0 ) (@) Y271y (xyYHg(y)d ()

foral 0 < <1 < K ase — 0, since the function ¢ (y)(ty)Y2 % J,(ty)Hg(y)y% is
Riemann integrable on [0, N] forany T (0 < ' < 7 < K’). Then, we have
N[1/e]
Iing Z & (ne)(27n%e 32 (Hg) (ne)) (2t Y% nY? I (net))
e—
n=0

N
= /0 P (@ Y27 Iy (eyYHg (0 (y) .

In the same way with the boundedness of H g (Proposition 2), we get

N[1/e]

Y ¢(ne)B,Cy = 0(w1(e))

n=0

N[1/e]

> $(ne)AuD, = O(w2(e)).

n=0
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and

N[1/e]

> ¢(ne)ByD, = O(w3(e)) .

n=0

where wj(e) — Oase — 0 and O(w;(e)) is uniformly bounded on z € [, K] (¢ <
min(ez, €3)) (j =1, 2, 3). After al, we have

N[1/e]

N
lim 3" 916):(n) On(er) = /0 O HIO T2y ()it ()
n=0

pointwiseon t € (0, co).
We proceed the proof of Lemma 2 (ii).
Now we show that

N
GN(r) = /0 & (w)Hg(u) (tu) Y2~ Iy (vu)d pu(u)

and

N
GN(r, %) — /0 & (w)Hg(u) (tu)Y?= Jy (vu)d pu(u)

pointwisease — 0 (r > 0).
In fact, we remark by the above argument,

N[1/¢]

1
GN<T, g> = )" $0e)j(m) Quler)
n=0

N[1/¢]
=¢ Y ¢pme)Hgne)net) >~ Jy(net)(ne)* + O(w(e)) ,
n=0
where w(¢) — O ase — 0and O(w(¢)) is uniformly bounded on t € [’, K] for some
fixed numbers0 < ' < K’ < oo and for any ¢ < min(e2, £3). Then, by the properties of
Jo and H g, we can show that GV (z, %) isuniformly bounded on = € [/, K'] for some fixed

numbers0 < n’ < K’ < oo and for any ¢ < min(ez, £3). Therefore, for f € C°(0, 00), we
have

1 N
/ GN<r, g>f(r>du<r>e / ( /0 ¢(u)Hg(u)(fu)l/2“Ja(fu)du(u)>f(f)du(f)

by L ebesgue’s convergence theorem. Hence, we obtain

N
GN(r) = fo ¢ (w)Hg(u) ()2~ Iy (vu)d pu(u) .
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Also we obtain that
o
G(r)= / ) Hgw) ()2~ Jy (tu)dp () a.e.,
0

sincelim oG i (r) = G(t) a.e. by Lemma 1. Thus, we proved Lemma2 (ii). g.ed.

4. The proof of Theorem 1 (continuation)

Letg = oo. Alsolet s, w, and K be positive numbers. Then,

e (o)
(=) ) e = )

By the argument of 82, there existse1 > O suchthat for 0 < ¢ < &1,

(ool -+)
con( oo (.2

C ~ r
< <? sug||Te||1{4(,,,,;,,,oo)||ge||,’,,r) g~ (2atD o2

- ul).

-~ s})8(2a+1)22a

e>

C 7 nJ H b
< (= ST 1917

e>0

for some constant C > 0. Also by Lemma 1(ii), we have

([ = k(e ) o)) = [ ()

fore < &(K) ,and

2 B
du(r) < N2

Hence, we have

)

C - P
< (— wpllTellL(p_r;,,,oo)) (gl )7 +
§ >0 '

By Lemmas 1, 2 and Fatou’'s lemma, we obtain that

NZp? for 0 < & < min(eq, e(K)).
w

C _ P
n{0<t<K:|GV()|>s+w) < (; wp||Tg||;4(p,r;,,,oo)) Uglp)" + 273 -
e>0
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and

C » p
n{0<t<K:|G[@)|>s+w) < (; g||Ts||;4(p,r;,,,oo)) (gl 7
>

&

by Fatou's Lemmafor N = N; — oo, again. Therefore, by w — 0and K 1 oo, we obtain

C - P
u({r € (0,00) : [G(7)] > s)) < (; wg||T8||,{4(,,,,;,,,oo)) (glff )7

Letg < oo. Alsolet f € C2(0, oo) befixed with supp f C [, K]forsomeO < n < K <
0o. By the argument of Lemmas 1 and 2,

K 1
N -

‘/ G <r, )f(r)du(r)
0 &

~ 1
<Cligly, A (SUp et p )N g HHN(r, —)
£>

I f22¢0,K),10)0

€/ L2(0.K).0)

and

K
‘ fo GN () f(D)du(r)

H 7 nd H B
= ClgIG SR ITe 131 p )1 U+ 32 260,800
£>

Then, by Lemma 1 we have

K K
‘/ GN(T)f(T)dM(T) —/ G(r) f(r)du(r)| < ||GN - G||L2((;7,K)”u,)||f||L2((r/,K)”u)
n n

B
N
= H" lz2(n, k), ;1 f 122((0,00),10) = m”f”Lz((O,oo),M).

So, we obtain

K
‘/o G(r) f(r)du(T)

H R H B
= Cllol SR ITe 3y p) 1 15 + 3721 2000
£>

andas N — oo,

K
‘/o G(r) f(r)du(T)

<Clglff (U Ul o p IS o
£>

Therefore,

1T £13, < C||g||§.5{,(wg T3 (o pg) -
£>

and we get the desired result. g.ed.
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5. Theproof of Theorem 2

First, weinsist the following:

LEMMA 3 (cf. [7;Lemma]). Letl<r <oo, 1 <g <oo,andl < p < oco. Then
we have the following:

0 ||T*||1{4(p_r‘p 0 isfinite, if and only if there exists a positive constant C such that for
any positive integer N, any positive numberse;, and g; € C°(0,00) (j =1,2,---, N), we
have

N J N J
DL IRRECTE TR ) piP
j=l p’,r’ j=l p’,r’

(i) ||T*||Z(p ripd) is finite, if and only if there exists a positive constant C such that
for any positive integer N, positive numberss;, and f; € C°(0,00) (j =1,2,---, N), we
have

N H N J
Z T fj = C”T*”Z(p,q;p,q) Z /i
j=l p/,r/ j=l p/,r’

We can prove Lemma 3 in the same way of [7; Lemma]. We omit the proof.

Now we proceed to the proof of Theorem 2.

Letl<p<oo,1<g<oo, 1<r<oo, M>0, and N beapositiveinteger. Also
{gj}r € €20, 00) with supp g; € (0, M), and g; . (0) = g;(0/e) forany 0 < & < eo with
w/eo > M. Moreover, wedenote ¢ (x) = ¢(gjx) (j =1,2,------ ), where{sj};?‘;l areal
positive rational numbers,

Now we define the following:

Gj(r,1/e) =Y $;(en)gj.(n) Qu(eT),

n=0

N[1/e]

GY(x,1/e)= ) ¢j(en)jc(n)QuleT), and
n=0

H(r,1/e) = G(r,1/e) — G} (x. 1/e).
Also let g be fixed in C2°(0, oo) with supp ¢ C [n, K] forsome0 < n < K. Since
GY(r,1/e) = Gj(r,1/e) = H)(r,1/e) (j = 1,---, L), wehave

L

L
/ZG?’(L 1/e)g(v)du(r) = Z {/Gj(l’, 1/e)g(r)du(r) — / H}V(t, 1/8)g(t)du(r)},
j=1

j=1
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and

L K
> /0 GY (r,1/e)g(r)d ()
j=1

=<

K
N ‘ /0 HY (2. 1/e)g()dpu(v)

K L
/ Y Gj(x,1/e)g(r)du(r)
o ‘4

L H
< CHX(O,K)ZG]'(T, Ye)| gl
P

j=1

+

L
Z HY(z,1/e)
j=1

||f||L2((0,K),,L),
L2((0,K), )

Here, we choose a positive number o1 = 01(K) with K < 7 /o1 such that
L
M({r <K: ZGj(t, 1/e)| > t})

j=1
< Cs_(2“+1)22”m({0 <0<m:

L
> G®/s.1/e)

j=1

1)

for some constant C and 0 < ¢ < o1. Then, in the same way of the argument in 82, we have

L
Zfssjgj,s

j=1

J

H
P

L
HX(O,K) Z Gj(t,1/¢) < Cg~@atD/p'p2a/p!
j=1 !

/
s

pr
Here, by Lemma 3(i), we have

L

D lgjel
1

J
< Ce—@atD)/p'p2a/p ||T*||1Jv1(p,r;p,q)

’

H
/

L
Hx(o,m > Gj(r.1/e)
j=1

i

p.r P'q

Here, let ¢’ befinite. Since we have

L 1/p'
m<{0 <9 <m: Z lgj@/e)] > t})
j=1

/ / L 1
< CceatD/p'g=2a/p M({T <M: Z lg;(0)| > t}) ,
j=1

8—(2a+1)/P’

/

L
Z [gj.el
j=1

J
pa
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, IS L Yr'Nd gy Ye
< Cc2-2a/p {q//o <tu({05 T<M: Zlgj(t)l > t}) > T}

j=1
L
> il
j=1

for some C > 0. After all, by Lemma3(i), we have

<C

H
r.q

L H L H
Hx<o,K>ZG,~(r, Ye)|  <CUT*lgprp| 2 1011 O <e<on).
j=1 p.r j=1 p.q’
Hence, we obtain
Kk L
‘ / Y G Ye)g@du(r)
i
L H
< CIT* pripa | 21051 N9l
j=1 p.q
L
+| 2_H (. 1/e) 9l 20,5,
= L2((0,K), )

Also, by the same way of the proof of Lemmas 1,2 and Theorem 1, thereexists {¢}}; (¢; < o1)
such that

1
N N
G (r, —82>—>Gj (1)

weakly in L2((0, K), u) (I — 00),

weakly in L2((0, K), ) (I — 00), and

1
Gj(l’, Z) —> Gj(‘L’)

!

weakly in L2((0, K), ) (I — o0), for some G; € L?((0,00), 1) (j = 1,2,---, L). Then,
in the same way of Theorem 1 there exists a constant B such that for any g € C2°(0, K)

L
‘ f Y GV @g@mdu(r)
j=1
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L
> il
j=1

Also, by the same way of Lemma 2(ii), we have

H 7k J LB
<cC W90 T U3ty + 7z 1922000000

H
r.q

Gj(r) = /0 ¢ (€jX) Haagj () (T2 Iy (tx)dpu(x) (= Te;gj) (=1, L)

On the other hand, we have

L L
> / Y @g@dn@ =Y / G (D) g(D)du(r)
Jj=1 j=1

IA

N
G} = Gjll L2y, k1,191 L2(0,),10)

IA

N
|Hj ||L2([;7,K],,L)||g||L2((0,K),u)

L
>
j=1

L
>
j=1

B
ﬁH!JHLZ((o,K),M) — 0(N — 00).

Therefore, we have

L
‘ / Y Gi(mg@)du(r)
j=1

L
H Tk J H
< CIY AgilE ANT* W s p gy N9l -
j=1

Hence,

H H

’
/

= C”T*”{W(p,r;p,q)

L
Z Tsj gj
j=1

and by Lemma 3(ii), we obtain

L
> il
j=1

p.r r'sq

*(H ok J
Ir ”M(p,r;p,q) =CIT ”M(p,r;p,q)

for some C > 0. g.e.d.
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