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Abstract:

In [1], Wilson defined holomorphic 1-cochains and combinatrial period matrices

of triangulated Riemann surfaces by using the combinatorial Hodge star operator, introduced
in [2]. In this paper, we define a matrix and call this matrix the associate matrix. Then, we prove
that among the three matrices, which are a period matrix, a combinatorial period matrix which is
introduced by Wilson [2] and an associate matrix, there exists a matrix equation. Then we also
show that an associate matrix is an element of the Siegel upper half space, so this means that a
trianguted Riemann surface gives three elements of the Siegel upper half space.
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1. Introduction. In [2], Wilson defined the
combinatorial Hodge star operator to define holo-
morphic 1-cochains of a triangulated Riemann
surface whose simplicial 1-cochains are equipped
with a non-degenerate inner product. In [1], Wilson
studied the periods of holomorphic 1-cochains and
defined the combinatorial period matrix. Using a
particularly nice inner product which is called the
Whitney inner product and written by (-, )¢,
introduced in [8], Wilson proved that for a trian-
gulated Riemann surface, the combinatorial period
matrix converges to the (conformal) period matrix
as the mesh of the triangulation tends to zero.

In this paper, we will introduce a new matrix
and call this matrix the associate matrix. Then we
will show that among three matrices which are a
(conformal) period matrix, a combinatorial period
matrix and an associate matrix, there exists an
equation which is the main result. From this matrix
equation, we will show that an associate matrix is
an element of the Siegel upper half space as well as
a period matrix and a combinatorial period matrix.
Thus a triangulated Riemann surface gives three
elements of the Siegel upper half space.

In this paper, we define triangulated Riemann
surfaces as follow. Let M be a closed Riemann
surface of genus g, {a,b} :={a1,---,a4,b1,---,bs} a
homology basis which satisfies the single relation
arbra;tort - agbgaglbgl =1 and K a triangulation
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of M. Then, we define a triangulated Riemann
surface by a triple (M, {a,b}, K). By the Riemann’s
bi-linear relations of forms (see [3]), we obtain the
canonical basis {61, --,6,} for holomorphic 1-forms
which satisfies faj 0;=1and [ 0;=0 for j#k
The canonical basis {61, --,60,} of holomorphic
1-forms gives the (conformal) period matrix IT: IT =
(Tjk)1<jk<g> Where T, = [, 0.

In [1], Wilson defined combinatorial period
matrices by using the Whitney embedding W of
cochains into piecewise-linear differential forms,
introduced in [8]. By the Riemann’s bi-linear
relation of cochains, showed in [1], we obtain the
canonical basis {o1,---,0,} for holomorphic 1-co-
chains which satisfies [, Wo; =1 and [ Wo; =0
for j # k. The canonical basis {oy,---,0,} of holo-
morphic 1-cochains gives the combinatorial period
matrix g: g = (ﬂﬁg)lgﬁkgg, where 7TJKk = j;)k- Wao;.

Then, we will introduce the following matrix by
using the canonical basis {61,---,6,} for holomor-
phic 1-forms and the canonical basis {1, - - -, 0,4} for
holomorphic 1-cochains. We define a matrix Ag by

Ak = (<Waja*9k>9)1§j,kgg7

and call this matrix A the associate matrix.

We will prove the following result:

Theorem 4.2. Let (M,{a,b},K) be a trian-
gulated Riemann surface with the period matriz I,
the combinatorial period matrixz llg and the asso-
ciate matriz Ax. Then, the following matriz equa-
tion holds:
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=Tk — Ag.

2. Period matrices of closed Riemann
surfaces.
tion of period matrices of closed Riemann surfaces.

Let M be a closed Riemann surface. The Hodge
star operator x on the complex valued 1-forms of M
may be defined in local coordinates (U, z + iy) by
xdxr = dy and xdy = —dr and extended over C
linearly. This is well defined using the Cauchy-
Riemann equations for the coordinate interchanges.
The Hodge star operator restricts to an orthogonal
automorphism of complex valued 1-forms that
squares to —Id.

2.1. Holomorphic forms on closed Riemann
surfaces. Let /(M) denote the set of smooth
complex valued differential forms of degree j on M.
Then, we define an inner product on Q(M) =
Bjcfo,1,2} ¥ (M) as follows:

Definition 2.1. For w,n € Q(M), we define
an inner product (-, -)q on Q(M) by

o= [ onom
M

In this section, we review the construc-

Definition 2.2. The adjoint operator of an
exterior derivative d, denoted by d*, is defined by
(d*w,n)g = (w, dn)q.

These operators give rise to harmonic forms:

Definition 2.3. The space HQ/(M) of har-
monic j-forms on M is defined to be

HOY (M) = {w € Y(M)|dw = d'w = 0}.

The following theorem holds (see [6]):
Theorem 2.4 ([6]). There is an orthogonal
direct sum decomposition

QI(M) = d~H (M) @ HY (M) @ d" Q0 (M).

The harmonic 1-forms split into an orthogonal
sum of holomorophic and anti-holomorphic 1-forms
corresponding to the —i and +i eigenspaces of the
Hodge star operator.

Definition 2.5. The space of holomorphic
1-forms on M is defined to be

HOY (M) = {we HQU (M) xw = —iw},

and the space of anti-holomorphic 1-forms on M is
defined to be

HOY (M) = {w € HA (M) *w = +iw}.

Theorem 2.6 ([3]). The following hold:
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(1) There exists the following orthogonal decom-
osition:

HOQY (M) = HOYO (M) @ HQL (M),

(2) dimHQM(M) = dim HQ"Y (M) = g,
(3) Complex conjugation maps HQYO(M) to

HOQOY(M) and vise versa.

2.2. Period matrices. For a closed Riemann
surface M of genus g, we choose a point p € M and
denote by m;(M,p) the fundamental group formed
by the homotopy classes of closed curves from p.

The group can be generated by 2g generators
a1,b1,---,a4,b, which satisfy the single relation
arbra;tort - agbgag’lbg’1 = 1. Any such ordered sys-
tem of generators is called a canonical homology
basis.

Given M and {a,b} ={ai, -, a4 b1, -, by}
there exists a unique holomorphic 1-form 6; with
period 1 along aj and periods 0 along all a,,,m # k.
The period of §; along b; is denoted by ;. These
numbers are elements of the period matrix II
associated with M and {a, b}.

Definition 2.7. For w € HQ'(M), we define
the A-periods w(a;) and B-periods w(b;) by

o) = [ w. wlt) = [

where 1 < j<g.

Riemann showed that for any fixed canonical
homology basis these periods satisfy the so-called
Riemann’s bi-linear relations. See [3] for detail.

Lemma 2.8 ([3]). Forwi, wy € HQY(M), the
following holds:

g

(ron,wa)g = D (wi(agwa (b)) — wi(by)ws(ay))-

J=1

Theorem 2.9 ([3] [Riemann’s bi-linear rela-
tion of forms]). For wy,wy € HQM (M), the follow-
ing holds:

9
> (wiaj)wa(by) — wi(by)wa(a;)) = 0.
=1

The Riemann’s bi-linear relations yields the
following properties:

Corollary 2.10 ([3]). Let w be a holomor-

phic 1-form.

(1) If all the w(a;) or all the w(b;) vanish, then
w=0.

(2) If all the w(a;) and all the w(b;) are real, then
w=0.
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By Corollary 2.10 (1), a basis {61, --,6,} is
uniquely determined by a pair (M,{a,b}). We
call this basis the canonical basis for holomorphic
1-forms.

Definition 2.11. Let M be a closed
Riemann surface of genus g and {a,b} a canonical
homology basis. Let {6;,---,60,} be the canonical
basis for holomorphic 1-forms, so 0;(a;) = 6. We
define the period matrix Il = (7)<, to be the
(g X ¢g) matrix of B-periods:

Tk = 9k(b])

Note that period matrices lie in the Siegel
upper half space. See [3] for detail.

3. Combinatorial Hodge theory on trian-
gulated Riemann surfaces. Let K be a C*
triangulation of M whose ordering of the vertices
are fixed. Also, we assume that all simplices in K
have nice shape. This means that the shapes do not
too thin. Let CY(K) the set of the simplicial
cochains of degree j of K with values in C. We
denote the i-th vertex of K by p;. Since M is
compact, we can identify the cochains and chains of
K. For c € CV(K) write c=Y_ ¢, -7 where ¢, € C
and the sum is over all j-simplices 7 of K. We
write T = [pi,, iy, -, pi;] of K with the vertices in
an increasing sequence with respect to the ordering
of vertices in K. We assume our triangulation K
is a subdivision of the cellular decomposition given
by the canonical homology basis. Each element of
the canonical basis is represented as a sum of
1-simplices in K (see [1]).

Definition 3.1. Under the above settings,
we call a triple (M,{a,b},K) a triangulated
Riemann surface.

Definition 3.2. We define the mesh n of K
by

n(K) = supr(p,q),

where r means the geodesic distance in M and the
supremum is taken over all pairs of vertices p, g of a
1-simplex in K.

3.1. Whitney forms. Now we review some
definitions and results of Whitney forms. Given the
ordering of the vertices of K, we have a coboundary
operator 6 : C7 — CI+1,

Let p; define the barycentric coordinate corre-
sponding to the i-th vartex p; of K as follows:

Definition 3.3. The barycentric coordinates
;i corresponding to each p; are defined by the
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following properties: for each simplex 7 in K,
(1) Hi = T — [07 1]7

(2) >oimi(p) =1,

(3) p=2  ui(p)pi for p € 7.

We write ¢ =) ¢, -7 where ¢; € C and the
sum is over all j-simplices 7 of K. We now define the
Whitney embedding of cochains into piecewise-
linear differential forms.

Definition 3.4. For 7 as above, we define

J
Wr = ]' Z(_l)kﬂ“kdﬂ() Ao A d,uk,1
k=0

Adpgsy A--- A dp,.

W is defined on all of C7 by extending linearly.

Note that the coordinates p; are not even of
class C', but they are C* on the interior of any
n-simplex of K. Hence, dyuy, is defined and W is well
defined. By the same consideration, dW is also well
defined, where d denotes exterior derivative.

Several properties of the map W are given
below.

Proposition 3.5 ([5]).
(1) Wr =0 on M\St(r),
(2) dW =W,
where St denotes the open star and St(r) is the
closure of St(r).

Now we define a particularly nice inner product
on C(K) = @,;C/(K):

Definition 3.6. An inner product (-, ) on
C(K) is defined as follows:

(0, 7)o = (Wo,WT)q

The following hold:

for o,7 e C(K).

This inner product (-, ) is called the Whitney inner
product.

3.2. Holomorphic cochains. Now suppose
that C(K) are equipped with the Whitney inner
product. Then one can define further structures on
the cochains.

Definition 3.7. The adjoint of §, denoted by
6*, is defined by (6*0, 7)o = (0,67)¢.

These operators 6, ¢* give rise to harmonic
cochains:

Definition 3.8. Harmonic j-cochains of K
are defined to be

HC'(K) = {0 € C/(K)|bo = §"c = 0}.

The following theorem is due to Eckmann [7]:

Theorem 3.9 ([7]). For C(K) equipped with
the Whitney inner product, there is an orthogonal
direct sum decomposition
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C/(K) = 6CT 1K) ® HCY(K) @ §*C7(K).

Next, we recall the definition of the combina-
torial Hodge star operator %, defined by Wilson [2]:

Definition 3.10. For o€ CY(K), we define
*o € C?*7/(K) by

Wao AWt for 7 € C*(K).
M

<*07 T>C =

By %, a harmonic 1-cochains can be splited
into two part. The one is called the holomorphic
1-cochain and the another is called anti-holomor-
phic 1-cochains (see [1]).

Definition 3.11. The space of holomoro-
phic 1-cochains HC'?(K) is defined by the span
of the eigenvectors for non-positive imaginary
eigenvalues of % and the space of anti-holomorphic
1-cochains HC%!(K) is defined by the span of the
eigenvectors for non-negative imaginary eigenval-
ues of *.

The following theorem is due to [1]:

Theorem 3.12 ([1]). The following hold:

(1) There exists the following orthogonal decom-
position:

HC'(K) = HC'Y(K) @ HC"!(K),

(2) dimHC(K) = dimHC"(K) = g,
(3) Complex conjugation maps HCY(K) to

HCY"(K) and vise verse.

3.3. Combinatorial period matrices. Now
we review the construction of combinatorial period
matrices, introduced by Wilson [1].

In [1], Wilson showed that there exists the
Riemann’s bi-linear relation of cochains and one can
take the canonical basis for holomorphic 1-cochains,
which is uniquely determined by a triangulated
Riemann surface. A combinatrial period matrix
is defined by the canonical basis for holomorphic
1-cochains of a triangulated Riemann surface.
Wilson also showed that the combinatrial period
matrix of a triangulated Riemann surface converges
to the period matrix, as the mesh of the triangu-
lation tends to zero.

Definition 3.13. For o€ HC'(K), we de-
fine the combinatorial A-periods o(a;) and combi-
natorial B-periods o(b;) by

o(a;) = /a, Wao, o(b)) :z/ijVU7

where 1 < j <g.
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Wilson [1] showed that the Riemann’s bi-linear
relation holds for harmonic 1-cochains with respect
to the Whitney inner product:

Theorem 3.14 ([1] [Riemann’s bi-linear rela-
tions of cochains|). For o1, o3 € HOW(K), the

following holds:
g

> (01(aj)oa(b;) — 1(bj)oa(a;)) = 0.
=1

One can define the canonical basis for holo-
morphic 1-cochains (see [1]):

Definition 3.15. For a triangulated
Riemann surface (M,{a,b}, K) of genus g, the
canonical basis {0y, --0,} for holomorphic 1-co-
chains is defined as follows: o;(ay) = 6.

By Riemann’s bi-linear relation of cochains,
the canonical basis for holomorphic 1-cochains is
uniquely determined by a triangulated Riemann
surface. See [1] for detail.

Next, we define combinatorial period matrices
introduced in [1]:

Definition 3.16. Let (M, {a,b}, K) be a tri-
angulated Riemann surface of genus g, and let
{o1,---,04} be the canonical basis for holomorphic
1-cochains of (M,{a,b},K). The combinatorial
period matrix IIx is defined by

Mg := (Wg)lgi’jgg where Wf; = 0i(b;).

A combinatorial period matrix satisfies some
following properties.

Theorem 3.17 ([1]). Let lIx be the combi-
natorial period matriz of a triangulated Riemann
surface (M, {a,b}, K). Then, I is an element of the
Siegel upper half space.

Wilson showed that if complex valued simpli-
cial cochains of a triangulated Riemann surface are
equipped with the Whitney inner product, the all of
these structures provide a good approximation to
the analogues (see [4,5]). In particular, the holo-
morphic and anti-holomorphic 1-cochains converge
to the holomorphic and anti-holomorphic 1-forms,
and the combinatorial period matrix converges to
the period matrix of the associated Riemann sur-
face, as the mesh of the triangulation tends to zero.
Hence, a period matrix is a limit point of a sequence
of combinatorial period matrices.

Theorem 3.18 ([1]). Let M be a closed
Riemann surface and K a triangulation of M. We
set a sequence {K,},n of subdivisions of K which
satisfies
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lim n(K,) =0,
where n(K,,) is the mesh of K,,.
Then,

lim Iy, = 11,

n—oo
where 11 is the period matriz and Ilg, s the
combinatorial period matriz of a triangulated
Riemann surface (M,{a,b}, K,).

4. Main results. For a triangulated
Riemann surface, we checked the definitions of
period matrices and the combinatorial period ma-
trices. In general, it is unclear whether or not the
two matrices coincide.

In this section, we will introduce a new matrix
which is uniquely determined by a triangulated
Riemann surface as well as a period matrix and a
combinatorial period matrix and call this new
matrix the associate matrix of a triangulated
Riemann surface. Then we will show that a matrix
equation is holding among the period matrix, the
combinatorial period matrix and the associate
matrix of a triangulated Riemann surface.

Definition 4.1. Let (M,{a,b},K) be a
triangulated Riemann surface of genus g. Let
{61,---,0,} be the canonical basis for holomorphic
1-forms and {o1,---,0,} the canonical basis for
holomorphic 1-cochains of (M, {a, b}, K). We define
the associate matrix Ag of (M, {a,b}, K) by

Ag = (<W0—j7*9k>ﬂ)1§j7k§g‘

Note that the associate matrix is well defined
by choosing any Riemannian metric in the con-

formal class of the Riemann surface. Since
{01,---,6,} and {o,---,0,} are uniquely deter-
mined by a triangulated Riemann surface

(M,{a,b}, K), so Ak is uniquely determined.
Next theorem is the main result of this paper:
Theorem 4.2. Let (M,{a,b},K) be a trian-
gulated Riemann surface with the period matriz II,
the combinatorial period matriz Ilx and the asso-
ciate matriz Ax. Then, the following matriz equa-
tion holds:

I1=Tx — Ag.
Proof. Set

1
Cr =5 (I1 — Hg)(ImII)
7

and
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Ck = E — C,
where E is the (g x g) identity matrix.
Note that since ImII is positive definite, there exists
(Im 1)~
We compute _
HK =1II- ZZCKIHIH

= (Cx + C)II — 2iCx Im I

= CglIl + éKﬁ
Let cj be the (j,k)-entry of Ck and cj the
(4, k)-entry of Ck.
Then, for each j, k, we have

g g o
Cim / em + Cim / em )
1 be 1 bi

m= m=

Wo j =
by

and

m=1 m=1

/ (WUJ - i ijem - i ajmem> =0.
by

On the other hand, we compute

g g L
/ Woj; — E Cimbm — E CimOm
ak m=1 m=1
g g o
= / WUj - § Cim / Om — Cim / Om
ay, m=1 Qj; 1 aj;
g9

m=
= Ojk — Z(ij + E}m)ékm

m=1

9
= Ojk — § 6j7rz(5k’rr1,
m=1

=0.

Namely, all A-periods and B-periods of Wo; —
> CimOm — > Cimby are zero. By Proposi-
tion 3.5 and é0; = 0, we have dWo; = Woo; = 0 on
the interior 7° of any n-simplex 7 in K, where
n=1,2. This implies that Wo; — > 9 | ¢jmby —
> Cjmbm is closed on 7'. By de Rham’s theo&m,
the closed form Wo; — Y9 | ¢jmbm — 9 | Cjmbin is
exact: there exists df; such that

Waj - i cjmem - igjm% = dfja
m=1

m=1
on M\{p € M|p : vertex in K}.
Since {p € M|p : vertex in K} is a null set, we have

g g
<dfj79k>£l = <WUJ - Z ijem - szmem; 9k>
Q

m=1 m=1
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WU],ek

Z Cim ema ek
- Z Ejm <0_j7 gk
m=1

By Theorem 2.6 and d*6 = 0, we obtain (6,,, %), =
0 and (0, dfj)q = (d*Om, fj)q = 0. So, we have

g9
<Wa.ia 9k>Q = Z ij<9m7 9k>Q

m=1
By Riemann’s bi-linear relation of forms (Lemma

2.8), we obtain
<9’m7 9k> 'L< ZG,,L, 9k>

Z<*9m, Gk

S0 foef 7

= z(mm — Tmk)
(T‘—mk 7rmk)

= QIm’]ka.

Note that since the period matrix II is lie in the
Siegel upper half space, the period matrix II is
symmetric and we obtain m,;, = m,,;. Thus, we have

A = (<W0ja*9ki>9)1§j,k§g
=i((Way, 9k>ﬂ)1<j.k<q

(2 E Cim Im 7ka>
m= 1<j,k<g

= Qi(cjm)lgj,mgg(hn 7ka’)1gm,kgg
= 2iCk Im1TI.
So we conclude
My = I — 2iCx Im 11
=11 -2i(E — Ck)ImII
=11 —2¢ImII 4 2iCk ImTI

=11+ Ag.

O

By Theorem 4.2, we see that an associate
matrix is an element of the Siegel upper half space.
This implies that a triangulated Riemann surface
gives three elements of the Siegel upper half space.
Corollary 4.3. Let (M,{a,b}, K) be a trian-
gulated Riemann surface, and let II be the period
matriz, Il the combinatorial period matriz and Ax
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the associate matriz of (M,{a,b}, K). Then, Ak is
an element of the Siegel upper half space. Also A is
not equal to 11 nor Ilk.

Proof. By Theorem 4.2, we have

Ag =TI — 11
= (Rellg — ReIl) + ¢(ImIIx + ImII).
For any = € RY, we see that
2(Im Ag)z = 2(Im I + Im Iz
="z(Img)z + Z(Im )z > 0.

This implies that Ax is symmetric and ImAg is
positive definite, so Ax is an element of the Siegel
upper half space.

Next, we assume that Ag is equal to II. Then, by
Theorem 4.2, we have

HK:ﬁ+AK:ﬁ+H:2ReH.

This is a contradiction, because the imaginary part
of a combinatorial period matrix is not equal to zero
matrix. In a similar way, one can check that Ay is
not equal to I1x as well. (I
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