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Abstract: In this paper, we give an explicit description of 3-Hilbert class �eld of certain
imaginary quadratic �elds.
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1. Introduction. Let k be an imaginary qua-

dratic �eld, and L an abelian extension of k: L is

called an anti-cyclotomic extension of k if it is Galois
over Q; and Galðk=QÞ acts on GalðL=kÞ by �1. For

each prime number p; the compositum K of all

Zp-extensions over k becomes a Zp
2-extension, and

K is the compositum of the cyclotomic Zp-extension

and the anti-cyclotomic Zp-extension of k: In the

paper [2], using Kummer theory and class �eld
theory, we constructed the �rst layer ka1 of the anti-

cyclotomic Zp-extension of an imaginary quadratic

�eld whose class number is not divisible by p. In this
paper, we apply the same method as in [2] to con-

struct 3-Hilbert class �eld of certain imaginary qua-
dratic �elds.

2. Proof of theorems. We begin this section

by explaining how to construct a cyclic extension
Mp of prime degree p of an imaginary quadratic

�eld k, which is unrami�ed outside p over k and

GalðMp=QÞ ’ Dp, the dihedral group of order 2p.
Throughout this section, we denote by Hk; hk; Ak

the p-part of Hilbert class �eld, the p-class number,

and p-part of ideal class group of k, respectively.
Let k be an imaginary quadratic �eld and �p a

primitive p-th root of unity. We denote kz ¼ kð�pÞ
and let �; � with �ð�pÞ ¼ �pt be generators of
Galðkz=kÞ; Galðkz=Qð�pÞÞ, respectively. Assume that

p 6¼ 2 and k 6¼ Qð
ffiffiffiffiffiffiffi

�3
p

Þ if p ¼ 3. Then we have the

following theorem which is a re�nement of [2, Theo-
rem 1].

Theorem 1 (See [2, Theorem 1]). Let X 0 be a

vector space over a �nite �eld Fp with a basis

fx1; � � � ; xp�1g and A be a linear map such that Axi ¼
xiþ1 for i ¼ 1; � � � ; p� 2 and Axp�1 ¼ x1. Let x ¼
P

i aixi be an eigenvector of A corresponding to an

eigenvalue t satisfying �ð�pÞ ¼ �p
t. Let k ¼ Qð

ffiffiffiffiffiffiffiffi

�D
p

Þ

be an imaginary quadratic �eld. Assume that " ¼
�ð�Þ��1 is not a p-power of a unit in kz, where � ¼
Q

ið�Þ
ai�

i�1

for some unit � 2 kz. Then kzð
ffiffiffi

"p
p
Þ con-

tains a unique cyclic extension Mp of prime de-

gree p of k, which is unrami�ed outside p over k

and GalðMp=QÞ ’ Dp, and Mp ¼ kð�Þ where � ¼
Trkz ð

ffiffi

"pp Þ=Mp
ð ffiffiffi"p
p Þ.

Proof of Theorem 1. We include here the

proof of Theorem 1 given in [2] because we will use
Theorem 1 to construct the 3-Hilbert class �eld of

k. Write Lz ¼ kzð
ffiffiffi

"
pp Þ. Let H ¼ h" modðk�zÞ

pi be the

Kummer group for the Kummer extension Lz=kz,
and let X ¼ GalðLz=kzÞ: Then Galðkz=QÞ acts on H

and X, and the Kummer pairing

H �X �! �p

is a perfect Galðkz=QÞ-equivariant pairing. Hence, by

the construction of ", � and � , and using the fact that
Fp½Galðkz=kÞ� ’ X0 : �i�1 ! xi, one can easily see

that �ð"Þ ¼ "t modðk�zÞ
p and �ð"Þ ¼ "�1. Therefore

the generators � and � act on X trivially and
inversely, respectively. It follows that GalðLz=kÞ is

cyclic of order ðp� 1Þp. Then there exists the unique

intermediate �eld Mp of Lz=k with ½Mp : k� ¼ p,
and the uniqueness of Mp asserts that Mp=Q is

a Galois extension. It follows that GalðMp=QÞ ’
GalðLz=Qð�pÞÞ ’ Dp. Moreover, Mp=k is a cyclic

extension of degree p unrami�ed outside p, and by

[1, Theorem 5.3.5] we conclude that Mp ¼ kð�Þ with
� ¼ TrLz=Mp

ð ffiffiffi"p
p Þ.

The �rst layer of anti-cyclotomic Zp-extension of

an imaginary quadratic �eld k may be or may not be
contained in the p-Hilbert class �eld of k. The follow-

ing theorem gives an answer for this question when

p ¼ 3.
Theorem 2 (See [3, Theorem 2]). Let d 6� 3

mod 9 be a squarefree positive integer, k ¼ Qð
ffiffiffiffiffiffiffi

�d
p

Þ
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an imaginary quadratic �eld and K the compositum

of all Z3-extensions over k. Then

Hk \K ¼ k()

rankZ=3AQð
ffiffiffiffi

3d
p
Þ ¼ rankZ=3AQð

ffiffiffiffiffi

�d
p

Þ:

Remark 1. It is well-known that

rankZ=3AQð
ffiffiffiffi

3d
p
Þ � rankZ=3AQð

ffiffiffiffiffi

�d
p

Þ

� rankZ=3AQð
ffiffiffiffi

3d
p
Þ þ 1:

Now we state the main theorem of this paper,

and prove it by using the results discussed above.
Theorem 3. Let d 6� 3 mod 9 be a squarefree

positive integer and k ¼ Qð
ffiffiffiffiffiffiffi

�d
p

Þ be an imaginary

quadratic �eld such that hk ¼ 3 and hQð
ffiffiffiffi

3d
p
Þ ¼ 1.

Then

Hk ¼ kð
ffiffiffiffiffi

�23
p

þ
ffiffiffiffiffiffiffiffi

��23
p

Þ
where � is the fundamental unit of Qð

ffiffiffiffiffiffi

3d
p
Þ.

Proof of Theorem 3. Since the absolute

norm N�¼��þ1¼��þ1¼	1, Note that p ¼ 3 and
2þ � is the eigenvector for the eigenvalue t ¼ 2, we

have � ¼ �2þ� ¼ 	� and hence " ¼ 	��2 is not

cubic in kz. Since �
 2 GalðLz=M3Þ satis�es �
2 ¼
1, we have

ffiffiffi

"
3p �
 ¼ ffiffiffi

"
3p �1

and therefore � ¼
	ð

ffiffiffiffiffi

�2
3p þ

ffiffiffiffiffiffiffiffi

��2
3p Þ and M3 ¼ kð�Þ. Let F be the maxi-

mal abelian p-extension of k unrami�ed outside p.

Then [4] class �eld theory shows that

GalðF=HkÞ ’
Y

pjp
U1;p

0

@

1

A;

where U1;p is the local units of k which is congruent

to 1 mod p. So in this case, by Theorem 2,

GalðF=kÞ ’ Z2
p. Hence F , which is equal to K in

this case, contains a unique Dp-extension ka1 of Q

(cf. [2, Lemma 1]). This completes the proof since
Mp;Hk, and ka1 are Dp-extensions of Q contained

in F .
Let us give an example of Theorem 3.

Example 1. Let k ¼ Qð
ffiffiffiffiffiffiffiffiffi

�23
p

Þ and p ¼ 3. In

this case, hk ¼ 3, hQð
ffiffiffiffi

69
p
Þ ¼ 1. We can take t ¼ 2,

and in this case the eigenvector of A is 2x1 þ x2. If

we take � ¼ 11þ 3 1þ
ffiffiffiffi

69
p

2

� �

, then � ¼ �2þ� ¼ � and

" ¼ ���1¼ 11þ 3 1�
ffiffiffiffi

69
p

2

� �� �2
. Note that � is a funda-

mental unit of Qð
ffiffiffiffiffi

69
p
Þ and " ¼ 11þ 3 1�

ffiffiffiffi

69
p

2

� �� �2
¼

��2. Hence " is not a 3rd power in kz. We can easily

compute that � ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

623�75
ffiffiffiffi

69
p

2

3

q

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

623þ75
ffiffiffiffi

69
p

2

3

q

and

irrð�;Qð
ffiffiffiffiffiffiffiffiffi

�23
p

ÞÞ ¼ x3 � 3x� 623. Therefore Hk is

the splitting �eld of x3 � 3x� 623 over Qð
ffiffiffiffiffiffiffiffiffi

�23
p

Þ.
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