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Abstract: We study absolute zeta functions from the view point of a canonical

normalization. We introduce the absolute Hurwitz zeta function for the normalization. In

particular, we show that the theory of multiple gamma and sine functions gives good

normalizations in cases related to the Kurokawa tensor product. In these cases, the functional

equation of the absolute zeta function turns out to be equivalent to the simplicity of the

associated non-classical multiple sine function of negative degree.
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1. Introduction. The absolute zeta func-

tion of a scheme X over F1 was first studied by

Soulé [S] as a ‘‘limit of p! 1’’ of the (congruence)

zeta function over Fp: see Kurokawa [K2] and

Deitmar [D] also. Then, Connes and Consani

[CC1] [CC2] investigated the absolute zeta function

as the following integral

�XðsÞ ¼ exp

Z 1
1

NXðuÞ
usþ1 logu

du

� �
;

where

NXðuÞ ¼ XðF1u�1Þj j

is a suitably interpolated ‘‘counting function.’’ Here

we must pay attention to the needed normalization

for the integral near u ¼ 1: see [CC1] [CC2] for a

discussion. In [CC1, Theorem 4.13] [CC2, Theorem

4.3] Connes and Consani calculated �XðsÞ for

Noetherian schemes via the Kurokawa tensor prod-

uct of [K1].

Our purpose is to introduce the absolute

Hurwitz zeta function

ZXðw; sÞ ¼
1

�ðwÞ

Z 1
1

NXðuÞ
usþ1ðlog uÞ1�w

du

to get the canonical normalization:

�XðsÞ ¼ exp
@

@w
ZXðw; sÞ

����
w¼0

� �
:

This normalization is essentially due to

Riemann (1859) and it is used in the theory of

multiple gamma and sine functions as follows:

For each integer r � 1, the r-ple Hurwitz zeta

function �rðw;xÞ is defined in ReðwÞ > r as

�rðw;xÞ ¼
X1
n¼0

rHnðnþ xÞ�wð1Þ

where rHn ¼ nþr�1
n

� �
.

The analytic continuation of �rðw;xÞ to all w 2
C is obtained via the integral representation of

Riemann

�rðw;xÞ ¼
1

�ðwÞ

Z 1
0

ð1� e�tÞ�re�xttw�1dt

¼
1

�ðwÞ

Z 1
1

ð1� u�1Þ�ru�x�1ðloguÞw�1du

by treating the integral around u ¼ 1 in the usual

way.

Thus, by using such analytic continuation we

get the r-ple gamma function

�rðxÞ ¼ exp
@

@w
�rðw;xÞ

����
w¼0

� �

and the r-ple sine function

SrðxÞ ¼ �rðxÞ�1�rðr� xÞð�1Þr :

We refer to Barnes [B] (1904) and Kurokawa-

Koyama [KK] (2003) for details, where more gen-

eral multiple gamma functions and multiple sine

functions were treated respectively.

We report three results in this introduction.

First, for a function N : ð1;1Þ ! C we use
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ZNðw; sÞ ¼
1

�ðwÞ

Z 1
1

NðuÞu�s�1ðlog uÞw�1du

and

�NðsÞ ¼ exp
@

@w
ZNðw; sÞ

����
w¼0

� �

also.

Theorem A. Let NðuÞ ¼
X
�

mð�Þu� be a

finite sum. Then:

(1) ZNðw; sÞ ¼
X
�

mð�Þðs� �Þ�w.

(2) �NðsÞ ¼
Y
�

ðs� �Þ�mð�Þ.

This result is applicable to calculate many

examples (see [K2]) of absolute zeta functions under

our canonical normalization. We note two simple

examples.

Example 1. Let X ¼ Spec F1. Then

Spec Fq

�� �� ¼ 1 for prime powers q;

NXðuÞ ¼ 1;

ZXðw; sÞ ¼ s�w;
�XðsÞ ¼ 1=s:

Example 2. Let X ¼ SLð2Þ. Then

SLð2;FqÞ
�� �� ¼ q3 � q for prime powers q;

NXðuÞ ¼ u3 � u;
ZXðw; sÞ ¼ ðs� 3Þ�w � ðs� 1Þ�w;
�XðsÞ ¼ ðs� 1Þ=ðs� 3Þ:

Now the following result shows a functoriality.

Theorem B.

(1) For N1; N2 : ð1;1Þ ! C let

ðN1 �N2ÞðuÞ ¼ N1ðuÞ þN2ðuÞ:

Then

ZN1�N2
ðw; sÞ ¼ ZN1

ðw; sÞ þ ZN2
ðw; sÞ

and

�N1�N2
ðsÞ ¼ �N1

ðsÞ�N2
ðsÞ:

(2) Let

NiðuÞ ¼
X
�i

mið�iÞu�i

for i ¼ 1; 2. Suppose that both are finite sums.

Put

ðN1 �N2ÞðuÞ ¼ N1ðuÞN2ðuÞ:

Then

ZN1�N2
ðw; sÞ

¼
X
�1;�2

m1ð�1Þm2ð�2Þðs� ð�1 þ �2ÞÞ�w

and

�N1�N2
ðsÞ ¼

Y
�1;�2

ðs� ð�1 þ �2ÞÞ�m1ð�2Þm2ð�2Þ:

This tensor product is essentially the

Kurokawa tensor product originated in [K1]

(see [M], [CC1] and [CC2]) when �j’s are real. We

remark that for general Nj’s (‘‘infinite sums’’ or

‘‘generalized functions’’) we must resolve various

difficulties.

For the next result we notice that our con-

struction of �rðw;xÞ, �rðxÞ and SrðxÞ is valid for

negative r also (see the later explanation).

Theorem C. Let r be a positive integer. Then

(1) ZG�rm
ðw; sÞ ¼ ��rðw; s� rÞ.

(2) �G�rm
ðsÞ ¼ ��rðs� rÞ

¼
Yr
j¼1

ðs� jÞð�1Þr�j�1 r
jð Þ

¼ ð1� 1=sÞ�r
� ��1

,

where �r is the Kurokawa tensor product.

(3) We have the functional equation

�G�rm
ðsÞ ¼ �G�rm

ðr� sÞð�1Þr ;

which is equivalent to S�rðxÞ ¼ 1.

Our result would suggest that

�G�rm
ðsÞ ¼ ��rðs� rÞ

holds for r < 0 also with the functional equation

s$ �r� s. For example

�G��1
m
ðsÞ ¼ �1ðsþ 1Þ ¼

�ðsþ 1Þffiffiffiffiffiffi
2�
p

and the functional equation s$ �1� s is the

reflection formula of Euler:

�1ðsþ 1Þ�1ð�sÞ ¼ S1ðsþ 1Þ�1 ¼ �
1

2 sinð�sÞ :

We remark that Manin [M, §1.7] indicated an idea

to consider the gamma function as the zeta function

of the ‘‘dual infinite dimensional projective space

over F1.’’

2. Multiple gamma functions and multi-

ple sine functions. We recall the construction of

the multiple Hurwitz zeta function:
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�rðw;xÞ ¼
X1
n¼0

nþ r� 1

n

� �
ðnþ xÞ�w

¼
1

�ðwÞ

Z 1
0

ð1� e�tÞ�re�xttw�1dt

¼
1

�ðwÞ

Z 1
1

ð1� u�1Þ�ru�x�1ðloguÞw�1du:

This definition is valid for any r 2 R with suffi-

ciently large ReðxÞ and ReðwÞ, so we have the

analytic continuation to all w 2 C via the usual

method. Thus, we get

�rðxÞ ¼ exp
@

@w
�rðw;xÞ

����
w¼0

� �

and

SrðxÞ ¼ �rðxÞ�1�rðr� xÞð�1Þr

for any r 2 R (or r 2 Z at least without ambiguity

of the meaning of ð�1Þr). For readers interested in

the theory of r < 0, we refer to [KO].

Theorem 1. Let r be a negative integer. Then

(1) �rðxÞ ¼
Y�r
n¼0

ðxþ nÞð�1Þnþ1 �r
nð Þ.

(2) SrðxÞ ¼ 1.

Proof. We have

�rðw;xÞ ¼
X1
n¼0

nþ r� 1

n

� �
ðnþ xÞ�w

¼
X1
n¼0

ð�1Þn
�r
n

� �
ðnþ xÞ�w:

Hence

�rðxÞ ¼ exp
X�r
n¼0

ð�1Þnþ1 �r
n

� �
logðnþ xÞ

 !

¼
Y�r
n¼0

ðnþ xÞð�1Þnþ1 �r
nð Þ:

Next,

SrðxÞ ¼ �rðxÞ�1�rðr� xÞð�1Þr

¼
Y�r
n¼0

ðnþ xÞð�1Þn �r
nð Þ �

Y�r
n¼0

ðnþ r� xÞð�1Þn�rþ1 �r
nð Þ

¼
Y�r
n¼0

ðnþ xÞð�1Þn �r
nð Þ

�
Y�r
n¼0

ðð�r� nÞ þ xÞð�1Þð�r�nÞþ1 �r
nð Þ;

where we used

X�r
n¼0

ð�1Þn
�r
n

� �
¼ 0:

Hence

SrðxÞ ¼
Y�r
n¼0

ðnþ xÞð�1Þn �r
nð Þ �

Y�r
n¼0

ðnþ xÞð�1Þnþ1 �r
nð Þ

¼ 1:

�

This result can be generalized to the multi-

period case ! ¼ ð!1; . . . ; !rÞ with !1; . . . ; !r > 0
as follows, where the above case is contained as

! ¼ ð1; . . . ; 1Þ. Put

��rðw;x; !Þ

¼
Xr
k¼0

X
1�i1<			<ik�r

ð�1Þkðxþ !i1 þ 	 	 	 þ !ikÞ
�w;

��rðw; !Þ ¼ exp
@

@w
��rðw;x; !Þ

����
w¼0

� �
;

and

S�rðx; !Þ ¼ ��rðx; !Þ�1

� ��rð�ð!1 þ 	 	 	 þ !rÞ � x; !Þð�1Þr :

Then we have (see [KO] for more generalizations

also)

��rðw;x; !Þ

¼
1

�ðwÞ

Z 1
0

ð1� e�t!1Þ 	 	 	 ð1� e�t!rÞe�xttw�1dt;

��rðx; !Þ ¼
Yr
k¼0

Y
1�i1<			<ik�r

ðxþ !i1 þ 	 	 	 þ !ikÞ
ð�1Þk ;

and

S�rðx; !Þ ¼ 1:

For example, we get

�SLð2ÞðsÞ ¼ ��1ðs� 3; 2Þ ¼
s� 1

s� 3
:

More generally:

�SLðrÞðsÞ ¼ ��ðr�1Þðs� ðr2 � 1Þ; ð2; 3; 	 	 	 ; rÞÞ

and

�GLðrÞðsÞ ¼ ��rðs� r2; ð1; 2; 3; 	 	 	 ; rÞÞ;

where
r� 1 ¼ rank SLðrÞ
r2 � 1 ¼ dim SLðrÞ

�
and

r ¼ rank GLðrÞ
r2 ¼ dim GLðrÞ:

�

We obtain the functional equations
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�SLðrÞðsÞ ¼ �SLðrÞðrð3r� 1Þ=2� 1� sÞð�1Þr�1

;

and

�GLðrÞðsÞ ¼ �GLðrÞðrð3r� 1Þ=2� sÞð�1Þr

from the triviality of the multiple sine function of

negative order exactly similar to Theorem C.

Theorem 2. Let r be a negative real number.

Then:

(1) �rðm;xÞ ¼ 0 for each integer m satisfying

r < m � 0.

(2) �rðxÞ ¼ exp

Z 1
1

ð1� u�1Þ�ru�x�1ðloguÞ�1du

� �
for ReðxÞ > 0.

Example 3.

��3ðw;xÞ ¼ x�w � 3ðxþ 1Þ�w

þ 3ðxþ 2Þ�w � ðxþ 3Þ�w

and

��3ð0;xÞ ¼ ��3ð�1;xÞ ¼ ��3ð�2;xÞ ¼ 0:

Notice that ��3ð�3;xÞ ¼ �6. (In general

��mð�m;xÞ ¼ ð�1Þmm! for integers m � 0.

Example 4.

��1
2
ðw;xÞ ¼ x�w �

X1
n¼1

2n
n

	 

ð2n� 1Þ4n

ðnþ xÞ�w

and

��1
2
ð0;xÞ ¼ 1�

X1
n¼1

2n
n

	 

ð2n� 1Þ4n

¼ 0;

that is

X1
n¼1

2n
n

	 

ð2n� 1Þ4n

¼ 1:

Proof. The fact (1) follows from the integral

representation

�rðw;xÞ ¼
1

�ðwÞ

Z 1
1

ð1� u�1Þ�ru�x�1ðloguÞw�1du;

since this integral converges for ReðwÞ > �r when

ReðxÞ > 0, and 1=�ðwÞ has zeros at w 2 fk 2
Z j r < k � 0g. Similarly, (2) is seen by looking at

w ¼ 0. �

3. Proof of Theorem A. For a function N :

ð1;1Þ ! C we defined

ZNðw; sÞ ¼
1

�ðwÞ

Z 1
1

NðuÞu�s�1ðlog uÞw�1du

and

�NðsÞ ¼ exp
@

@w
ZNðw; sÞ

����
w¼0

� �
:

We calculate these functions in the case of a finite

sum

NðuÞ ¼
X
�

mð�Þu�:

It is sufficient to calculate the following monomial

case.

Lemma. Let NðuÞ ¼ u�, then

ZNðw; sÞ ¼ ðs� �Þ�w

and

�NðsÞ ¼
1

s� �
:

Proof.

ZNðw; sÞ ¼
1

�ðwÞ

Z 1
1

u��s�1ðlog uÞw�1du

¼ 1

�ðwÞ

Z 1
0

e�ðs��Þttw�1dt

¼ ðs� �Þ�w:
Hence

@

@w
ZNðw; sÞ

����
w¼0

¼ �logðs� �Þ

and

�NðsÞ ¼
1

s� � :

�

4. Proof of Theorem B. (1) Since

ZN1�N2
ðw; sÞ

¼
1

�ðwÞ

Z 1
1

ðN1 �N2ÞðuÞu�s�1ðlog uÞw�1du

¼ 1

�ðwÞ

Z 1
1

ðN1ðuÞ þN2ðuÞÞu�s�1ðlog uÞw�1du

¼ ZN1
ðw; sÞ þ ZN2

ðw; sÞ;

we have

�N1�N2
ðsÞ ¼ �N1

ðsÞ�N2
ðsÞ:

(2) From

ðN1 �N2ÞðuÞ ¼ N1ðuÞN2ðuÞ
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¼
X
�1

m1ð�1Þu�1

 ! X
�2

m2ð�2Þu�2

 !

¼
X
�1;�2

m1ð�1Þm2ð�2Þu�1þ�2 ;

we have

ZN1�N2
ðw; sÞ

¼ 1

�ðwÞ

Z 1
1

ðN1 �N2ÞðuÞu�s�1ðloguÞw�1du

¼ 1

�ðwÞ

Z 1
1

X
�1;�2

m1ð�1Þm2ð�2Þu�1þ�2

 !

� u�s�1ðloguÞw�1du

¼
X
�1;�2

m1ð�1Þm2ð�2Þðs� ð�1 þ �2ÞÞ�w:

Hence

�N1�N2
ðsÞ ¼

Y
�1;�2

ðs� ð�1 þ �2ÞÞ�m1ð�1Þm2ð�2Þ:

�

5. Absolute zeta functions.

Theorem 3. Let r be a positive integer. Then

(1) �G�rm
ðsÞ ¼ ��rðs� rÞ.

(2) �G�rm
ðsÞ ¼ exp

Z 1
1

NG�rm
ðuÞu�s�1ðloguÞ�1du

� �
.

Proof. (1) Since

NG�rm
ðuÞ ¼ ðu� 1Þr;

we have

ZG�rm
ðw; sÞ

¼
1

�ðwÞ

Z 1
1

ðu� 1Þru�s�1ðloguÞw�1du

¼ 1

�ðwÞ

Z 1
1

ð1� u�1Þru�sþr�1ðloguÞw�1du

¼ ��rðw; s� rÞ:

Thus,

�G�rm
ðsÞ ¼ ��rðs� rÞ:

(2) This follows from (1) and Theorem 2(2). �

We notice that Theorem 1 and Theorem 3(1)

imply Theorem C(1)(2).

6. Functional equations.

Theorem 4. Let r be a positive integer. Then

�G�rm
ðsÞ

�G�rm
ðr� sÞð�1Þr ¼ S�rðs� rÞ

�1:

Proof. From Theorem 3(1), we have

�G�rm
ðsÞ ¼ ��rðs� rÞ

and

�G�rm
ðr� sÞ ¼ ��rð�sÞ:

Hence,

�G�rm
ðsÞ�G�rm

ðr� sÞð�1Þrþ1

¼ ��rðs� rÞ��rð�sÞð�1Þrþ1

¼ S�rðs� rÞ�1:

�

We remark that we have the functional

equation

�G�rm
ðsÞ ¼ �G�rm

ðr� sÞð�1Þr

from Theorem 1(2) and we know that it is

equivalent to S�rðxÞ ¼ 1. Thus we have Theorem

C(3).

References

[ B ] E. W. Barnes, On the theory of the multiple
gamma functions. Trans. Cambridge Philos.
Soc. 19 (1904) 374–425.

[ CC1 ] A. Connes and C. Consani, Schemes over F1 and
zeta functions, Compos. Math. 146 (2010),
no. 6, 1383–1415.

[ CC2 ] A. Connes and C. Consani, Characteristic 1,
entropy and the absolute point, in Noncom-
mutative geometry, arithmetic, and related
topics, Johns Hopkins Univ. Press, Baltimore,
MD, 2011, pp. 75–139.

[ D ] A. Deitmar, Remarks on zeta functions and
K-theory over F1, Proc. Japan Acad. Ser. A
Math. Sci. 82 (2006), no. 8, 141–146.

[ K1 ] N. Kurokawa, Multiple zeta functions: an exam-
ple, in Zeta functions in geometry (Tokyo,
1990), 219–226, Adv. Stud. Pure Math., 21,
Kinokuniya, Tokyo, 1992.

[ K2 ] N. Kurokawa, Zeta functions over F1, Proc.
Japan Acad. Ser. A Math. Sci. 81 (2005),
no. 10, 180–184.

[ KK ] N. Kurokawa and S. Koyama, Multiple sine
functions, Forum Math. 15 (2003), no. 6, 839–
876.

[ KO ] N. Kurokawa and H. Ochiai, Multiple gamma
functions of negative order. (Preprint).

[ M ] Y. Manin, Lectures on zeta functions and
motives (according to Deninger and
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