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Abstract: We extend results of Knopp in [9] to the higher level case. In precise, we

characterize a rational period function qðzÞ for �þ0 ð2Þ of which poles lie only in Q [ f1g. We

prove that the Mellin transform �F ðsÞ of an entire modular integral F of weight 2k for such a

rational period function qðzÞ has an analytic continuation to the entire s-plane, except for

possible simple poles at some rational integers, satisfies the functional equation �F ð2k� sÞ ¼
ð�1Þk2s�k�F ðsÞ, and is bounded on each ‘‘truncated strip’’ of the from �1 � ReðsÞ � �2 and

jImðsÞj � t0 > 0. We also show that the converse is true. The case for �þ0 ð3Þ is addressed similarly.
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1. Introduction and statement of re-

sults. For p 2 f1; 2; 3g, let �þ0 ðpÞ be the group

generated by the congruence group �0ðpÞ and the

Fricke involution Wp :¼ 0 �1=
ffiffiffi
p
pffiffiffi

p
p

0

� �
. Knopp [8,9]

introduced the idea of a rational period function of

an automorphic integral of weight 2k 2 2Z on any

Fuchsian group and studied the rational period

functions of a modular integral of weight 2k for the

modular group �þ0 ð1Þ ¼ SL2ðZÞ. Since then, explicit

charaterizations of the rational period functions for

SL2ðZÞ have been given in [4,5]. Recently, Choi

and Kim [2,3] generalized some results given by

Knopp to the rational period functions for �þ0 ðpÞ
when p 2 f2; 3g. These rational functions qðzÞ for

�þ0 ðpÞ when p 2 f1; 2; 3g occur in functional equa-

tions of the form

F ðzþ 1Þ ¼ F ðzÞ; andð1Þ

ð ffiffiffipp zÞ�2kF �
1

pz

� �
¼ F ðzÞ þ qðzÞ;

where k 2 Z and F is a meromorphic function in the

upper half plane H and has a Fourier expansion of

the form

F ðzÞ ¼
X1
n¼n0

ane
2�inz; y ¼ Im z > y0 � 0ð2Þ

with some n0 2 Z. If (1) and (2) hold, then we call F

a modular integral of weight 2k for qðzÞ. In fact, F

can be taken to be holomorphic in H. Furthermore,

if k > 0, then we can choose a modular integral F

of weight 2k satisfying the following: a modular

integral F of weight 2k has a Fourier expansion of

the form

F ðzÞ ¼
X1
n¼0

ane
2�inz; y ¼ Im z > 0

and

jF ðzÞj � Kðjzj� þ y��Þ; z 2 Hð3Þ

for some positive real numbers K; �; �

([7, pp. 622–623]). Using the integral presentation

of an and (3), we can get

an ¼ Oðn�Þ; n!1ð4Þ

for some � > 0. A modular integral F of weight 2k

which is holomorphic in H and has the Fourier

expansion

F ðzÞ ¼
X1
n¼0

ane
2�inz; y ¼ Im z > 0

is called an entire modular integral if F satisfies (4)

or equivalently (3).

In [9, Theorems 1 and 2], Knopp showed that

the finite poles of any rational period function qðzÞ
for SL2ðZÞ must lie in Qð ffiffiffinp Þ; n 2 Zþ, and deter-

mined the explicit form of a rational period function

qðzÞ for SL2ðZÞ with the only possible finite poles in

Q. Choi and Kim [3, Theorems 1.2] showed that the

finite poles of any rational period function qðzÞ for

�þ0 ðpÞ must lie in Qð ffiffiffinp Þ; n 2 Zþ.

For an entire modular integral F of weight 2k

for SL2ðZÞ with its associated rational period

function qðzÞ, Knopp [9, Theorem 3] showed that if
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the poles of qðzÞ lies in Q [ f1g, then the Mellin

transform �F ðsÞ of F has an analytic continuation

to the entire s-plane, except for possible simple

poles at some rational integers, satisfies the func-

tional equation �F ð2k� sÞ ¼ ð�1Þk�F ðsÞ, and is

bounded on each ‘‘truncated strip’’ of the from �1 �
ReðsÞ � �2 and jImðsÞj � t0 > 0. Knopp [9, Theorem

4] also showed that the converse is true.

In this paper, we investigate rational period

functions qðzÞ for �þ0 ð2Þ with the finite poles only in

Q to extend results of Knopp [9] on rational period

functions for �þ0 ð1Þ ¼ SL2ðZÞ to the higher level

case. More precisely, we determine the explicit

formula of a rational period function qðzÞ for �þ0 ð2Þ
of which poles lie only in Q [ f1g (Theorem 1.2).

We also show that if the poles of qðzÞ lies in

Q [ f1g, then the Mellin transform �F ðsÞ of an

entire modular integral F ðzÞ of weight 2k for such a

rational period function qðzÞ has an analytic con-

tinuation to the entire s-plane, except for possible

simple poles at some rational integers, satisfies the

functional equation �F ð2k� sÞ ¼ ð�1Þk2s�k�F ðsÞ,
and is bounded on each ‘‘truncated strip’’ of the

from �1 � ReðsÞ � �2 and jImðsÞj � t0 > 0 (Theo-

rem 1.4) and the converse is true (Theorem 1.5).

Since �þ0 ð2Þ is generated by T ¼ ð 1 1
0 1
Þ and W2,

we have the following

Proposition 1.1. Suppose that qðzÞ is a

rational function for �þ0 ð2Þ as in (1) for some

modular integral F . Let U :¼ TW2 ¼
ffiffiffi
2
p

�1=
ffiffiffi
2
pffiffiffi

2
p

0

� �
.

Then

qj2kW2 þ q ¼ 0ð5Þ

and

qj2kU3 þ qj2kU2 þ qj2kU þ q ¼ 0;ð6Þ

where j2k is the usual slash operator.

Proof. See [3, Theorem 1.3]. �

It follows from [3, Theorem 1.3] that if a

rational function qðzÞ satisfies (5) and (6), then

there exists a modular integral F , which is holo-

morphic on H, of weight 2k for qðzÞ. In particular,

when k > 0, we can construct F that is an entire

modular integral of weight 2k for qðzÞ. We now

present the explicit form of qðzÞ for �þ0 ð2Þ with poles

only in Q [ f1g.
Theorem 1.2. Let qðzÞ be any rational peri-

od function of weight 2k for �þ0 ð2Þ. If the ploes of qðzÞ
lie in Q [ f1g, then

qðzÞ ¼
b0ð1� ð

ffiffiffi
2
p

zÞ�2kÞ; if k > 1,

b0ð1� ð
ffiffiffi
2
p

zÞ�2Þ þ b1z
�1; if k ¼ 1,

b0ð2k�1z�1 þ z�2kþ1Þ þ pkðzÞ; if k � 0,

8><
>:ð7Þ

where b0; b1 are complex numbers and pk is a

polynomial in z of degree at most �2k.

We now consider the Mellin transforms of

entire modular integrals. Suppose that F is an

entire modular integral of weight 2k associated to

some rational period function for �þ0 ð2Þ and it has a

Fourier expansion of the form

F ðzÞ ¼
X1
n¼0

ane
2�inz; y ¼ Im z > 0:ð8Þ

We then consider the Mellin transform:

�F ðsÞ ¼
Z 1

0

ðF ðiyÞ � a0Þys�1dy:ð9Þ

Proposition 1.3. With the assumptions and

notations as above, we have the following.

For sufficiently large � ¼ ReðsÞ, the Dirichlet

series

�ðsÞ ¼ ð2�Þ�s�ðsÞ
X1
n¼1

ann
�sð10Þ

is related to the Mellin transform �F as �F ¼ �,

where �ðsÞ is the gamma-function.
We now present the results on the Mellin

transform of the corresponding entire modular

integral for a rational period function qðzÞ for �þ0 ð2Þ.
Theorem 1.4. Let F be an entire modular

integral of weight 2k such that its associated rational

period function for �þ0 ð2Þ has poles only in Q [ f1g.
Then

(1) �F ðsÞ has an analytic continuation to the

entire s-plane, except for possible simple poles

at

s ¼ 0 and s ¼ 2k; when k > 1;

s ¼ 0; 1 and 2; when k ¼ 1;

s ¼ 2k� 1; 2k; . . . ; 0; 1; when k � 0;

(2) for every case,

�F ð2k� sÞ ¼ ð�1Þk2s�k�F ðsÞ

and �F ðsÞ is bounded in each ‘‘truncated strip’’

of the form �1 � ReðsÞ � �2 and jImðsÞj �
t0 > 0.

A converse of Theorem 1.4 is

Theorem 1.5. Let fang be a sequence of

complex numbers satisfying
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an ¼ Oðn�Þ; n!1

for some � > 0. Suppose also that �ðsÞ ¼
ð2�Þ�s�ðsÞ

P1
n¼1 ann

�s can be extended to a function

meromorphic in the entire s-plane, holomorphic

except possibly for simple poles at the rational

integers and bounded in every truncated strip of

the form �1 � ReðsÞ � �2, jImðsÞj � t0 > 0. If �ðsÞ
satisfies the functional equation �ð2k� sÞ ¼
ð�1Þk2s�k�ðsÞ for some k, then

F ðzÞ ¼ F�ðzÞ ¼ a0 þ
X1
n¼1

ane
2�inzð11Þ

is an entire modular integral of weight 2k, with

rational period function for �þ0 ð2Þ with poles only in

Q [ f1g. Here a0 is an arbitrary complex number.

Remark 1.6. By the same arguments in

Sections 2 and 3, we can obtain similar results for

entire modular integral for �þ0 ð3Þ. By replacing qðzÞ
and �F ð2k� sÞ ¼ ð�1Þk2s�k�F ðsÞ by

qðzÞ ¼
b0ð1� ð

ffiffiffi
3
p

zÞ�2kÞ; if k > 1,

b0ð1� ð
ffiffiffi
3
p

zÞ�2Þ þ b1z
�1; if k ¼ 1,

b0ð3k�1z�1 þ z�2kþ1Þ þ pkðzÞ; if k � 0,

8><
>:

and �F ð2k� sÞ ¼ ð�1Þk3s�k�F ðsÞ, corresponding

statements can be obtained.

This paper is organized as follows: In Section 2,

we prove Theorem 1.2. Section 3 is devoted to

proofs of Proposition 1.3, Theorems 1.4 and 1.5.

Our proof of theorems is build on the main ideas of

Knopp in [9].

2. Proof of Theorem 1.2. (I). The case

k > 0. It follows from [3, Theorem 1.2(b)] that if z0

is a finite rational pole of qðzÞ, then z0 ¼ 0. Thus we

may write

qðzÞ ¼ alz�l þ � � � þ a1z
�1 þ b0 þ b1zð12Þ

þ � � � þ bmzm ðal 6¼ 0; bm 6¼ 0Þ;

with l � 1;m � 0. Applying (5) to qðzÞ, we have

� qðzÞ ¼ ð
ffiffiffi
2
p

zÞ�2kq
�1

2z

� �
:ð13Þ

Comparing the lowest term in (13), we have l ¼
mþ 2k. From (5) and (6), we have

qðzÞ ¼ ð2zþ 1Þ�2kq
z

2zþ 1

� �
ð14Þ

þ ð
ffiffiffi
2
p

zþ
ffiffiffi
2
p
Þ�2kq

ffiffiffi
2
p

zþ 1ffiffi
2
pffiffiffi

2
p

zþ
ffiffiffi
2
p

 !
þ qðzþ 1Þ:

Comparing the principal part at1 in (12) and (14),

we get

b0 þ b1zþ � � � þ bmzm

¼ b0 þ b1ðzþ 1Þ þ � � � þ bmðzþ 1Þm;

which gives m ¼ 0, hence

l ¼ 2k and qðzÞ ¼ alz�l þ � � � þ a1z
�1 þ b0:ð15Þ

By applying (5) to (15) and comparing the coef-

ficients, we have

b0 ¼ �
ffiffiffi
2
p l

al; al�jð�1Þl�j
ffiffiffi
2
p l�2j ¼ �ajð16Þ

for 1 � j � l� 1 ¼ 2k� 1:

In particular, ak ¼ ð�1Þkþ1ak, so ak ¼ 0 if k is even.

Applying (6) to (15) leads to

a2kð�
ffiffiffi
2
p
Þ2k þ � � � þ a1ð�

ffiffiffi
2
p
Þð

ffiffiffi
2
p

z�
ffiffiffi
2
p
Þ1�2kð17Þ

þ b0ð
ffiffiffi
2
p

z�
ffiffiffi
2
p
Þ�2k þ a2kðz� 1Þ�2k þ � � �

þ a1ðz� 1Þ�1ð2z� 1Þ1�2k þ b0ð2z� 1Þ�2k

þ a2k

ffiffiffi
2
p

z�
1ffiffiffi
2
p

� ��2k

þ � � �

þ a1

ffiffiffi
2
p

z�
1ffiffiffi
2
p

� ��1

ð
ffiffiffi
2
p

zÞ1�2k þ b0ð
ffiffiffi
2
p

zÞ�2k

þ a2kz
�2k þ � � � þ a1z

�1 þ b0 ¼ 0:

If k ¼ 1, then qðzÞ ¼ a2z
�2 þ a1z

�1 þ b0. It fol-

lows from (16) that b0 ¼ �
ffiffiffi
2
p 2

a2. Hence

qðzÞ ¼ b0ð1� ð
ffiffiffi
2
p

zÞ�2Þ þ a1z
�1:

Suppose that k � 2. Note that from the partial

fraction expansion, we have

1

zNðz� 1
2Þ
M
¼
A1

z
þ � � � þ AN

zN

þ
B1

z� 1
2

þ � � � þ
BM

ðz� 1
2Þ
M
;

where AN�j ¼ 2Mþjð�1ÞM Mþj�1
M�1

� �
(0 � j � N � 1)

and BM�j ¼ 2Nþjð�1Þj Nþj�1
N�1

� �
(0 � j �M � 1). By

applying the partial fraction expansion to a2ð
ffiffiffi
2
p

z�
1ffiffi
2
p Þ�2ð

ffiffiffi
2
p

zÞ2�2k and a1ð
ffiffiffi
2
p

z� 1ffiffi
2
p Þ�1ð

ffiffiffi
2
p

zÞ1�2k, and

the term a2k�2z
�2kþ2 on the left hand side of (17),

the coefficient of z�2kþ2 is 2�kþ2a2 � 22�ka1 þ a2k�2,

which becomes 0. So by (16), we have a1 ¼ 0.

If k ¼ 2, then a2 ¼ 0; a3 ¼ 0 and b0 ¼ �
ffiffiffi
2
p 4

a4

by (16). Therefore

qðzÞ ¼ b0ð1� ð
ffiffiffi
2
p

zÞ�4Þ:
Suppose that k � 3. We now assume a1 ¼

a2 ¼ � � � ¼ aj�1 ¼ 0 for 2 � j � k� 1. By applying,
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again, the partial fraction expansion on the left

hand side of (17), the coefficient of z�2kþjþ1 isffiffiffi
2
p �2kþ2jþ2ð�1Þjþ1ajþ1 þ j2�kþjþ1ð�1Þjaj þ a2k�j�1,

which becomes 0. So by (16), a2k�j�1 þ
ajþ1ð�1Þjþ1

ffiffiffi
2
p �2kþ2ðjþ1Þ ¼ 0, which gives aj ¼ 0.

Consequently, we have a1 ¼ a2 ¼ � � � ¼ ak�1 ¼ 0.

Note that ak ¼ 0 if k is even.

Therefore, for k � 3, qðzÞ has the form

qðzÞ ¼ b0ð1� ð
ffiffiffi
2
p

zÞ�2kÞ; if k is even,

b0ð1� ð
ffiffiffi
2
p

zÞ�2kÞ þ akz�k; if k is odd.

(

Since b0ð1� ð
ffiffiffi
2
p

zÞ�2kÞ satisfies (5) and (6), qðzÞ ¼
b0ð1� ð

ffiffiffi
2
p

zÞ�2kÞ þ akz�k satisfies (5) and (6) if and

only if akz
�k satisfies (5) and (6). Note that z�k

satisfies (5) only when k is odd. We show that for

odd k, z�k satisfies (5) and (6) if and only if k ¼ 1.

For qðzÞ ¼ z�k, the functional equation (6) says

� ðz� 1Þ�k þ ð2z� 1Þ�kðz� 1Þ�k

þ z�kð2z� 1Þ�k þ z�k ¼ 0

and this is 0 only when k ¼ 1.

(II). The case k � 0. By applying Bol’s iden-

tity [1] to (5) and (6), we have

0 ¼ ðD�2kþ1qÞj2�2kW2ðzÞ þD�2kþ1qðzÞ;
0 ¼ ðD�2kþ1qÞj2�2kU

3ðzÞ þ ðD�2kþ1qÞj2�2kU
2ðzÞ

þ ðD�2kþ1qÞj2�2kUðzÞ þD�2kþ1qðzÞ;

which imply that qð�2kþ1ÞðzÞ is a rational period

function of weight 2� 2k > 0. Here, DfðzÞ ¼ 1
2�i

df
dz .

By part (I) of the proof, qð�2kþ1ÞðzÞ ¼ b0ð1�
ð
ffiffiffi
2
p

zÞ2k�2Þ, since the term b1z
�1 does not occur as

the derivative of a rational function. Integrating

�2kþ 1 times, we get

qðzÞ ¼ b00ð2k�1z�1 þ z�2kþ1Þ þ pkðzÞ;

where b00 is a complex number and pkðzÞ is a

polynomial of degree � �2k.

3. Proofs of Proposition 1.3, Theorem 1.4

and Theorem 1.5.

Proof of Proposition 1.3. Suppose that F is

an entire modular integral of weight 2k having the

Fourier expansion

F ðzÞ ¼
X1
n¼0

ane
2�inz; y ¼ Im z > 0:

Since an ¼ Oðn�Þ, for sufficiently large � ¼
ReðsÞ,

P1
n¼1 ane

�2�nyys�1 converges uniformly on

y > 0 and
P1

n¼1

R b
0 ane

�2�nyys�1dy converges uni-

formly on b > 0. Hence, we can integrate term by

term to have

�F ðsÞ ¼
Z 1

0

X1
n¼1

ane
�2�nyys�1dy

¼
X1
n¼1

an

Z 1
0

e�2�nyys�1dy

¼ ð2�Þ�s�ðsÞ
X1
n¼1

ann
�s ¼ �ðsÞ:

�

Proof of Theorem 1.4. For large � ¼ ReðsÞ,
we may then write

�ðsÞ ¼
Z 1

1ffiffi
2
p
ðF ðyiÞ � a0Þys�1dy

þ
Z 1ffiffi

2
p

0

ðF ðiyÞ � a0Þys�1dy:

Since ð
ffiffiffi
2
p

zÞ�2kF ð� 1
2zÞ ¼ F ðzÞ þ qðzÞ, we observe

thatZ 1ffiffi
2
p

0

ðF ðyiÞ � a0Þys�1dy

¼ 2�s
Z 1

1ffiffi
2
p

F �
1

2�i

� �
� a0

� �
��s�1d�

¼ 2�s
Z 1

1ffiffi
2
p
ðð

ffiffiffi
2
p

yiÞ2kðF ðyiÞ þ qðyiÞÞ � a0Þy�s�1dy

¼ ð�1Þk2k�s
Z 1

1ffiffi
2
p
ðF ðyiÞ � a0Þy2k�s�1dy

þ
ð�1Þk2�

s
2a0

s� 2k
�

2�
s
2a0

s

þ ð�1Þk2k�s
Z 1

1ffiffi
2
p

qðyiÞy2k�s�1dy:

Hence we get

�ðsÞ ¼ D1ðsÞ þ ð�1Þk2k�sD2ðsÞ

þ 2�
s
2a0

ð�1Þk

s� 2k
� 1

s

 !
þ ð�1Þk2k�sEðsÞ;

where

D1ðsÞ ¼
Z 1

1ffiffi
2
p
ðF ðyiÞ � a0Þys�1dy;

D2ðsÞ ¼
Z 1

1ffiffi
2
p
ðF ðyiÞ � a0Þy2k�s�1dy;

EðsÞ ¼
Z 1

1ffiffi
2
p

qðyiÞy2k�s�1dy:
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Since F ðzÞ � a0 vanishes exponentially as z! i1,

D1ðsÞ and D2ðsÞ are entire functions of s. We note

that D1ð2k� sÞ ¼ D2ðsÞ and D2ð2k� sÞ ¼ D1ðsÞ.
We now investigate the function EðsÞ. Note that

qðzÞ has the form qðzÞ ¼
PN

n¼�L �nz
n, and it follows

that

EðsÞ ¼
Z 1

1ffiffi
2
p

XN
n¼�L

�nðiyÞny2k�s�1dy

¼
XN
n¼�L

�ni
n 2

s�2k�n
2

s� 2k� n
so long as ReðsÞ > 2kþN:

We now consider EðsÞ for the three cases k > 1;
k ¼ 1, and k � 0.

(I) Let k > 1. Then qðzÞ ¼ b0ð1� ð
ffiffiffi
2
p

zÞ�2kÞ, and

hence

EðsÞ ¼ b02�kþ
s
2

1

s� 2k
� ð�1Þk

s

 !
:

Thus,

�ðsÞ ¼ D1ðsÞ þ ð�1Þk2k�sD2ðsÞ

þ 2�
s
2ða0 þ b0Þ

ð�1Þk

s� 2k
� 1

s

 !

and �ðsÞ has been extended analytically to the

entire s-plane, with possible simple poles at s ¼
0; 2k. Moreover, �ð2k� sÞ ¼ ð�1Þk2s�k�ðsÞ.
(II) Suppose k ¼ 1. Then qðzÞ ¼ b0ð1� ð

ffiffiffi
2
p

zÞ�2Þ þ
b1z
�1, and hence

EðsÞ ¼ b02�1þs2
1

s� 2
þ 1

s

� �
� b1i2

s�1
2

s� 1
:

Thus,

�ðsÞ ¼ D1ðsÞ � 21�sD2ðsÞ

� 2�
s
2ða0 þ b0Þ

1

s� 2
þ 1

s

� �
þ i2

1�s
2 b1

s� 1

and �ðsÞ has been extended analytically to the

entire s-plane, with possible simple poles at s ¼ 0, 1

and 2. Furthermore, �ð2� sÞ ¼ �2s�1�ðsÞ.
(III) Let k � 0. Then qðzÞ ¼ b0ð2k�1z�1 þ z�2kþ1Þ þP�2k

n¼0 cnz
n with cn 2 C. Thus,

EðsÞ ¼ �
i2

s�1
2 b0

s� 2kþ 1
þ
ið�1Þk2

s�1
2 b0

s� 1

þ
X�2k

n¼0

in2
s�n�2k

2 cn

s� 2k� n
:

Hence we have

�ðsÞ ¼ D1ðsÞ þ ð�1Þk2k�sD2ðsÞ

þ 2�
s
2a0

ð�1Þk

s� 2k
� 1

s

 !

þ 2k�
sþ1

2 ib0
ð�1Þkþ1

s� 2kþ 1
þ 1

s� 1

 !

þ ð�1Þk
X�2k

n¼0

in2
�s�n

2 cn

s� 2k� n
and �F ðsÞ has an analytic continuation to the entire

s-plane, except for possible simple poles at s ¼
2k� 1; 2k; . . . ; 0; 1. Note that the functional equa-

tion (5) implies that

c�n�2k ¼ ð�1Þnþ12�k�ncn ð0 � n � �2kÞ:ð18Þ

Furthermore, it follows from (18) that �ð2k� sÞ ¼
ð�1Þk2s�k�ðsÞ.

Since F ðzÞ ¼
P1

n¼0 ane
2�inz ðy ¼ Im z > 0Þ

with an ¼ OðnvÞ, the functions D1ðsÞ and D2ðsÞ
are bounded in every truncated strip of the form

�1 � ReðsÞ � �2, jImðsÞj � t0 > 0. Also, we note

that rational functions 1=s, 1=ðs� 2kÞ, and EðsÞ
are also bounded in the truncated strip. Thus, �ðsÞ
is bounded in every truncated strip of the form

above. �

Proof of Theorem 1.5. Note that it follows

from an ¼ OðnvÞ that the function

F ðzÞ ¼ a0 þ
X1
n¼1

ane
2�inz

is holomorphic in H. Since an ¼ Oðn�Þ,
P1

n¼1 ann
�s

converges in some right half-plane. It follows from

the convergence of
P1

n¼1 ann
�s and �ð2k� sÞ ¼

ð�1Þk2s�k�ðsÞ that �ðsÞ has at most finitely many

simple poles at rational integer points. From the

integral formula

e�y ¼
1

2�i

Z dþi1

d�i1
�ðsÞy�sds

for any y, d > 0 and absolute convergence of the

Dirichlet series
P1

n¼1 ann
�s for � ¼ ReðsÞ sufficient-

ly large, we see that F ðiyÞ � a0 is the inverse Mellin

transform of �ðsÞ. Indeed,

F ðiyÞ � a0 ¼
X1
n¼1

an

2�i

Z dþi1

d�i1
�ðsÞð2�nyÞ�sdsð19Þ
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¼
1

2�i

Z dþi1

d�i1
ð2�Þ�s�ðsÞ

X1
n¼1

an

ns
y�sds

¼ 1

2�i

Z dþi1

d�i1
�ðsÞy�sds

for any large positive d. We can choose d > 2jkj
sufficiently large so that all of the poles of �ðsÞ lie

between �d and d. Then the integralsZ �dþiT
dþiT

�ðsÞy�sds and

Z d�iT

�d�iT
�ðsÞy�sds

have limit 0 as T !1 (see [6, p. 1868]). We now

integrate around a rectangle with vertices �d� iT .

By applying the residue theorem, we obtain

F ðiyÞ � a0ð20Þ

¼
1

2�i

Z �dþi1
�d�i1

�ðsÞy�sdsþ
X½d�
n¼�½d�

�ny
�n

where �n is the residue of �ðsÞ at s ¼ n. Applying

the functional equation �ð2k� sÞ ¼ ð�1Þk2s�k�ðsÞ,
we get

1

2�i

Z �dþi1
�d�i1

�ðsÞy�sds

¼
ð�1Þk2k

2�i

Z �dþi1
�d�i1

�ð2k� sÞð2yÞ�sds

¼ ði
ffiffiffi
2
p

yÞ�2k 1

2�i

Z 2kþdþi1

2kþd�i1
�ðuÞ

1

2y

� ��u
du

¼ ð
ffiffiffi
2
p

iyÞ�2k F
i

2y

� �
� a0

� �
:

From (20) we have

F ðzÞ � a0 ¼ ð
ffiffiffi
2
p

zÞ�2kF �
1

2z

� �
ð21Þ

� a0ð
ffiffiffi
2
p

zÞ�2k þ
X½d�
n¼�½d�

�ni
nz�n

holds for z ¼ iy; y > 0. By the identity theorem,

(21) holds for all z 2 H. Therefore, F ðzÞ is an entire

modular integral of weight 2k with rational period

function for �þ0 ð2Þ with poles only at 0 and 1. �
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