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Potential functions via toric degenerations

By Takeo NISHINOU,” Yuichi NOHARA*" and Kazushi UEDA***
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Abstract:

We construct an integrable system on an open subset of a Fano manifold

equipped with a toric degeneration, and compute the potential function for its Lagrangian torus
fiber if the central fiber is a toric Fano variety admitting a small resolution.

Key words:

An integrable system on a symplectic mani-
fold (M,w) of dimension 2N is a set of N func-
tions which are functionally independent and
mutually Poisson-commutative. An integrable sys-
tem defines a Hamiltonian RV-action on M, and
any regular compact connected orbit of the RM-
action is a Lagrangian torus by the Arnold-Liouville
theorem.

For a Lagrangian submanifold L in a symplec-
tic manifold, the cohomology group H*(L; Ay) with
coefficient in the Novikov ring

Ag = {i aiTA'
1=0

has a structure of a weak A, -algebra [FOOOO09].
A solution to the Maurer-Cartan equation

a; €Q, \ € RZO, lim \; = OO}
i—00

imk(b, ...,b) =0 mod PD([L])
k=0

is called a weak bounding cochain, which can be
used to define the deformed Floer cohomology. The
potential function is a map PO : M(L) — Ay from
the moduli space M(L) of weak bounding cochains
such that

o0

S milb,...,b) = POE) - PD((L)).

k=0
The moment map for the torus action on a toric
Fano manifold with respect to a torus-invariant
Kahler form provides an example of an integrable
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system. The potential function for its Lagrangian
torus fiber is computed in [CO06,FOO010].

We have introduced the notion of a toric
degeneration of an integrable system in
[NNU10, Definition 1.1] and shown that the Gel-
fand-Cetlin system on a flag manifold of type A
admits a toric degeneration. In this paper, we
construct an integrable system from a toric degen-
eration of a projective manifold. Let f: X — B be a
flat family of projective varieties over a complex
manifold B. Assume that B contains two points 0
and 1 such that X; = f~1(¢) is smooth for general
t € B including t =1 and the central fiber Xj is a
toric variety. Assume further that the singular locus
of the total space X is contained in the singular
locus of Xy, and the regular locus of the total space
has a Kihler form which restricts to a torus-
invariant Kéhler form on the regular locus X;™® of
Xj. Choose a piecewise smooth path «v:[0,1] - B
such that (0) = 0, 7(1) = 1 and X is smooth for
t € (0,1]. Then the symplectic parallel transport
along v, defined by the horizontal distribution given
as the orthogonal complement to the tangent space
of the fiber of f with respect to the symplectic form
(see e.g. [Sei08, Section (15a)]), gives a symplecto-
morphism 7 : X;® — X from X;*® to an open
subset X|® of X;. By transporting the toric
integrable system ®;: Xy — RY to X; by 7, one
obtains an integrable system ® = ®;057!: X|%® —
RY on X[®. Let #(u) = (vi,u) —7; be the affine
functions defining the faces of the moment polytope;
A=0)(Xy) ={uecR" | {(u)>0,i=1,...,m}.
Although & is defined only on an open subset of X7,
the proof of [NNU10, Theorem 10.1] goes through
without any change and gives the following:

Theorem 1. Assume that Xy is a Fano
variety admitting a small resolution. Then for any
u € IntA, one has an inclusion H'(L(u);Ag) C
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M(L(u)) for the Lagrangian torus fiber L(u) =
®~1(u), and the potential function is given by

PO(x) =) et
i=1

for x € HY(L(u), Ap).

Here, a resolution of singularities is said to be
small if the exceptional set does not contain a
divisor. If the central fiber does not have a small
resolution, then there can be additional contribu-
tion to the potential function. See [Aur09,FOOOD]
for the discussion on the degeneration of P* x P! to
P(1,1,2) (or its non-small crepant resolution
P(Op: & Op: (2))).

The potential function in Theorem 1 has a
critical point in the interior of the moment
polytope [NNU10, Proposition 12.3]. As a corollary,
one obtains a non-displaceable Lagrangian torus
just as in [FOOO10, Theorem 1.5]:

Corollary 2. If a Fano manifold X admits a
flat degeneration into a toric Fano variety with a
small resolution, then there is a Lagrangian torus L
in X satisfying

HL)NL#0

for any Hamiltonian diffeomorphism ¢ : X — X.

As an example, consider the complete inter-
section X = Q1 N Qs of two quadrics in P°, which is
isomorphic to the moduli space of stable rank two
vector bundles with a fixed determinant of odd
degree on a genus two curve [New68,NRG9]. We
equip X with the Kéhler form w = Awpg|y, where
A >0 and wpg is the Fubini-Study form on P.
Although X has several toric degenerations (i.e. a
degeneration into a variety defined by binomial
equations), one has to choose the one with a small
resolution to apply Theorem 1. Our choice for the
central fiber is the complete intersection zpz; =
2923 = 2425 with the torus action

[20:21: 29 23 1 24 25]
— ozt Bzr vz By e Bz 2z

for (a, 8,7) € (C*)*. The singular locus of this toric
variety consists of six ordinary double points, and
hence it admits a small resolution. By applying the
results above, we obtain the following

Theorem 3. The moduli space of stable rank
two vector bundles with a fized determinant of odd
degree on a genus two curve admits a structure of a
completely integrable system, whose moment poly-

[Vol. 88(A),

tope is the octahedron with vertices (A, 0,0), (0, A, 0),
(0,0,\), (AN =X), (MA0), and (0,0,0). The
potential function for its Lagrangian torus fiber is
given by

;BD — 612+13Tuz+u;; + 67I1T7u1+/\ + efngfufr)\
+ eszz;;TuHru;; 4 et + efrlfz;ijulfu;;Jr)\
4 e—:nz—mgT—uz—ue,Jr)\ + eT1 T
This potential function can be written as

Q Q
PO =oys +—+ —+ 1113
U Y2

Q Q
+y2+——+—+y,
Yiys Y293
by setting @ =T and y; = e%T%, i = 1,2,3. This
has two isolated critical points (y1,y2,y3) =

(VQ,VQ,1),(—v/Q,—/Q,1) with critical values
+8y/Q and non-isolated critical points consisting
of three rational components y; +y2 =y3+1=0,
Yty =y —Q=0, and 1y —Q=y3+1=0
with the critical value 0 (cf. [Prz09, Example 22]).
The valuations of these critical points lie in the
interior of the moment polytope, so that one obtains
the following:

Corollary 4. The moduli space of stable
rank two wvector bundles with a fized determinant
of odd degree on a genus two curve has a continuum
of non-displaceable Lagrangian tori.

The existence of a continuum of non-
displaceable Lagrangian tori is previously known
in toric examples wusing bulk deformations
[FOOOa, Theorem 1.1].

The split-closed derived Fukaya category of
the moduli space of stable rank two vector bundles
with a fixed determinant of odd degree on a
genus two curve contains an orthogonal summand
equivalent to that of a genus
[Smil0, Theorem 1.1], and it is natural to expect
that the Lagrangian tori corresponding to non-
isolated critical points generate this summand,
whereas the Lagrangian tori for two isolated critical
points generate its orthogonal complement.
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