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Abstract: In 1963, Kumano-go presented one non-uniqueness example for the two-

dimensional wave equation with a time-dependent potential. We construct infinitely many non-

uniqueness examples with different wave numbers at infinity for Cauchy problems of the two-

dimensional wave equation and Schrödinger equation as a generalization of the construction by

Kumano-go.
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1. Introduction and main result. Let

Brð0Þ � R2 be an open ball centered at 0 with

radius r > 0. Henceforth, all functions which appear

in this paper take complex values. We consider the

wave equation and Schrödinger equation with time-

dependent potential V ,

Luþ V ðx; tÞu ¼ 0 in R3;ð1:1Þ

where L denotes L ¼ � :¼ @2
t �� or L ¼ �i@t ��.

We consider non-uniqueness examples for Cauchy

problems with Cauchy data on a non-characteristic

surface @B1ð0Þ �R. Due to the time dependence

on the potential V , we have few hopes to guarantee

uniqueness for Cauchy problems in general. Indeed,

we construct infinitely many examples with differ-

ent wave numbers at infinity which violate unique-

ness based on Kumano-go [5]. In regard to the

uniqueness theorems for the wave equation,

Schrödinger equation, and more general partial

differential equations with variable coefficients,

readers are referred to [7] and [6]. They proved

uniqueness results by assuming some analyticities

on coefficients partially. Readers are also referred

to [4, Chapter 2.5] and [2, Chapter 3]. Alinhac and

Baouendi [1] constructed non-uniqueness examples

for Cauchy problems of general partial differential

equations by using geometric optics. We state our

main result.

Theorem 1.1. Let L ¼ � or L ¼ �i@t ��.

There exist infinitely many smooth functions

u 2 C1ðR3Þ and V 2 C1ðR3Þ which satisfy (1.1)

and

suppu ¼ ðR2 nB1ð0ÞÞ �R;

suppV � ðB2ð0Þ nB1ð0ÞÞ �R:

Theorem 1.1 relates to the result by Kumano-

go [5]. He constructed one example for non-unique-

ness when L ¼ � in the two-dimensional case based

on John’s construction [3] using Bessel functions.

We construct infinitely many examples with differ-

ent wave numbers at infinity for both wave and

Schrödinger equations by generalizing the result

in [5]. We remark that, in our construction, the

potential V is not real-valued but complex-valued

function, whereas the coefficients are all real-valued

with a damping term in Kumano-go’s construc-

tion [5].

2. Proof of the main result.

2.1. Preliminary. We prepare several lem-

mas regarding an asymptotic behavior of Bessel

functions. Their proofs are all presented in sec-

tion 3.

Lemma 2.1. Let � 2 ð0; 1
2Þ, p 2 ð0; 2ð1�2�Þ

5 Þ,
� > 0, and J� be a Bessel function of order �. We

then have the asymptotic formula uniformly for

a 2 ð0; 1� ��p�,

J�ð�aÞ ¼ ð2�� tanh�Þ�
1
2e�ðtanh���Þð1þOð���ÞÞ

as �!1, where � > 0 is defined by cosh� ¼
a�1ð> 1Þ.

Let � 2 ð0; 1
2Þ and p 2 ð0; 2ð1�2�Þ

5 Þ be fixed. We
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consider the following assumptions on a positive

sequence f�mgm2N with �m > 0 for all m 2 N.

8m 2 N; m2 � �pm:ð2:1Þ
�mþ1 ¼ �mð1þ oð1ÞÞ as m!1:ð2:2Þ

We can choose infinitely many positive sequences

f�mgm2N satisfying (2.1) and (2.2), for instance,

�m ¼ anmn þ
Xn�1

j¼0

ajm
j;

where n � 2
p is a positive integer, and an � 1

and aj � 0 are constants for j ¼ 0; . . . ; n� 1.

Lemma 2.2. Let � 2 ð0; 1
2Þ and p 2 ð0; 2ð1�2�Þ

5 Þ
be constants and f�mgm2N be a positive sequence.

Set

GmðrÞ :¼ J�mð�mrÞ; r 2 ½0; 1�m�2�:

Assume (2.1). Then, for ‘ � 1 and r :¼ 1� ‘m�2, we

have the asymptotic formula,

GmðrÞ ¼ ð1þ oð1ÞÞ
ffiffiffiffiffi
m
p

ð2�2‘Þ
1
4
ffiffiffiffiffiffi
�m
p e�ð1þoð1ÞÞ

2
ffiffi
2
p

3 ‘
3
2�mm

�3

as m!1.

Lemma 2.3. Let � 2 ð0; 1
2Þ and p 2 ð0; 2ð1�2�Þ

5 Þ
be constants and let f�mgm2N be a positive sequence

satisfying (2.1). We set

FmðrÞ :¼ Gm

km

�m
r

� �
; m 2 N;

where fkmgm2N is a positive sequence satisfying

km

�m
¼ 1�

1

m
þOðm�3Þ as m!1;ð2:3Þ

and rmðsÞ :¼ 1þ 1
m � s

mðmþ1Þ for s 2 ½0; 1�. Then, Fm
satisfies

F 00mðrÞ þ
1

r
F 0mðrÞ þ k2

m �
�2
m

r2

� �
FmðrÞ ¼ 0ð2:4Þ

and for s 2 ½0; 1�,
FmðrmðsÞÞð2:5Þ

¼ ð1þ oð1ÞÞ
ffiffiffiffiffi
m
p

e�ð1þoð1ÞÞ
2
ffiffi
2
p

3 ð1þsÞ
3
2�mm

�3

ð2�2ð1þ sÞÞ
1
4
ffiffiffiffiffiffi
�m
p

as m!1. Furthermore, we define �mþ1 such that

�mþ1 :¼
Fmðrmþ1ð2�1ÞÞ
Fmþ1ðrmþ1ð2�1ÞÞ :

If we assume (2.2), then there exists M 2 N such

that

�mþ1 � e��mm
�3

holds for all m > M and there exist � > 0, C > 0,

and M 2 N such that

�mþ1Fmþ1ðrmþ1ðsÞÞ � Ce���mm
�3

Fmðrmþ1ðsÞÞ
if s 2 ½0; 1

4�;
Fmðrmþ1ðsÞÞ � Ce���mm

�3

�mþ1Fmþ1ðrmþ1ðsÞÞ
if s 2 ½3

4
; 1�

8>>>><
>>>>:

ð2:6Þ

holds for all m > M.

2.2. Proof of Theorem 1.1.

Proof. Let � 2 ð0; 1
2Þ and p 2 ð0; 2ð1�2�Þ

5 Þ be con-

stants. Let f�mgm2N be a positive sequence satisfy-

ing (2.1) and (2.2). We remark that (2.2) implies

�m � eoðmÞ as m!1:ð2:7Þ

Indeed, (2.2) implies there exists sufficiently large

m0 2 N such that for all m > m0,

log�m

m

����
���� � log�m0

m

����
����þ 1

m

Xm�1

j¼m0

jlogð1þ rðjÞÞj

holds, where rðjÞ satisfies limj!1 jrðjÞj ¼ 0. Hence,

(2.7) follows from the well-known argument. For

r > 1, we set

umðr; �; tÞ :¼
FmðrÞeið�m�þkmtÞ; L ¼ �,

FmðrÞeið�m��k
2
mtÞ; L ¼ �i@t ��,

(

where fkmgm2N is a positive sequence satisfying

(2.3) and ðr; �Þ is the polar coordinate in R2. By

(2.4), we obtain

Lum ¼ 0;

because the Laplace operator � is written by the

polar coordinate,

� ¼ @2
r þ r�1@r þ r�2@2

� :

We define closed intervals Im and Im;j � Im for m 2
N and j ¼ 1; 2; 3; 4 as

Im :¼ 1þ
1

mþ 1
; 1þ 1

m

� �
and

Im;j :¼ 1þ
1

m
�

j

4mðmþ 1Þ ; 1þ
1

m
�

j� 1

4mðmþ 1Þ

� �
:

For sufficiently large M 2 N and m > M, we define

smooth functions

AMðrÞ :¼
1; r � 1þ 1

Mþ2
þ 1

4ðMþ1ÞðMþ2Þ,

0; 0 � r � 1þ 1
Mþ2

,

(

and

AmðrÞ :¼
1; r 2 ðImþ1 n Imþ1;4Þ [ ðIm n Im;1Þ,
0; r 2 ½0; 1þ 1

mþ2� [ ð1þ
1
m
;1Þ.

(

We define u ¼ uðr; �; tÞ as
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uðr; �; tÞ :¼ AMðrÞuM

þ
X1

m¼Mþ1

�Mþ1 � � � � � �mAmðrÞum

and set

K :¼ ½0; 1� [ 1þ
1

M þ 1
;1

� �
[

[1
m¼Mþ1

ðIm;2 [ Im;3Þ

and

V ðr; �; tÞ :¼
0; r 2 K,

�
Lu

u
; r 2 ½0;1Þ nK.

8<
:

Using the chain rule, (2.5), and (2.7), we obtain

d‘

dr‘
FmðrÞ

����
���� ¼ m‘ðmþ 1Þ‘

d‘

ds‘
FmðrmðsÞÞ

����
����

� C‘
m‘ðmþ 1Þ‘�‘m

m3‘
ð1þ oð1ÞÞ

ffiffiffiffiffi
m
pffiffiffiffiffiffi
�m
p

� e�ð1þoð1ÞÞ
2
ffiffi
2
p

3 ð1þsÞ
3
2�mm

�3

� C‘eoðmÞFmðrmðsÞÞ
for r 2 Im, ‘ 2 Z�0. Indeed, by (2.7), it follows that

m‘ðmþ 1Þ‘�‘m
m3‘

� C‘eoðmÞ:

For r 2 Imþ1, using rmþ1ðsÞ ¼ rmð1þ sþOðm�1ÞÞ,
we also have

d‘

dr‘
FmðrÞ

����
���� ¼ ðmþ 1Þ‘ðmþ 2Þ‘

d‘

ds‘
Fmðrmþ1ðsÞÞ

����
����

¼ ðmþ 1Þ‘ðmþ 2Þ‘
d‘

ds‘
Fmðrmð1þ sþOðm�1ÞÞÞ

����
����

� C‘
ðmþ 1Þ‘ðmþ 2Þ‘�‘m

m3‘
ð1þ oð1ÞÞ

ffiffiffiffiffi
m
pffiffiffiffiffiffi
�m
p

� e�ð1þoð1ÞÞ
2
ffiffi
2
p

3 ð2þsþOðm
�1ÞÞ

3
2�mm

�3

� C‘eoðmÞFmðrmþ1ðsÞÞ:
Hence, it follows that for r 2 Im [ Imþ1 and ‘ 2 Z�0,

d‘

dr‘
FmðrÞ

����
���� � C‘eoðmÞFmðrÞ:ð2:8Þ

On Imþ1, using (2.8), (2.3), (2.7), and (2.1), we then

have

j@	uðr; �; tÞj :¼
X
j	j¼‘
ð@r@�@tÞ	uðr; �; tÞ

������
������ð2:9Þ

� C‘�Mþ1 � � � � � �m�2‘
me

oðmÞðFm þ �mþ1Fmþ1Þ
� C‘e��mm

�3

eoðmÞ

< C‘e
�m2ð1þoðm�1ÞÞ

� C‘e�
1
2m

2

� C‘e�
1
2ððr�1Þ�1�2Þ2 ���!r&1

0;

where we used the estimate obtained by (2.1),

�mm
�3 � m

2
p�3

> m2:ð2:10Þ
We thus proved u is smooth in R3.

On Imþ1;1, since

juj � �Mþ1 � � � � � �mðjumj � �mþ1jumþ1jÞð2:11Þ
¼ �Mþ1 � � � � � �mðFmðrmþ1ðsÞÞ
� �mþ1Fmþ1ðrmþ1ðsÞÞÞ
� �Mþ1 � � � � � �mð1� Ce���mm

�3Þ
� Fmðrmþ1ðsÞÞ
� �Mþ1 � � � � � �mð1� Ce��m

2Þ
� Fmðrmþ1ðsÞÞ > 0

for s 2 ½0; 1
4� by (2.6) and (2.10), juj > 0 on Imþ1;1.

Similarly, on Imþ1;4, since

juj � �Mþ1 � � � � � �mð�mþ1jumþ1j � jumjÞð2:12Þ
¼ �Mþ1 � � � � � �mð�mþ1Fmþ1ðrmþ1ðsÞÞ
� Fmðrmþ1ðsÞÞÞ
� �Mþ1 � � � � � �mþ1ð1� Ce���mm

�3Þ
� Fmþ1ðrmþ1ðsÞÞ
� �Mþ1 � � � � � �mþ1ð1� Ce��m

2Þ
� Fmþ1ðrmþ1ðsÞÞ > 0

for s 2 ½34 ; 1�, we have juj > 0 on Imþ1;4. By the

definition of u, since Lu ¼ 0 on Imþ1;2 [ Imþ1;3, V is

smooth when r 2 ð1;1Þ.
Finally, we prove V is smooth at r ¼ 1. On

Imþ1;1, since Lu ¼ L½�Mþ1 � � � � � �mþ1Amþ1umþ1�,
j@	Luj � C‘�Mþ1 � � � � � �mþ1�

2‘þ2
m eoðmÞð2:13Þ

� Fmþ1ðrÞ
holds for j	j ¼ ‘ 2 Z�0 by (2.8). We thus have

j@	V ðr; �; tÞj ¼ j@	ðu�1LuÞj

¼
X
j	1j�‘

	

	1

� �
@	ðu�1Þ@	�	1ðLuÞ

������
������

� C‘
�mþ1Fmþ1

Fm

� �
�2ð‘þ1Þ
m eoðmÞ 1þ

�mþ1Fmþ1

Fm

� �‘
� C‘e���mm

�3þoðmÞ

� C‘e�
�
2m

2

by (2.9), (2.11), (2.13), (2.6), (2.7), and (2.10) for

j	j ¼ ‘ 2 Z�0. Similarly on Imþ1;4, since Lu ¼
L½�Mþ1 � � � � � �mAmum�,
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j@	Luj � C‘�Mþ1 � � � � � �m�2‘þ2
m eoðmÞFmðrÞð2:14Þ

holds for j	j ¼ ‘ 2 Z�0 by (2.8). We thus have

j@	V ðr; �; tÞj ¼ j@	ðu�1LuÞj

¼
X
j	1j�‘

	

	1

� �
@	ðu�1Þ@	�	1ðLuÞ

������
������

� C‘
Fm

�mþ1Fmþ1

� �
�2ð‘þ1Þ
m eoðmÞ 1þ

Fm

�mþ1Fmþ1

� �‘
� C‘e���mm

�3þoðmÞ

� C‘e�
�
2m

2

by (2.9), (2.12), (2.14), (2.6), (2.7), and (2.10) for

j	j ¼ ‘ 2 Z�0.

Thus, for all j	j ¼ ‘ 2 Z�0 on Imþ1,

j@	V ðr; �; tÞj � C‘e�
�
2m

2 � C‘e�
�
2ððr�1Þ�1�2Þ2 ���!r&1

0

holds. �

3. Proofs of the lemmas.

Proof of Lemma 2.1. We remark that

1 � tanh� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2
p

� ��
p
2 ; a 2 ð0; 1� ��p�:ð3:1Þ

We use the Schläfli’s integral formula of a Bessel

function,

J�ð�aÞ ¼
1

2�

Z
�0

e�ð�ia sin zþizÞdz;

where �0 consists of three sides of rectangle with

vertexes at ��þ i1, ��, � and �þ i1 and is

oriented from ��þ i1 to �þ i1. We set

fðzÞ :¼ �ia sin zþ iz
¼ a cos x sinh y� yþ iðx� a sinx cosh yÞ;

where z ¼ xþ iy. By the Cauchy’s integral theo-

rem, we can deform �0 into a curve defined by � on

which x� a sin x cosh y ¼ 0. Hence, we obtain

J�ð�aÞ ¼
1

2�

Z �

��
e�gðxÞdx;

where g is defined by

gðxÞ :¼ a cosx sinh yðxÞ � yðxÞ
and y satisfies

cosh yðxÞ ¼
x

a sin x

, yðxÞ ¼ log
x

a sinx
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

a2 sin2 x
� 1

s0
@

1
A

for x 2 ð��; �Þ, where yð0Þ ¼ � is well-defined owing

to a < 1.

First, we evaluate g in an interval ½���q; ��q�,
where q satisfying

0 < q <
2� p

4
ð3:2Þ

is determined later. Since there exists a constant

C > 0 such that

jy0ðxÞj ¼
1

sinh y

d

dx

x

a sin x

� �����
���� � Cffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2

ða sin xÞ2 � 1
q jxj

a

�
Cjxjffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2
p � C��qþ

p
2

by (3.1), we have for x 2 ½���q; ��q�,
jyðxÞ � �j ¼ jyðxÞ � yð0Þj � C��qþ

p
2 jxj � C��2qþp2 :

Hence, the Taylor’s theorem yields

gðxÞð3:3Þ
¼ fðxþ iyðxÞÞ ¼ fðxþ iðy� �Þ þ i�Þ
¼ fði�Þ þ ðxþ iðy� �ÞÞf 0ði�Þ

þ
ðxþ iðy� �ÞÞ2

2
f 00ði�Þ

þ
ðxþ iðy� �ÞÞ3

2

Z 1

0

ð1� �Þ2

� f 000ði�þ �ðxþ iðy� �ÞÞÞd�

¼ tanh�� ��
tanh�

2
x2 þOð��1��Þ

since f 0ði�Þ ¼ 0, jf 000ði�þ �ðxþ iðy� �ÞÞÞj � C for

some C > 0, and

q :¼
1

3
1þ � þ

p

2

� �
:

We remark that (3.2) is equivalent to p < 2ð1�2�Þ
5 .

Consequently, we haveZ ��q

���q
e�gðxÞdx ¼ e�ðtanh���Þ

Z ��q

���q
e�

� tanh�
2 x2

dx � eOð���Þ

¼
e�ðtanh���Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� tanh�
p

Z 1
�1

e�

2

2 d
 � 2

Z 1
�

1�2q
2

ffiffiffiffiffiffiffi
tanh�
p e�


2

2 d


� �
� ð1þOð���ÞÞ

¼
ffiffiffiffiffiffi
2�
p

e�ðtanh���Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� tanh�
p ð1þOð���ÞÞ

since �
1�2q

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tanh�
p

� �
2�p

4 �q by (3.1) and

��
Z 1
�

2�p
4
�q
e�


2

2 d
 ¼ ��
ffiffiffiffi
�

2

r
e�

1
4�

2�p
2
�2q

���!�!1
0

by (3.2). Hence, we have

1

2�

Z ��q

���q
e�gðxÞdx ¼ e�ðtanh���Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2�� tanh�
p ð1þOð���ÞÞ:

Second, we evaluate g in ð��; �Þ n ½���q; ��q�.
Because 	g0ðxÞ � 0 when 0 � 
x < �, it follows

from (3.3) and (3.1),
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1

2�

Z ���q
��

þ
Z �

��q

� �
e�gðxÞdx ¼ Oð���Þ

e�ðtanh���Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2�� tanh�
p :

In fact, by our assumption (3.1) and (3.2),

��
1

2�

R���q
�� þ

R �
��q

� 	
e�gðxÞdx

e�ðtanh���Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2�� tanh�
p

������
������

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tanh�

2�

r
��þ

1
2 � 2ð�� ��qÞe�

1
2�

2�p
2
�2q

� eOð���Þ

�
ffiffiffiffiffiffi
2�
p

��þ
1
2e�

1
2�

2�p
2
�2q

� eOð���Þ ���!�!1
0

holds. We complete the proof. �

Proof of Lemma 2.2. In Lemma 2.1, taking

a ¼ r ¼ 1� ‘m�2 for ‘ � 1, which is done by our

assumption (2.1), yields

GmðrÞ ¼
hðrÞ�mffiffiffiffiffiffi

2�
p
ð1� r2Þ

1
4
ffiffiffiffiffiffi
�m
p ð1þ oð1ÞÞ as m!1;

where

hðrÞ :¼
re
ffiffiffiffiffiffiffiffi
1�r2
p

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2
p ;

since e�� ¼ r
1þ
ffiffiffiffiffiffiffiffi
1�r2
p for � > 0. Because simple cal-

culations yield

h0ðrÞ ¼
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2
p

r2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2
p

e
ffiffiffiffiffiffiffiffi
1�r2
p

¼ ð1þ oð1ÞÞ
ffiffiffi
2
p ffiffiffiffiffiffiffiffiffiffiffi

1� r
p

as r% 1;

we have

hðrÞ ¼ hð1Þ �
Z 1

r

h0ðsÞds

¼ 1� ð1þ oð1ÞÞ 2
ffiffiffi
2
p

3
ð1� rÞ

3
2

as r% 1. Hence, for ‘ � 1 and r ¼ 1� ‘m�2, we

obtain

GmðrÞ ¼ ð1þ oð1ÞÞ
ð1� ð1þ oð1ÞÞ 2

ffiffi
2
p

3 ‘
3
2m�3Þ�m

ð2�Þ
1
2
ffiffiffiffiffiffi
�m
p

1� ð1� ‘m�2Þ2
� 	1

4

¼ ð1þ oð1ÞÞ
ffiffiffiffiffi
m
p

ð2�2‘Þ
1
4
ffiffiffiffiffiffi
�m
p e�ð1þoð1ÞÞ

2
ffiffi
2
p

3 ‘
3
2�mm

�3

as m!1. The last equality comes from

ð1� ð1þ oð1ÞÞ 2
ffiffi
2
p

3
‘

3
2m�3Þ�m

ð2�Þ
1
2
ffiffiffiffiffiffi
�m
p

1� ð1� ‘m�2Þ2
� 	1

4

¼
ffiffiffiffiffi
m
p

ð2�2‘Þ
1
4
ffiffiffiffiffiffi
�m
p e�ð1þoð1ÞÞ

2
ffiffi
2
p

3 ‘
3
2�mm

�3

as m!1

since (2.1) implies

�mm
�3 � m

2
p�3

> m2 ���!m!1 1:
�

Proof of Lemma 2.3. (2.4) is obtained by the

definition. Since

km

�m
rmðsÞ ¼ 1�

1þ sþOðm�1Þ
m2

as m!1

by our assumption (2.3), we obtain

FmðrmðsÞÞ ¼ Gm

km

�m
rmðsÞ

� �

¼ Gm 1�
1þ sþOðm�1Þ

m2

� �

¼ ð1þ oð1ÞÞ
ffiffiffiffiffi
m
p

e�ð1þoð1ÞÞ
2
ffiffi
2
p

3 ð1þsþOðm
�1ÞÞ

3
2�mm

�3

ð2�2ð1þ sþOðm�1ÞÞÞ
1
4
ffiffiffiffiffiffi
�m
p

¼ ð1þ oð1ÞÞ
ffiffiffiffiffi
m
p

e�ð1þoð1ÞÞ
2
ffiffi
2
p

3 ð1þsÞ
3
2�mm

�3

ð2�2ð1þ sÞÞ
1
4
ffiffiffiffiffiffi
�m
p

as m!1. The last equality comes fromffiffiffiffiffi
m
p

e�ð1þoð1ÞÞ
2
ffiffi
2
p

3 ð1þsþOðm
�1ÞÞ

3
2�mm

�3

ð2�2ð1þ sþOðm�1ÞÞÞ
1
4
ffiffiffiffiffiffi
�m
p

¼
ffiffiffiffiffi
m
p

e�ð1þoð1ÞÞ
2
ffiffi
2
p

3 ð1þsÞ
3
2�mm

�3

ð2�2ð1þ sÞÞ
1
4
ffiffiffiffiffiffi
�m
p as m!1:

Furthermore, since rmþ1ðsÞ ¼ rmð1þ sþOðm�1ÞÞ
as m!1,

�mþ1 ¼
Fmðrmð32 þOðm�1ÞÞÞ
Fmþ1ðrmþ1ð2�1ÞÞ

¼ ð1þ oð1ÞÞ
3
2

5
2
þOðm�1Þ

 !1
4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�mþ1

�m

1

1þ 1
m

s

� e�ð1þoð1ÞÞ
2
ffiffi
2
p

3



ð52þOðm

�1ÞÞ
3
2�ð32Þ

3
2
�mþ1

�m
ð m
mþ1Þ

3
�
�mm

�3

� e�ð1þoð1ÞÞ
2
ffiffi
2
p

3 ð52þOðm
�1ÞÞ

3
2�ð32ð1þoð1ÞÞÞ

3
2


 �
�mm

�3

� e�ð1þoð1ÞÞ
ffiffi
2
p ffiffi

�
p

�mm
�3

;

where we use our assumption (2.2) and the mean

value theorem such that x
3
2 � y3

2 ¼ 3
2

ffiffiffi
�
p
ðx� yÞ for

0 � y � � � x, holds. Hence, we have, by the above

estimate,

�mþ1 � e�ð1þoð1ÞÞ
ffiffi
3
p

�mm
�3 � e��mm�3

for sufficiently large m 2 N.

Finally, we have by the definition of �mþ1,
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Fmðrmþ1ðsÞÞ
�mþ1Fmþ1ðrmþ1ðsÞÞ

¼
Fmðrmþ1ðsÞÞ
Fmðrmþ1ð2�1ÞÞ �

Fmþ1ðrmþ1ð2�1ÞÞ
Fmþ1ðrmþ1ðsÞÞ

¼
Fmðrmð1þ sþOðm�1ÞÞÞ
Fmðrmð32 þOðm�1ÞÞÞ

�
Fmþ1ðrmþ1ð2�1ÞÞ
Fmþ1ðrmþ1ðsÞÞ

as m!1. When 0 � s � 1
4, there exist constants

C > 0 and � satisfying 2þ sþOðm�1Þ � � � 5
2 þ

Oðm�1Þ such that

Fmðrmð1þ sþOðm�1ÞÞÞ
Fmðrmð32 þOðm�1ÞÞÞ

� Ceð1þoð1ÞÞ
ffiffi
2
p ffiffi

�
p
ð12�sÞ�mm

�3

� Ceð1þoð1ÞÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þOðm�1Þ
p

ð12�sÞ�mm
�3

:

Furthermore, there exists � satisfying 1þ s � � � 3
2

such that

Fmþ1ðrmþ1ð2�1ÞÞ
Fmþ1ðrmþ1ðsÞÞ

� Ce�ð1þoð1ÞÞ
ffiffi
2
p ffiffi

�
p
ð12�sÞ�mþ1ðmþ1Þ�3

� Ce�ð1þoð1ÞÞ
ffiffi
3
p
ð12�sÞ�mm

�3

by (2.2). There then exists � > 0 such that

Fmðrmþ1ðsÞÞ
�mþ1Fmþ1ðrmþ1ðsÞÞ

� Ceð1þoð1ÞÞð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þOðm�1Þ
p

�
ffiffi
3
p
Þð12�sÞ�mm

�3

� Ceð1þoð1ÞÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
4þOðm�1Þ
p

�
ffiffi
3
p

4 �mm
�3

� Ce��mm�3

for sufficiently large m 2 N. Moreover, when s 2
½34 ; 1�, there exist constants C > 0 and � satisfying
5
2 þOðm�1Þ � � � 2þ sþOðm�1Þ such that

Fmðrmð1þ sþOðm�1ÞÞÞ
Fmðrmð32 þOðm�1ÞÞÞ

� Ce�ð1þoð1ÞÞ
ffiffi
2
p ffiffi

�
p
ðs�1

2Þ�mm
�3

� Ce�ð1þoð1ÞÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5þOðm�1Þ
p

ðs�1
2Þ�mm

�3

:

Furthermore, there exists � satisfying 3
2 � � � 1þ s

such that

Fmþ1ðrmþ1ð2�1ÞÞ
Fmþ1ðrmþ1ðsÞÞ

� Ceð1þoð1ÞÞ
ffiffi
2
p ffiffi

�
p
ðs�1

2Þ�mþ1ðmþ1Þ�3

� Ceð1þoð1ÞÞ2ðs�
1
2Þ�mm

�3

by (2.2). There then exists � > 0 such that

Fmðrmþ1ðsÞÞ
�mþ1Fmþ1ðrmþ1ðsÞÞ

� Ce�ð1þoð1ÞÞð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5þOðm�1Þ
p

�2Þðs�1
2Þ�mm

�3

� Ce�ð1þoð1ÞÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
5þOðm�1Þ
p

�2

4 �mm
�3

� Ce���mm�3

for sufficiently large m 2 N. �
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