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Abstract:

It is known that a positive integer n is the area of a right triangle with rational

sides if and only if the elliptic curve E™ : 32 = (2> — n?) has a rational point of order different
than 2. A generalization of this result states that a positive integer n is the area of a triangle with
rational sides if and only if there is a nonzero rational number 7 such that the elliptic curve
E™ :y? = z(x — n7)(n+n77') has a rational point of order different than 2. Such n are called
T-congruent numbers. It is shown that for a given integer m > 1, each congruence class modulo m
contains infinitely many distinct 7-congruent numbers.
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1. Introduction. A positive integer n is
called a congruent number if it is equal to the area
of a right triangle with rational sides. Equivalently,

n is congruent if and only if the elliptic curve
E™ o = z(2? — n?)

has a rational point which is not of order 2. The idea
of a congruent number can be generalized by
requiring only that n be equal to the area of a
triangle with rational sides. Such triangles are
called Heron triangles. Goins and Maddox [5]
proved that a positive integer n is the area of a
Heron triangle if and only if for some nonzero
rational number 7 the elliptic curve

(1) EM y? = 2(z —n7)(z +nrt)

has a rational point which is not of order 2. In this
case we call n a 7-congruent number. If (z,y) is
such a point on E@ then transformations, in terms
of z, y and 7 which produce a rational triangle
with area n or indeed a rational right triangle in the
case of congruent numbers, are given by Goins and
Maddox in [5,p. 1516]. Chahal, [2,3] studied the
connection between elliptic curves and congruent
numbers, and employed an identity of Desboves to
show that there are infinitely many congruent
numbers in each residue class modulo 8. Bennett [1],
extended this result, by showing that for any
positive integer m, there exist infinitely many
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congruent numbers in each residue class modulo m.

The purpose of this paper is to prove an analog
of Bennett’s theorem for 7-congruent numbers. We
will make use of another identity of Desboves [4].
We state our result in the following theorem.

Theorem 1. Let T be a fixzed nonzero ration-
al number, m >1 a positive integer and a any
integer. Then there exist infinitely many 7-congru-
ent numbers n, inequivalent modulo squares of
rational numbers and satisfying n = a(modm).

To prove our theorem we introduce in Sec-
tion 1, an identity of Desboves that we shall use.
Additionally we give a preliminary description of
T-congruent numbers. Then we give the proof of our
theorem in Section 2.

2. An identity of Desboves. We begin
with a simple lemma describing a relation concern-
ing 7-congruent numbers.

Lemma 1. Let n,n’,e be positive integers
and suppose that n=n'e®. If n is a T-congruent
number then n’ is a T-congruent number.

Proof. If n is a 7-congruent number then there
is a rational point (xg, yo) which is not of order 2 on
EM . Tt follows that (xo/e?,y0/€*) is a rational point
which is not of order 2 on Eﬁ"’) proving that n’ is a
T-congruent number. ([

Desboves [4] obtained a solution in integers of
the following quadratic equation.

Proposition 1 (Desboves [4]).
be integers. If we set

(2) X = u? 4+ n?,

Let n,u,v,w
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Y = 2uv + wi?,

Z = u* + wuww — n*v?,
then
(3) X2 +wXY —n?Y? = 72

As an identity, equation (3) using the expres-
sions given in (2) remains valid if n,u,v,w are
rational numbers. We shall apply the previous
proposition with this fact in mind. Our next lemma
gives a general formula for a 7-congruent number.

Lemma 2. Let T be a fixed nonzero rational
number so that we may write T = ¢/d for relatively
prime integers ¢ and d with d > 0. Suppose that n, r
and s are integers with ged(r,s) =1 and n > 0 such
that

(4) n = cdrs(cr + ds)(dr — cs).

Thenn is a T-congruent number with at most finitely
many exceptions.

Proof. To construct a rational point on E$">
given by (1), consider the quadratic equation

(5) X2+ (n)7 —n7) XY —n?Y? = Z°.
We set
(6) X =u? 4+ n*?,
Y = 2uv + wo?,
Z = u® + wuw — n2v2,
where n, u and v are integers and w is the rational
number given by

(7) w=(n/T—nT),
bearing in mind the remark stated just before this

lemma. By Proposition 1, equation (5) holds with
these choices of X,Y, Z and w. If we substitute

u=n(r*—s*), v=2rs, T=c/d
and
(8) n = cdrs(cr + ds)(dr — cs)
in (6) and (7), then we obtain
(9) X = (cdrs)*(r® + s°)*(cr 4 ds)*(cs — dr)?,
Y = 4r%s%(er + ds)?(cs — dr)?,
Z = —cdr?s*(2drs + cr® — cs®)
(2crs — dr? + ds?) (cr + ds)*(cs — dr)*.

We now have a solution to the quartic equation
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(10) '+ (n)1 — nr)z?y? — nyt = 2,
given by
(11)  z = cdrs(r® 4 s°)(cr + ds)(cs — dr),

y = 2rs(er + ds)(es — dr),
2= —cdr®s*(2drs + cr® — ¢s?)
(2crs — dr® + ds?) (cr + sd)*(cs — dr)?.

Since we assumed that n > 0, equation (8) implies
that r, s, (cr + ds) and (cs — dr) are nonzero, hence
x#0 and y # 0. If 2+ 0, then our solution (11) of
equation (10) contributes a rational point P on E™

given by
p_ 22 xz
~\rw)

P does not have order 2 as xz # 0. If however z =0
then P would have order 2, and from equation (9)
for z, either
(12) 2drs + cr® — s> =0
or
2crs — dr® 4 ds® = 0.
Rearranging the equations in (12) yields
2rs c -3

c
13 —
(13) d s2—1? d

2rs

Since ged(c,d) = ged(r,s) =1 and ¢,d are con-
stants, there are finitely many pairs of integers
(r,s) satisfying (13) and for which P would have
order 2. The proof of this lemma is complete. (I

In the case where n is a congruent number, we
have ¢ = d = 1 in equation (4). If we further replace
s by 4s, set r=4s>+1 and scale the resulting
integer expression by 4(2s — 1)*(2s + 1)?, according
to Lemma 1, we obtain the congruent number

5(4s> + 1),

used by Chahal [2,3]. Now we give the proof of our
theorem.

3. Proof of Theorem.

Proof. We fix 7 = ¢/d where ¢, d are relatively
prime integers with d > 0. Define the set A by

A={AeN| A= —-a (modm)}.
We set
r=—1 and s= (cdm)’\,

noting that ged(r, s) = 1, as required by Lemma 2,
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and substitute these values of r and s into (4). We
obtain the integer n given in (14).

(14) 7= Ad'mAEdm? ) + 1) (ed®m? X — 1).

As m > 1, we have n > 0 for all A € A. Lemma 2
implies that n is a 7-congruent number with at most
finitely many exceptions. By Lemma 1, we may
scale 7 by (cd)'m?, obtaining the 7-congruent
number n given by

(15) n = Xcdm?\ + 1)(ed®m? X — 1).
From (15), we have
=—X=a (modm).

Finally, it is clear that infinitely many of these
integers n are inequivalent modulo squares of
rational numbers. Otherwise there would exist a
finite set of integers {d;} such that for each value of
A with n given by (15) we would have nd; equal to
the square of an integer for some ¢. Thus there
would exist infinitely many integral points lying on
at least one of the nonsingular cubic curves
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Y? = d\AEdm? N + 1) (ed®m? X — 1),

contradicting the theorem of Siegel [6]. O
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