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Abstract: Green function of the clamped-free boundary value problem for ð�1ÞMðd=dxÞ2M
on the interval ð�1; 1Þ is obtained. Its Green function is a reproducing kernel for a suitable set of

Hilbert space and an inner product. By using the fact, the best constant of Sobolev inequality cor-
responding to this boundary value problem is obtained as a function of M. The best constant is the

maximal value of the diagonal value Gðy; yÞ of Green function Gðx; yÞ.
Key words: Sobolev inequality; best constant; Green function; reproducing kernel; LU

decomposition.

1. Conclusion. For M ¼ 1; 2; 3; � � �, we intro-
duce Sobolev space

H ¼ HðMÞ ¼ fuðxÞjuðxÞ; uðMÞðxÞ 2 L2ð�1; 1Þ;

uðiÞð�1Þ ¼ 0 ð0 � i �M � 1Þg

Sobolev inner product

ðu; vÞM ¼
Z 1

�1

uðMÞðxÞv ðMÞðxÞdx

and Sobolev energy

kuk2
M ¼

Z 1

�1

��uðMÞðxÞ��2dx:
ð�; �ÞM is proved to be an inner product of H in

section 4. H is Hilbert space with the inner product

ð�; �ÞM .

Our conclusion is as follows:
Theorem 1. For any function uðxÞ 2 H, there

exists a positive constant C which is independent of

uðxÞ such that the following Sobolev inequality holds.
�

sup
jyj�1

juðyÞj
�2

� C
Z 1

�1

��uðMÞðxÞ��2dxð1Þ

Among such C the best constant C0 is given by

C0 ¼ CðMÞ ¼ max
jyj�1

Gðy; yÞ

¼ Gð1; 1Þ ¼ 22M�1

ð2M � 1ÞððM � 1Þ!Þ2
:

If we replace C by C0 in ð1Þ, the equality holds for

uðxÞ ¼ cGðx; 1Þ ð�1 < x < 1Þ
for every complex number c.

Up to now, the best constant of Sobolev inequal-
ity has been studied by G. Bliss [1] and G. Talenti

[2]. They mainly used the functional analysis tech-

nique. Papers [7] and [8] are the early studies that
paid attention to a property as a reproducing kernel

of Green function. The technique is quite di�erent

from that in the precedent studies. We calculated
the best constant of Sobolev inequality by using

Green function of the di�erential equation.

The engineering meaning of this result is that
the square of the maximum bending of a string

ðM ¼ 1Þ or a beam ðM ¼ 2Þ is estimated from above

by the constant multiple of the potential energy [3].
We obtained the best constant of Sobolev inequality

which corresponds to Dirichlet, free and periodic

boundary value problems for ð�1ÞMðd=dxÞ2M [4{6].
The purpose of this paper is to derive Sobolev in-

equality which corresponds to clamped-free bound-

ary value problem, and to obtain the best constant
by using the property as the reproducing kernel of

Green function.

This paper is organized as follows: In sec-
tion 2, we consider a boundary value problem for

ð�1ÞMðd=dxÞ2M with clamped-free boundary condi-

tion. In section 3, it is clari�ed that Green function
Gðx; yÞ is the reproducing kernel for H and ð�; �ÞM .

Finally, section 4 is devoted to the proof of Theo-

rem 1 by using the LU decomposition method.
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2. Clamped-Free boundary value prob-

lem. We consider the following clamped-free

boundary value problem.

BVPðMÞ
ð�1ÞMuð2MÞ ¼ fðxÞ ð�1 < x < 1Þ
uðiÞð�1Þ ¼ 0

uðMþiÞð1Þ ¼ 0 ð0 � i �M � 1Þ

8>><
>>:

For later convenience sake, we introduce the mono-
mials fKjðxÞg.
KjðxÞ ¼ KjðM;xÞ

¼
x2M�1�j=ð2M � 1� jÞ! (0 � j � 2M � 1Þ
0 ð2M � jÞ

(

Concerning the uniqueness and existence of the solu-
tion to BVPðMÞ, we have the following theorem.

Theorem 2. For any bounded continuous func-

tion f ðxÞ on an interval �1 < x < 1, BVPðMÞ has a

unique classical solution uðxÞ expressed as follows:

uðxÞ ¼
Z 1

�1

Gðx; yÞfðyÞdy ð�1 < x < 1Þ:

Green function Gðx; yÞ ¼ GðM ; x; yÞ is given by the

following two equivalent expressions.

ðiÞ Gðx; yÞ ¼ ð�1ÞM

2

�
K0ðjx� yjÞ

� ð� � �Kj � � �Þðxþ 1Þ
 
KMþiþj

!�1

ð2Þ
 ..

.

KMþi
..
.

!
ð1� yÞ

� ð� � �Kj � � �Þðyþ 1Þ
 
KMþiþj

!�1

ð2Þ
 ..

.

KMþi
..
.

!
ð1� xÞ

�

ðKMþiþjÞ�1ð2Þ ð0 � i; j � M � 1Þ is the inverse of the

M �M matrix ðKMþiþjÞð2Þ.

ðiiÞ Gðx; yÞ ¼ ð�1ÞM

2

�
K0ðjx� yjÞ

þ��1

�
KMþiþjð2Þ KMþið1� yÞ
Kjðxþ 1Þ 0

�����
�����

þ
KMþiþjð2Þ KMþið1� xÞ
Kjðyþ 1Þ 0

�����
�����
��

ð�1 < x; y < 1Þ

where � ¼ jKMþiþj jð2Þ ¼ ð�1ÞMðM�1Þ=2. Two terms

on the right-hand side are determinants of ðMþ1Þ�
ðM þ 1Þ matrices.

Proof of Theorem 2. The equivalence be-
tween (i) and (ii) of Theorem 2 follows from the fol-

lowing well-known lemma.

Lemma 1. For any N � N regular matrix A

and N � 1 matrices b and c the following formula

holds.

tbA�1c ¼ �
A c

tb 0

�����
�����
. �����A

�����
Now we proceed to prove Theorem 2 (i). We

suppose that BVPðMÞ has a classical solution uðxÞ.
We introduce new functions

u ¼ tðu0; � � � ; u2M�1Þ

ui ¼ uðiÞ ð0 � i � 2M � 1Þ

and 2M � 2M nilpotent matrix

N ¼ ð�i; j�1Þ ¼

0 1

0 . .
.

. .
.

1

0

0
BBBBB@

1
CCCCCA
;

where �i; j is Kronecker delta symbol de�ned by

�i; j ¼ 1 ði ¼ jÞ; 0 ði 6¼ jÞ:
BVP(M) is rewritten as follows:

u 0 ¼ Nuþ tð0; � � � ; 0; 1Þð�1ÞMfðxÞð2Þ

ð�1 < x < 1Þ:

The fundamental solution EðxÞ to an initial value

problem:

E 0ðxÞ �NEðxÞ
Eð0Þ ¼ ð�i; jÞ

�

is expressed as

EðxÞ ¼ KðxÞKð0Þ�1;

where

KðxÞ ¼
�
Kiþj

�
ðxÞ ð0 � i; j � 2M � 1Þ

Kð0Þ ¼
1

. ..

1

0
B@

1
CA ¼ Kð0Þ�1:

Solving ð2Þ, we have
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uðxÞ ¼ Eðxþ 1Þuð�1Þ

þ
Z x

�1

Eðx� yÞtð0; � � � ; 0; 1Þð�1ÞMfðyÞdy

uðxÞ ¼ Eðx� 1Þuð1Þ

�
Z 1

x

Eðx� yÞtð0; � � � ; 0; 1Þð�1ÞMfðyÞdy

or equivalently, for 0 � i � 2M � 1,

uiðxÞ ¼
X2M�1

j¼0

Kiþjðxþ 1Þu2M�1�jð�1Þ

þ
Z x

�1

ð�1ÞMKiðx� yÞfðyÞdy

uiðxÞ ¼
X2M�1

j¼0

Kiþjðx� 1Þu2M�1�jð1Þ

�
Z 1

x

ð�1ÞMKiðx� yÞfðyÞdy:

Employing the boundary conditions uið�1Þ ¼ 0;

uMþið1Þ ¼ 0 ð0 � i �M � 1Þ, we have

uiðxÞ ¼
XM�1

j¼0

Kiþjðxþ 1Þu2M�1�jð�1Þ

þ
Z x

�1

ð�1ÞMKiðx� yÞfðyÞdy

uiðxÞ ¼
XM�1

j¼0

KMþiþjðx� 1ÞuM�1�jð1Þ

�
Z 1

x

ð�1ÞMKiðx� yÞfðyÞdy

for 0 � i �M � 1. In particular if i ¼ 0, we have

u0ðxÞ ¼
XM�1

j¼0

Kjðxþ 1Þu2M�1�jð�1Þð3Þ

þ
Z x

�1

ð�1ÞMK0ðx� yÞfðyÞdy

u0ðxÞ ¼
XM�1

j¼0

KMþjðx� 1ÞuM�1�jð1Þð4Þ

�
Z 1

x

ð�1ÞMK0ðx� yÞfðyÞdy:

Using the boundary conditions uið�1Þ ¼ 0;

uMþið1Þ ¼ 0 ð0 � i �M � 1Þ again, we have

0 ¼ uið�1Þ ¼
XM�1

j¼0

KMþiþjð�2ÞuM�1�jð1Þ

�
Z 1

�1

ð�1ÞMKið�1� yÞfðyÞdy

0 ¼ uMþið1Þ ¼
XM�1

j¼0

KMþiþjð2Þu2M�1�jð1Þ

þ
Z 1

�1

ð�1ÞMKMþið1� yÞfðyÞdy:

Solving the above linear system of equations with

respect to uM�1�ið1Þ; u2M�1�ið�1Þ ð0 � i �M � 1Þ,
we have

ðuM�1�iÞð1Þð5Þ

¼
Z 1

�1

ð�1ÞM
 
KMþiþj

!�1

ð�2Þ
 

..

.

Ki

..

.

!
ð�1� yÞfðyÞdy

ðu2M�1�iÞð�1Þð6Þ

¼ �
Z 1

�1

ð�1ÞM
 
KMþiþj

!�1

ð2Þ
 ..

.

KMþi
..
.

!
ð1� yÞfðyÞdy:

Substituting ð6Þ and ð5Þ into ð3Þ and ð4Þ, we

have

u0ðxÞ ¼ �
Z 1

�1

ð�1ÞMð� � �Kj � � �Þðxþ 1Þ

 
KMþiþj

!�1

ð2Þ
 ..

.

KMþi
..
.

!
ð1� yÞfðyÞdy

þ
Z x

�1

ð�1ÞMK0ðjx� yjÞfðyÞdy

u0ðxÞ ¼
Z 1

�1

ð�1ÞMð� � �KMþj � � �Þðx� 1Þ

 
KMþiþj

!�1

ð�2Þ
 

..

.

Ki

..

.

!
ð�1� yÞfðyÞdy

þ
Z 1

x

ð�1ÞMK0ðjx� yjÞfðyÞdy:

Taking an average of the above two expressions, we

have obtained the expression for a solution uðxÞ ¼
u0ðxÞ to BVP(M).

uðxÞ ¼
Z 1

�1

Gðx; yÞfðyÞdy ð�1 < x < 1Þð7Þ

where
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Gðx; yÞ ¼ ð�1ÞM

2

�
K0ðjx� yjÞ

�
	
K0; � � � ; KM�1



ðxþ 1Þ

 
KMþiþj

!�1

ð2Þ
 

KM
..
.

K2M�1

!
ð1� yÞ

þ
	
KM; � � � ; K2M�1



ðx� 1Þ

 
KMþiþj

!�1

ð�2Þ
 

K0
..
.

KM�1

!
ð�1� yÞ

�

ð�1 < x; y < 1Þ:

Theorem 2 (i) follows immediately from the relation

Kið�xÞ ¼ ð�1Þiþ1KiðxÞ ð0 � i �M � 1Þ.
Since the right-hand side of ð7Þ includes only

a data function fðxÞ, the solution to BVP(M) is

unique. Using the properties (i), (ii) and (iii) of the
following Theorem 3, we can show that uðxÞ de�ned

by ð1Þ satis�es BVP(M), which guarantees the exis-

tence of the solution. r
Theorem 3. Green function Gðx; yÞ satis�es

the following conditions.

(i) @ 2M
x Gðx; yÞ ¼ 0 ð�1 < x; y < 1; x 6¼ yÞ

(ii) @ ixGðx; yÞjx¼�1 ¼ 0; @Mþix Gðx; yÞjx¼1 ¼ 0
ð0 � i �M � 1; �1 < y < 1Þ

(iii) @ ixGðx; yÞjy¼x�0 � @ ixGðx; yÞjy¼xþ0

¼
0 (0 � i � 2M � 2Þ
ð�1ÞM (i ¼ 2M � 1Þ

(
ð�1 < x < 1Þ

(iv) @ ixGðx; yÞjx¼yþ0 � @ ixGðx; yÞjx¼y�0

¼
0 (0 � i � 2M � 2Þ
ð�1ÞM ði ¼ 2M � 1Þ

(
ð�1 < y < 1Þ:

Proof of Theorem 3. By rewriting Green

function Gðx; yÞ in the form Theorem 2 (ii), it is
easy to show that Gðx; yÞ satis�es properties (i) �
(iv) through direct calculation. r

3. Reproducing kernel. In this section, it is
shown that Green function Gðx; yÞ is a reproducing

kernel for a set of function space H and its inner

product ð�; �ÞM introduced in section 1.
Theorem 4. For any uðxÞ 2 H, we have the

following reproducing relation.

uðyÞ ¼ ðuð�Þ; Gð�; yÞÞM ð�1 � y � 1Þð8Þ

Gðy; yÞ ¼ kGð�; yÞk2
M ð�1 � y � 1Þ:ð9Þ

Proof of Theorem 4. For functions u ¼
uðxÞ and v ¼ vðxÞ ¼ Gðx; yÞ with y arbitrarily �xed

in �1 � y � 1, we have

uðMÞvðMÞ � uð�1ÞMvð2MÞ

¼
XM�1

j¼0

ð�1ÞM�1�juð j Þvð2M�1�j Þ

 !0
:

Integrating this with respect to x on intervals

�1 < x < y and y < x < 1, we haveZ 1

�1

uðMÞðxÞvðMÞðxÞdx�
Z 1

�1

uðxÞð�1ÞMvð2MÞðxÞdx

¼
XM�1

j¼0

ð�1ÞM�1�juð j ÞðxÞvð2M�1�j ÞðxÞ
" #

����
x¼y�0

x¼�1

þ
����
x¼1

x¼yþ0

( )

¼
XM�1

j¼0

ð�1ÞM�1�j
�
uð j Þð1Þvð2M�1�j Þð1Þ

� uð j Þð�1Þvð2M�1�j Þð�1Þ
�

þ
XM�1

j¼0

ð�1ÞM�1�juð j ÞðyÞ
�
vð2M�1�j Þðy� 0Þ

� vð2M�1�j Þðyþ 0Þ
�
:

Using (i), (ii) and (iv) in Theorem 3, we have ð8Þ. ð9Þ
follows from (1) by uðxÞ ¼ Gðx; yÞ. We have proved

Theorem 4. r
4. Sobolev inequality. In this section, we

give a proof of Theorem 1. Applying Schwarz in-

equality to ð8Þ and using ð9Þ, we have

juðyÞj2 � kGð�; yÞk2
Mkuk

2
M ¼ Gðy; yÞkuk

2
M:

Noting that

C0 ¼ max
jyj�1

Gðy; yÞ ¼ Gðy0; y0Þ;

we have following Sobolev inequality.
�

sup
jyj�1

juðyÞj
�2

� C0kuk2
Mð10Þ

It should be noted that it requires Schwartz inequal-

ity but does not require ‘‘positive de�niteness’’ of the

inner product in order to prove ð10Þ.
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In the second place, we apply this inequality to
uðxÞ ¼ Gðx; y0Þ 2 H and have

�
sup
jyj�1

jGðy; y0Þj
�2

� C0kGð�; y0Þk2
M ¼ C2

0 :

Combining this and trivial inequality

C2
0 ¼ ðGðy0; y0ÞÞ2 �

�
sup
jyj�1

jGðy; y0Þj
�2

;

we have

C2
0 �

�
sup
jyj�1

jGðy; y0Þj
�2

� C0kGð�; y0Þk2
M ¼ C2

0 :

That is to say
�

sup
jyj�1

jGðy; y0Þj
�2

¼ C0kGð�; y0Þk2
M:

Lemma 2. Function space H is Hilbert space

with the inner product ð�; �ÞM .

Proof of Lemma 2. From Sobolev inequality
ð10Þ, we have ðu; uÞM � 0 and ðu; uÞM ¼ 0 holds

if and only if supjyj�1 juðyÞj ¼ 0, that is uðyÞ �
0 ð�1 � y � 1Þ. r

The best constant of Sobolev inequality can be

calculated by using the following theorem.

Theorem 5. For any y 2 R, the equality

holds.

ð�1ÞM
KMþiþjð2Þ KMþið1� yÞ
Kjð1þ yÞ 0

�����
�����þ
.
jKMþiþjj ð2Þ

¼ 2M � 2

M � 1

� �
K0ð1þ yÞ ð0 � i; j �M � 1Þ:

Proof of Theorem 5. Numerator of L:H:S:

¼ ð�1ÞM

2M�i�j�1 M�i�1
j

� �
j !

ðM�i�1Þ!
ð1�yÞM�i�1

ðM�i�1Þ!

ð1þ yÞ2M�1�j=ð2M � 1� jÞ! 0

������

������

¼ ð�1ÞM

ð2M � 1Þ!
YM�1

k¼0

1

ðM � k� 1Þ!

2M�i�j�1 M�i�1
j

� �
j! ð1� yÞM�i�1

ð2M � jÞjð!þ yÞ
2M�1�j 0

������

������;

where ðaÞj is Pochhammer’s symbol de�ned by

ðaÞj ¼
�ðaþ jÞ

�ðaÞ ðj 6¼ 0;�1;�2; � � �Þ:

Replacing ðM � 1� iÞ-th line with i-th line (0 � i �
½ðM � 1Þ=2	, we have

¼ ð�1Þ
ðM�1ÞM

2
þM

ð2M � 1Þ!
YM�1

k¼0

1

ðM � k� 1Þ!

2 i�j i
j

� �
j ! ð1� yÞi

ð2M � jÞjð1þ yÞ
2M�1�j 0

�������

�������
:ð11Þ

We use the following Lemma here.

Lemma 3. ðM þ 1Þ � ðM þ 1Þ matrix A de-

�ned by

A ¼
2i�j i

j

� �
j! ð1� yÞi

ajðyÞ 0

0
B@

1
CA

¼

0! 0
. .

.

2M�1 ðM � 1Þ!

1

..

.

ð1� yÞM�1

a0ðyÞ � � � aM�1ðyÞ 0

0
BBBBB@

1
CCCCCA

where

ajðyÞ ¼ ð2M � jÞjð1þ yÞ
2M�1�j

ð0 � i; j �M � 1Þ

has the following LU decomposition

A ¼ LU

L ¼
2i�j i

j

� � 0

..

.

0

ajðyÞ=j! 1

0
BBBB@

1
CCCCA

¼

1 0
. .

.

2M�1 1

0
..
.

0

a0ðyÞ � � � aM�1ðyÞ
ðM�1Þ! 1

0
BBBB@

1
CCCCA

U ¼
i!�i;j ð�1Þið1þ yÞi

0 � � � 0 bðyÞ

 !

¼

0! 0
. .

.

0 ðM � 1Þ!

1
..
.

ð�1ÞM�1ð1þ yÞM�1

0 � � � 0 bðyÞ

0
BBBB@

1
CCCCA
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where

bðyÞ ¼ ð�1ÞM 2M � 2

M � 1

� �
ð1þ yÞ2M�1:

Proof of Lemma 3. We can easily decom-
pose A to the product of L and U by using the bino-

mial expansion:

ð1� yÞi ¼
Xi
j¼0

ð�1Þj2i�j i

j

� �
ð1þ yÞj

ð0 � i �M � 1Þ

and the relation

bðyÞ ¼ �ð1þ yÞ2M�1
XM�1

j¼0

ð�1Þjð2M � jÞj
j!

¼ ð�1ÞM 2M � 2

M � 1

� �
ð1þ yÞ2M�1

where the last equality follows from the next for-
mula; see Knuth [9, p. 165]

Xm
k¼0

r

k

� �
ð�1Þk ¼ ð�1Þm r� 1

m

� �
: r

Using Lemma 3, we rewritten ð11Þ as follows:

¼ ð�1Þ
ðM�1ÞM

2
þM

ð2M � 1Þ!
YM�1

k¼0

1

ðM � k� 1Þ! jLjjU j:

Since jLj ¼ 1, the equality can be rewritten as fol-

lows:

¼ ð�1Þ
ðM�1ÞM

2
þM

ð2M � 1Þ!
YM�1

k¼0

k!

ðM � k� 1Þ! bðyÞ

¼ ð�1Þ
ðM�1ÞM

2
2M � 2

M � 1

� �
ð1þ yÞ2M�1

ð2M � 1Þ! :

Since jKMþiþjjð2Þ ¼ ð�1Þ
ðM�1ÞM

2 and K0ð1þ yÞ ¼
ð1þ yÞ2M�1=ð2M � 1Þ!, we obtain Theorem 5. r

From the Lemma 3, we can calculate the maxi-

mum value of Gðy; yÞ in �1 � y � 1.

max
jyj�1

Gðy; yÞ

¼ 2M � 2

M � 1

� �
1

ð2M � 1Þ! max
jyj�1
ð1þ yÞ2M�1

¼ 2M � 2

M � 1

� �
22M�1

ð2M � 1Þ! ¼
22M�1

ð2M � 1Þ�ðMÞ2
:

This completes the proof of Theorem 1. r
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