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An interesting elliptic surface over an elliptic curve

By Tetsuji Shioda∗) and Matthias Schütt∗∗)

To Michel Raynaud

(Communicated by Shigefumi Mori, m.j.a., March 12, 2007)

Abstract: We study the elliptic modular surface attached to the commutator subgroup of
the modular group. This has an elliptic curve as base and only one singular fibre. We employ an
algebraic approach and then consider some arithmetic questions.
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1. Introduction. Let Γ′ be the commutator
subgroup of the modular group Γ = SL(2,Z). It is
known that Γ′ is a congruence subgroup of Γ of index
12 with

−

1 6

0 1


 ∈ Γ′, −


1 0

0 1


 �∈ Γ′.

Let S = S(Γ′) denote the elliptic modular surface at-
tached to Γ′ in the sense of [9]. This elliptic surface
has the remarkable property that it has only one sin-
gular fibre (see [9, Ex. 5.9]). In Kodaira’s notation
[2], this fibre has type I∗6 .

From an analytic viewpoint, S has been studied
by Stiller in [13]. Here we follow a more algebraic ap-
proach. We then consider some arithmetic questions.
Throughout the paper, k will denote an algebraically
closed fied of characteristic �= 2, 3.

2. The elliptic modular curve associated
to Γ′. Let B = B(Γ′) denote the modular curve
attached to Γ′. Since Γ(6) ⊂ Γ′ · {±1}, this elliptic
curve is closely related to the modular curve B(6)
with level 6-structure. In fact,

Γ′ · {±1} = Γ2 ∩ Γ3

with the subgroups of squares resp. cubes in Γ [5].
Hence we first recall the classical formulae for the
elliptic curves with level 2 and level 3-structure (em-
ploying Igusa’s notation [1]).

The elliptic curve with level 2-structure is given
in the Legendre form with parameter λ �= 0, 1 :

Eλ/k(λ) : y2 = x (x − 1) (x − λ),
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j(Eλ) = 256 (λ2 − λ + 1)3/λ2 (λ − 1)2,

j(Eλ) − 123 = η2.(1)

where η = 8 (λ + 1) (λ − 2) (2λ − 1)/λ (λ − 1).
The elliptic curve with level 3-structure takes

the Hessian form

Eµ/k(µ) : X3 + Y 3 + Z3 − 3 µ XY Z = 0

with parameter µ, µ3 �= 1. Transformation to Weier-
strass form leads to Eµ/k(µ) :

y2 = x3 − 27 µ (µ3 + 8)x + 54 (µ6 − 20µ3 − 8).

Setting ξ = 3µ(µ3 + 8)/(µ3 − 1) gives

j(Eµ) = ξ3.(2)

Combining (1) and (2) in case j = j(Eλ) = j(Eµ),
we derive the defining equation of the modular curve
B:

B/k : η2 = ξ3 − 123.(3)

We choose the point at ∞ as origin of the group law
and denote it by oB.

3. The elliptic modular surface attached
to Γ′. There is a remarkable elliptic surface over
B which has constant discriminant and yet variable
moduli (i.e. non-constant j-invariant) with only one
singular fibre. Namely, consider the elliptic curve

E : y2 = x3 − 27 ξ x − 54 η(4)

over the function field k(B). It is immediate that E

has discriminant

∆ = 2639(ξ3 − η2) = 612.

Hence the associated elliptic surface S has no sin-
gular fibre over B − {oB}. On the other hand, we
have
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j(E) = ξ3,

so that ordoB (j) = −6. Since ordoB (∆) = 12, the
singular fibre over oB has type I∗6 (cf. [15]).

As modular curve resp. surface for Γ′, such B

and S are naturally unique. In particular, for k = C,
we have

B ⊗ C = H/Γ′, S ⊗ C = S(Γ′)

with H the upper half plane. Note also that the
fundamental group of the pointed curve B(C)−{oB}
is isomorphic to Γ′.

However, S is not the unique elliptic surface
over B with only one singular fibre up to isomor-
phism. In fact, twisting its defining equation (4)
over the 2-torsion points of B, we obtain three more
such surfaces. These are also modular and mutually
isomorphic (cf. [13]). Among these surfaces, S is
distinguished by the constant discriminant ∆. Any
elliptic surface over an elliptic curve with constant
discriminant and exactly one singular fibre is, up to
isomorphism, obtained from S via purely inseparable
base change.

4. The elliptic modular surface of level 6.
We already pointed out that there is a close relation
between Γ′ and the principal congruence subgroup
Γ(6). In the notation of Section 2, consider the dia-
gram of extensions

Q(λ, µ)

↗ ↖
Q(λ, ξ) Q(η, µ)

↖ ↗
Q(η, ξ)

It defines a commutative diagram of isogenies of
elliptic curves

B(6)

↙ ↘
A B̃

↘ ↙
B

where the ↙ are the duplication maps and the ↘
are 3-isogenies.

Then the base change of the elliptic curve E over
k(B) from B to B(6) gives, appropriately twisted,

the elliptic modular surface of level 6. At the same
time, we obtain the identification of Q(B(6)) =
Q(λ, µ) with Q(s, t) satisfying s2 = t3 − 123. This is
perhaps slightly more natural than the construction
given in [6].

5. The cusp forms associated to S. We
recall some notable properties of elliptic modular sur-
faces (cf. [9]). Let Γ′′ ⊂ Γ of finite index such that
−1 �∈ Γ′′. Consider the complex elliptic modular
surface S = S(Γ′′) attached to Γ′′ :

(i) The holomorphic 2-forms on the elliptic mod-
ular surface S correspond to the cusp forms of
weight 3 with respect to Γ′′. (This resembles
the correspondence of holomorphic 1-forms on
the modular curve B(Γ′′) with the cusp forms
of weight 2 with respect to Γ′′.) In particular,
the geometric genus pg of S equals the dimen-
sion of the C-vector space of cusp forms S3(Γ′′).

(ii) S is extremal: The Néron-Severi group has
maximal rank ρ(S) = h1,1(S), while the
Mordell-Weil group has rank zero.

For the commutator subgroup Γ′, we have g =
pg = 1. Thus, the Hodge diamond of S = S(Γ′)
reads

1

1 1

1 12 1

1 1

1

We shall now determine the precise cusp forms
corresponding to our model S/Q, given by (3) and
(4). For some prime �, we consider the �-adic Galois
representations associated to H1

et(S,Q�) and to the
transcendental lattice

TS = NS(S)⊥ ⊂ H2(S,Z).

By the above properties, both representations are
two-dimensional and correspond to some cusp forms
with rational Fourier coefficients an resp. bn. Fur-
thermore, H3

et(S,Q�) = H1
et(S,Q�)(1) by Poincaré

duality, so the corresponding L-series agree up to a
shift. The remaining cohomology is algebraic.

Recall Dedekind’s eta-function

η(τ) = q
∏
n∈N

(1 − q24n) (q = e2πiτ/24).
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It is classically known that

S2(Γ′) = C η(τ)4 and S3(Γ′) = C η(τ)6.

As a consequence, the cusp forms corresponding to
H1

et(S,Q�) and TS are twists of the above forms, de-
pending on the chosen model S/Q (which implicitly
also includes the choice of the model B/Q).

Note that H1
et(S,Q�) = H1

et(B,Q�). Hence we
can use the known modularity of B to deduce

L(H1
et(S,Q�), s) = L(η(τ)4, s).(5)

Classically, this follows from the fact that B has CM
by Q(

√−3) (cf. [12, II.10.6]).
On the other hand, we consider TS. Note that

S has good reduction outside {2, 3}. As this pre-
scribes the ramification of H∗

et(S,Q�), there are only
a few possible twists of η(τ)6. We have to take both
quadratic and quartic twists into consideration, since
η(τ)6 has complex multiplication by Q(

√−1). The
quartic twisting can be achieved in terms of the cor-
responding Grössencharacter of Q(

√−1) which has
conductor (2) and ∞-type 2 (cf. [7]).

An observation of the twisting characters in
question shows that they are determined by their
values at (the primes in Z[

√−1] above) 5 and 13.
To determine the cusp form corresponding to TS , it
thus suffices to know the Fourier coefficients at 5 and
13.

At a prime p > 3, the coefficient bp can be com-
puted with the Lefschetz fixed point formula. We use
the modularity result of (5) and Poincaré duality as
mentioned, plus the fact that the algebraic represen-
tations involved are trivial. In other words, NS(S)
is generated by divisors over Q. In the present case,
this follows from Tate’s algorithm [15] which shows
that all components of the I∗6 fibre of S are defined
over Q. As a result, the Lefschetz fixed point formula
for S reads

#S(Fp) = 1 + 12p + bp + p2 − (1 + p)ap.

Since we know ap, we can calculate bp from the num-
ber of points of S over Fp. Counting points with a
machine, we obtain b5 = −6 and b13 = 10. Up to the
Euler factor at 3, this gives

L(TS , s) = L(η(τ)6, s).(6)

Theorem 1. Up to the Euler factors at 2 and
3, we have

ζ(S/Q, s) =
ζ(s) ζ(s − 1)12 L(η(τ)6, s) ζ(s − 2)

L(η(τ)4, s)L(η(τ)4, s − 1)
.

6. The rank of E depending on the char-
acteristic. We shall use Theorem 1 to determine
the rank of the elliptic curve E of (4) in positive
characteristic. In other words, we are concerned with
the Mordell-Weil rank and the Picard number of the
corresponding surface S and look for supersingular
primes. Recall that S has good reduction at the
primes p > 3.

Lemma 2. Let k be an algebraically closed
field of characteristic p > 3. Then

ρ(S/k) =

{
12 if p ≡ 1 mod 4,

14 if p ≡ 3 mod 4.

The leitmotif to prove the lemma is to con-
sider the ζ-function of S/Fp. This is obtained from
ζ(X/Q, s) by considering the local Euler factors at p.
From the associated Grössencharacter, we know that
the factors corresponding to η(τ)6 have eigenvalues


π2, π̄2 if p ≡ 1 mod 4

splits as p = ππ̄ in Z[2
√−1],

p,−p if p ≡ 3 mod 4, p > 3.

(7)

As a consequence, Lemma 2 in its entirety would fol-
low from the Tate Conjecture [14], but this is only
known in some few cases (cf. [16, Thm. (5.6)]). Nev-
ertheless, the first case of the lemma follows from (7),
since then the eigenvalues are not p times a root of
unity, a necessity for algebraic classes (cf. [9, App. C,
Ex. 10]).

Now, by the relation of the Picard number and
the Mordell-Weil rank (cf. [10, Cor. 5.3]), Lemma 2
is equivalent to the following :

rank E(k(B)) =

{
0 if p ≡ 1 mod 4,

2 if p ≡ 3 mod 4, p > 3.
(8)

To prove the second case above, we use the fact that
S can be derived from an elliptic K3 surface via base
change. The advantage of this approach is that the
Tate Conjecture is known for elliptic K3 surfaces.

Let X be the elliptic K3 surface over P1, given
in Weierstrass form

E′ : y2 = x3 − 27(t2 + 123)3x − 54t(t2 + 123)4.(9)

This has singular fibres of type I∗2 over ∞ and IV ∗

over the two square roots of −123. The idea is to
pull-back via a base change of degree 3 which is ram-
ified exactly above these cusps. In terms of the affine
modular curve B, such a map is given by the follow-
ing projection :
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B → A1

(ξ, η) �→ η.

The base change replaces t in the Weierstrass equa-
tion (9) of X by η. Then we use the relation between
η and ξ from the defining equation (3) of B. After
minimalizing, we obtain exactly the modular surface
S as in (4). Projectively, the pull-back corresponds
to the following commutative diagram :

S → X

↓ ↓
B → P1.

In other words, the elliptic curve E/k(B) is obtained
from E′/k(t) by this base change. Let us identify
E′ = E below. As a consequence, we have the in-
jection E(k(t)) ↪→ E(k(B)) for any characteristic
�= 2, 3. To deduce the second case of (8), it suffices
to prove the corresponding statement for E(k(t)).

Lemma 3. If k has characteristic p ≡ 3
mod 4, p > 3, then rank E(k(t)) = 2.

The proof starts by considering X/Q which is
known to be modular. This provides us with the ζ-
function of X/Fp for any p > 3. Then we apply the
(known) Tate Conjecture.

Over C, X is a singular K3 surface. Since
E(C(t)) = 0 (cf. Cor. 9), X is extremal, and the
discriminant of NS(X) is −36. By [3, Ex. 1.6], the
transcendental lattice TX (as a Galois module) is
associated to a newform of weight 3 with complex
multiplication by Q(

√−1). (By construction, this is
exactly η(τ)6.) Hence, if p ≡ 3 mod 4, p > 3, the
roots of the Euler factor at p are p and −p as in (7).

We now consider the reduction of X modulo p.
Recall that the Tate Conjecture is known for elliptic
K3 surfaces in characteristic p > 3 [16, Thm. (5.6)].
Due to the eigenvalues, this predicts that the Picard
number (over the algebraic closure) increases by two
upon reducing. Since the fibre configuration stays
unchanged, this implies Lemma 3. As explained,
Lemma 2 follows.

In more detail, the above argument gives the
following :

Corollary 4. Fix p ≡ 3 mod 4, p > 3. Let
r ∈ N and q = pr. Then

rank E(Fq(B)) =

{
1 if r is odd,
2 if r is even.

In particular, the Tate Conjecture holds for S/Fq.

As the Tate conjecture implies the Artin-Tate
conjecture ([4], cf. [9, App. C, Ex. 10]), we have also
established the following :

Proposition 5. For any p ≡ 3 mod 4, p > 3
we have

detNS(X) = detNS(S) = −p2.

7. Mordell-Weil lattices. Let us recall two
general formulas from the theory of Mordell-Weil lat-
tices [10]. For a moment, suppose E is an elliptic
curve over K = k(B) (B/k any curve) such that the
associated elliptic surface f : S → B has at least
one singular fibre. We identify the K-rational points
P ∈ E(K) with the sections σ : B → S and denote
the image curve Im(σ) ⊂ S by the symbol (P ).

(1) Height formula: For any P ∈ E(K), we
have

〈P, P 〉 = 2χ(S) + 2(PO) −
∑

v

contrv(P ),(10)

where χ(S) is the arithmetic genus of S and (PO) de-
notes the intersection number of the section (P ) and
the zero-section (O) on the elliptic surface S ([10,
Thm. 8.2]). The term contrv(P ) is a local contribu-
tion at v ∈ B such that the fibre at v is a reducible
singular fibre; its value is given by [10, (8.16)].

(2) Determinant formula: Let M be
the Mordell-Weil lattice E(K)/E(K)tor. By [10,
Thm. 8.7], we have

detM/|E(K)tor|2 = ± detNS(S)/ detVS(11)

where VS denotes the trivial lattice generated by the
zero-section (O) and fibre components.

Going back to the previous situation, we have
(regardless of the characteristic �= 2, 3)

VS =< 1 > ⊕ < −1 > ⊕D10[−1].(12)

Here the root lattice D10 corresponds to the singular
fibre of type I∗6 . For any lattice L, L[n] denotes the
lattice with the pairing multiplied by n.

Theorem 6. Let E/K, K = k(B) be as in (4)
with p = char(k) �= 2, 3. Then

(i) E(K) = 0 if p = 0 or p ≡ 1 mod 4.

(ii) E(K) ∼= Z⊕2[p
2 ] if p ≡ 3 mod 4.

Lemma 7. E(k(B)) is torsion-free.
Indeed, if there is a torsion point P �= O in

E(k(B)), then (10) implies the relation :
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0 = 〈P, P 〉 = 2χ + 2(PO) − controB (P )

where χ = 1 and controB (P ) = 0, 1 or 5
2 for a sin-

gular fibre of type I∗6 . But this is impossible, since
there is no integer (PO) ≥ 0 satisfying the above
relation.

Then the assertion (i) of Theorem 6 follows in
view of (8). To prove the assertion (ii), note first
that the rank two lattice M = E(K) has detM =
(p/2)2, by Prop. 5, (11) and (12). The following
lemma implies that M is similar to the square lattice,
which will complete the proof of (ii).

Lemma 8. The elliptic surface S is endowed
with an automorphism of order 4 :

φ : (x, y, ξ, η) �→ (−x, iy, ξ,−η), i =
√−1.

It acts as an automorphism of order 4 on the trans-
cendental lattice TS in case k = C, and on E(K) in
the supersingular case p ≡ 3 mod 4.

First consider the case k = C. Let ωS be the
unique holomorphic 2-form on S up to constants and
suppose φ∗(ωS) = αωS . Since the fibre involution φ2

acts as multiplication by −1, we have α2 = −1 and
α = ±i. As ωS is contained in TS ⊗ C, this proves
the first assertion. In this case, H2(S,Z) contains
NS(S)⊕TS as a finite index subgroup, and we have
NS(S) = VS because NS(S)/VS

∼= E(K) = 0 by
[10, Thm. 1.3] and the above Theorem 6 (i). The
action of φ∗ on VS is trivial except that it exchanges
two simple components of the I∗6 fibre. Hence it is of
order 2.

Next we pass to S(p) which denotes the reduc-
tion of S mod p. Let k(p) = F̄p. In order to con-
sider S(p)/k(p), we work with étale cohomology, and
choose � ≡ 1 mod 4 so that i ∈ Q�. Then TS⊗Q� is
identified as ±i-eigenspace of φ∗ on H2

et(SQ̄,Q�) by
what we have seen above. Now assume p ≡ 3 mod 4.
Then NS(S(p)) spans this cohomology group over
Q� by Lemma 2 and the usual comparison theo-
rem. Since the trivial lattice VS stays the same as in
characteristic 0, φ∗ acts on the Mordell-Weil group
E(K) ∼= NS(S(p))/VS as an automorphism of order
4. Since the height pairing is invariant under au-
tomorphisms (cf. [10, Prop. 8.12]), φ∗ is compatible
with the lattice structure. This completes the proof
of Lemma 8 and hence Theorem 6 (ii).

Corollary 9. We have

(i) E(k(t)) = 0 if p = 0 or p ≡ 1 mod 4, and

(ii) E(k(t)) ∼= Z⊕2[p
6 ] if p ≡ 3 mod 4.

Indeed, (i) is obvious since E(k(t)) ⊂ E(k(B)).
As for (ii), there is an injection of Mordell-Weil
lattices E(k(t)) ↪→ E(k(B))[13 ] by [10, Prop. 8.12].
Then equality follows from the determinant formula
(11) applied to X .

8. Similarity of lattices. We keep the no-
tation S, X to denote the elliptic surface over the
elliptic curve B and the elliptic K3 surface, defined
by (4) and (9). In this section, we shall compare
two kinds of lattices. On the one hand, we consider
the transcendental lattices TX , TS. On the other
hand, we consider the supersingular reduction lat-
tices LX(p), LS(p) which is defined for a supersingu-
lar prime p as follows : With respect to the natural
injection NS(X/Q̄) ↪→ NS(X/F̄p), we take the or-
thogonal complement of its image :

L′ = NS(X/Q̄)⊥ ⊂ NS(X/F̄p).

We define LX(p) = L′[−1], and likewise for S. It was
conjectured in [11] that the positive-definite lattices
TX and LX(p) are similar for a singular K3 surface X

and a supersingular prime p. This conjecture extends
to any surface with transcendental lattice of rank
two. In the present situation, it is easy to verify
this :

Proposition 10. The lattices TS, TX , LS(p),
LX(p) are all similar to the square lattice L0 = Z⊕2.
In particular, the above-mentioned conjecture holds
for X and for S. More precisely, the scaling factor
for each of these lattices is determined as follows :

TS = L0[2], LS(p) = L0[2p],

TX = L0[6], LX(p) = L0[6p].

In fact, all the lattices TS, TX , LS(p), LX(p) are
rank two positive-definite lattices which admit a lat-
tice automorphism of order 4 by Lemma 8 and its
analogue for X . Hence they are similar to the square
lattice L0 = Z⊕2.

As for the scaling factor, it suffices to determine
the discriminants of these lattices. We have

detTX = − detNS(X) = − detVX = 4 · 32 = 62,

since NS(X)/VX
∼= E(k(t)) = 0, and similarly,

detTS = 22. Next, detLS(p) = (2p)2 and
detLX(p) = (6p)2 follow from Theorem 6 (ii)
resp. Cor. 9 (ii) and the following :

Lemma 11. Let k = F̄p. The lattice LS(p)
is isomorphic to the narrow Mordell-Weil lattice
E(k(B))0, and similarly, LX(p) is isomorphic to
E(k(t))0.
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Indeed we have NS(S) = VS for S/Q̄, and the
trivial lattice VS does not change under reduction
mod p. Hence LS(p) agrees with the essential lattice
defined in [10, §8]. Thus the claim follows from [10,
Thm. 8.9]. The same argument applies to X .

Remark 12. In a recent preprint [8], Shimada
studies transcendental lattices TX and supersingular
reduction lattices LX(p) of singular K3 surfaces X .
In the case at hand, i.e. for the singular K3 surface
X in (9) and p ≡ 3 mod 4 (p > 3), Thm. 2 (L) in
[8] gives an alternative proof that LX(p) = TX [p].
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[ 3 ] R. Livné, Motivic orthogonal two-dimensional
representations of Gal(Q/Q), Israel J. Math.
92 (1995), no. 1-3, 149–156.

[ 4 ] J. S. Milne, On a conjecture of Artin and Tate,
Ann. of Math. (2) 102 (1975), no. 3, 517–533.

[ 5 ] M. Newman, The structure of some subgroups of
the modular group, Illinois J. Math. 6 (1962),
480–487.

[ 6 ] K. Rubin and A. Silverberg, Mod 6 representa-

tions of elliptic curves, in Automorphic forms,
automorphic representations, and arithmetic
(Fort Worth, TX, 1996), 213–220, Proc. Sym-
pos. Pure Math., Part 1, Amer. Math. Soc.,
Providence, RI, 1999.
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