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Abstract: In this paper, we elucidate the well-known Wilton’s formula for the product of

two Riemann zeta functions. A proof of Wilton’s expression for product of two zeta functions was

given by M. Nakajima in [5] using the Atkinson dissection. On the similar line we derive Wilton’s

formula using the Riesz sum of the order � ¼ 1.
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1. Introduction. In [5], M. Nakajima de-

rived an expression for the product of two Dirichlet

series. From this expression he gives a proof for

the well-known Wilton’s formula [6] and Bellman’s

formula [2] for the product of two Riemann zeta

functions in particular. In this method, he uses the

Atkinson dissection [1].

The Atkinson dissection involves splitting of

the double sum
P1

m;n¼1

as

X1
m;n¼1

¼
X1
m¼1

X
n<m

þ
X1

m¼n¼1

þ
X1
n¼1

X
m<n

:

Nakajima in [5], splits the double sum by the

following method

X
m;n

¼
X1
m¼1

X
n�m

0 þ
X1
n¼1

X
m�n

0

where
P0 means that the corresponding term in the

summation is to be halved.

The Riesz means, introduced by M. Riesz, have

been studied in connection with summability of

Fourier series and of Dirichlet series [3] and [4].

Given an increasing sequence f�kg of reals and a

sequence f�kg of complex numbers, the Riesz sum

of order � is defined by

A�ðxÞ ¼ A�
�ðxÞ ¼

X
�k�x

0ðx� �kÞ��k

¼ �
Z x

0

ðx� tÞ��1 A�ðtÞdt

¼
Z x

0

ðx� tÞ� dA�ðtÞ;

where A�ðxÞ ¼ A0
�ðxÞ ¼

P
�k�x

0�k, and the prime on

the summation sign means that when �k ¼ x, the

correponding term is to be halved.
Consider the Dirichlet series ’ðsÞ and �ðsÞ

defined as

’ðsÞ ¼
X1
n¼1

�n

�sn
; � > �’ and �ðsÞ ¼

X1
n¼1

an

�sn
; � > ��;

where f�ng and f�ng are increasing sequences of

real numbers and �n and an are complex numbers.

Assume that they are continued to meromorphic

functions over the whole plane and that they satisfy

the growth condition

’ð�þ itÞ � ðjtj þ 1Þs’ð�Þ; �ð�þ itÞ � ðjtj þ 1Þs�ð�Þ

in the strip �b < � < c ðb > 0; c > 0Þ. In case of the

Riemann zeta function, s�ð�bÞ ¼ 1
2 þ b.

In this paper, we consider an integral of the

following form for Dirichlet series � and ’, (for c >

0 and � � 0),

F ðcÞð’ðuÞ;�ðvÞÞ ¼ F�
ðcÞð’ðuÞ;�ðvÞ;xÞ

¼ 1

2�i

Z
ðcÞ

�ðwÞ
�ðwþ �þ 1Þ

’ðuþ wÞ�ðv� wÞxwþ� dw;

and its counterpart F ðcÞð�ðvÞ; ’ðuÞÞ under the

condition

<u > �’ þ c; <v > �� þ c:

In the next section, we consider � and ’ as the

Riemann zeta functions in particular. The Atkinson

dissection is the special case of the Riesz sum A�ðxÞ
with � ¼ 0 in the sense that

F�
ðcÞð’ðuÞ;�ðvÞÞ þ F�

ðcÞð�ðvÞ; ’ðuÞÞð1Þ
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¼
1

�ð�þ 1Þ
X1
m¼1

am�
�v��
m

X
�n��mx

0
�n�

�u
n ð�mx� �nÞ

�

þ
1

�ð�þ 1Þ
X1
n¼1

�n�
�u��
n

X
�m��nx

0
am�

�v
m ð�nx� �mÞ

�

impliesX1
m;n¼1

�m�
�u
m an�

�v
nð2Þ

¼
X1
m¼1

X
n<m

�m�
�u
m an�

�v
n þ

X1
m¼n

�n�
�u
n an�

�v
n

þ
X1
n¼1

X
m<n

�m�
�u
m an�

�v
n for � ¼ 0; x ¼ 1:

We prove the well-known Wilton’s formula by

taking � ¼ 1. The Wilton’s formula can be stated

as follows:

Theorem 1. For <u > �1, <v > �1, Reðuþ
vÞ > 0 and uþ v 6¼ 2, we have

�ðuÞ�ðvÞð3Þ

¼ �ðuþ v� 1Þ
1

u� 1
þ

1

v� 1

� �

þ 2ð2�Þu�1
X1
n¼1

�1�u�vðnÞnu�1u

Z 1
2�n

x�u�1 sinx dx

þ 2ð2�Þv�1
X1
n¼1

�1�u�vðnÞnv�1v

Z 1
2�n

x�v�1 sin x dx:

2. Proof of the Theorem. For <ðuÞ > 1þ
c0 and <ðvÞ > 1þ c, with c; c0 > 0, we consider the

following integral with 0 < Re u� 1 < b < 5
2 and

0 < Re v� 1 < b < 5
2,

F�
ð�bÞð�ðuÞ; �ðvÞ;xÞ

¼
1

2�i

Z
ð�bÞ

�ðwÞ
�ðwþ �þ 1Þ �ðuþ wÞ�ðv� wÞx

wþ�dw:

Applying functional equation for �ðuþ wÞ we have

F�
ð�bÞð�ðuÞ; �ðvÞ;xÞ

¼
1

2�i

Z
ð�bÞ

�ðwÞ
�ðwþ �þ 1Þ

�uþw

�
1
2

� 1�u�w
2

� �
� uþw

2

� �
�ð1� u� wÞ�ðv� wÞxwþ�dw:

For simplicity of the expressions let

�ðwÞ
�ðwþ �þ 1Þ x

wþ� ¼ S�ðwÞ;

and

�ð1� u� wÞ�ðv� wÞ ¼ fðwÞ:

Multiplying numerator and denominator by the

factor �ð1� uþw
2 Þ, the right hand side of the above

will be

1

2�i

Z
ð�bÞ

S�ðwÞ
�uþw� 1�u�w

2

� �
� 1� uþw

2

� �
ffiffiffi
�
p

� uþw
2

� �
� 1� uþw

2

� � fðwÞdw

¼
1

2�i

Z
ð�bÞ

S�ðwÞ
�uþw2�ð1�u�wÞffiffiffi

�
p

�
2
ffiffiffi
�
p

sin
�

2
ðuþ wÞ

� �
�ð1� u� wÞfðwÞdw

¼ 2
1

2�i

Z
ð�bÞ

S�ðwÞfðwÞð2�Þuþw�1 sin
�

2
ðuþ wÞ

� �
�ð1� u� wÞdw:

By change of variables and assuming <u < b, we

have

1

�i

Z
ðbÞ
S�ð�zÞfð�zÞð2�Þu�z�1 sin

�

2
ðu� zÞ

� �
�ð1� uþ zÞdz

¼
1

�i

Z
ðbÞ
S�ð�zÞð2�Þu�z�1 sin

�

2
ðu� zÞ

� �
X1
n¼1

�1�u�vðnÞnu�z�1�ð1� uþ zÞdz

¼
1

�i

X1
n¼1

�1�u�vðnÞð2n�Þu�1

Z
ðbÞ
S�ð�zÞ sin

�

2
ðu� zÞ

� �

ð2n�Þ�z�ð1� uþ zÞdz:
Taking the order � ¼ 1.

F 1
ð�bÞð�ðuÞ; �ðvÞ;xÞ

¼
1

�i

X1
n¼1

�1�u�vðnÞð2n�Þu�1
Z
ðbÞ
S1ð�zÞ sin

�

2
ðu� zÞ

� �

ð2n�Þ�z�ð1� uþ zÞdz

¼
1

�i

X1
n¼1

�1�u�vðnÞð2n�Þu�1
Z
ðbÞ
S1ð�zÞð2n�Þ�z

ei
�
2ðu�zÞ � e�i

�
2ðu�zÞ

2i

( )
�ð1� uþ zÞdz:

Let

hbðu;xÞ

¼
1

2�i

Z
ðbÞ

x�zþ1ð2n�Þ�z

zðz� 1Þ
ei
�
2ðu�z�1Þ�ð1� uþ zÞdz:

Similarly, let

gbðu;xÞ

¼
1

2�i

Z
ðbÞ

x�zþ1ð2n�Þ�z

zðz� 1Þ
e�i

�
2ðu�z�1Þ�ð1� uþ zÞdz:

Differentiating above integral hbðu;xÞ with

respect to x, we get
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hbðu;xÞ0

¼ �
1

2�i

Z
ðbÞ

x�zð2n�Þ�z

z
ei
�
2ðu�z�1Þ�ð1� uþ zÞdz

¼ �
1

2�i
ei
�
2ðu�1Þ

Z
ðbÞ

ð2�nxei
�
2Þ�z

z
�ð1� uþ zÞdz:

Now, shifting the path of integration to the left, we

get

hbðu;xÞ0

¼ �
1

2�i
ei
�
2ðu�1Þ

Z
ðb1Þ

ð2�nxei
�
2Þ�z

z
�ð1� uþ zÞdz:

Note that hbðu;xÞ0 þ gbðu;xÞ0 is absolutely conver-

gent on 1
2 þ b1 < <ðuÞ; 0 < <ðu� 1Þ < b1. There-

fore, using the formula for incomplete Gamma

function, which is given as

1

2�i

Z
ðcÞ
x�s�ðsþ �Þ

ds

s
¼ �ð�; xÞ ðc > 0;<x > 0Þ

1

2�i

Z
ðcÞ
ðixÞ�s�ðsþ �Þ

ds

s
¼ �ð�; ixÞ

c > 0;<� <
1

2
� c; x 2 R

� �
where

�ð�; xÞ ¼
Z 1
x

t��1e�tdt ðjarg�j < �Þ

is the incomplete gamma function.

Now we have,

hbðu;xÞ0 þ gbðu;xÞ0 ¼ e�i
�
2ð1�uÞ�ð1� u; 2�nxe

i�
2 Þ

þ ei
�
2ð1�uÞ�ð1� u;�2�nxe

i�
2 Þ

¼ 2

Z 1
2�nx

t�u cos tdt ð<u > 0Þ

where we used the following formulaZ 1
u

x��1 cosxdx ¼
1

2
e�i

�
2��ð�; iuÞ þ

1

2
ei
�
2��ð�;�iuÞ:

Hence, we obtain

ðF 1
ð�bÞð�ðuÞ; �ðvÞ;xÞÞ

0

¼ �
X1
n¼1

�1�u�vðnÞð2�nÞu�12

Z 1
2�nx

t�u cos tdt:

Note that the differentiated series is absolutely

convergent.

Now, using the residue theorem,

F 1
ðcÞð�ðuÞ; �ðvÞ;xÞ

¼ F 1
ð�bÞð�ðuÞ; �ðvÞ;xÞ þ x�ðuÞ�ðvÞ

� �ðu� 1Þ�ðvþ 1Þ þ �ðuþ v� 1Þx2�u

ðu� 2Þðu� 1Þ
:

Differentiating with respect to x gives,

ðF 1
ðcÞð�ðuÞ; �ðvÞ;xÞÞ

0

¼ ðF 1
ð�bÞð�ðuÞ; �ðvÞ;xÞÞ

0 þ �ðuÞ�ðvÞ

�
�ðuþ v� 1Þx1�u

ðu� 1Þ :

Also, we know that

ðF 1
ðcÞð’ðuÞ;�ðvÞ;xÞÞ

0 ¼
X1
m¼1

amm
�v
X
n�mx

0
�nn

�u:

Taking x ¼ 1 with am ¼ 1, �n ¼ 1, we haveX1
m¼1

m�v
X
n�m

0
n�u

¼ �2
X1
n¼1

�1�u�vðnÞð2�nÞu�1u

Z 1
2�n

t�u�1 sin tdt

þ �ðuÞ�ðvÞ �
�ðuþ v� 1Þ
ðu� 1Þ

:

Similarly,X1
n¼1

n�u
X
m�n

0
m�v

¼ �2
X1
n¼1

�1�u�vðnÞð2�nÞv�1v

Z 1
2�n

t�v�1 sin tdt

þ �ðuÞ�ðvÞ �
�ðuþ v� 1Þ
ðv� 1Þ

:

Adding the above two equations, we get

�ðuÞ�ðvÞ

¼ �2
X1
n¼1

�1�u�vðnÞð2�nÞu�1u

Z 1
2�n

t�u�1 sin tdt

� 2
X1
n¼1

�1�u�vðnÞð2�nÞv�1v

Z 1
2�n

t�v�1 sin tdt

þ 2�ðuÞ�ðvÞ � �ðuþ v� 1Þ
1

v� 1
þ

1

u� 1

� �

and hence

�ðuÞ�ðvÞ

¼ �ðuþ v� 1Þ
1

v� 1
þ

1

u� 1

� �
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þ 2ð2�Þu�1
X1
n¼1

�1�u�vðnÞnu�1u

Z 1
2�n

t�u�1 sin tdt

þ 2ð2�Þv�1
X1
n¼1

�1�u�vðnÞnv�1v

Z 1
2�n

t�v�1 sin tdt:
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