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Abstract: In this paper, we deal with the problem of uniqueness for meromorphic

functions in the whole complex plane C under some shared-value/set conditions in an angular

domain instead of the whole plane. Results are obtained extending some results by Lin, Mori and

Tohge [W. C. Lin, S. Mori and K. Tohge, Uniqueness theorems in an angular domain, Tohoku

Math. J., 58 (2006), 509–527].
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1. Introduction and main results. In this

paper, unless otherwise stated, we mean a mero-

morphic function that is defined and meromorphic

in the whole complex plane C. We use the standard

notation of Nevanlinna’s value distribution theory

and assume that the reader is familiar with the

basic results of Nevanlinna’s value distribution

theory (see e.g. [6,12]). Meanwhile, the order �,

lower order � and hyper order �2 of a meromorphic

function fðzÞ are defined as follows:

� :¼ �ðfÞ ¼ lim inf
r!1

logT ðr; fÞ
log r

;

� :¼ �ðfÞ ¼ lim sup
r!1

logT ðr; fÞ
log r

and

�2 :¼ �2ðfÞ ¼ lim sup
r!1

log logT ðr; fÞ
log r

:

For the sake of convenience, we use the

following notations (see e.g. [9]). Let S be a

nonempty subset of distinct elements in C1 :¼
C [ f1g and X � C. Define EXðS; fÞ ¼ [a2S{z 2
XjfaðzÞ ¼ 0, counting multiplicities} and

EXðS; fÞ ¼ [a2S{z 2 XjfaðzÞ ¼ 0, ignoring multi-

plicities}, where faðzÞ ¼ fðzÞ � a if a 2 C and

f1ðzÞ ¼ 1
fðzÞ. Let f and g be two nonconstant

meromorphic functions in C. If EXðS; fÞ ¼
EXðS; gÞ, we say f and g share the set S CM

(counting multiplicities) in X. If EXðS; fÞ ¼
EXðS; gÞ, we say f and g share the set S IM

(ignoring multiplicities) in X. In particular, when

S ¼ fag, where a 2 C1, we also say f and g share

the value a CM in X if EXðS; fÞ ¼ EXðS; gÞ, and

we say f and g share the value a IM in X if

EXðS; fÞ ¼ EXðS; gÞ. When X ¼ C, we give the

simple notations as before, EðS; fÞ; EðS; fÞ and so

on (see [12]). Throughout this paper, we set Sjðj ¼
1; 2; 3Þ as S1 ¼ f0g; S2 ¼ f1g and S3 ¼ fwjwnðwþ
aÞ � b ¼ 0g, where n 2 N, and the algebraic equa-

tion wnðwþ aÞ � b ¼ 0 has no multiple roots.

Since R.Nevanlinna proved his four-CM and

five-IM theorems, there have been many results on

the uniqueness of meromorphic functions in the

complex plane (see e.g. [12]). Upon the problem of

uniqueness for meromorphic functions in the whole

complex plane C under some shared-value/set

conditions in the whole plane, Gross [5] posed the

following question.

Question A. Can one find two finite sets

Siði ¼ 1; 2Þ such that any two entire functions f and

g satisfying EðSi; fÞ ¼ EðSi; gÞði ¼ 1; 2Þ must be

identical?

It seems that H. X. Yi first has drew the

affirmative answer to above Question A completely

(see [13]). In 1998, H. X. Yi [14] gave many

examples that answer the above Question A and

proved the following

Theorem A. Let n 2 N and n � 2. If f and

g are two entire functions satisfying EðSj; fÞ ¼
EðSj; gÞ; j ¼ 1; 3, then f � g.

For two meromorphic functions f and g

satisfying EðS2; fÞ ¼ EðS2; gÞ, H. X. Yi and W. C.

Lin [15] have proved the following

Theorem B. Let n 2 N and n � 3. If f and g

are two meromorphic functions satisfying EðSj; fÞ ¼
EðSj; gÞ for j ¼ 1; 2; 3 and �ð1; fÞ > 0, then f � g.

In [17], J. H. Zheng firstly took into account the
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uniqueness dealing with five shared values in some

angular domains of C. After that, J. H. Zheng [16]

investigated the uniqueness of transcendental mer-

omorphic functions dealing with shared values in an

angular domain instead of the whole complex plane.

Following Zheng [16,17], W. C. Lin, S. Mori and K.

Tohge [9] posed the following question.

Question B. Does there exist an angular

domain X ¼ Xð�; �Þ ¼ fz : � � arg z � �g; 0 < � �
� < 2� such that f � g is always the case when f

and g are two entire functions satisfying EXðSi; fÞ ¼
EXðSi; gÞði ¼ 1; 3Þ?

In response to Question B, Lin, Mori and

Tohge [9] dealt with Theorem B under certain

value/set-sharing condition in a sector instead of

the whole plane C and proved the following

theorems.

Theorem C. Let n 2 N and n � 3. Assume

that f is a meromorphic function of lower order

�ðfÞ 2 ð12 ;1Þ in C and � :¼ �ð�; fÞ > 0 for some

� 2 C1 � f0;�ag. Then for each � < 1 with �ðfÞ �
� � �ðfÞ there exists an angular domain X ¼
Xð�; �Þ with 0 � � < � and

� � � > max
�

�
; 2�� arcsin

ffiffiffi
�

2

r( )
ð1Þ

such that if the conditions EðS1; fÞ ¼ EðS1; gÞ and

EXðSj; fÞ ¼ EXðSj; gÞðj ¼ 2; 3Þ hold for a meromor-

phic function g in C of finite order or more generally

with the growth satisfying either logT ðr; fÞ ¼
OðlogT ðr; gÞÞ or

lim
r!1;r=2E1

log logT ðr; gÞ
minflog r; logT ðr; fÞg

¼ 0;ð2Þ

where E1 is a set of finite linear measure, then f � g.

Under the condition that �ðfÞ ¼ 1, W. C. Lin,

S. Mori and K. Tohge [9] obtained the following

theorem.

Theorem D. Let n 2 N and n � 3. Assume

that f is a meromorphic function of infinite order

but �2ðfÞ < 1 and assume further that � :¼
�ð�; fÞ > 0 for some � 2 C1 � f0;�ag. Then there

exists a direction arg z ¼ 	 such that for any

"ð0 < " < �
2Þ, if a meromorphic function g satisfying

the growth condition logT ðr; gÞ ¼ Oðr
 log rT ðr; fÞÞ;
r =2 E for a constant 
 > 0 and a set E of finite linear

measure, and EðS1; fÞ ¼ EðS1; gÞ and EXðSj; fÞ ¼
EXðSj; gÞðj ¼ 2; 3Þ in the angular domain X ¼
Xð	� "; 	þ "Þ, then f � g.

In this paper, we also investigate Question B.

We relax the growth condition of f in Theorems C,

D and prove the following results.

Theorem 1. Let n 2 N and n � 3. Assume

that f is a meromorphic function of order � :¼
�ðfÞ > 1

2 in C and � :¼ �ð�; fÞ > 0 for some � 2
C1 � f0;�ag. Then there exists an angular domain

X ¼ Xð�; �Þ such that if the condition EðS1; fÞ ¼
EðS1; gÞ and EXðSj; fÞ ¼ EXðSj; gÞðj ¼ 2; 3Þ hold for

a meromorphic function g of order �, then f � g.

Under the condition that �ðfÞ ¼ 1, we also

relax the growth condition of f in Theorem D

using the following concept of a proximate order

as introduced in [1,7,8].

Lemma 1. Let BðrÞ be a positive and con-

tinuous function in ½0;þ1Þ which satisfies

lim sup
r!1

logBðrÞ
log r ¼ 1, then there exists a continuously

differentiable function �ðrÞ, which satisfies the

following conditions.

(i) �ðrÞ is continuous and nondecreasing for

r � r0ðr0 > 0Þ and tends to þ1 as r ! þ1.

(ii) The function UðrÞ ¼ r�ðrÞðr � r0Þ satisfies

the condition

lim
r!þ1

logUðRÞ
logUðrÞ ¼ 1; R ¼ rþ

r

logUðrÞ :

(iii) lim sup
r!þ1

logBðrÞ
logUðrÞ ¼ 1.

Lemma 1 is due to K. L. Hiong [7]. A simple

proof of the existence of �ðrÞ was given by Chuang

[3].

Definition 1. We define �ðrÞ and UðrÞ in

Lemma 1 by the proximate order and type function

of BðrÞ respectively. For a transcendental mero-

morphic function fðzÞ of infinite order, we define its
proximate order and type function as the proximate

order and type function of T ðr; fÞ. We denote

Mð�ðrÞÞ by the set of all meromorphic functions

fðzÞ in C such that lim sup
r!þ1

logT ðr;fÞ
logUðrÞ ¼ 1.

We now state the second theorem of this paper.

Theorem 2. Let f; g 2 Mð�ðrÞÞ, and assume

further that �ð�; fÞ > 0 for some � 2 C1 � f0;�ag.
Then there exists a direction arg z ¼ 	 such that

for any "ð0 < " < �
2Þ, if EðS1; fÞ ¼ EðS1; gÞ and

EXðSj; fÞ ¼ EXðSj; gÞðj ¼ 2; 3Þ in the angular do-

main X ¼ Xð	� "; 	þ "Þ, then f � g.

2. Some Lemmas. Our proof requires the

Nevanlinna theory of meromorphic functions de-

fined in an angular domain (see [10]). For the sake

of convenience, we recall some notation and defi-

nitions. Let fðzÞ be a meromorphic function on the
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closed angular domain X :¼ Xð�; �Þ ¼ fz : � �
arg z � �g [ S1 [ S2, where 0 < � � � � 2�. Nevan-

linna defined the following notation (also see [1,4]).

A��ðr; fÞ :¼
k

�

Z r

1

1

tk
�

tk

r2k

� �
flogþ jfðtei�Þj

þ logþ jfðtei�Þjg
dt

t
;

B��ðr; fÞ :¼
2k

�rk

Z �

�

logþ jfðtei�Þj sin kð	� �Þd	;

C��ðr; fÞ :¼ 2
X
b24

1

jbvjk
�

jbvjk

r2k

 !
sin kð�v � �Þ;

where k ¼ �
���

; 1 � r < 1 and the summation
P
b24

is

taken over all poles b ¼ jbjei	 of the function fðzÞ
in the sector 4 :¼ fz : 1 < jzj < r; � < arg z < �g,
counting multiplicities. The corresponding notation

C��ðr; fÞ then applies to distinct poles. The nota-

tion C2;��ðr; fÞ is the counting function of a simple

pole is counted once and a multiple pole is counted

twice. Furthermore, for r > 1, we define

D��ðr; fÞ ¼ A��ðr; fÞ þB��ðr; fÞ;
S��ðr; fÞ ¼ C��ðr; fÞ þD��ðr; fÞ:

For sake of simplicity, we omit the subscript in all

notations and use Aðr; fÞ, Bðr; fÞ, Cðr; fÞ, Dðr; fÞ
and Sðr; fÞ instead of A��ðr; fÞ, B��ðr; fÞ, C��ðr; fÞ,
D��ðr; fÞ and S��ðr; fÞ, respectively. We shall give

some properties of Sðr; fÞ as follows:
Lemma 2. [4] Let f be a nonconstant mer-

omorphic function in C and X ¼ Xð�; �Þ be an

angular domain, where 0 < � � � � 2�. Then,

(i) For any value a 2 C, we have

S r;
1

f � a

� �
¼ Sðr; fÞ þOð1Þ:

(ii) If f is of finite order, then Qðr; fÞ ¼ Aðr; f 0
f
Þ þ

Bðr; f 0
f
Þ ¼ Oð1Þ.

If f 2 Mð�ðrÞÞ, then (see e.g. [8,11]) Qðr; fÞ ¼
Aðr; f 0f Þ þBðr; f 0f Þ ¼ OðlogUðrÞÞ.

Lemma 3. [4] Let P be a polynomial of

degree d > 0, and f be a nonconstant meromorphic

function in X ¼ Xð�; �Þ. Then Sðr; P ðfÞÞ ¼
dSðr; fÞ þOð1Þ.

Lemma 4. [9] Let f and g be two nonconst-

ant meromorphic functions in C such that fðzÞ and
gðzÞ share 1;1 CM in X ¼ Xð�; �Þ. Then, one of

the following three cases holds:

(i) SðrÞ � C2ðr; 1fÞþ C2ðr; 1gÞ þ 2Cðr;fÞ þQðr;fÞ
þ Qðr; gÞ;

(ii) f � g;

(iii) fg � 1, where SðrÞ ¼ maxfSðr; fÞ; Sðr; gÞg,
Qðr; fÞ and Qðr; gÞ as defined in Lemma 2.

Lemma 5. [8] Let f be a meromorphic func-

tion in X ¼ Xð�; �Þ, and 0 � � < � � 2�. Then

ðq � 2ÞSðr; fÞ �
Xq
i¼1

C r;
1

f � ai

� �
þQðr; fÞ;

where Qðr; fÞ as defined in Lemma 2.

Lemma 6. [9] Let f and g be two nonconst-

ant meromorphic functions in C and X ¼ Xð�; �Þ
be an angular domain, where 0 < � � � � 2�.
Assume that EXðS1; fÞ ¼ EXðS1; gÞ, EXðSj; fÞ ¼
EXðSj; gÞðj ¼ 2; 3Þ and fnðf þ aÞ 6¼ gnðgþ aÞðn � 2Þ,
then

(i) Cðr; 1fÞ ¼ Cðr; 19Þ ¼ Qðr; fÞ þQðr; gÞ,
(ii) Cðr; fÞ ¼ Cðr; gÞ � 1

n ðSðr; fÞ þ Sðr; gÞÞ þ
Qðr; fÞ þQðr; gÞ.

Lemma 7. [9] Suppose that EðS1; fÞ ¼
EðS1; gÞ and �ð�; fÞ > 0 for some � 2 C1 � f0;�ag.
If fnðf þ aÞ � gnðgþ aÞðn � 2Þ, then f � g.

Moreover, we need the following definition of

a Borel direction of a function of infinite order

(see [1]).

Definition 2. Assume that f 2 Mð�ðrÞÞ. A

direction arg z ¼ 	ð0 � 	 < 2�Þ from the origin is

called a Borel direction of order �ðrÞ, if for arbitrary
" > 0, we have

lim sup
r!þ1

lognðr;X	;"; f ¼ aÞ
log r�ðrÞ

¼ 1;

for all but at most two a 2 C1, where nðr;X	;";

f ¼ aÞ is the number of the roots of fðzÞ ¼ a in

fjzj < rg \X	;" and X	;" :¼ Xð	� "; 	þ "Þ.
The following Lemma was proved by Chuang

Chi-tai [2].

Lemma 8. Assume that f 2 Mð�ðrÞÞ. A di-

rection arg z ¼ 	ð0 � 	 < 2�Þ is a Borel direction of

order �ðrÞ, if and only if for arbitrary " > 0, in the

angular domain X", we have

lim sup
r!þ1

logSðr; fÞ
log r�ðrÞ

¼ 1:

2.1. Proof of Theorem 2.

Proof. It is well known that a meromorphic

function f 2 Mð�ðrÞÞ has at least one Borel direc-

tion arg z ¼ 	ð0 � 	 < 2�Þ of order �ðrÞ. In the

following, we prove that the direction arg z ¼ 	

satisfies Theorem 2. For any "ð0 < " < �
2Þ, let

X :¼ X	;", then by Lemma 8 we get that
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lim sup
r!þ1

logSðr; fÞ
log r�ðrÞ

¼ 1ð3Þ

holds in the angular domain X. Let

F ¼
fnðf þ aÞ

b
; G ¼ gnðgþ aÞ

b
; n � 3:

Then F and G share 1 and 1 CM inX. Assume that

FG � 1. Then

fnðf þ aÞgnðgþ aÞ � b2

which implies that 0;�a and 1 are all Picard

exceptional values of f in X. This contradicts with

arg z ¼ 	 is a Borel direction of fðzÞ.
Suppose that F 6� G. Then Lemma 6 implies

that

C r;
1

f

� �
¼ C r;

1

g

� �
¼ Qðr; fÞ þQðr; gÞ:ð4Þ

Therefore, by the expression of F and G and (4)

we have

C2ðr; 1FÞ þ C2ðr; 1GÞ þ 2Cðr; F Þ
� Cðr; 1

fþa
Þ þ Cðr; 1

gþa
Þð5Þ

þ 2Cðr; fÞ þQðr; fÞ þQðr; gÞ:

Set S1ðrÞ :¼ maxfSðr; fÞ; Sðr; gÞg. Then, from

the expression of F and G and Lemma 3, we have

SðrÞ ¼ ðnþ 1ÞS1ðrÞ þOð1Þ;ð6Þ

where SðrÞ :¼ maxfSðr; F Þ; Sðr;GÞg. By (5), (6),

Lemmas 2 and 3, we get

C2ðr; 1FÞ þ C2ðr; 1GÞ þ 2Cðr; F Þ
� ð2þ 4

n
ÞS1ðrÞ þQðr; fÞ þQðr; gÞð7Þ

� 2þ4
n

nþ1SðrÞ þQðr; F Þ þQðr;GÞ:

Since n � 3, then
2þ4

n

nþ1 < 1. We can see from (7)

and Lemma 4 that S1ðrÞ � Qðr; fÞ þQðr; gÞ. By

Lemma 2 (ii), we have

Sðr; fÞ ¼ OðlogUðrÞÞ;ð8Þ

which leads to a contradiction for (3). Hence F � G

and the theorem follows from Lemma 7. This

completes the proof of the Theorem 2. �

2.2. Proof of Theorem 1.

Proof. We distinguish two cases.

Case I. �ðgÞ ¼ �ðfÞ ¼ 1. By Lemma 1, there

exits �ðrÞ such that fðzÞ; gðzÞ 2 Mð�ðrÞÞ. By

Theorem 2, we can see that Theorem 1 holds in

this case.

Case II. �ðgÞ ¼ �ðfÞ 2 ð12 ;1Þ. Put � : 1
2 <

� < �ðfÞ. For given angular domain X ¼ Xð�; �Þ;
� � � ¼ �

�, we have ! ¼ �
��� ¼ � < �ðfÞ. Without

loss of generality, we may assume that fðzÞ has at

least one Borel direction in the angular domain

Xð�þ "; � � "Þð0 < " < �
2Þ. Hence, there exists a

finite complex number a such that

lim sup
r!1

lognðr;Xð�þ "; � � "Þ; f ¼ aÞ
log r

> !:ð9Þ

Let F and G be defined as in the proof of Theorem 2.

If FG � 1, then

fnðf þ aÞgnðgþ aÞ � b2;

which implies that 0;�a and 1 are all Picard

exceptional values of f in X. By Lemmas 2 and 5 we

get

Sðr; fÞ ¼ Oð1Þ:ð10Þ

For any a 2 C, let bv ¼ jbvjei�v (v ¼ 1; 2; . . .) be

the roots of f ¼ a in the angular domain

Xð�þ "; � � "Þ, counting multiplicities. Put nðrÞ ¼
nðr;Xð�þ "; � � "Þ; f ¼ aÞ. From the Lemma 2 (i),

it follows that

Sð2r; fÞ � Cð2r; aÞ þOð1Þ

¼ 2
X

1<jbvj<2r;�<�v<�

ð 1

jbvjk
� jbvjk

ð2rÞ2kÞ sin kð�v � �Þ

þOð1Þ

� 2 sinðk"Þ
X

1<jbvj<2r;�þ"<�v<��"

ð 1

jbvjk
� jbvjk

ð2rÞ2kÞ

þOð1Þ
� 2ð1� 4�kÞ sinðk"ÞnðrÞ

rk
þOð1Þ;

where k ¼ �
"
¼ !. Then on combining (10), for any

a 2 C we have

nðr;Xð�þ "; � � "Þ; f ¼ aÞ ¼ OðrkÞ ¼ Oðr!Þ;ð11Þ

when r is sufficiently large. This contradicts

with (9) and hence FG 6� 1. Suppose that F 6� G,

as we did in the proof of Theorem 2, we can see

that

Sðr; fÞ ¼ Oð1Þ:ð12Þ

By a similar argument as above, (12) yields a

contradiction. Hence F � G and the theorem fol-

lows from Lemma 7 in this case. This completes

the proof of the Theorem 1. �
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