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1. Introduction. This paper is the continu-
ation of [Th21], where we give some applications
of the results obtained there, to which we refer as
the Part (I). We first recall briefly some notation
and convention used in Part (I) and in the present
paper.

Let k be a field, ks a separable closure of k in an
algebraic closure �k of k, and let � :¼ Galðks=kÞ be
the absolute Galois group of k. Denote by V the
set of all places of k and let kv be the completion of
k at v 2 V .

Let X be a smooth, geometrically integral
k-variety and assume that XðkÞ 6¼ ;. We say that X
has the weak approximation property with respect to
a finite subset S � V if XðkÞ is dense in the product
XS :¼

Q
v2S XðkvÞ via the diagonal embedding and

that X has the weak approximation property over k
if the above holds for any finite set S � V . Denote
XðkÞS (resp. XðkÞ) the closure of XðkÞ being taken
in the product XS :¼

Q
v2S XðkvÞ (resp. in the

product XV :¼
Q

v XðkvÞ).
If X is a smooth variety over k, let BrðXÞ :¼

H2
etðX;GmÞ denote the cohomological Brauer group

of X. For a field extension K=k we denote X �k K
the base change of X from k to K; if K ¼ ks (resp.
K ¼ kv), we denote Xs ¼ X �k ks (resp. Xv ¼
X �k kv) for short. Then we have natural homo-
morphisms BrðkÞ ! BrðXÞ ! BrðXsÞ, where the
image of the former lies in the kernel of the latter.
Following [CTS87], [Sk], [Sa], we set Br1ðXÞ :¼
Ker ðBrðXÞ ! BrðXsÞÞ, Br0ðXÞ :¼ Im ðBrðkÞ !
BrðXÞÞ, BraðXÞ :¼ Br1ðXÞ= Br0ðXÞ, (the ‘‘arithmet-

ic’’ Brauer group of X), B!ðXÞ :¼ fx 2 BraðXÞ j
xv ¼ 0 for almost all v 2 V g, and finally BðXÞ :¼
fx 2 BraðXÞ j xv ¼ 0 for all v 2 V g, where for

x 2 BraðXÞ, we denote by xv the image of x in

BraðXvÞ. For a subset of places S � V , we de-

note BSðXÞ :¼ Ker ðBraðXÞ !
Q

v=2S BraðXvÞÞ, then

B!ðXÞ :¼ lim�! S
BSðXÞ ¼

S
S BSðXÞ, and notice that

BðXÞ ¼ B;ðXÞ. Denote by Y D ¼ HomðY ;Q=ZÞ the
Pontrjagin dual of an abelian torsion group Y .

Now let X be a smooth, geometrically integral
variety defined over a global field k and assume thatQ

v2V XðkvÞ 6¼ ;.
Consider the following natural (Brauer–Manin)

pairings
Q

v XðkvÞ �B!ðXÞ ! Q=Z, andQ
v2S XðkvÞ �BSðXÞ ! Q=Z, ððxvÞ; bÞ 7! hðxvÞ; bi :¼P
v invvðbvðxvÞÞ (cf. [Sa, Lem. 6.2]), and invv denotes

the local Hasse invariant of the local field kv.
Assume that XðkÞ 6¼ ;. Then for two elements

x; y 2 XðkÞ, we say that x; y are Brauer (Br-)equiva-
lent in XðkÞ (and denote it simply by x �Br y, if X; k
are clearly indicated), if via the natural pairing
XðkÞ � BrðXÞ ! BrðkÞ, ðx; bÞ 7! bðxÞ, where bðxÞ
denotes the evaluation of b at x, we have bðxÞ ¼
bðyÞ for all elements b 2 BrðXÞ. (If we consider the
group Br1ðXÞ instead of BrðXÞ, then we get
Br1-equivalence relation.)

Further, for a set T of places of k, we define
Brauer equivalence relation on the productQ

v2T XðkvÞ just as the product of the Brauer
equivalence relation, i.e., if ðxvÞ; ðyvÞ 2

Q
v XðkvÞ,

then ðxvÞ �Br ðyvÞ if and only if xv �Br yv (with
respect to BrðXvÞ) for all v 2 T . Thus the quotient
set

Q
v2T XðkvÞ=Br is by definition, the productQ

v2T ðXðkvÞ=BrÞ.
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Two k-points x; y are R-equivalent if there is a
chain of k-points x ¼ x1; x2; . . . ; xn ¼ y in XðkÞ and
a chain of k-rational maps fi : P1 ! X, ði ¼ 1; . . . ;
n� 1Þ such that f1ð0Þ ¼ x1; f1ð1Þ ¼ x2; . . . ;
fn�1ð0Þ ¼ xn�1; fn�1ð1Þ ¼ xn. In general, the
R-equivalence relation is finer than the Brauer
equivalence relations (cf. [CTS77]).

If G is a connected reductive group defined
over a field k and 1! F ! G1 ! G! 1 is a flasque
resolution of G (cf. [CT08, Sec. 2]), then there is an
exact sequence of abelian groups

PicðGÞ ! PicðG1Þ ! PicðF Þ !� Br1ðGÞ ! Br1ðG1Þ;
and the equivalence relation on the group GðkÞ
which is coming from the pairing (induced from

that of GðkÞ � BrðGÞ ! BrðkÞ)
GðkÞ � �ðPicðF ÞÞ ! BrðkÞ

is called weak Brauer equivalence (denoted by

Brf -equivalence for short) (cf. [Th20, Sec. 3.1.3]).

Let denote BfGðkÞ :¼ fx 2 GðkÞ j x �Brf 1g,
BGðkÞ :¼ fx 2 GðkÞ j x �Br 1g, RGðkÞ :¼ fx 2
GðkÞ j x �R 1g. These are subgroups of GðkÞ (cf.

[Th20, Sec. 3]).
Further, for a linear algebraic k-group G let

denote by Hiðk;GÞ :¼ Hið�; GðksÞÞ the Galois coho-
mology in degree i of G. Then we denote XiðGÞ :¼
Ker ðHiðk;GÞ !

Q
v2V Hiðkv;GÞÞ; i � 0, the Tate–

Shafarevich kernel in degree i of G. One denotes by

AðGÞ :¼
Y

v2V
GðkvÞ=GðkÞ; AðS;GÞ :¼

Y

v2S
GðkvÞ=GðkÞ

S
;

the obstruction (or defect) to the weak approxima-

tion property of G over k and obstruction to weak

approximation of G at S, respectively. It is well-

known that if G is a connected reductive group

defined over a global field k, then we have the

following exact sequence of groups

1! GðkÞS ! GS ! AðS;GÞ ! 1;ð1:1Þ
1! GðkÞ ! GV ! AðGÞ ! 1;ð1:2Þ

where AðS;GÞ, AðGÞ are finite abelian groups (cf.

[Sa, Thm. 3.3] for number fields and [Th13, Thm.

2.3] for global function fields).
In [CTS77, Prop. 19] it has been shown that if

T is a torus over a number field k, S the
corresponding Néron-Severi torus, then there is an
exact sequence of finite abelian groups

1!X1ðSÞ ! T ðkÞ=R!
Y

v

T ðkvÞ=R! AðT Þ ! 1:

(CTS)

This sequence inspires another ones in this direction

as follows:
In [Th97, Thm. 2.7, 2.8], it was shown that, if

G is a connected reductive group defined over a
global field k, S a finite set of places, then there
are the following exact sequences of finite abelian
groups

GðkÞ=R!
Y

v2S
GðkvÞ=R! AðS;GÞ ! 1;

GðkÞ=R!
Y

v

GðkvÞ=R! AðGÞ ! 1:

Then [CTGP, Thm. 4.13] extends this to the case of

fields of type ðllÞ and ðglÞ (we refer the interested

readers to [CTGP] for the definition of fileds of type

ðllÞ and ðglÞ). In [Th00, Prop. 2.4, Thm. 3.4] and

[Th20, Th. 5.3, 5.10] we extend these sequences to

the case of groups of Brauer equivalence classes, to

get the following exact sequences of finite abelian

groups

GðkÞ=Br !
Y

v2S
GðkvÞ=Br ! AðS;GÞ ! 1;

1! GðkÞ=Br !
Y

v

GðkvÞ=Br! AðGÞ ! 1;

where the same exact sequence also holds with

respect to other Brauer equivalence relations: Br1

or Brf . Recall that by [Th21, Thm. 2.1], we also

have canonical isomorphisms

AðS;GÞ ’ ðBSðGÞ=BðGÞÞD;
AðGÞ ’ ðB!ðGÞ=BðGÞÞD;

so above exact sequences can be written as

1! GðkÞS ! GS ! ðBSðGÞ=BðGÞÞD ! 1;(1.1a)

1! GðkÞ ! GV ! ðB!ðGÞ=BðGÞÞD ! 1;(1.2a)

GðkÞ=Br !
Y

v2S
GðkvÞ=Br ! ðBSðGÞ=BðGÞÞD ! 1;

1! GðkÞ=Br !
Y

v

GðkvÞ=Br ! ðB!ðGÞ=BðGÞÞD ! 1:

and (almost) similarly for R-equivalence relations:

GðkÞ=R!
Y

v2S
GðkvÞ=R! ðBSðGÞ=BðGÞÞD ! 1;

GðkÞ=R!
Y

v

GðkvÞ=R! ðB!ðGÞ=BðGÞÞD ! 1:

If X is a homogeneous space then the exact
sequences (1.1a), (1.2a) have been extended to
homogeneous spaces under connected reductive
k-groups G with connected reductive k-stabilizers
H in [Bo99, Thms. 1.3, 1.11] (number field case)
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and [Th21, Thm. 4.1] (global function field case).
Namely, if we select the image of the trivial coset
½H� as the pointed element in XðkÞ (resp. in XS;XV ,
via the diagonal map), then we have the following
exact sequence of pointed sets

1! XðkÞS ! XS ! ðBSðXÞ=BðXÞÞD ! 1;ð1.10Þ
and one derives from this the following exact

sequence of pointed sets

1! XðkÞ ! XV ! ðB!ðXÞ=BðXÞÞD ! 1;ð1.20Þ
which generalize (1.1a) and (1.2a) to an important

class of homogeneous spaces. (Here and in the

sequel, for all considered exact pointed sets 1!
A!f B! C, the exact on the left means the

injectivity of f.) So X has weak approximation in

S (resp. over k) if and only if the dual group

ðBSðXÞ=BðXÞÞD (resp. (B!ðXÞ=BðXÞÞD) is trivial.

In other words, the abelian group ðBSðXÞ=BðXÞÞD
(resp. ðB!ðXÞ=BðXÞÞD) is an obstruction to the

weak approximation in S (resp. over k) for X.
The aim of this note is to show that if X is a

homogeneous space under a connected reductive
k-group G with stabilizer a connected reductive
k-subgroup H of G, then some of the above exact
sequences also hold for Br, Br1, Brf and R-equiv-
alence relations. Namely we have the following
generalization of the above sequences to the case of
homogeneous spaces.

2. Theorem. Let k be a global field, X a
homogeneous space under a connected reductive
k-group G with stabilizer a connected reductive
k-subgroup H of G. Then we have the following exact
sequences of pointed sets, which connect the various
(local and global) sets of Brauer (Br, Br1, or Brf),
R-equivalence classes, the arithmetic Brauer groups
and obstruction to weak approximation with each
other :

XðkÞ=B!
Y

v2S
XðkvÞ=B! ðBSðXÞ=BðXÞÞD ! 1;ð2:1Þ

1!XðkÞ=B!jB
Y

v

XðkvÞ=B! ðB!ðXÞ=BðXÞÞD! 1

where B stands for Br, Br1 or Brf -equivalence

relation;

XðkÞ=R!
Y

v2S
XðkvÞ=R! ðBSðXÞ=BðXÞÞD ! 1;ð2:2Þ

XðkÞ=R!jR
Y

v

XðkvÞ=R! ðB!ðXÞ=BðXÞÞD ! 1:

(Here, for any field extension L=k, the set XðLÞ is a

pointed set, with distinguished element e :¼ ½H�

given by the coset H and the set XðLÞ=Br (resp.

XðLÞ=R) is pointed with the equivalence class of e.)
Before proving the theorem, we need the

following lemmas. Recall that a connected reduc-
tive group G defined over a field k is called quasi-
trivial ([CT08, Sec. 2]) if the semisimple part Gss of
G is simply connected and Gtor :¼ G=Gss is an
induced k-torus.

3. Lemma. (1) (cf. [Th20, Corol. 4.4]). If k
is a local field, G is a quasi-trivial reductive k-group,
then we have GðkÞ=R ¼ f1g; GðkÞ=Br ¼ f1g,
GðkÞ=Br1 ¼ f1g; GðkÞ=Brf ¼ f1g.
(2) (cf. [Bo99, Thms. 1.3, 1.11] (number field case)
and [Th21, Thm. 4.1] (function field case)). If k is a
global field, with notation as in Theorem 2, there are
the following exact sequences of pointed sets

1! XðkÞS !fS XS !
�S ðBSðXÞ=BðXÞÞD ! 1;

1! XðkÞ !f XV !
� ðB!ðXÞ=BðXÞÞD ! 1:

�

The following lemma complements [Th97, Lem.
2.5] (cf. [Ko, Corol. 1.5, Corol. 1.7] for smooth
proper varieties over local fields).

4. Lemma. With notation as in Theorem 2,
let v be a place of k. Then
(1) Each Brauer (Br, Br1 and Brf) and R-equiv-
alence class in GðkvÞ is open and closed in GðkvÞ.
(2) Each Brauer-equivalence class in XðkvÞ is a
union of finitely many RGðkvÞ-orbits, so each
Brauer and R-equivalence class in XðkvÞ is open
and closed in XðkvÞ.
(3) The set of Brauer (resp. R)-equivalence classes
XðkvÞ=B, where B stands for Br, Br1 or Brf -equiv-
alence relation, (resp. XðkvÞ=R) is finite.

Proof. (1) If kv ’ C then it is trivial that
RGðkvÞ ¼ GðkvÞ. If kv ’ R, let x 2 GðRÞ, x ¼ xsxu
be the Jordan decomposition of x, xs; xu 2 GðRÞ.
Since the unipotent R-groups are R-rational, we
have xu 2 RGðRÞ. There is an R-subtorus T of G
such that xs 2 T ðRÞ and by [CTS77, Corol. 3,
p. 200], T ðRÞ=R ¼ 1. Thus xs 2 RGðRÞ. Hence
RGðRÞ ¼ GðRÞ, thus BGðRÞ ¼ GðRÞ and the as-
sertion holds for archimedean v. Next we assume
that v is non-archimedean. We know that the weak
Brauer, Brauer and R-equivalence relations on the
kv-points GðkvÞ of any connected reductive k-group
G coincide (cf. [Th20, Lem. 4.9]), so it suffices to
show the assertion for the weak Brauer equivalence
relation. Also, it suffices to show that the subgroup
BfGðkvÞ :¼ fx 2 GðkvÞ j x �Brf 1g is an open (and
thus also closed) subgroup of GðkvÞ. We know that
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BfGðkvÞ ¼ fvðG1ðkvÞÞ (cf. [Th20, Lem. 4.9]) where

1! F ! G1 !
f
G! 1 is a flasque resolution of G

(cf. [CT08, Sec. 2]). Since F , being a kv-torus, is
smooth, so f is a separable morphism, which defines
an open map fv : G1ðkvÞ ! GðkvÞ with respect to
v-adic topologies on G1ðkvÞ and GðkvÞ. In particular,
BfGðkvÞ is an open subgroup in GðkvÞ as asserted.
Hence each Brauer and R-equivalence class in GðkvÞ
is open and closed in GðkvÞ.

(2) We have the following exact sequence

GðkvÞ !
�v
XðkvÞ !

�v
H1ðkv;HÞ ! H1ðkv;GÞ:

It is well-known that for any connected reductive

group K defined over a local field kv, the cohomol-

ogy set H1ðkv;KÞ is finite (see [Se, Chap. III, Sec. 4],

cf. also [Th19, Thm. 2.7]).
For every element y 2 XðkvÞ, let ½y�Br be the

Brauer equivalence class of y in XðkvÞ. From what
we have said, the image �vð½y�BrÞ in H1ðkv;HÞ is
finite, say

�vð½y�BrÞ ¼ fh1; . . . ; hrg; hi 6¼ hj; i 6¼ j:
Let xi 2 ½y�Br such that �vðxiÞ ¼ hi. If x 2 ½y�Br such

that �vðxÞ ¼ �vðxiÞ, then we have x ¼ gixi, for some

gi 2 GðkvÞ, i.e.,

½y�Br ¼
[

i

ð½y�Br

\
GðkvÞxiÞ:

Since GðkvÞ=Br ¼ GðkvÞ=R is finite (cf. [Th20, Lem.

4.9] and the finiteness of H1 for connected reductive

groups), let

GðkvÞ ¼
[

1�s�t
RGðkvÞzs; zs 2 GðkvÞ

be a disjoint union of cosets of RGðkvÞ, so

½y�Br ¼
[

i

[

s

ð½y�Br

\
RGðkvÞzsxiÞ:

Then we have either

½y�Br

\
RGðkvÞzsxi ¼ RGðkvÞzsxi

or

½y�Br

\
RGðkvÞzsxi ¼ ;;

according to whether zsxi �Br xi or not. Hence we

have

½y�Br ¼
[

i

[

s;zsxi�Brxi

RGðkvÞzsxi:

Then by changing the notation appropriately, we

have the following disjoint union

½y�Br ¼ RGðkvÞ:y1

[
	 	 	
[

RGðkvÞ:yt;
where yi �Br y; i ¼ 1; . . . ; t. Since RGðkvÞ is open in

GðkvÞ (cf. [Th97, Lem. 2.5]), and the map GðkvÞ !
XðkvÞ is open, it follows that the image of RGðkvÞ !
RGðkvÞ:xi is also open in XðkvÞ, hence ½y�Br is open

in XðkvÞ. Each RGðkvÞ-orbit in XðkvÞ is the comple-

ment to the disjoint union of other RGðkvÞ-orbits,

hence is also closed, and hence so is each Brauer

equivalence class ½y�Br .
Similarly, the same argument shows that each

R-equivalence class ½y�R is a disjoint union of
RGðkvÞ-orbits, thus is open and closed in XðkvÞ.

(3) Since there is a natural surjective map
XðkvÞ=R! XðkvÞ=Br , so it suffices to show that
XðkvÞ=R is finite. If 1! F ! G1 !

f
G! 1 is a

flasque resolution of G then we have the following
exact sequence

1! F ! H1 ! H ! 1;

where H1 :¼ f�1ðHÞ is a connected reductive

kv-subgroup of G1, and also that

X ¼ G=H ’ G1=H1:

Hence in the presentation of X as the quotient

G=H, we may assume from the very beginning that

G is quasi-trivial. In particular, we have GðkvÞ ¼
RGðkvÞ by Lemma 3 (1). Since H1

fppfðkv;HÞ is finite,

it follows from the exact sequence

GðkvÞ !
�
XðkvÞ ! H1

fppfðkv;HÞ;
that the set of GðkvÞ-orbits in XðkvÞ is finite. Thus

we have

XðkvÞ ¼
[

i2I
GðkvÞ 	 xi; xi 2 XðkvÞ;

where i runs over a finite set I of indices. Since all

elements from GðkvÞ are R-equivalent to the iden-

tity element (Lemma 3 (1)), one can check that all

the elements from GðkvÞ 	 xi are R-equivalent to xi.

In particular, the set XðkvÞ=R is finite as desired.

�

5. Lemma. We have the following commu-
tative diagrams with exact rows

1! XðkÞS !fS XS !�S ðBSðXÞ=BðXÞÞD ! 1

�S # # �S #¼

1! XðkÞS=T !
f 0
S

XS=T !
�0
S ðBSðXÞ=BðXÞÞD ! 1

1! XðkÞ !f XV !� ðB!ðXÞ=BðXÞÞD ! 1

� # � # #¼

1! XðkÞ=T !f
0

XV =T !�
0

ðB!ðXÞ=BðXÞÞD ! 1;

where T stands for either Br, Br1, Brf or R-

equivalence relation and the Brauer (resp. R-)equiv-
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alence relation on XðkÞS (resp. XðkÞ) is the one

induced by the relation on XS (resp. XV ) and

XðkÞS=T (resp. XðkÞ=T ) denotes the corresponding

set of T -equivalence classes.
Proof. We consider only the first diagram for

the Br-equivalence (the other cases are similar). It
is clear that f 0S is an injective map.

Next we define a map

�0S :
Y

v2S
XðkvÞ=Br! ðBSðXÞ=BðXÞÞD:

Recall that the map �S is defined as follows. From

the definition of BðXÞ it follows that the natural

Brauer-Manin pairing
Q

v2S XðkvÞ �BSðXÞ !
Q=Z, factors through the pairing

Q
v2S XðkvÞ �

ðBSðXÞ=BðXÞÞ ! Q=Z, which in turn gives the

map �S. Notice that if x ¼ ðxvÞv2S �Br y ¼ ðyvÞv2S,

then their images via �S are the same, thus �S
factors through

Q
v2S XðkvÞ=Br, and it defines a

map � 0S :
Q

v2S XðkvÞ=Br! ðBSðXÞ=BðXÞÞD. It fol-

lows that the diagram stated above is commutative,

where the first row is exact according to Lemma 3

(2).
It remains to show that the second row is exact.

It is clear that we have �0S 
 f 0Sð�xÞ ¼ 1 for any

�x 2 XðkÞS=Br . Conversely, if �0Sð�pÞ ¼ 1, �p 2Q
v2S XðkvÞ=Br , then take p 2

Q
v2S XðkvÞ with its

image equal to �p. We have 1 ¼ �0Sð�SðpÞÞ ¼ �SðpÞ,
so p ¼ fSðxÞ; x 2 XðkÞ

S
. Hence �p ¼ �SðpÞ ¼

�SðfSðxÞÞ ¼ f 0Sð�SðxÞÞ as required.
To treat the case of R-equivalence, one uses

the natural surjective maps XðLÞ=R! XðLÞ=Br
for any field extension L=k (cf. [CTS77, p. 213],
[Th20, 4.1(c), p. 1038]), and proceed as above.
Consider the following diagrams

XðkÞS !fS XS !�S ðBSðXÞ=BðXÞÞD

# �0S ð1Þ �0S # #¼

XðkÞS=R !
f 0
S

XS=R !
�0
S ðBSðXÞ=BðXÞÞD

# �00S ð2Þ �00S # #¼

XðkÞS=Br !
f 00
S

XS=Br !
�00
S ðBSðXÞ=BðXÞÞD;

where the lower diagram (2) is commutative, and

the following commutative diagram

XðkÞS !fS XS !�S ðBSðXÞ=BðXÞÞD

# �S �S # #¼

XðkÞS=Br !
f 00
S

XS=Br !
�00
S ðBSðXÞ=BðXÞÞD;

where we have �S ¼ �00S 
 �0S, �S ¼ �00S 
 �0S. Using

this, we infer that the upper diagram (1) is also

commutative. Further one proves the exactness of

the middle row in a similar way as above. �

6. Lemma. We have the following commu-
tative diagrams with exact rows

XðkÞ=T !jS XS=T !�S ðBSðXÞ=BðXÞÞD

�S # ¼# #¼

XðkÞS=T !
f 0
S

XS=T !
�0
S ðBSðXÞ=BðXÞÞD;

ð6:1Þ

XðkÞ=T !jT XV =T !�T ðB!ðXÞ=BðXÞÞD

�T # ¼# #¼

XðkÞ=T !
f 0T

XV =T !�T ðB!ðXÞ=BðXÞÞD;

ð6:2Þ

where T stands either for Br, Br1 or Brf or R-

equivalence relation.
Proof. We treat the diagram (6.1) for the

case Br only; the other cases are treated in a
similar way. Consider the following commutative
diagram

XðkÞ !iS XðkÞS

p # �p #
XðkÞ=Br !�S XðkÞS=Br :

Consider the quotient topology of the topology

of the product
Q

v2S XðkvÞ on the quotient set

XðkÞS=Br . Since iS has dense image, it implies that

�SðpðXðkÞÞÞ is also dense in XðkÞS=Br .
As we have seen by Lemma 4, each Br-equiv-

alence class in XðkvÞ is an open and closed subset,
so the natural topology on XðkvÞ=Br is the discrete
one, hence so is the topology on

Q
v2S XðkvÞ=Br , and

thus also the one on XðkÞS=Br . Therefore �S is

surjective. Since the second row of diagram (6.1) is

exact by Lemma 5, so from the surjectivity of �S
it follows that so is the first row.

By passing to the limit for the first exact
sequence of diagram (6.1), we get the following
exact sequence

XðkÞ=Br !jB
Y

v

XðkvÞ=Br !� ðB!ðXÞ=BðXÞÞD ! 1

and the lemma is proved. �

Proof of Theorem 2. By Lemma 5, it re-
mains to show that the second sequence appearing
in the diagram (2.1) is exact on the left, that is, the
maps jB are injective, for B ¼ Br or Br1. But it is
well-known (see [MaTs, Sec. 4.5]), that jB is injec-
tive due to the Hasse principle for the Brauer group
BrðkÞ, hence we have the following exact sequence
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1! XðkÞ=Br !jB
Y

v

XðkvÞ=Br

!�B ðB!ðXÞ=BðXÞÞD ! 1:

The proof of Theorem 2, is therefore complete. �

Remark. Notice that in the case of R-equiv-

alence, the last sequence may not be exact on the

left side, i.e., jR : XðkÞ=R!
Q

v XðkvÞ=R may not be

injective. In some special cases, we have a formula

to compute the kernel Ker ðjRÞ for tori, see the exact

sequence (CTS) ([CTS77, Prop. 19]), and for con-

nected reductive groups, see [Th20, Thm. 5.11,

Thm. 5.14]. It is still an open question to obtain

such a formula for homogeneous spaces. Based on

[Th20, Thm. 5.11, Thm. 5.14], one conjectures that

the following holds. Assume k is a global field, such

that for all simply connected semisimple k-group ~G,

we have ~GðkÞ=R ¼ 1. Then for any homogeneous

k-space X with a smooth k-compactification X , the

following sequence of pointed sets is exact

1!X1ðSX Þ ! XðkÞ=R!jR
Y

v

XðkvÞ=R!

! ðB!ðXÞ=BðXÞÞD ! 1;

where SX denotes the Néron-Severi k-torus of X .

According to Theorem 2, for this to hold, it is

sufficient to show that there is a bijection

Ker ðjRÞ ’X1ðSX Þ:
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