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Abstract: A complex hyperbolic triangle group is a group generated by three complex

involutions fixing complex lines in complex hyperbolic space. In a previous paper [3] we discussed

complex hyperbolic triangle groups of type ðn; n;1; kÞ and proved that for n � 29 these groups

are not discrete. In this paper we show that if n � 22, then complex hyperbolic triangle groups of

type ðn; n;1; kÞ are not discrete and give a new list of non-discrete groups of type ðn; n;1; kÞ.
Key words: Complex hyperbolic triangle group; complex involution.

1. Introduction. Let n and k be positive

integers. Let I1; I2; I3 be the following matrices:

I1 ¼
1 � �

0 �1 0

0 0 �1

2
64

3
75; I2 ¼

�1 0 0

� 1 �

0 0 �1

2
64

3
75;

I3 ¼
�1 0 0

0 �1 0

� � 1

2
64

3
75:

Assume that �; �; � satisfy the conditions j�j ¼
2 cosð�=nÞ, j�j ¼ 2, j� j ¼ 2 cosð�=nÞ, j�� � �j ¼
2 cosð�=kÞ. Then we have that I2

1 ¼ I2
2 ¼ I2

3 ¼
ðI1I2Þn ¼ ðI3I1Þn ¼ ðI1I2I1I3Þk ¼ E (the identity

matrix) and I2I3 is a parabolic element. We call

the group generated by I1, I2 and I3 a complex

hyperbolic triangle group of type ðn; n;1; kÞ and

denote it by �ðn; n;1; kÞ. Up to conjugation, there

is a one-parameter family of these groups parame-

trized by kð� ½n=2� þ 1Þ.
It is interesting to ask which values of the

parameter correspond to discrete groups as men-

tioned in [5]. This will be done in a case by case

fashion, so we try to restrict the range to search

for discrete groups by finding non-discrete groups.

In this paper we improve our previous result in [3]

and give a new list of non-discrete groups of type

ðn; n;1; kÞ.
2. Non-discrete groups. To show a group

of type ðn; n;1; kÞ to be non-discrete, we use the

following version of Jørgensen’s inequality.

Lemma 2.1 ([4, Corollary 2.3]). Let � be a

complex hyperbolic triangle group of type ðn; n;
1; kÞ. If n � 7 and

ð��� þ � � � � 2j�j2 � 2j� j2 � j�j2 þ 4Þ2 < 4� j�j2;

then � is not discrete.

From the conditions on �; �; � , we have

��� þ � � � ¼ 16 cos4 �

n
� 2 cos

2�

k
þ 2:

Hence, we can rewrite the inequality in Lemma 2.1

as

cos
2�

k
þ 1� 8 cos4 �

n
þ 6 cos2 �

n

� �2

< sin2 �

n
:

Let an ¼ �1þ 8 cos4ð�=nÞ � 6 cos2ð�=nÞ �
sinð�=nÞ and bn ¼ �1þ 8 cos4ð�=nÞ � 6 cos2ð�=nÞ þ
sinð�=nÞ. We immediately obtain.

Lemma 2.2. Let � be a complex hyperbolic

triangle group of type ðn; n;1; kÞ with n � 7: If

an < cosð2�=kÞ < bn, then � is not discrete.

We are ready to state our theorem, which

shows a new list of non-discrete groups of type

ðn; n;1; kÞ. In particular, we prove that �ðn; n;
1; kÞ for n � 22 and k � ½n=2� þ 1 is not discrete.

Theorem 2.3. Let � ¼< I1; I2; I3 > be a

complex hyperbolic triangle group of type ðn; n;
1; kÞ with k � ½n=2� þ 1. The following groups are

non-discrete.

(1) �ð5; 5;1; 3Þ.
(2) �ð6; 6;1; 5Þ.
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(3) �ð7; 7;1; 4Þ, �ð7; 7;1; 6Þ.
(4) �ð8; 8;1; 5Þ.
(5) �ð9; 9;1; 5Þ, �ð9; 9;1; 6Þ.
(6) �ð10; 10;1; 6Þ, �ð10; 10;1; 9Þ.
(7) �ð11; 11;1; 6Þ, �ð11; 11;1; 10Þ, �ð11; 11;1;

11Þ.
(8) �ð12; 12;1; 7Þ, and �ð12; 12;1; kÞ for 11 �

k � 16.

(9) �ð13; 13;1; 7Þ; and �ð13; 13;1; kÞ for 12 �
k � 38.

(10) �ð14; 14;1; 8Þ; and �ð14; 14;1; kÞ for k � 12.

(11) �ð15; 15;1; 8Þ, �ð15; 15;1; 9Þ, �ð15; 15;1;

10Þ, and �ð15; 15;1; kÞ for k � 13.

(12) �ð16; 16;1; 9Þ, �ð16; 16;1; 10Þ, and �ð16; 16;
1; kÞ for k � 14.

(13) �ð17; 17;1; 9Þ, �ð17; 17;1; 10Þ, �ð17; 17;1;

11Þ, and �ð17; 17;1; kÞ for k � 15.

(14) �ð18; 18;1; 10Þ, �ð18; 18;1; 11Þ, �ð18; 18;1;

12Þ, and �ð18; 18;1; kÞ for k � 16.

(15) �ð19; 19;1; 10Þ, �ð19; 19;1; 11Þ, �ð19; 19;1;
12Þ;�ð19; 19;1; 13Þ, and �ð19; 19;1; kÞ for

k � 17.

(16) �ð20; 20;1; 11Þ, �ð20; 20;1; 12Þ, �ð20; 20;1;

13Þ, �ð20; 20;1; 14Þ, �ð20; 20;1; 15Þ and

�ð20; 20;1; kÞ for k � 18.

(17) �ð21; 21;1; 11Þ, �ð21; 21;1; 12Þ, �ð21; 21;1;

13Þ, �ð21; 21;1; 14Þ, �ð21; 21;1; 15Þ, �ð21;

21;1; 16Þ, and �ð21; 21;1; kÞ for k � 19:
(18) �ð22; 22;1; kÞ for any k ð� 12Þ.
(19) �ðn; n;1; kÞ for any n ð> 22Þ.

Proof. First, from Lemma 2.2, it is readily

verified that the following are not discrete:

1) �ð11; 11;1; 6Þ;
2) �ð12; 12;1; 7Þ;
3) �ð13; 13;1; 7Þ;
4) �ð14; 14;1; 8Þ;
5) �ð15; 15;1; 8Þ and �ð15; 15;1; 9Þ;
6) �ð16; 16;1; 9Þ and �ð16; 16;1; 10Þ;
7) �ð17; 17;1; 9Þ, �ð17; 17;1; 10Þ; and �ð17; 17;

1; 11Þ;
8) �ð18; 18;1; 10Þ, �ð18; 18;1; 11Þ; and �ð18; 18;

1; 12Þ;
9) �ð19; 19;1; kÞ for 10 � k � 13;

10) �ð20; 20;1; kÞ for 11 � k � 15;

11) �ð21; 21;1; kÞ for 11 � k � 16;

12) �ð22; 22;1; kÞ for 12 � k � 18;

13) �ð23; 23;1; kÞ for 12 � k � 20;

14) �ð24; 24;1; kÞ for 13 � k � 22;

15) �ð25; 25;1; kÞ for 13 � k � 25;

16) �ð26; 26;1; kÞ for 14 � k � 29;

17) �ð27; 27;1; kÞ for 14 � k � 33;

18) �ð28; 28;1; kÞ for 15 � k � 40.

The list above includes 36 new non-discrete groups,

which were not shown in [3, Theorem 4.2].

Next we show another 6 new non-discrete

groups, which were not shown in [3, Theorem 4.2].

Before this, we recall the following two equalities in

[1, Theorem 7]:

ð�Þ cos
�

5
� cos

2�

5
¼

1

2
;

ð�Þ �cos
�

15
þ cos

2�

15
þ cos

4�

15
� cos

7�

15
¼ 1

2
:

Consider the elements I1I2I1I2I3I2 and I3I1I3I1I2I1,

which are written as Ið12Þ232 and Ið31Þ221, respective-

ly. It is seen that

traceðIð12Þ232Þ

¼ ð��� þ � � �Þð1� j�j2Þ � 1þ j�j2

þ j�j2ð�2j�j2 þ j� j2 þ j�j2j�j2Þ

¼ 2 cos
2�

k
þ 4 cos

2�

k
cos

2�

n
� 2 cos

6�

n

� 2 cos
2�

n
þ 1

and

traceðIð31Þ221Þ

¼ ð��� þ � � �Þð1� j� j2Þ � 1þ j�j2

þ j� j2ð�2j�j2 þ j�j2 þ j�j2j� j2Þ

¼ 2 cos
2�

k
þ 4 cos

2�

k
cos

2�

n
� 2 cos

4�

n

� 2 cos
2�

n
þ 1:

Now, consider the case n ¼ 8 and k ¼ 5. Here, it is

numerically checked that the value of traceðIð12Þ232Þ
is about 2.4920. It follows from [2, Theorem 6.24]

that the element Ið12Þ232 is regular elliptic. Then

there is a real number � such that

2 cos
2�

5
þ 4 cos

2�

5
cos

2�

8
� 2 cos

6�

8
� 2 cos

2�

8
þ 1

¼ 1þ 2 cos��:

By using the above equality ð�Þ, we have

cos
�

5
� cos

7�

20
þ cos

3�

20
� cos�� ¼

1

2
:

Since 1þ 2 cos�� ¼ 2:4920 � � �, cosð�=3Þ < cos�� <
cosð�=6Þ. Assume that cosð�=5Þ ¼ cos��. Then it is
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seen that

�cos
7�

20
þ cos

3�

20
¼ 2 sin

�

4
sin

�

10

¼
ffiffiffi
2
p ffiffiffi

5
p
� 1

4

 !
<

1

2
;

which is a contradiction. Therefore cosð�=5Þ 6¼
cos��. Suppose that � is a rational number. Then

�=5; 7�=20; 3�=20 and j�j� are four distinct rational

multiples of � lying strictly between 0 and �=2: For

any non-empty subset S of f�=5; 7�=20; 3�=20;
j�j�g, any rational linear combination of the cosines

of elements in S does not appear in the list of

[1, Theorem 7]. Hence, we have a contradiction.

Therefore � is not rational, which implies that

Ið12Þ232 has infinite order. Thus �ð8; 8;1; 5Þ is not

discrete. Next, consider the following cases: n ¼ 6
and k ¼ 5, n ¼ 7 and k ¼ 6, n ¼ 9 and k ¼ 6, n ¼
10 and k ¼ 6, and n ¼ 15 and k ¼ 10. In each

case, it is seen that the element Ið31Þ221 is regular

elliptic. It implies that there is a real number  

such that

ð�Þ 2 cos
2�

k
þ 4 cos

2�

k
cos

2�

n
� 2 cos

4�

n
� 2 cos

2�

n
þ 1

¼ 1þ 2 cos �:

In the case where n ¼ 6 and k ¼ 5, using ð�Þ, we

obtain

cos
�

5
þ cos

2�

5
� cos � ¼

1

2
:ðaÞ

Similarly, for cases n ¼ 7 and k ¼ 6, n ¼ 9 and

k ¼ 6, and n ¼ 10 and k ¼ 6, we obtain the equa-

tions,

ðbÞ �cos
3�

7
þ cos � ¼ 1

2
;

ðcÞ cos
4�

9
þ cos � ¼

1

2
;

ðdÞ cos
2�

5
þ cos � ¼ 1

2
;

respectively. For the case n ¼ 15 and k ¼ 10, using

ð�Þ and ð�Þ, we have

�cos
2�

5
þ cos

7�

15
þ cos � ¼

1

2
:ðeÞ

As before, [1, Theorem 7] tells us that there are no

rational solutions to the above equations ðaÞ, ðbÞ,
ðcÞ, ðdÞ and ðeÞ, so Ið31Þ221 is of infinite order in each

case. Hence the groups �ð6; 6;1; 5Þ, �ð7; 7;1; 6Þ,
�ð9; 9;1; 6Þ, �ð10; 10;1; 6Þ and �ð15; 15;1; 10Þ are

not discrete.

Combining the above with [3, Theorem 4.2], we

have our desired result. �

Remark 2.4. In �ð10; 10;1; 6Þ; Ið12Þ232 is a

regular elliptic element of order 10, while in �ð6; 6;
1; 5Þ, �ð7; 7;1; 6Þ, �ð9; 9;1; 6Þ or �ð15; 15;1; 10Þ,
Ið12Þ232 is not elliptic.
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