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Abstract: We introduce a nilpotent Hurewicz homomorphism for a topological manifold,

following the Lie algebra method in nilpotent class field theory for local and number fields by H.

Koch et al. Using Labute-Anick’s results on the determination of the Lie algebra attached to the

lower central series of a group, we present explicitly nilpotent class field theory for some two and

three dimensional manifolds.
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Introduction. Let X be a path-connected

topological manifold�Þ with a base point x0. We

shall simply write �1ðXÞ for the fundamental group

�1ðX; x0Þ and H1ðXÞ for the 1st integral homology

group H1ðX;ZÞ. The Hurewicz homomorphism

�1ðXÞ �! H1ðXÞ

induces the isomorphism

�ab
1 ðXÞ �!

�
H1ðXÞ

where �ab
1 ðXÞ stands for the abelianization �1ðXÞ=

½�1ðXÞ; �1ðXÞ� of �1ðXÞ. Let Xab be the maximal

abelian covering over X corresponding to the com-

mutator subgroup ½�1ðXÞ; �1ðXÞ� by Galois theory.

Viewing �ab
1 ðXÞ as the Galois group GalðXab=XÞ,

the inverse of the Hurewicz isomorphism

hX : H1ðXÞ �!
�

GalðXab=XÞ

is seen as a prototype in topology of unramified

class field theory in arithmetic.

In this note, we apply the Lie algebra method

in nilpotent class field theory by Koch et al.

([AKL], [KKL]) to this topological setting to

introduce the nilpotent Hurewicz homomorphism

and describe the nilpotent tower of coverings of X

corresponding to the lower central series of �1ðXÞ.
1. The nilpotent Hurewicz homomor-

phism. For a group G and a positive integer q,

let GðqÞ be the q-th term of the lower central series of

G defined inductively by

Gð1Þ :¼ G; Gðqþ1Þ :¼ ½GðqÞ; G�;

where ½A;B� stands for the subgroup of G generated

by ½a; b� :¼ aba�1b�1 ða 2 A; b 2 BÞ for subgroups

A;B of G. Let GrðGÞ denote the graded Lie algebra

over Z defined by

GrðGÞ :¼
M
q�1

GrqðGÞ; GrqðGÞ :¼ GðqÞ=Gðqþ1Þ;

where the Lie bracket on GrðGÞ is given by the

group commutator.

Let X be a path-connected topological mani-

fold. Let Xnil be the maximal nilpotent covering

over X corresponding to \q�1�1ðXÞðqÞ, and let XðqÞ

denote the Galois covering over X corresponding to

�1ðXÞðqÞ for each q � 1. Then we have

Grqð�1ðXÞÞ ¼ GrqðGalðXnil=XÞÞ
¼ GalðXðqþ1Þ=XðqÞÞ for q � 1

and so

Grð�1ðXÞÞ ¼ GrðGalðXnil=XÞÞ:

On the other hand, let T ðH1ðXÞÞ be the non-

associative tensor algebra on H1ðXÞ over Z:

T ðH1ðXÞÞ :¼
M
q�1

TqðH1ðXÞÞ;

T1ðH1ðXÞÞ :¼ H1ðXÞ;
T2ðH1ðXÞÞ :¼ H1ðXÞ �H1ðXÞ;
TqðH1ðXÞÞ :¼

M
iþj¼q

TiðH1ðXÞÞ � TjðH1ðXÞÞ:

Here � is taken over Z. Let LðH1ðXÞÞ be the Lie

doi: 10.3792/pjaa.89.15
#2013 The Japan Academy

2000 Mathematics Subject Classification. Primary 57M;
Secondary 17B.
�Þ

It is enough to assume that X is a path-connected, locally

path-connected and semilocally simply-connected, to use

Galois theory. We assume that X is a topological manifold,

for simplicity and applications.
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algebra over Z defined to be the quotient algebra of

T ðH1ðXÞÞ by the ideal I generated by elements of

the form

a� a; ða� bÞ � cþ ðb� cÞ � aþ ðc� aÞ � b;
ða; b; c 2 T ðH1ðXÞÞÞ:

When we write a :¼ a mod I , the Lie bracket in

LðH1ðXÞÞ is defined by ½a; b� :¼ a� b mod I
ða; b 2 T ðH1ðXÞÞÞ. Since the natural map H1ðXÞ !
LðH1ðXÞÞ is injective, we denote � by � if

� 2 H1ðXÞ. Let LqðH1ðXÞÞ be the image of

TqðH1ðXÞÞ under the natural projection

T ðH1ðXÞÞ ! LðH1ðXÞÞ. Then LðH1ðXÞÞ forms a

graded Lie algebra:

LðH1ðXÞÞ ¼
M
q�1

LqðH1ðXÞÞ:

The Hurewicz isomorphism hX is then seen as

hX : H1ðXÞ
�!� Gr1ðGalðXnil=XÞÞ � GrðGalðXnil=XÞÞ:

Then by the correspondence

a1 � ða2 � ð	 	 	 ðaq�1 � aqÞ 	 	 	ÞÞ
7! ½hXða1Þ; ½hXða2Þ; ½	 	 	 ; ½hXðaq�1Þ; hXðaqÞ� 	 	 	���

ða1; . . . ; aq 2 H1ðXÞÞ, we obtain a graded Lie algebra

homomorphism

HX : LðH1ðXÞÞ �! GrðGalðXnil=XÞÞð1:1Þ

which extends the Hurewicz homomorphism hX.

We call HX the nilpotent Hurewicz homomorphism

for X.

The problem of nilpotent class field theory for

a topological manifold X is then understood as

the determination of the image and kernel of the

nilpotent Hurewicz homomorphism HX ([O]).

2. The Labute-Anick conditions. In this

section, we recall some results due to Labute and

Anick ([A], [L1]) on the determination of the Lie

algebra attached to the lower central series of a

group.

Suppose G is a finitely presented group,

namely, there is a free group F on the letters

x1; 	 	 	 ; xn and the subgroup R of F generated

normally by the words r1; 	 	 	 ; rm of x1; 	 	 	 ; xn so

that G is given by

G ¼ F=R ¼ hx1; 	 	 	 ; xn j r1 ¼ 	 	 	 rm ¼ 1i:

Let GrðF Þ ¼
L

q�1 GrqðF Þ, GrqðF Þ :¼ F ðqÞ=F ðqþ1Þ be

the graded Lie algebra associated to the lower

central series fF ðqÞgq�1 of F . If �i denotes

xi mod F ð2Þ 2 Gr1ðF Þ, then GrðF Þ is a free Lie

algebra on �1; 	 	 	 ; �n ([S, Ch.IV,3]). For x 2 F 6¼ 1,

let wðxÞ be the largest integer q so that x 2 F ðqÞ and

call x mod F ðwðxÞþ1Þ 2 GrwðxÞðF Þ the initial form of

x. Let �1; 	 	 	 ; �m be the initial forms of r1; 	 	 	 ; rm
and let I ¼ ð�1; 	 	 	 ; �mÞ be the ideal of GrðF Þ
generated by �1; 	 	 	 ; �m. The problem of the deter-

mination of GrðGÞ here is understood as the

question: when does the natural homomorphism

GrðF Þ ! GrðGÞ of graded Lie algebras induce an

isomorphism GrðF Þ=I ’ GrðGÞ?
A sufficient condition for this, due to Labute,

is formulated as follows. Let UðGrðF Þ=IÞ be the

universal enveloping algebra of GrðF Þ=I. Then,

I=½I; I� is a UðGrðF Þ=IÞ-module via the adjoint

action. Then, we have the following

Theorem 2.1 ([L1]). Assume the condition

ðLÞ: GrðF Þ=I is a free Z-module and I=½I; I� is a free

UðGrðF Þ=IÞ-module on �1; 	 	 	 ; �m.

Then, we have GrðF Þ=I ¼ GrðGÞ.
Furthermore, under the condition ðLÞ, we have

UðGrðF Þ=IÞ ¼ GrðZ½G�Þ, where GrðZ½G�Þ :¼L
q�0 J

q=Jqþ1 is the graded algebra filtered by the

powers of the augmentation ideal J of the group

algebra Z½G�.
Next, we recall a useful sufficient condition for

(L) due to D. Anick ([A]). First, we note that we can

regard �1; 	 	 	 ; �m as homogeneous elements in the

universal enveloping algebra UðGrðF ÞÞ of GrðF Þ,
which is identified with the polynomial algebra

Zh�1; 	 	 	 �ni of non-commuting variables �1; 	 	 	 ; �n
over Z. In general, we call a set of homogeneous

elements f�1; 	 	 	 �mg in the polynomial algebra A ¼
kh�1; 	 	 	 ; �ni over a field k inert if the quotient

map A! B :¼ A=ð�1; 	 	 	 ; �mÞ induces the injec-

tion TorA2 ðk; kÞ ! TorB2 ðk; kÞ and isomorphism

TorAj ðk; kÞ ! TorBj ðk; kÞ for j > 2. Then, we have

the following

Theorem 2.2 ([A]). Notations being as

above, the followings are equivalent:

(1) the condition ðLÞ holds,

(2) the image of f�1; 	 	 	 ; �mg in Fph�1; 	 	 	 ; �ni is inert

for any prime p,

(3) the homogeneous q-component of GrðF Þ=I is a

free Z-module of rank aq and the Poincaré series of

UðGrðF Þ=IÞ is given byY
q�1

ð1� tqÞ�aq ¼ 1� ntþ
Xm
j¼1

twðrjÞ

 !�1

:
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A final sufficient condition for the inertness,

due to also Anick, is combinatorial. Choose a total

ordering on f�1; 	 	 	 ; �ng. For any non-zero homo-

geneous element � of degree d in Fph�1; 	 	 	 ; �ni, write

� ¼
XN
j¼1

cjwj; cj 2 Z

where fw1; 	 	 	 ; wNg is a complete set of the mono-

mials in �1; 	 	 	 ; �n which inherits the lexicographic

order, and we call the high term of � is the highest

wj with cj 6¼ 0. Then, we have the following

Theorem 2.3 ([A]). Let f�1; 	 	 	 ; �mg be any

set of non-zero homogeneous elements in

Fph�1; 	 	 	 ; �ni and wj the high term of �j. Suppose

the condition ðCÞ: no wi is a submonomial of any wj
for i 6¼ j and no wi overlaps with any wj. Namely,

wi ¼ uv; wj ¼ vw cannot occur unless v ¼ 1 or

u ¼ w ¼ 1.

Then, f�1; 	 	 	 ; �mg is inert in Fph�1; 	 	 	 ; �ni.
3. Nilpotent class field theory. We now

turn back to our problem on the nilpotent topo-

logical class field theory. We assume that the

fundamental group �1ðXÞ of a topological manifold

X has a finite presentaion given by

�1ðXÞ ¼ F=R ¼ hx1; 	 	 	 ; xn j r1 ¼ 	 	 	 rm ¼ 1i:

Let �i :¼ xi mod F ð2Þ and �i the initial form of

ri in GrðF Þ, and let �i be the image of xi in

H1ðXÞ ¼ Gr1ð�1ðXÞÞ.
Theorem 3.1. Notations being as above,

suppose that the condition ðLÞ in Theorem 2.1 is

satisfied. Then the nilpotent Hurewicz homomor-

phism is surjective. If we assume further that H1ðXÞ
is a free Z-module with basis �1; . . . ; �n, then the

kernel of HX is the ideal of LðH1ðXÞÞ generated by

the elements corresponding to �1; . . . ; �m under the

identification LðH1ðXÞÞ ¼ GrðF Þ.
Proof. Under the condition (L), we have

Grð�1ðXÞÞ ¼ GrðF Þ=I when I is the ideal of GrðF Þ
generated by �1; . . . ; �m. By the definition of the

nilpotent Hurewicz homomorphism HX (1.1), we

have HXð�iÞ ¼ xi mod I (1 
 i 
 n). Since GrðF Þ
is generated by xi, HX is surjective. The latter

assertion is obvious. �

Example 3.2 (Closed surface). Let �g be an

oriented closed surface of genus g � 0. The funda-

mental group �1ð�gÞ has the presentation

�1ð�gÞ ¼ hx1; 	 	 	 ; x2g j r ¼ ½x1; x2� 	 	 	 ½x2g�1; x2g� ¼ 1i

and the homology group H1ð�gÞ is a free Z-module

with basis �1; 	 	 	 ; �2g corresponding to the loops

x1; 	 	 	 ; x2g.

Theorem 3.2.1. Notations being as above,

the nilpotent Hurewicz homomorphism H�g
induces

the isomorphism

LðH1ð�gÞÞ
� X2g�1

i¼1

½�i; �iþ1�
 !

�!� GrðGalð�nil
g =�gÞÞ;

and GrqðGalð�nil
g =�gÞÞ ¼ Galð�ðqþ1Þ

g =�
ðqÞ
g Þ is a free

Z-module of rank

1

q

X
djq

�
q

d

� �
ð�d þ �dÞ

where 1� 2gtþ t2 ¼ ð1� �tÞð1� �tÞ and �ð	Þ is the

Möbius function.

Proof. Since the initial form of r ¼
½x1; x2� 	 	 	 ½x2g�1; x2g� is given by � ¼ ½�1; �2� þ 	 	 	 þ
½�2g�1; �2g� where ½�i; �iþ1� ¼ �i�iþ1 � �iþ1�i, the con-

dition (C) is satisfied for any p and so the condition

(L) holds by Theorem 2.3. Further H1ðXÞ is a free

Z-module with basis �1; . . . ; �n. Hence Theorem

3.1 yields the first assertion. By Theorem 2.2 and

wðrÞ ¼ 2, GrqðGalð�nil
g =�gÞÞ is a free Z-module

whose rank aq is given byY
q�1

ð1� tqÞ�aq ¼ ð1� 2gtþ t2Þ�1

¼ fð1� �tÞð1� �tÞg�1:

Using �logð1� sÞ ¼
P

n�1 s
n=n, we obtainX

djq
dad ¼ �q þ �q;

from which the second assertion follows

([S, Ch.IV,4]). �

Example 3.3 (Link complement). Let L ¼
K1 [ 	 	 	 [Kn be a pure braid link with n-compo-

nent knots in the 3-sphere S3 (n � 2) and EL :¼
S3 n L the complement of L. The fundamental

group GL :¼ �1ðELÞ, called the link group of L,

has the presentation

GL ¼ hx1; 	 	 	 ; xn j ½x1; y1� ¼ 	 	 	 ¼ ½xn; yn� ¼ 1i

where xi and yi represent the meridian and longi-

tude around Ki, 1 
 i 
 n, and one of the relators is

redundant ([B, Theorem 2.2]). The homology group

H1ðELÞ is a free Z-module with basis �1; 	 	 	 ; �n, the

meridian classes around Ki’s. Let D be the diagram

of L whose vertices are Ki’s with Ki and Kj joined

by an edge of weight lij ¼ the linking number of Ki

and Kj.
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Theorem 3.3.1. Notations being as above,

assume further that the diagram D of L is connected

mod p for any prime number p. Then the nilpotent

Hurewicz homomorphism HEL induces the isomor-

phism

LðH1ðELÞÞ=ð	1; 	 	 	 ; 	n�1Þ �!
�

GrðGalðEnil
L =ELÞÞ

where 	i :¼
P

j 6¼i lij½�i; �j� ð1 
 i 
 n� 1Þ. We also

have

GrqðGalðEnil
L =ELÞÞ ¼ GalðEðqþ1Þ

L =E
ðqÞ
L Þ

’ F ð1ÞðqÞ=F ð1Þðqþ1Þ

� F ðn� 1ÞðqÞ=F ðn� 1Þðqþ1Þ;

where F ðmÞ is a free group of rank m. Hence

GrqðGalðEnil
L =ELÞÞ is a free Z-module whose rank

aq is given by

aq ¼
1þ bq if q ¼ 1;

bq if q > 1;

�
where

bq :¼
1

q

X
djq

�
q

d

� �
ðn� 1Þd:

Proof. Anick ([A, Proposition 3.5]; See also

[L2]) showed that, under the assumption on D, the

initial form of ½xi; yi� is �i ¼
P

j 6¼i lij½�i; �j� of degree 2

and the condition (C) is satisfied for any p. Further

H1ðELÞ is a free Z-module on �1; . . . ; �n. Hence

Theorem 3.1 yields the first assertion. By Theorem

2.2 and wð½xi; yi�Þ ¼ 2, GrqðGalðEnil
L =ELÞÞ is a free

Z-module whose aq is given byY
q�1

ð1� tqÞ�aq ¼ ð1� ntþ ðn� 1Þt2Þ�1

¼ fð1� tÞð1� ðn� 1ÞtÞg�1;

which is the Poincaré series of UðGrðF ð1ÞÞ �
GrðF ðn� 1ÞÞÞ. From this, the second assertion

follows. �

Example 3.4 (S1-bundle over a torus). For

a positive integer e, we let

G :¼
1 a c

0 1 b

0 0 1

0
B@

1
CA j a; b; c 2 R

8><
>:

9>=
>;;

�e :¼
1 l n=e

0 1 m

0 0 1

0
B@

1
CA j l;m; n 2 Z

8><
>:

9>=
>;

and

Me :¼ G=�e:

The 3-dimensional manifold Me is a principal S1-

bundle over the 2-dimensional torus T 2 with Euler

class e 2 H2ðT 2;ZÞ ¼ Z whose fundamental group is

given by

�1ðMeÞ ¼ �e ¼ hx1; x2; x3 j ½x1; x3�
¼ ½x2; x3� ¼ 1; ½x1; x2� ¼ xe3i

where x1, x2 and x3 are free words representing

respectively

	1 :¼
1 1 0

0 1 0

0 0 1

0
B@

1
CA; 	2 :¼

1 0 0

0 1 1

0 0 1

0
B@

1
CA and

	3 :¼
1 0 1=e

0 1 0

0 0 1

0
B@

1
CA 2 �e:

(i) The case of e ¼ 1. For this case, we have

�1ðM1Þ ¼ �1 ¼ hx1; x2; x3 j ½x1; x2� ¼ x3; ½x1; ½x1; x2��
¼ ½x2; ½x1; x2�� ¼ 1i ¼ hx1; x2 j ½x1; ½x1; x2��
¼ ½x2; ½x1; x2�� ¼ 1i

and the homology group H1ðM1Þ is a free Z-module

with basis �1; �2. Since the initial forms of

½x1; ½x1; x2�� and ½x2; ½x1; x2�� do not satisfy the

condition (C), we cannot use Theorem 2.3. How-

ever we have the following

Theorem 3.4.1. Notations being as above,

the nilpotent Hurewicz homomorphism HM1
induces

the isomorphism

LðH1ðM1ÞÞ=ð½�1; ½�1; �2��; ½�2; ½�1; �2��Þ
�!� GrðGalðMnil

1 =M1ÞÞ
and we have

GrqðGalðMnil
1 =M1ÞÞ ¼

Z2 if q ¼ 1;

Z if q ¼ 2;

0 if q > 2:

8><
>:

Proof. Since �1 is the nilpotent group with

�
ð2Þ
1 ¼ h	3i ¼ h½	1; 	2�i ¼ Z, �

ðqÞ
1 ¼ f1g (q � 3), the

second assertion follows. Let J be the ideal of

LðH1ðM1ÞÞ generated by ½�1; ½�1; �2��; ½�2; ½�1; �2��.
Then we have

LðH1ðM1ÞÞ=J
¼ T ðH1ðM1ÞÞ=ð½�1; ½�1; �2��; ½�2; ½�1; �2��; IÞ
¼ H1ðM1Þ � Z½�1; �2�;

from which the first assertion follows. �

(ii) The case e � 2. For this case, the homology

group H1ðMeÞ is given by H1ðMeÞ ¼ Z�1 � Z�2 �
Z�3=eZ�3 ¼ Z2 � Z=eZ and so it has torsion. So we
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cannot use Theorems 2.2, 2.3. However we have the

following

Theorem 3.4.2. Notations being as above,

the nilpotent Hurewicz homomorphism HMe
induces

the isomorphism

LðH1ðMeÞÞ=ð½�1;�3�; ½�2;�3�; ½�1;½�1;�2��;½�2;½�1;�2��Þ
�!� GrðGalðMnil

e =MeÞÞ
and we have

GrqðGalðMnil
e =MeÞÞ ¼

Z2 � Z=eZ if q ¼ 1;

Z if q ¼ 2;

0 if q > 2:

8><
>:

Proof. Since �e is the nilpotent group with

�
ð2Þ
e ¼ h	e3i ¼ h½	1; 	2�i ¼ Z, �

ðqÞ
e ¼ f1g (q � 3), the

second assertion follows. Let J be the ideal of

LðH1ðMeÞÞ generated by ½�1;�3�; ½�2;�3�; ½�1; ½�1;�2��;
½�2; ½�1; �2��. Then we have

LðH1ðMeÞÞ=J
¼ T ðH1ðMeÞÞ=ð½�1; �3�; ½�2; �3�; ½�1; ½�1; �2��; ½�2; ½�1; �2��; IÞ
¼ H1ðMeÞ � Z½�1; �2�;

from which the first assertion follows. �
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